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The atomic Quantum Kicked Rotor is an outstanding “quantum simulator” for the exploration of
transport in disordered quantum systems. Here we study experimentally the phase-shifted quantum
kicked rotor, which we show to display properties close to an ideal disordered quantum system,
opening new windows into the study of Anderson physics.

I. INTRODUCTION

Transport phenomena are omnipresent in physics. Hy-
drodynamics (i.e. matter transport), heat (i.e. energy
transport) and electrical conductivity (i.e. charge trans-
port) are among the most practically important exam-
ples. Less mundane microscopic examples are coherence
or spin polarization transport. The common feature of
the (macroscopic) classical approach to these phenom-
ena is a coarse grain average leading to partial differen-
tial equations valid if the typical sizes of the system are
much larger than those of its individual parts, an ap-
proach which tends to wane microscopic features. How-
ever, when one considers mesoscopic systems, at some
scale the microscopic structure come into play, and quan-
tum phenomena (notably quantum interferences) should
be considered. This is the case when one treats e.g. su-
perfluid helium, or electron transport in small enough
structures (e.g. quantum dots) or motion of ultracold
atoms in optical lattices. In such cases, quantum dy-
namics often becomes dominant and the classical trans-
port equations break down, due to new phenomena like
superconductivity, superfluidity, quantum phase transi-
tions, etc.

A very important issue is quantum (or wave) transport
in disordered systems, which has lead for more than 60
years to a wealth of theoretical and experimental stud-
ies, starting with the celebrated Anderson model [1] de-
scribing, in a relatively simple (and tractable) way, the
“localization” of the electron wave function in a disor-
dered crystal. Recently, the concept of “quantum simu-
lation” of complicated quantum systems has been intro-
duced [2–4]. The main idea, inspired from early insights
by Feynman [5], is to engineer a (relatively) simple, con-
trolled system able to reproduce (some of) the quantum
features of a complex, less controllable one. A main con-
ducting line in this field is to simulate condensed mat-
ter systems using ultracold atoms in optical lattices [6],
which allowed for perfectly controlled realizations of the
Hubbard hamiltonian, the observation of the Mott transi-
tion [7, 8], or the observation of Anderson localization in
disordered systems [9–13]. A particularly useful quantum
simulator for disordered transport is the so-called atomic

quantum kicked rotor (QKR), first realized by Raizen
and co-workers [9], and developed by our group [14–18].

While the QKR has proved to be an excellent quantum
simulator of Anderson localization, it displays temporal
correlations between the kicks, which are equivalent to a
spatially correlated disorder in the Anderson model. In
the present work we show that by engineering the kicked
rotor’s Hamiltonian one can mimic a nearly-uncorrelated
disordered system, allowing a much more precise com-
parison between theory and experiment. This is done by
introducing periodical phase shifts to the kicking poten-
tial, giving rise to the periodically-shifted quantum kicked
rotor (PSQKR), which allows for a very efficient averag-
ing over disorder realizations, able to erase the undesired
effects of kicks correlations. An interesting study of the
interplay between classical and quantum transport in the
PSQKR can be found in Ref. [19]. We will benchmark
our experimental PSQKR results by comparison with a
numerical variant of the QKR, the Random Kicked Ro-
tor (RKR), which mimics a perfectly uncorrelated disor-
der in the Anderson model, but which is not realizable
experimentally. The power of the PSQKR is evidenced
by measuring, with unprecedented precision, the univer-
sal transport properties predicted by the one-parameter
scaling theory [20].

The article is organized as follows. In Section II, we
briefly review the QKR and its transport properties, as
well as its connection to the Anderson model. Section III
describes the model and the experimental realization of
the PSQKR. Section IV compares the diffusion coefficient
obtained in that way with the one extracted from nu-
merical simulations of the RKR, demonstrating the abil-
ity of the PSQKR to average out the temporal correla-
tions. Section V describes the experimental measurement
of the universal scaling function β(g), evidencing the ex-
cellent agreement between the PSQKR and the numeri-
cal predictions using the RKR, as well as with the weak-
localization theoretical predictions. Section VI concludes
the work.
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II. QUANTUM TRANSPORT IN THE ATOMIC
KICKED ROTOR

The atomic kicked rotor first demonstrated by Raizen’s
group consists of a cloud of laser-cooled atoms submit-
ted to a periodically-pulsed laser standing wave (SW) [9].
This first breakthrough led to an impressive corpus of
experimental results in different fields as e.g. quantum
transport [21–26] and quantum metrology [27]. In quite
general conditions, for short enough times (t� tloc where
tloc is the so-called “localization time”) the atoms dif-
fuse in momentum space with a second moment increas-
ing linearly with time,

〈
p2(t)

〉
=
〈
p20
〉

+ 2Dt, but for
t & tloc, once quantum interferences build up in the sys-
tem, the second moment saturates at a constant value〈
p20
〉

+ p2loc. Here, ploc is the localization “length” in
momentum space, and

〈
p20
〉
is the momentum variance

of the initial wavepacket. It turns out that this phe-
nomenon, called “dynamical localization” [28] – i.e. local-
ization in momentum space –, is an analog of the (spa-
tial) Anderson localization [29] observed in disordered
systems [1]. Without loss of generality, we will consider
in the following only the case of narrow (

〈
p20
〉
� p2loc) ini-

tial wavepakets, localized around 〈p(0)〉 = 0 (see exper-
imental details below), and put

〈
p20
〉
' 0, unless stated

otherwise.
The kicked rotor’s Hamiltonian is given by

HQKR =
p2

2
+K

∞∑

k=0

cosx δ (t− k) , (1)

where K cosx represents the sinusoidal potential created
by the standing wave (formed by counterpropagating
laser beams of wave number kL), with the dimensionless
spatial variable x measured in units of (2kL)

−1 and the
dimensionless time measured in units of the kick period
T1. With these definitions x and p obey the canonical
commutation relation [x, p] = ik̄ with k̄ = 4~k2LT1/M (M
the mass of the atom) playing the role of a reduced Planck
constant. The “stochasticity parameter” K is given by
K = k̄Ω2τ/8|∆|, where Ω is the single-beam resonant
Rabi frequency, ∆ the laser-atom detuning and τ the du-
ration of the standing wave pulses. K and k̄ can be tuned
in the experiment (see below). The fact that the poten-
tial is spatially periodic means that the quasimomentum
q is a constant of motion, i.e. a given momentum p0 is
coupled only to momenta of the form p0 + `k̄ with ` ∈ Z;
one can thus always reduce the concerned momenta to
the form (q + `)k̄ with ` ∈ Z and q ∈ (−1/2, 1/2].

The Anderson model [1] is described by a tight-binding
Hamiltonian of the form

HA =
∑

i

εi |ui〉 〈ui|+
∑

i,j 6=0

tj |ui〉 〈ui+j | , (2)

where |ui〉 are the Wannier states localized on the lattice
site i. In the Anderson model, εi are random on-site
energies distributed in a box [−W/2,W/2], and tj are the

hopping amplitudes. For the kicked rotor, one starts from
the evolution operator over one period (Floquet operator)

U(1) = exp

(
−i (

ˆ̀+ q)2

2
k̄

)
exp

(
−iK

k̄
cos x̂

)
(3)

where ˆ̀|`〉 = ` |`〉 acts on the state space of the
strictly periodic system. The leftmost operator in
Eq. (3) corresponds to the free propagation between
kicks and the rightmost corresponds to the kick [30].
Fishman and co-workers [29, 31] projected the eigen-
value equation U(1) |vω〉 = exp(−iω) |vω〉 defining the
Floquet quasi-eigenstates on a quasimomentum family
and, using algebraic operator identities, could show that
this operator maps onto a tight-binding Hamiltonian of
the form (2), with the “on-site energies” εi → ε` =

tan
(
ω/2− k̄(`+ q)

2
/4
)

and the “hoppings” tj → tr =

(2π)−1
∫
dxe−irx tan (K cosx/2k̄). The on-sites energies,

in contrast to Anderson’s model, are perfectly determin-
istic, but if k̄ is incommensurate with π they oscillate,
creating a so-called “pseudo-disorder”. The fact that the
kicked rotor indeed displays the same behavior as the
Anderson model has been confirmed by a large number
of experimental and numerical works [32].

This pseudo-disorder is however correlated, because
the deterministic phase acquired during the free evolu-
tion following a given kick is correlated to the phase ac-
quired before the kick. Although this effect tends to be
averaged as the number of kicks increase, it leads to de-
terministic effects visible in the dynamics, for instance
oscillations in the diffusion coefficient as a function of K
and of k̄ [33], as well as in oscillations of

〈
p2(t)

〉
. This be-

comes particularly critical e.g. if one tries to reconstruct
the function β describing the asymptotic behavior of the
system [20], which is given, for the QKR, by

β ≡ ∂ ln g

∂ lnL
=
∂ ln

(〈
p2(t)

〉1/2
/t
)

∂ ln
(
〈p2(t)〉1/2

) , (4)

with the appropriate definition of the “dimensionless con-
ductance” being g ≡

〈
p2(t)

〉1/2
/t and L ≡

〈
p2(t)

〉1/2 a
measure of the “size” of the system [34]. It expresses the
behavior of the conductance with the size of the system,
g ∼ Lβ and is thus the kicked rotor’s analog of the β
one-parameter scaling function introduced by Anderson
and coworkers [20]. A crucial assumption of the scaling
theory is that β can be expressed as a function of only g
itself, so that β(g) is a universal function which governs
the transport properties of the system. Being a logarith-
mic derivative, this function is particularly sensitive to
the oscillations of

〈
p2(t)

〉
, which might mask its univer-

sal behavior (i.e. independent of the systems’ microscopic
details).

In order to obtain the equivalent of a perfectly un-
correlated disorder, as idealized in the Anderson model,
the free propagation phases should be a completely ran-
dom set of i.i.d. random variables φ` in [0, 2π) that is,
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one replaces the free propagation operator in Eq. (3) by∑
` exp(−iφ`)|`〉〈`|, the kicking part of the Hamiltonian

being the same. This model is called the Random Kicked
Rotor (RKR), for which the correlations indeed vanish,
but it is not easily feasible experimentally [35].

We will show that the PSQKR can mimic a nearly-
uncorrelated disordered system, thus allowing a precise
comparison between theory and experiment. The SW
phase-shifting leads to a very efficient averaging over dis-
order realizations, which allows canceling the effects of
temporal correlations and reveals, with unprecedented
accuracy, the universal transport properties predicted by
the one-parameter scaling hypothesis.

III. THE PERIODIC PHASE-SHIFTED
QUANTUM KICKED ROTOR

A. Model

The PSQKR is a modified version of the standard
QKR, Eq. (1), in which the spatial position of the kicking
potential is periodically shifted, leading to the Hamilto-
nian

HPSQKR =
p2

2
+K

∞∑

k=0

N∑

j=1

cos (x− aj) δ (t− kN − j)

(5)
where {aj} is an arbitrary sequence of N numbers in
[0, 2π), repeated each NT1 periods of the kicking (period
N in dimensionless units). If all aj ≡ 0 we retrieve the
standard QKR. The preservation of the time-periodicity
means that it displays Floquet eigenstates and that es-
sentially the same mapping to an Anderson-like Hamil-
tonian can be applied; dynamical localization is expected
to appear with an enlarged time scale multiplied by N ,
which was indeed verified theoretically, numerically and
experimentally, as shown in Ref. [17] for a slightly more
complex Hamiltonian with an additional periodic modu-
lation of the kick intensity. Even more interestingly, one
can show that the symmetry properties of the phase se-
quence {aj} control the parity (P ) and time-reversal (T )
symmetry of the Hamiltonian Eq. (5): if the sequence is
antisymmetric around an arbitrary axis (e.g. N = 3 and
aj = −a, 0, a, with the anti-symmetry axis at kick j = 2)
PT -symmetry is preserved and the system is in the so-
called “orthogonal” universality class, otherwise this sym-
metry is broken and the system is in the “unitary” univer-
sality class [17]. Symmetry breaking has a deep influence
on the transport and localization properties of the sys-
tem, which can be most clearly put into evidence by a
measurement of the universal β(g) function [17]. The
central point of our approach is that averaging many dif-
ferent realizations of the phase sequences {aj} (chosen so
that they break or not the PT -symmetry) is equivalent
to a very efficient averaging over disorder realizations in
the equivalent Anderson model.

B. Experimental setup

The atomic cloud of cesium atoms is produced in a
standard Magneto-Optical Trap (MOT), loaded during 1
s in a room-temperature atomic vapor cell. We then per-
form an optimized 55 ms Sisyphus molasses phase which
yields a few million atoms at a temperature of ' 2µK.
The MOT is switched off and the atomic cloud is “kicked”
by a far-detuned (∆ ≈ −10 GHz at the cesium D2 line,
with wavelength λL = 852 nm) pulsed standing wave,
with a typical pulse duration of τ = 300 ns. The kick
frequency 1/T1 can be varied between ∼ 35 and 104 kHz,
corresponding to k̄ between 3 and 1. For our short values
of τ , the atomic motion is negligible during the applica-
tion of the SW pulses, which can be considered as Dirac
delta functions. After the kick sequence the momentum
distribution of the cloud is measured by a time-of-flight
after a free fall of ∼ 16 cm from the MOT position.

1. The standing wave

The SW is formed by two independent counter prop-
agating beams along the vertical direction. The laser
setup for the phase-modulated kicking potential is similar
to that of Ref. [36], and is schematically shown in Fig. 1
(left). A commercial external-cavity laser diode (100 kHz
linewidth) beam is separated into two parts which seed
two Masters Oscillator Power Amplifiers (MOPA) which
yield Watt-range, mutually coherent beams. The am-
plified beams are sent through two acousto-optic modu-
lators (AOMs) acting as fast switches (typical rise time
of 15 ns) which generate the pulses. An independent
control of the phase and the amplitude of each beam
is achieved using two separate, phase-locked radio fre-
quency (RF) driving signals, which are modulated by
an arbitrary wave function generator. The two result-
ing beams are injected in single-mode optical fibers (8 m
long each) which transport the light to the interaction
region. To reduce the SW phase noise we adjusted the
optical path difference from the splitting point up to the
atoms to 1 cm. The standing wave interacting with the
atoms has a peak power of 300 mW per beam and a waist
w0 = 0.8 mm.

Since the SW is parallel to gravity, the atoms are free-
falling during the application of the pulses. By applying
a carefully-controlled linear chirp (dfRF/dt = const., with
fRF the applied frequency) of opposite sign to each of the
beam, one obtains a SW whose nodes follow the atoms
during their free-fall. Thus, in the (non-inertial) refer-
ence frame of both the atoms and the SW we form a
standard kicked rotor. Alternatively one can think that
in the accelerated reference frame of the SW an inertial
force exactly compensates gravity. This compensation is
adjusted by minimizing the measured average quadratic
momentum 〈p2〉 of the cloud at fixed number of kicks
(typically 100 kicks, comparable to tloc for our parame-
ters) as a function of the relative frequency chirp. As a
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Figure 1. (left) Schematic view of the vertical SW setup used for our Kicked Rotor experiment. The light of an External
Cavity (EC) laser seeds two optical amplifiers and passes through two AOMs. The light is injected into two optical fibers and
guided towards the interacting region. In addition to the pulsed sequence, a linear chirp is added to the driving RFs so that the
SW “falls” simultaneously with the atomic cloud. (right) Average square momentum

〈
p2
〉
vs. the rate of the frequency chirp.

The minimum corresponds to the optimal ‘compensation’ of the gravity acceleration, where the SW nodes exactly follow the
free-falling atomic cloud.

residual non-compensated acceleration breaks quasimo-
mentum conservation and destroys dynamical localiza-
tion, it causes a sharp increase of 〈p2〉, which displays a
minimum around the optimal chirp value. This is shown
in Fig. 1 (right).

2. Spatial filtering of the atomic cloud

The QKR Hamiltonian Eq. (1) has two parameters:
the reduced Planck constant k̄ and the stochasticity pa-
rameter K. Both are quite well controlled experimen-
tally on relatively large ranges (1-3 for k̄ , 0-17 for K).
However, a real cold-atom system is much more complex,
and depends on many other parameters. As an exam-
ple, consider the fact that whereas the model is 1D the
real system is 3D. As the momentum exchanges between
atoms and the SW are constrained along the SW direc-
tion the dynamics is effectively 1D (decoupled from the
other directions). But the SW has a Gaussian transverse
profile, which means that the value of K (depending on
the beam intensity) varies along the transverse extension
of the beams. The spatial overlap between the atomic
density profile and the transverse intensity profile of the
SW beams is thus an additional parameter. A small ra-
tio between atomic cloud and SW beam sizes is desirable
in order to reduce the K spatial inhomogeneity. In our
experiment, at the end of the Sisyphus molasses phase,
the atomic cloud e−2 radius wat ∼ 1 mm and the SW
beam waist is w0 = 0.8 mm; this ratio is thus ∼ 1. To
avoid this problem, we implemented a spatial filtering of
the atomic cloud in order to reduce its transverse exten-
sion (at the price of a large loss in the number of atoms),

500

400

300

200

100
350300250200150100500

1 mm

Power (µW)

w
a
t 
(µ

m
)

Figure 2. Dependence of the transverse atomic cloud size wat

on the “small repumper” beam power. The fluorescence im-
ages correspond to different filtered atomic clouds, with trans-
verse sizes wat of 150 µm, 340 µm and 470 µm respectively.
The red curves are eye guides representing the Gaussian trans-
verse profile of the SW beams used in our experiment, with a
waist of w0 = 800 µm.

considerably reducing the inhomogeneity effects.
Our filtering method uses a vertical, tightly-focused

(100 µm waist) “repumper” beam, carefully aligned with
the axis of the SW. At the very beginning of the mo-
lasses (working on the Fg = 4 → Fe = 5 hyperfine tran-
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sition) phase, the MOT standard repumper beam, tuned
to the Fg = 3 → Fe = 4 transition is switched off, and
the “small”, focused repumper (on the same transition) is
switched on. The atoms outside the volume delimited by
this beam eventually escape the optical cycling by falling
into the Fg = 3 level and are not affected anymore by
the molasses beams. In order to remove these undesir-
able atoms, a horizontal pusher beam resonant with the
Fg = 3 → Fe = 2 transition is applied to the entire cloud
but does not affect the “useful” Fg = 4 atoms, with which
it is not resonant. We found empirically that the best fil-
tering efficiency is obtained with 50 µW power and a 100
MHz detuning. The strong atom loss (∼ 90%) induced
by the filtering process can be mitigated by increasing the
averaging over the number of experimental realizations.
Additional advantages of the filtering are a reduction of
the fluctuations in size and the position of the cloud, as
well as a precise control of its size. Figure 2 shows the
dependence of the transverse size of the cloud wat vs. the
filtering beam power, as well as a few fluorescence images
corresponding to different cloud sizes.

IV. DIFFUSION COEFFICIENT FOR THE
PSQKR

The above-described experimental setup was used to
investigate the short-time transport properties of our sys-
tem. For that, we performed a quantitative study of the
PSQKR compared to the standard QKR and the RKR,
and we showed that the effects of the correlations between
kicks can be suppressed by averaging over the PSQKR
phase shifts aj .

A. Effect of correlations on the diffusion coefficient

The diffusion coefficient is defined as Dini =
[〈p2(t)〉/2t]t�tloc . For perfectly uncorrelated kicks, as in
the RKR case, the value of the diffusion coefficient is
D0 = K2/4 [37] (where, for convenience, we express the
momentum in units of the width of the Brillouin zone,
2~kL, in the units of Eq. (1) it reads K2/4k̄). In presence
of correlations, it is well-known that oscillations appear
as the kick strength K is varied, both in the classical and
quantum cases.

The oscillations of Dini in the classical and quantum
kicked rotor have been previously studied both theoret-
ically [33, 37, 38] and experimentally [39]. In particular
the dependence of the diffusion coefficient with K for the
standard QKR has been calculated in [33] and is given
by

Dini = D0(1− 2J2(Kq)− 2J2
1 (Kq)

+ 2J2
3 (Kq) + 2J2

2 (Kq) . . .),
(6)

where Jn(z) is the Bessel function of the first kind of
order n, and Kq = (2K/k̄) sin(k̄/2) is an effective kick

50
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0
1614121086

wat = 150µm

wat = 400µm

eq. (6)

K

D
in

i

Figure 3. Measurement of the initial diffusion coefficient Dini

vs. the kick strength K for the standard QKR. The dashed
black line is Eq. (6) and the symbols represent measurements
for two different values of wat. For wat = 150 µm � w0

(red circles) we find a good agreement with the theoretical
curve, whereas for wat = 400 µm (blue rectangles) we observe
a significant deviation due to inhomogeneity of K. All data
was taken using k̄ = 2.89, andDini was obtained by measuring〈
p2
〉
after t0 = 7 kicks.

100

80

60

40

20

0
1816141210864

K

D
in

i

N= 1 ; a = 0

N= 2 ; a =π/4

Figure 4. Measured diffusion coefficient for the standard QKR
[N = 1, a = 0, red circles, the full line corresponds to Eq. (6)]
compared to the period-two PSQKR [N = 2, a = π/4, blue
squares, the full line corresponds to Eq. (7)]. We observe
that the oscillations (essentially due to first order correlation
terms) are shifted almost to be opposite to each other. Dini

was determined by measuring
〈
p2
〉
after t0 = 7 kicks and

k̄ = 2.89.

strength taking into account quantum effects, i.e. the
non-commutative nature of the position and momentum
operators. The main correction is −2J2(Kq), and comes
from the correlations of the momentum between kicks k
and k+2. The next corrections −2J2

1 (Kq)+2J2
3 (Kq) and

2J2
2 (Kq) come from correlations at three and four kicks

respectively. The effects of higher-order correlations (as
well as subleading corrections to four-kick correlations)
can be neglected for our present purposes.

The derivation of Ref. [33, 37] can be generalized to the
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diffusion coefficient Dini of the PSQKR. In the simplest
cases N = 2 and N = 3 we obtain the diffusion coefficient
Dini,N :

Dini,2 = D0{1− 2J2(Kq) cos(2(a2 − a1))− 2J2
1 (Kq)

+ 2J2
3 (Kq) cos(4(a2 − a1)) + 2J2

2 (Kq) . . .}
Dini,3 = D0{1− 2C1[J2(Kq) + J2

1 (Kq)]

+ 2C2[J2
3 (Kq) + J2

2 (Kq)] + . . .},
(7)

where

C1 =
1

3

(
cos(a1 − 2a2 + a3) + cos(a2 − 2a3 + a1) (8)

+ cos(a3 − 2a1 + a2)
)

(9)

C2 =
1

3
(cos(3a2 − 3a1) + cos(3a3 − 3a2) + cos(3a1 − 3a3)) .(10)

Here also, the term proportional to J2(Kq) comes from
the two-kick correlation, while the terms proportional
to −2J2

1 (Kq) and 2J2
3 (Kq) (2J2

2 (Kq)) come from cor-
relations at three (four) kicks. The corrections to Dini

depend on the phases aj , and the choice of the phase-
modulation sequence will strongly affect kick correlations
in the PSQKR. A carefully tailored sequence aj might
thus provide a method to control the dependence of dif-
fusion coefficient on Kq.

In order to test this prediction, we experimentally mea-
sured the initial diffusion coefficient Dini. This measure-
ment is done by analyzing the time-of-flight atomic dis-
tribution after a small number of kicks (typically ∼ 7). In
these conditions, we observe that the distributions pre-
serve a Gaussian shape (confirming that the dynamics is
still diffusive), and that the square of the fitted width
of the momentum distribution,

〈
p2(t0)

〉
≡ σ2

p(t)− σ2
p(0),

varies linearly with the kick number t. From the mea-
sured width at a given number of kicks t0 ∼ 7 we
extract σ2

p(t0), and thus infer the diffusion coefficient
Dini =

〈
p2(t0)

〉
/2t0.

Figure 3 displays the measured dependence of Dini vs.
K for the standard QKR and compares it with Eq. (6),
in the presence and in the absence of spatial filtering
of the atomic cloud described in Sec. III. The effect
of filtering in reducing the transverse inhomogeneity ap-
pears to be very important. For an atomic cloud size
wat = 400µm (blue rectangles), about the half of the
SW waist (w0 = 800µm), the oscillations are severely
smeared. When the filtering procedure is used to reduce
the atom cloud size to wat = 150 µm, we clearly observe
the oscillations induced by kick correlations (red circles),
in good agreement with Eq. (6) (dashed black line). For
wat < 200µm) the curve becomes almost independent of
wat, indicating that residual inhomogeneity is negligible.

Figure 4 shows the same measurement ofDini vs. K for
the PSQKR in the simplest case, N = 2, with the phase-
shift sequence a1 = a, a2 = −a, with a = π/4 (blue
rectangles). The solid lines correspond to Eq. (7), and
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Figure 5. Comparison between the mesured diffusion co-
efficient for the QKR (red circles) and the phase-averaged
PSQKR [(a) N = 2, blue squares; (b) N = 3 blue diamonds]
with k̄ = 2 and Dini extracted after 7 kicks. Plot (a) shows a
moderate smearing of the correlation-induced oscillations due
to the phase averaging with the period 2 PSQKR, plot (b)
shows the much more complete smearing obtained with pe-
riod 3. The dashed lines are the predictions of Eq. (7), and the
solid line in plot (b) is the RKR (no correlation) prediction
D0 = K2/4.

are in very good agreement with the experimental data.
The main oscillations are seen to be opposite to the ones
of the standard QKR (red circles). This is due to the fact
that the leading term in Eq. (7) has the same amplitude
as for the standard QKR, but its sign is inverted.

B. Suppression of the correlation effects by the
averaging over the phases

The above results suggest that one can use the ef-
fect of the PSQKR phase shifts on the kick correlations
provided to suppress these undesirable effects. We will
show that it is possible to average over randomly-chosen
phase sequences in order to mimic the behavior of an
ideal (correlation-free) disordered system, corresponding
to the diffusion coefficient of the correlationless RKR,
D0 = K2/4. This can be achieved even for relatively
low modulation periods, as the effect of higher-order cor-
relations remains small, as one can see from Eq. (7).
With N = 2, one can eliminate the two-kick correla-
tions (∝ J2(Kq)), and part of the three-kick correlations
(∝ J2

3 (Kq)). With N = 3, one can eliminate all terms in
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Figure 6. Numerical simulation of 〈p2(t)〉 and the corresponding β(g) functions for the RKR and QKR. (a) RKR’s 〈p2(t)〉 for
three values of the parameter K = 10, 15, 20 (equivalent to K/k̄ for the QKR), the curves are very smooth and correlation
free. (b) The corresponding β(g) functions coincide, evidencing the universal character of β(g). (c) Standard QKR’s 〈p2(t)〉
(blue circles) and initial diffusion (black dashed line), with K = 5.8 and k̄ = 0.8. The correlation-induced oscillations, although
small, are clearly visible. (d) The corresponding β(g) (blue circles) showing the amplification of these oscillations due to the
logarithmic derivative. These oscillations lead to large deviations with respect to the universal scaling function, materialized
by the RKR result (solid red line).

J2
n.
The experimental results are shown in Fig. 5 forN = 2,

plot (a), and N = 3, plot (b). In both panels, the red cir-
cles and line correspond resp. to experimental data and
Eq. (6) for the standard QKR (with k̄ = 2), where all the
correlation terms are present. Blue symbols correspond
to the PSQKR with the experimental results averaged
over 100 different sets of phases aj , while the lines cor-
respond to the theoretical results, Eq. (7), averaged over
the phases. The agreement between theory and experi-
ment is very good, and one clearly observes a reduction of
the oscillations due to the averaging. In the case N = 3
[plot (b)], the experimental data very well agrees with
the uncorrelated RKR result D0 = K2/4 (solid line), ev-
idencing the efficiency of the averaging for suppressing
the effect of correlations.

V. MEASUREMENT OF THE SCALING
FUNCTION β(g)

In this section we show how the averaging over phase-
shifts allows for a clean measurement of the universal
one-parameter scaling function β(g). We consider only
the orthogonal symmetry class, to which the standard
QKR belongs [41]. In order to realize this case with the

PSQKR, we have to constrain the phase-shifts sequence
by an anti-symmetry condition [17].

In Figure 6(a) we show a numerical simulation of
〈p2(t)〉 for the RKR, for three different values of the kick
amplitude, K = 10, 15 and 20. The curves are smooth
and do not show, as expected, any correlation effects.
The universal character of the dynamics (i.e. its inde-
pendence of the “microscopic” parameter K) is best evi-
denced by the collapse onto one curve of the β(g) function
[computed using Eq. (4)], as shown in Fig. 6(b). Fig. 6(c)
shows a numerical simulation of 〈p2(t)〉 for the standard
QKR (blue circles), using typical parameter values ac-
cessible in experiments (K = 5.8 and k̄ = 0.8). The
dashed black line is an extrapolation of the initial dif-
fusion, followed by the beginning of dynamical localiza-
tion, common with the RKR behavior, but we clearly
observe small oscillations due to temporal correlations.
Figure 6(d) shows that the corresponding β(g) function
is strongly affected by these non-universal oscillations,
masking its universal character (indicated by the red solid
line corresponding to the RKR behavior with the same
parameters).

Figure 7 shows the experimentally measured 〈p2(t)〉 for
the PSQKR [plot (a)] and the corresponding β(g) func-
tion [plot (b)]. Three sets of experiments were used, with
different parameters values: N = 3, K = 4 (blue circles);
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Figure 7. (a) Experimentally measured 〈p2(t)〉 for the
PSQKR (N = 3, K = 4). The dashed line is a linear fit at low
kick number (0 to 5 kicks), corresponding to the initial dif-
fusive behavior. (b) The experimental one-parameter scaling
function β(g), for three different parameter values: (N = 3,
K = 4) – blue circles, (N = 4, K = 4.5) – green diamonds
and (N = 5, K = 3.5) – red squares. These results are in ex-
cellent agreement with RKR numerical simulations (red solid
line) and, in the large-conductance regime 1/g ≤ 0.3, in good
agreement with the diagrammatic theory prediction for the
orthogonal class: β(g) ' −1−1.064/g (dashed blue line) [40].
k̄ = 1.

N = 4, K = 4.5 (green diamonds); N = 5, K = 3.5
(red squares ); all with k̄ = 1. The experimental mo-
mentum distributions were averaged over 100 randomly-
generated sets of phase shifts (constrained by the anti-
symmetry condition). A careful analysis was used for
extracting 〈p2(t)〉 from the time-of-flight momentum dis-
tributions Π(p). Since 〈p2(t)〉 is sensitive to the tails of
the momentum distribution, we fit p2Π(p) rather than
Π(p) itself. The fitting function is the Lobkis-Weaver

self-consistent function [42], which smoothly evolves from
a Gaussian to an exponential shape. This method was
tested and validated with numerical simulations over a
wide range of parameters. Plot (a) shows that although
relatively low kick strengths were used, similar to the
ones in Fig. 6(c), 〈p2(t)〉 is very smooth, with no vis-
ible oscillations (to improve the figure clarity we dis-
played only the curve corresponding to the first set of
parameters). Fig. 7(b) shows the corresponding β(g)
functions, in good agreement with the Random Kicked
Rotor scaling (solid red line). The agreement among all
these curves (to within experimental errors) is a clear ex-
perimental proof of the one-parameter scaling function
universality, and evidences the efficiency of the phase-
averaging method to suppress temporal correlations.

VI. CONCLUSION

In conclusion, we described in this work powerful tech-
niques, both experimental and for data analysis, allowing
us to obtain high quality measurements of important pa-
rameters, like the initial diffusion coefficient. The most
important of these techniques is the implementation of
an engineered Hamiltonian, the phase-shifted quantum
kicked rotor. We showed how these improved setup and
analysis can suppress the effects of kick correlations and
allowed us to perform the quite challenging task of mea-
suring a central quantity characterizing quantum trans-
port in disordered systems, the celebrated β(g) function.
This considerably enhances the potential of kicked cold-
atomic systems for quantum simulations of disordered
systems, and in particular their transport properties, as
put in evidence in our recent works [17, 19, 43, 44].
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