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This paper presents a comprehensive study on the different behaviour of batter and vertical pile foundations in
terms of stiffness degradation and damping properties under dynamic loadings. Firstly, dynamic centrifuge tests
were carried out and the variations of translational/rotational stiffness and the associated damping properties
were identified from a series of hysteretic loops. Results show that for the rocking behaviour, the presence of
batter piles causes a small decrease of the rotational stiffness and a great increase of the rotational damping; for
the horizontal translation behaviour, batter pile foundation has much higher horizontal stiffness and transla-
tional damping compared to the vertical foundation. Then, a set of stiffness degradation and damping curves for
the translational and rotational behaviour of batter and vertical pile foundations are proposed. Finally, the
proposed stiffness degradation and damping curves were validated numerically by using equivalent linear ap-
proach. The numerical validation shows a good agreement with the experimental results.

1. Introduction

Soil-Structure Interaction as a very important issue affecting the
seismic responses of structures, has attracted much attentions from the
engineering community. Many experimental results [1–4] of foundation
response and nonlinear soil-structure interaction under strong seismic
loadings have shown the effects of SSI of foundation system. Ahmadi
et al. [5] pointed out that not only the flexibility, but also the energy
dissipation of the foundation will greatly influence the inertial response
of soil-structure interaction. For a rational and integrated displacement-
based seismic design, SSI effects cannot be ignored [6,7].

For the SSI analysis, many approaches have been developed.
Macroelement modeling, which simplifies the dynamic interaction be-
tween soil and foundation by integrating the nonlinearities into a single
plastic computational unit, has attracted considerable attention [8–11].
At the same time, using spring-type models to simulate the dynamic
response of soil-structure systems is popular in design practice because
of their ease of use and clear physical meaning. Lu et al. [12] developed
a simplified Nonlinear Sway-Rocking (NSR) model that is capable of
simulating the load-displacement response of mat foundations sub-
jected to seismic excitations. Anastasopoulos and Kontoroupi [13]
proposed a nonlinear rotational spring without requiring iterations.
Monotonic and cyclic pushover analyses were utilized to define the

moment-rotation, damping-rotation and settlement-rotation relations.
The proposed method is straightforward and efficient in predicting the
rotation and settlement of shallow foundation on inelastic soil. Besides
the above mentioned methods, for the analysis of SSI for shallow
foundation, the Beam-on-Nonlinear Winkler Foundation (BNWF) model
is also widely used for its of simplicity [14].

In recent years, more and more researchers carried out SSI analyses
from the point of view of stiffness degradation and damping properties.
Tileylioglu et al. [15] studied the transnational and rotational behavior
of shallow foundation by large-scale model test. It is found that the
damping has more pronounced energy dissipation for translational than
rotational vibration modes, and increases of damping with frequency
highlights the importance of radiation damping. Anastasopoulos et al.
[16] studied the effectiveness of shallow soil improvement for the
heavily-loaded system by rocking stiffness degradation of shallow
foundation. Kokkali et al. [17] performed centrifuge tests to study the
effect of shallow soil improvement on the reduction of rocking-induced
settlement of shallow foundaion. Empirical equations were also pro-
posed for shallow foundations by many researchers. For example, Gajan
et al. [18] proposed a equation for the rotational stiffness degradation
of shallow foundation. Gazetas et al. [19] proposed formulas and charts
in a general dimensionless format which allow easy computation of the
nonlinear effective rotational stiffness of foundations of any
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(reasonable) shape. The proposed formulas are suitable for the practice
of design. Paolucci et al. [20–22] proposed equivalent damping curve
that related to the rotational stiffness degradation curves. Studies in the
similar direction are available in the literature [23–28,4]. Numerical
studies concerning the stiffness degradation and damping of shallow
foundaitons were also conducted by researchers. Taeseri et al. [29]
studied numerically the the degradation of the rocking stiffness of
shallow foundation. Adamidis et al. [30] and Pitilakis[31,32] im-
plemented the stiffness degradation and damping curves. Equivalent
linear substructure approximation was used to analyse the rocking os-
cillation of shallow foundation.

The existing studies mainly focused on shallow foundations.
However, currently, studies for stiffness degradation and energy dis-
sipation properties for deep foundations are very rare. To this end, this
paper presents a comprehensive study of the stiffness degradation and
damping for both batter and vertical pile foundations. The outline of
this study is as following. The different behaviour in terms of stiffness
degradation and damping properties of batter and vertical pile foun-
dations are highlighted by a series of centrifuge tests. Then, based on
the experimental results, stiffness degradation and damping curves are
proposed for both batter and vertical pile foundations. Finally, nu-
merical validation using equivalent linear approach with an iterative
process is exploited to validated the proposed curves. The comparison
of numerical and experimental results shows good agreement.

2. Centrifuge tests

Experimental campaign was carried out to investigate the rocking
and lateral translation behavior of batter and vertical foundations. In
this section, the preparation of centrifuge model is discussed while the
experimental program will be introduced hereafter.

2.1. Experimental set-up

In the centrifuge tests, Fontainebleau sand (NE34) was prepared by
air pluviation technique (with the relative density about 80%). The
material properties of Fontainebleau sand are listed in Table 1.

Fig. 2 shows the friction (or floating) piles and pile caps used in the
experiments. The distances of piles to the boundaries of container are
also indicated. Equivalent Shear Beam (ESB) container which has the
inner dimensions 800 × 340 × 416mm was used in the tests. Vertical
shear rods were attached to the bottom of the container to provide
complimentary shear stresses [33,34]. The model piles were made of

aluminum alloy and had a hollow section. The distance between the
pile cap and the ground surface is 28mm at model scale (1.12m at
prototype scale). This design was to avoid the additional soil-cap in-
teraction [34,33]. The spacing of the piles was 4 times the diameter of
the piles (4D) for both configurations. Table 2 gives the characteristics
of the piles and the pile cap in model and prototype scales.

The following pile installation method was adopted in tests. A
temporary sustaining system was used to maintain the pile group
during pluviation, composed of an aluminum plate, 2 two steel rods and
thin plastic wires. For both batter and vertical piles the same sustaining
system was used, an example for positioning batter piles is shown in
Fig. 1. The paper plate was temporarily used to verify the inclination of
the piles. The thin aluminium plate (see in Fig. 1) was used to maintain
precisely the inclination angle of °15 . The two piles were suspended by
two thin steel rods in the container that are temporarily attached. Due
to the falling of sand, the exact positions of piles were influenced. In
order to avoid this, two thin plastic wires were attached on the tips of
the two piles to provide additional supports. The sand was filled by air
pluviation from the bottom up to the level of the ground surface. When
the sand surface was about 5 cm higher than the tips of the piles, the
wires were cut to free the pile tips. After the sand surface arrived at the
prescribed level, the pluviation stopped and the steel rods were re-
moved. Then, the pile cap was installed on to the pile head by tigh-
tening the bolts with a dynamic torque screw driver. Finally, the su-
perstructure was installed on to the top of the pile cap. It should be
pointed out that the adopted procedure of pluviation could minimize
the “shadowing effect” 1 in the zone between the two piles. However,
the disturb of the homogeneity and density of sand underneath the
batter piles was inevitable. For the details of installation of foundation
models refers to Li et al. [33,34].

Three types of single degree of freedom superstructures were used in
the tests, i.e. short, medium-tall and tall superstructures, Fig. 3(a).
These superstructures were designed to have the same fixed base

Nomenclature

List of symbols

mt Lumped mass of superstructure
mb Lumped mass of foundation
ut Horizontal translation of top mass
ub Horizontal translation of foundation

Rotation of foundation
Ht Height of top mass
Hb Height of center of foundation
F Horizontal force
M Overturning moment

us Horizontal translation of top mass due to the deformation
of the column

H Length of the column
kh Pseudo horizontal translational stiffness of foundation
kr Pseudo rotational stiffness of foundation
ch Pseudo horizontal translational damping coefficient of

foundation
cr Pseudo rotational damping coefficient of foundation
Dh Pseudo horizontal translational damping ratio of founda-

tion.
Dr Pseudo rotational damping ratio of foundation

Table 1
Fontainebleau sand NE34: Material properties.

Soil emin emax e Dr(%)

Fontainebleau NE34 0.51 0.866 0.58 80%

Note: e:void ratio; Dr : relative density.

Table 2
Characteristics of the piles and of the pile cap, refers to Li et al. [34,33].

Item Model scale 40 g Prototype scale 1 g

Pile-embedded depth 326.5mm 13.06m
Pile-external diameter 18mm 0.72m
Pile-internal diameter 15mm 0.6m
Pile-bending stiffness 197 N·m2 505 MN·m2

Pile-yield strength 245MPa 4245MPa
Pile cap-dimensions 140mm × 40mm × 40mm 5.6m × 1.6m × 1.6m
Cap-weight 5.5 N 331.24 kN

1 shadowing effect: during sand pluviation the presence of certain objects
influence the falling of sand into the container and thus disturbs the homo-
geneity of the sand deposit.

2



frequency; the same top mass weight; and the same total weight of the
whole foundation-superstructure system. With the increase of height of
the top mass, the inertial loading generated by these three super-
structures varies from a horizontal force dominated to a overturning
moment dominated loading case. In this study, the soil column response
frequency was estimated between 3.5 and 3.7 Hz. In order to highlight
the influence of the superstructure and to distinguish it from the in-
fluence of the soil column, the frequency of the superstructure was
designed to be far away from that of the soil column [33,34]. By con-
sidering the working frequency range of the shaker for sine input, the
fixed base frequency of superstructure was designed to be 2.0 Hz. The
pile foundation with a tall superstructure after installation is shown in
Fig. 3(b). Since the column supporting the building cannot be regarded
as weightless, according to Harris and Piersol [35], approximately 23%
of the weight of the column should be included in the mass at the top
while the rest 77% contributes to the weight of the base. Then foun-
dation superstructure system can be idealized as a lumped mass and
column system, see Fig. 3(c). The main properties of the idealized
foundation-superstructure system are summarized in Table 3.

2.2. Experimental program

The centrifuge tests in this study were in the framework of a project
– experimental study of the performance of batter piles under dynamic

Fig. 1. Positioning the batter piles in the ESB container.

Fig. 2. Dimensions of pile foundations and ESB container (in prototype scale), refers to Li et al. [33,34].

Fig. 3. (a) Superstructures; (b) Centrifuge model; (c) Idealized lumped mass model, refers to Li et al. [33,34].

Table 3
Main characteristics of the pile foundations with three types of superstructures.

Top
mass mt

Found.
mass mb

C.G. of Top
mass Ht

C.G. of
found. Hb

Column
stiffness

Short 51.2
tonne

64.0 tonne 5.12m 1.92m 8090 kN/m
Medium-tall 8.48m
Tall 14.16m

Note: 1. All values are presented in prototype scale; 2. C.G.: center of gravity.

Table 4
Applied sequences of the real earthquake signals.

NO. Events Excitations Attenuation (dB) PGA
(m/s2)

Arias
Intensity (m/

s)

Test 1 1, 2, 3 Martinique Jara −1 0.9 0.2
Test 2 4, 5, 6 Northridge −20 1.35 0.2
Test 3 7, 8, 9 Northridge −9 4.79 2.43
Test 4 10, 11, 12 Kobe −4 3.83 3.51
Test 5 13, 14, 15 Martinique Jara −1 0.9 0.2
Test 6 16, 17,18 Northridge −20 1.35 0.2

Note: 1. Earthquake records are: Martinique earthquake (Jara station EW);
Northridge earthquake (Tarzana station 090) and Kobe earthquake (DAI8-G,
N43W) records.
2. Values of PGA (peak ground acceleration) and Arias Intensity are in proto-
type.
3. In order to adapt the capacity of centrifuge shaker [36], the earthquake re-
cords were attenuated. The attenuation refers to the reduction of the signal
strength and is represented in decibels (dB) – calculated as 20 times the loga-
rithm (base 10) of the output divided by the input.
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excitations. In the first phase of this project, foundations (batter and
vertical) with short and medium tall superstructures were subjected to
real earthquake excitations, see Table 4 [33]; In the second phase, a
taller superstructure was designed to highlight the influence of different
superstructures. In order to reduce the experimental parameters, both
short and taller superstructures were subjected to simple sinusoidal
signals (2.0 Hz and 3.5 Hz, see Tables 5 and 6) [34]. All the loading
cases are summarized in Table 7.

3. Definitions and assumptions

This section presents several definitions and assumptions con-
cerning the interpretation of the experimental results and the numerical
modelling in the following Sections 4 and 5.

3.1. Calculation of rotation and lateral displacement of foundation

In the experiments, the responses of the foundation and the super-
structure are recorded by sets of accelerometers2 as shown in Fig. 4. The
vertical accelerations of the pile cap are recorded by the sensors CH12
and CH13, by which the rotation of the foundation can be determined.
The horizontal accelerations of the foundation and the superstructure
are measured by the sensors CH10 and CH11, respectively. Sensor
CH09 is far from the pile foundation and it was used to capture the far-
field acceleration near the soil surface. Then the displacement of
foundation and far-field soil surface can be calculated by integrating
two time the accelerations in time domain. Then the relative translation
of the foundation with respect to the soil surface can be calculated by
the difference between CH09 and CH10 which corresponding to the
displacements of the foundation and the far-field soil surface.

3.2. Overturning moment and total horizontal force

The overturning momentM and total horizontal force F acting at the
foundation are calculated from the inertia forces from superstructure
and the foundation using Eqs. (1) and (2). The overturning moments
and horizontal forces are calculated only from the measured horizontal
accelerations. Due to the small rotation of the foundation, the over-
turning moment caused by rotational inertia which is found less than
3% of the total overturning moment and thus was neglected. For tall
superstructure, the additional overturning moment caused by P

effect was also ignored.

= +M m u H m u H¨ ¨t t t b b b (1)

= +F m u m u¨ ¨t t b b (2)

where mt and mb are the masses, Ht and Hb the C.G. and üt and üb the
measured accelerations at the top mass and the foundation, respec-
tively.

3.3. Pseudo foundation stiffness and damping

When subjected to dynamic loadings, the inertial forces acting on
the foundation fI are balanced by the structural resisting forces fS and
damping forces fD. The equilibrium of forces at the C.G. of foundation
can be written as Eq. (3). The matrix form is expressed by Eq. (4).

= +f f fI S D (3)

= +
F

M

k k

k k

u c c

c c

uh hr

hr r

b h hr

hr r

b

(4)

where ub and are the lateral displacement and rotation of foundation,
respectively; F, the total horizontal force and M, the overturning mo-
ment and acting at the center of foundation, see Eqs. (2) and (1); k k,h r

and khr are the stiffness coefficients; c c,h r and chr are the damping
coefficients. Currently, in the dynamic tests and with the measured test
data, it is impossible to determine directly these coefficients i.e.
k k k c c, , , ,h r hr h r and chr, especially the coupling terms khr and chr. Al-
ternatively, a uncoupled relationship could be established by assuming
the coupling between foundation lateral displacement and rotation are
included in some uncoupled coefficients. Based on this assumption, the
coupled relationship between rotation and lateral translation of foun-
dation in Eq. (4) can be decoupled and written as Eq. (5). Since these
uncoupled terms are not the true stiffness and damping coefficients,
therefore in this paper, these new coefficients are called pseudo coeffi-
cients marked with · , i.e. pseudo lateral stiffness coefficients kh and kr
and pseudo rotational stiffness coefficients ch and cr. In this study,
these uncoupled pseudo relations facilitate the modeling of pile

Table 5
Applied sequence of sinusoidal signals, 2.0 Hz (prototype scale).

NO. Events Frequency (Hz) PGA (g) Arias Intensity (m/s)

Test 1 1, 2 2.0 0.05 0.34
Test 2 3, 4 2.0 0.1 1.35
Test 3 5, 6 2.0 0.2 5.37
Test 4 7, 8 2.0 0.4 21.38

Table 6
Applied sequence of sinusoidal signals, 3.5 Hz (prototype scale).

NO. Excitations Frequency (Hz) PGA (g) Arias Intensity (m/s)

Test 1 1, 2 3.5 0.05 0.35
Test 2 3, 4 3.5 0.1 1.39
Test 3 5, 6 3.5 0.2 5.54
Test 4 7, 8 3.5 0.4 22.06

Table 7
Loading cases for different configurations of foundation-superstructure systems.

Configurations Real
earthquakes

Sine 2.0 Hz Sine 3.5 Hz

Batter & vertical found. with short ✓ ✓ ✓
Batter & vertical found. with medium-tall ✓ – –
Batter & vertical found. with tall – ✓ ✓

Note: Frequencies are in prototype.

Fig. 4. Illustration of the response of the foundation and superstructure, after Li
et al. [33,34].

2 The type of accelerometers used in the tests is Brüel & Kjær 4517, which is a
piezoelectric shear type accelerometer with a frequency range from 1 to 20 kHz.
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foundation by simple uncoupled nonlinear springs. However, these
terms may not be applicable for the rigorous evaluation of the response
of pile foundation. The determination of these coefficients will be
presented hereafter.

= +
F

M

k

k

u c

c

u0

0

0

0

¨

¨

h

r

b h

r

b

(5)

For the damping of the foundation, normally, two kinds of damping are
involved in the dynamic response of foundation system i.e. radiation
damping and material damping. Radiation or geometric damping is a
fundamental concept in modern methods of analysis of dynamic soil-
structure interaction. Whereas a foundation element moves against the
surrounding soil, stress waves originate at the contact sufface and
spread outward. These waves carry away some of the energy tranmitted
by the foundation into the soil [37–42]. Material damping is caused by
inelastic behavior of the soil supporting the foundation which depends
on the level of strain induced in the soil [42]. Due to the presence of the
container, the stress waves were reflected back by the side walls. The
energy of these waves is enclosed in the soil container which cannot be
spread outward. Therefore, in this study, only material damping was
considered.

3.4. Equivalent rotational, lateral stiffness and associated damping ratio

With the overturning moment (or horizontal force) and rotation (or
translation) hysteresis loops, equivalent stiffness (rotational and trans-
national) and the associated damping ratio can be determined. A
schematic representation is shown in Fig. 5, where kr,max and kr are the
initial rotational and equivalent rotational stiffness, respectively; simi-
larly, kh,max and kh are the initial translational and equivalent trans-
lational stiffness, respectively.

In the dynamic tests, quiet often, the loops are in irregular shapes,
shown in Fig. 6. It is difficult to determine the apexes of the enclosed
loop so as to the equivalent stiffness. Alternatively, the stiffness could
be obtained with Eq. (6) [43].

= =k k,
F F

u u

M M

h
max( ) min( )

max( ) min( ) r
max( ) min( )

max( ) min( )b b (6)

where ub and F are the horizontal translation (or rotation) and force (or
moment), respectively. The geometrical interpretation of the equivalent
stiffness is shown as the line between A and B, see in Fig. 6. For an
arbitrary or even irregular close loop, points A and B are often outside
the loops. The damping ratio could be calculated by Eq. (7):

=D
W

W

1

4 (7)

where W is the energy dissipated in a cycle andW is the stored energy
measured at the peak of the same cycle, respectively. Then the damping
coefficients ch and cr can be calculated with the damping ratios. In
addition, a method [44] to reduce the dispersion of equivalent stiffness
and damping ratio from irregular loops was adopted. This method re-
fers to collecting hysteresis loops in the same level (small range or short
window) of rotation (translation) and then an average loop is found.
For the whole range of rotation (translation), with the moving of this
short window, less dispersed results can be obtained.

4. Stiffness degradation and damping of pile foundations under
dynamic loading

In the dynamic centrifuge test, the soil-pile-superstructure system is
loaded at the base which is close to the real loading case of ground
motion. Both kinematic and inertial interaction can be included in
dynamic centrifuge tests. Under dynamic loading, pile foundations
move horizontally combined with rocking movements. The rocking and
translational behavior of the foundations can be significantly influenced
by the presence of batter piles. This section presents the different
rocking and translational behavior of batter and vertical pile founda-
tions under dynamic loadings.

4.1. Rotational behavior of pile foundations

First of all, the batter and vertical pile foundations under sine 2.0 Hz
excitations are analyzed. The results are presented in terms of hysteretic
loops of foundation-superstructure system under different excitation
intensities, see Fig. 7. For example, Fig. 7(a) presents the results of
batter pile foundation with a short superstructure under 2.0 Hz ex-
citations with different peak acceleration level (from 0.05 to 0.4 g,

Fig. 5. (a) Equivalent lateral stiffness and damping ratio; (b) Equivalent rotational stiffness and damping ratio.

Fig. 6. A hysteretic loop extracted from experimental data.
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Table 5). The degradation of rotational stiffness and damping for dif-
ferent foundation configurations are shown in Fig. 8. From the results,
it is clear that the batter pile foundation has larger energy dissipation
than the vertical pile group, Fig. 8 (b) and (d). However, the presence of

batter piles does not influence so significantly the rotational stiffness
degradation curve, see in Fig. 8 (a) and (c). Due to the dispersion of the
data points, it is difficult to distinguish, from the current experimental
data, the differences caused by the height of superstructure. The trends

Fig. 7. Rotation-moment hysteretic loops, 2.0 Hz sine input: (a) Batter pile foundation with short superstructure (IS, 5.12m); (b) Vertical pile foundation with short
superstructure (VS, 5.12m); (c) Batter pile foundation with tall superstructure (ITT,14.16m) and (d) Vertical pile foundation with tall superstructure (VTT, 14.16m).

Fig. 8. Rotational stiffness degradation curve of batter and vertical pile foundations, 2.0 Hz input. (a) Rotational stiffness degradation curve of batter pile foundations
with short (IS) and tall (ITT) superstructures and (b) Damping ratio; (c) Rotational stiffness degradation curve of vertical pile foundations with short (VS) and tall
(VTT) superstructure and (d) Damping ratio.
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for stiffness degradation and damping are almost identical for batter (or
vertical) pile foundation with short and tall superstructures.

After the analyses of the results from foundation-superstructure
system under sine 3.5 Hz and real earthquake excitations (Tables 4 and
6), it is observed that the rotational stiffness degradation and damping
ratio curves follow almost the same trends in all tests, (see in Fig. 9).
The results for rocking behavior of foundation-superstructure system
under sine 3.5 Hz and real earthquake excitations are summarized in A.
The good agreement between all the tests indicates that the presence of
a superstructure does not influence the mechanical behavior of the
foundations. The presence of batter piles has limited effect on the ro-
tational stiffness degradation behavior, however it significantly influ-
ences the energy dissipation properties of the pile foundation system.
An empirical equation is proposed to fit the data points of rotational
stiffness of batter and vertical pile foundations in the following form:

=

+

k
k

1
r

r,max

(8)

where kr is the secant rotational stiffness of the pile foundation; kr,max
the maximum rotational stiffness; and and constants. kr,max is es-
timated empirically as 2.35× 10

6 kN·m/rads for batter pile foundation
and 2.50× 10

6 kN·m/rads for the vertical, respectively. With these two
values, curves calculated by Eq. (8) fit well with the experimental re-
sults. These initial values for rotational stiffness are also verified by
FEM models 3. From the FEM model, the values of kr,max are found
2.33× 10

6 kN·m/rads for batter pile foundation and 2.61× 10
6 kN·m/

rads for the vertical, which are very close to the empirically estimated

values. For the numerical determination of the initial stiffness, the FEM
model utilized advanced soil constitutive law with soil stiffness in
small-strain range. It means alternatively a simpler way of estimation of
these values by linearly elastic model could be adopted.

For both batter and vertical configurations and are 5.0× 10
3 and

1.4, respectively. The maximum rotational stiffness for the batter pile
foundation is lower than that of the vertical pile foundation due to the
presence of batter piles. The fitting curves together with all the data
points are plotted in Fig. 10.

As for the damping properties, the damping ratio curves for batter
and vertical foundation are linked with their rotational stiffness de-
gradation curves. The proposed form for the fitting equation is the
following:

= +D D m
k

k

n
k

k

1r r,max
r

r,max

1.1

r

r,max (9)

where Dr is the rotational damping ratio; Dr,max is the maximum rota-

tional damping ratio; m and n are fitting parameters. Dr,max is estimated
around 60% for batter pile foundation and 25% for vertical pile foun-
dation, respectively. For both cases m and n are 0.63 and 1.5, respec-
tively. Nonlinear FEM simulations were also carried out to estimate the
maximum damping ratios. Results show the maximum damping ratios
are about 40% and 20% for batter and vertical pile groups. Different
from the good estimation of initial stiffness, the nonlinear FEM simu-
lation cannot well predict the maximum damping ratio. To this end, in
this study, the empirically estimated damping ratios are used to have
the best fitting curves with the experimental data. The relationships
between rotational stiffness and damping ratio for the batter and ver-
tical foundations together with the fitting curves are plotted in Fig. 11.
The main constants for Eqs. (8) and (9) are summarized in Table 8.

Finally the damping ratio curves for batter and vertical pile

Fig. 9. Rotational stiffness degradation curves from all input signals (sine 2.0 Hz, 3.5 Hz and real earthquakes): Batter pile foundation with (a) short (IS), medium-tall
(IT) and tall (ITT) superstructures and (b) damping ratio; (c) Vertical pile foundation with short (VS), medium-tall (VT) and tall (VTT) superstructures and (d)
damping ratio.

3 FEM models of pie foundations were carried out using advanced hypoplastic
constitutive model [45,46] and the numerical modeling technique proposed by
Li et al. [11] was adopted.
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foundations are obtained and plotted in Fig. 12. It should be ac-
knowledged that the values of Dr,max and parameters m and n are em-
pirically determined to ensure that Eq. (9) fits well with the experi-
mental data in its range. The accuracy cannot be guaranteed if the
fitting curves are out of the range of the data points i.e. rotation
< = 10

4 and > = 10
2, where the curves are marked by dashed lines in

Fig. 12.

Fig. 10. Rotational stiffness degradation fitting curves: (a) Batter pile foundation and (b) Vertical pile foundation.

Fig. 11. Damping ratio in function of normalized rotational stiffness: (a) Batter pile foundation and (b) Vertical pile foundation.

Table 8
Main constants for rotational stiffness degradation and damping curves of
batter and vertical pile foundation.

kr,max Dr,max
m n

Batter pile found. 2.35× 10
6 kN·m/rads 5.0× 10

3 1.4 60% 0.63 1.5

Vertical pile found. 2.50× 10
6 kN·m/rads 25%

Fig. 12. Damping ratio in function of rotation of foundation: (a) Batter pile foundation and (b) Vertical pile foundation.
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The comparison of stiffness degradation and damping between
batter and vertical pile foundations is summarized in Fig. 13. It can be
seen that the rotational stiffness is not significantly influenced by the
presence of the batter piles. However, batter pile foundation has larger
energy dissipation capacity.

4.2. Lateral behaviour of pile foundations

Similar as the rotational behavior of foundation-superstructure
system, the horizontal behavior of foundation is analyzed using hys-
teretic loops (results for horizontal translation and force hysteretic
loops are summarized in Appendix B).

Plotting the results from all different dynamic loadings together, see
in Fig. 14, it is obvious that they have very similar tendencies. This
confirms the former conclusion that the behavior of foundations is not
influenced by the superstructures. Following the same procedure in the
previous sections, the horizontal translation stiffness degradation are

fitted by empirical equations:

=

+

k
k

u1
h

h,max

(10)

where kh is pseudo horizontal translational stiffness; kh,max is the
maximum pseudo horizontal translation stiffness; u is the horizontal
translation; and are fitting parameters. The maximum pseudo
horizontal stiffnesses are estimated as approximately 2.3× 10

5 kN/m
and 0.75× 10

5 kN/m for batter and vertical pile foundation, respec-
tively. These initial values are also verified by FEM models. From the
FEM model, the values of kh,max are found 2.4× 10

5 kN/m for batter pile
foundation and 0.97× 10

5 kN/m for the vertical, which agree well with
the empirically estimated values. and for both cases are 200 and
1.05 respectively. For the damping ratio, a similar equation is proposed
in function of the degradation of translational stiffness:

Fig. 13. Comparison of rocking behaviour of batter and vertical foundations: (a) degradation of rotational stiffness and (b) damping ratio.

Fig. 14. Translational stiffness degradation curves for all input signals (sine 2.0 Hz, 3.5 Hz and real earthquakes): (a) Batter pile foundation with short and tall
superstructures and (b) damping ratio; (c) Vertical pile foundation with short and tall superstructure and (d) damping ratio.
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= +D D m
k

k

n
k

k

1h h,max
h

h,max

2

h

h,max (11)

where Dh is the damping ratio associated with the translation of the
pile foundation; Dh,max is the maximum damping ratio; m and n are two
fitting parameters. Dh,max is estimated around 60% for batter pile
foundation and 35% for vertical pile foundation. m and n for both cases
are 0.88 and 1.8 respectively. Nonlinear FEM simulations found the
maximum damping ratios were about 35% and 25% for batter and
vertical pile groups. These values cannot fit well with the experimental
data. In this study, the empirically estimated damping ratios are used to
have the best fitting curves with the experimental data. Figs. 15–17
show the comparisons of the fitting curves with the all the data points.
As it was explained before, with empirical parameters, Eq. (11) fits well
within the range of experimental data. For other ranges, accuracy
cannot be guaranteed and marked by dashed curves, see Fig. 17.
Table 9 summarized the parameters for the empirical equation for
horizontal translational behavior of foundations.

Finally, by comparison, it can be concluded from Fig. 18 that batter
piles greatly increase the horizontal stiffness of foundation system by
around 3.0 times; while batter pile foundation also have greater
damping ratio for horizontal behavior.

4.3. Summary

In this study, a comprehensive experimental study of the perfor-
mance of batter and vertical pile foundations is carried out. For the
rocking behavior, the presence of the batter piles increases the rota-
tional damping ratio without losing so much rotational stiffness; for the
horizontal translation behavior. Batter piles have a more important
horizontal stiffness than the vertical and energy dissipation ability. Due
to the inclinations, batter piles provides substantial horizontal re-
sistance to the foundation. When subjected to horizontal loading which
causes rotation and translation of foundation, batter piles may have
much more complicated nonlinear soil-pile interaction in both axial and
lateral directions. This is in accordance with the numerical results from
3D nonlinear FEM simulations of Li et al. [47]. It is found that under
cyclic horizontal loading, batter pile has more important axial reaction
force and energy loss due to plastic deformation. The current results
from a relative large number of tests show that the behavior of the pile
foundation system is not influenced by the type of superstructures.

5. Modelling of nonlinear behaviour of pile foundations

Based on the proposed stiffness degradation and damping curves,
Equivalent Linear Approach (ELA) was used to validate the feasibility of
using these curves to analyse the nonlinear response of pile

Fig. 15. Fitted horizontal translation stiffness degradation curves: (a) Batter pile foundation and (b) Vertical pile foundation.

Fig. 16. Damping ratio in function of normalized translational stiffness: (a) Batter pile foundation and (b) Vertical pile foundation.
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foundations. The main numerical approach and validations will be
presented hereafter.

The dynamic equilibrium of the system is shown in Fig. 19. The
foundation system can be idealized as springs and dampers which
control the translational and rotational behaviour. The dynamic equi-
librium of this simplified foundation-superstructure system can be de-
scribed by the following set of equations, Eq. (12):

+ + =Mu Cu Ku p¨ (12)

where

=M

m

m

J

0 0

0 0

0 0

t

b

t

=C c

c

0 0 0

0 0

0 0

h

r

= +K

k k kH

k k kH

kH kH kH

k

k

0 0 0

0 0

0 0
2

h

r

=u u u[ ]Tt b

=p m u m u[ ¨ ¨ 0]Tt g b g

where, mt and mb are the lumped masses of superstructure and foun-
dation, respectively; ut and ub are the horizontal translation of top mass
and foundation, respectively, relative to the ground surface; is the
rotation of foundation; H, length of the column; kh, pseudo horizontal
translational stiffness of foundation; kr, pseudo rotational stiffness of
foundation; ch, pseudo horizontal translational damping coefficient of

foundation, =c D k m·2h h h t ; cr, pseudo rotational damping coefficient

Fig. 17. Damping ratio in function of horizontal translation of foundation: (a) Batter pile foundation and (b) vertical pile foundation.

Table 9
Main constants for horizontal stiffness degradation and damping curves of
batter and vertical pile foundation.

kh,max Dh,max
m n

Batter pile found. 2.3× 10
5 kN/m 200 1.05 60% 0.88 1.8

Vertical pile found. 0.75× 10
5 kN/m 35%

Fig. 18. Comparison of translation behavior of batter pile foundation and vertical foundation: (a) degradation of rotational stiffness and (b) damping ratio.

Fig. 19. Computational model for nonlinear dynamic soil-structure interaction
analysis.
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of foundation, =c D k J D·2 ;r r r t h, pseudo horizontal translational

damping ratio of foundation; Dr, pseudo rotational damping ratio of
foundation; Jt, moment of inertia of foundation; k is the lateral stiffness
of the column. In the governing equation of the system Eq. (12), the
damping in the column is ignored.

In order to implement the foundation stiffness degradation and
damping curves, Equivalent Linear Approach (ELA) was adopted. This
method was initially proposed by Schnabel et al. [48] for analyzing
free-field responses of ground under seismic actions. In this study, in
stead of using the recursion formulas in frequency domain, step-by-step
integration in time domain was adopted (Newmark-Beta method

Fig. 21. Simulation of batter pile foundation with short superstructure (5.12m, sine 2 Hz input). (a) Evolution history of stiffness and damping ratio from their initial

values; (b) An example of iterations of kr .

Fig. 20. Simulation of batter pile foundation with short superstructure (5.12m, sine 2 Hz input). Comparison of displacement history of top mass.
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integration with constant average acceleration). For evaluating the ef-
fective displacement or rotation, the same factor i.e. 0.65 (in the ori-
ginal equivalent linear approach) is taken. In other words, the effective
displacement or rotation of foundation is taken as 65% of their peak
values. In the iterative procedure, the initial values of stiffness and
damping ratios are taken the values listed in Tables 8 and 9. Maximum
damping ratios were taken as the initial values to get a fast convergence
for the iteration process. Then, the numerical model is validated and
compared with the experimental results. For the dynamic inputs to the
numerical model, the far-field accelerations measured at the ground
surface were taken as the base excitation signals, see CH09 in Fig. 4.

Fig. 20 shows the comparison of model performance with experi-
mental results. The simulated case is batter pile foundation with a short
superstructure under 2.0 Hz excitation. A very good agreement is found
between the numerical and experimental results. After several itera-
tions, the stiffness and damping are stabilized as their final values, see
Fig. 21(a). An example of iterative process of rotational stiffness is

shown in Fig. 21(b). Other simulation cases are shown in Figs. 22–25.
Equivalent linear analysis requires a number of iterations to obtain
more accurate results. Although enough accuracy with differences of
less than 5 to 10% are usually achieved in 3 5 iterations [48], in this
study, in order to further ensure the convergence of the iterative pro-
cess, a large number of iterations was adopted. This large number is
also recommended by similar code implementations (DeepSoil [49]
recommends 15 as the number of iterations, for example).

From the results, it is proved that for batter (or vertical) foundation
with short (or medium-tall and tall) superstructure, the numerical
model has very good performance in reproducing the dynamic response
of foundations under various dynamic loadings.

Numerical validation shows a good agreement with the experi-
mental results. However, some limitation of the numerical simulations
should be acknowledged. First of all, that equivalent linear approach
that adopted in this study is not able to take account of the strong strain
dependence to secant modulus and damping ratio. For large

Fig. 23. Simulation of batter pile foundation with tall superstructure (14.16m, sine 2.0 Hz input). Comparison of displacement history of top mass.

Fig. 24. Simulation of vertical pile foundation with short superstructure (5.12m, Northridge input) (a) Comparison of displacement history of top mass (b) Evolution
history of stiffness and damping ratio from their initial values.

Fig. 25. Simulation of vertical pile foundation with tall superstructure (14.16m, sine 2.0 Hz input). Comparison of displacement history of top mass.

Fig. 22. Simulation of batter pile foundation with medium-tall superstructure (8.48m, Kobe input). Comparison of displacement history of top mass.
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deformation under strong ground motions, using constant secant stiff-
ness and damping ratio may not yield good results. Secondly, due to the
limitation of accelerometers in the centrifuge tests, the residual dis-
placement or rotation cannot be obtained which is also the case for
equivalent linear approach. In this study, the good agreement of the
comparisons only refers to dynamic displacements and rotations.
However, despite these limitations, the proposed model may be utilized
for preliminary evaluation of nonlinear SSI of pile foundations.

6. Conclusions

In this paper, the study of the performance of batter and vertical
foundation in terms of translational/rotational stiffness and the
damping properties is carried out. Empirical equations are also pro-
posed to estimate the stiffness degradation and damping for founda-
tions under dynamic loadings. It is shown that for the rocking beha-
viour, the presence of batter piles causes a small decrease of the the
rotational stiffness and a great increase of the rotational damping; for
the horizontal translation behaviour, batter pile foundation has much
higher horizontal stiffness and translational damping compared to the
vertical foundation. Finally, the proposed stiffness degradation and
damping curves are implemented and integrated with equivalent linear
approach. The numerical validation shows a good agreement with the

experimental results. The feasibility of analysing the nonlinear response
of pile foundations using simple stiffness degradation and damping
curves is convinced. This work provides not only the insights to the
stiffness degradation and energy dissipation properties of batter and
vertical pile foundations, but also a simple and reliable numerical
modelling approach for the design practice concerning the seismic re-
sponse of deep foundations.
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Appendix A. Rocking behavior of batter and vertical foundations

A.1. Rocking behavior of batter and vertical foundations under sine 3.5 Hz excitations

See Figs. 26 and 27.

Fig. 26. Rotation-moment hysteretic loops, 3.5 Hz sine input (a) Batter pile foundation with short superstructure (5.12m); (b) Vertical pile foundation with short
superstructure (5.12m); (c) Batter pile foundation with tall superstructure (14.16m) and (d) Vertical pile foundation with tall superstructure (14.16m).
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A.2. Rocking behavior of batter and vertical foundations under real earthquake excitations

See Figs. 28 and 29.

Fig. 27. Rotational stiffness degradation of batter and vertical pile foundations, 3.5 Hz input. (a) Rotational stiffness degradation of batter pile foundations with short
(IS) and tall (ITT) superstructure (b) Damping ratio; (c) Rotational stiffness degradation of vertical pile foundations with short (VS) and tall superstructures (VTT) (d)
Damping ratio.

Fig. 28. Rotation-moment hysteretic loops, real earthquake input (a) Batter pile foundation with short superstructure (5.12m); (b) Vertical pile foundation with
short superstructure (5.12m); (c) Batter pile group with medium-tall superstructure (8.48m) and (d) Vertical pile foundation with medium-tall superstructure
(8.48m).
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Appendix B. Lateral behavior of batter and vertical foundations

B.1. Lateral behavior of batter and vertical foundations under sine 2.0 Hz excitations

See Figs. 30 and 31.

Fig. 29. Rotational stiffness degradation of batter and vertical pile foundations, real earthquake input: (a) Batter pile foundation with short (IS) and medium-tall (IT)
superstructure and (b) damping ratio; (c) Vertical pile foundation with short (VS) and medium-tall (VT) superstructures and (d) damping ratio.

Fig. 30. Horizontal translation-force hysteretic loops, 2.0 Hz sine input: (a) Batter pile foundation with short superstructure (5.12m); (b) Vertical pile foundation
with short superstructure (5.12m); (c) Batter pile foundation with tall superstructure (14.16m) and (d) Vertical pile foundation with tall superstructure (14.16m).
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B.2. Lateral behavior of batter and vertical foundations under sine 3.5 Hz excitations

See Figs. 32 and 33.

Fig. 31. Horizontal stiffness degradation of batter and vertical pile foundations, 2.0 Hz input: (a) Horizontal stiffness degradation of batter pile foundations with
short (IS) and tall (ITT) superstructures (b) Damping ratio (c) Horizontal stiffness degradation of vertical pile foundations with short (VS) and tall superstructures
(VTT) (d) Damping ratio.

Fig. 32. Horizontal translation-force hysteretic loops, 3.5 Hz sine input (a) Batter pile group with short superstructure (5.12m) (b) Vertical pile group with short
superstructure (5.12m) (c) Batter pile foundation with tall superstructure (14.16m) and (d) Vertical pile group with tall superstructure (14.16m).
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B.2.1. Lateral behavior of batter and vertical foundations under real earthquake excitations
See Figs. 34 and 35.

Fig. 33. Horizontal stiffness degradation of batter and vertical pile foundations, 3.5 Hz input: (a) Rotational stiffness degradation of batter pile foundation with short
(IS) and tall (ITT) superstructures (b) Damping ratio (c) Rotational stiffness degradation of vertical pile foundations with short (VS) and tall (VTT) superstructures (d)
Damping ratio.

Fig. 34. Horizontal translation-force hysteretic loops: (a) Batter pile foundation with short superstructure (5.12m); (b) Vertical pile foundation with short super-
structure (5.12m); (c) Batter pile foundation with medium-tall superstructure (8.48m) and (d) Vertical pile foundation with medium-tall superstructure (8.48m).
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