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Abstract

We study the rate of convergence to equilibrium for a collisionless (Knudsen) gas
enclosed in a vessel in dimension n € {2,3}. By semigroup arguments, we prove that
in the L' norm, the polynomial rate of convergence W given in [TAG10] and

[KLT13] can be extended to any C? domain, with standard assumptions on the inital
data. This is to our knowledge, the first quantitative result in collisionless kinetic
theory in dimension equal to or larger than 2 relying on deterministic arguments
that does not require any symmetry of the domain, nor a monokinetic regime. The
dependancy of the rate with respect to the initial distribution is detailed. We adress
for the first time the case where the temperature at the boundary varies and the
equilibrium distribution is no longer explicit. The demonstrations are adapted from a
deterministic version of a subgeometric Harris’ theorem recently established by Canizo
and Mischler [CnM19]. We also compare our model with a free-transport equation with
absorbing boundary.

Acknowledgements: I would like to acknowledge my supervisor, Stéphane Mischler,
for suggesting me this problem and for all the fruitful discussions and advices he offered
me. This work was supported by grants from Région Ile de France.

Introduction

Model. In this paper, we study the kinetic free-transport equation with Maxwell bound-
ary conditions inside a domain D in R™ having closure D, with n € {2,3}:

of+v-Vuf =0, (t,z,v) € RL x G,
v_f(t,x,v) = Kvy f(t,x,v), (t,z,v) € Ry x 0_G, (1)
f’t:o(l’,’l)) = fg(%’,’l)), (1’,’0) € G,

where we use the notations G := D x R", and, denoting n, the unit inward normal at
x € 0D,

0+G = {(z,v) € 0D x R",v - n, < 0},
0_G :={(z,v) € D x R", —(v - ng) < 0}.
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Given a function ¢ on (0,00) x D x R™, v4¢ denotes its trace on (0,00) x 0+ G, provided
this object is well-defined. The boundary operator K is defined, for all (¢, z,v) € Ry x9_-G
and for ¢ supported on (0,00) x 04 G such that ¢(t,z,-) belongs to L*({v' : v - n, < 0}),
by

Ko(t,z,v) = a(x)M(x, v)/ o(t, z, v )W - ngldv' (2)

{v'€R™ v’ -y <0}
+ (1 - a(l’))(]ﬁ(t,x,v - 2(U ' nm)nx)

In this paper, we consider the standard (and physically relevant) case of the Maxwellian
distribution at the boundary 9D,

é(x) _el?
M(x,v) = ———F—¢€ 200, x € 0D,veR", (3)
(2m6(x))2

where, for all x € 9D, for some z € 9D,

et = ( [ Lo 50 nfav) )
é(z) = ——e 2@ v-nyldv) ,
{on.<0} (2m0(x))2

which is independent of the choice of z since the integrand is radial, so that

/ Mz, 0)|v - naldv = 1. (5)
{v-nz<0}

The parameter 6(z) corresponds physically to the temperature at the point x € 9D of the
boundary wall considered at rest.

Physical motivations. This problem models the evolution of a Knudsen (collisionless)
gas enclosed in the vessel D. For such diluted gases, the Lebesgue measure of the set of
collisions between particles is 0, hence the collision operator of the Boltzmann equation
describing statistically the dynamic, as introduced by Maxwell [Max67|, vanishes. Particles
in D move according to the free-transport dynamic until they meet with the boundary.
They are reflected at the boundary 9D in a diffuse or specular manner, corresponding to
the two terms in the definition of K: at a point = € dD, a fraction 1 — a(z) of the gas
particles is specularly reflected, i.e., if v € R”™ is the initial velocity, the outgoing velocity
is given by

Ne(V) = v —2(v - ng)ng. (6)

The remaining fraction «(z) is diffusively reflected (and thus thermalized). The latter
corresponds, physically, to the case where the particle is adsorbed by the wall before being
re-emited inside the domain according to a new velocity distribution defined through M.
More details on the derivation of this boundary condition can for instance be find in the
monograph of Cercignani, Illner and Pulvirenti [CIP94, Chapter 8]. For this model, the
distribution function of the gas, f(¢,x,v), representing the density of particles in position
x € D with velocity v € R™ at time t > 0, satisfies (1).

Link with the Boltzmann equation and convergence rate for (1). We study the
rate of convergence towards equilibrium of (1). Taking # = O for some © > 0 so that M
only depends on v, the existence of a steady state and the convergence towards it (at least



in a restricted context) is known since the work of Arkeryd and Cercignani [AC93|. This
equilibrium is given by, assuming the initial data to be of mass 1,

_lv?
e~ 20

" |D|(270)?

foolz,v) , (z,v) € G, (7)

where |D| denotes the volume of D. In the collisional case, for instance when one studies
the space-homogeneous Boltzmann equation with the same boundary conditions as (1),
the famous H-theorem of Boltzmann gives a starting point from which Boltzmann [Bol95]
gave plausible arguments for the convergence towards an equilibrium as time goes to in-
finity. Once this convergence is established, a key question is the rate at which it occurs.
Physically, one would also like to obtain an explicit form for the constant playing a role
in the convergence rate, to avoid unsignificant values as one can find when working with
the Poincaré recurrence theorem. Regarding Boltzmann equation with Maxwell boundary
condition (or diffuse boundary condition, i.e. with & = 1) and constant temperature, there
are strong reasons to believe that the convergence occurs at an exponential rate, i.e., that
there exist A, C > 0 such that if f; denotes the solution at time ¢ > 0, for all t > 0,

1fe = foollpr < Ce™,

where f, is the Maxwellian corresponding to the equilibrium of the system. On this
matter, see for instance Villani [Vil09, 18.5], where it is established that the convergence
rate is equal to, or better, than t~°° in some Sobolev norm assuming some strong regularity
estimates. However those estimates may not hold true in a non-convex setting, see [Guo94]
for a discussion on those issues in a general context. When the initial data is close to
the equilibrium, Guo [Guol0, Theorem 4| proved the exponential convergence towards
equilibrium.

This (expected) dissipative property of the previously mentioned Boltzmann equation
is a consequence of two factors: the interactions with the boundary wall and the collision
operator. On the other hand the model corresponding to (1) only deals with the interactions
with the boundary wall. This leads to several natural questions.

i) Can we still prove a convergence towards an equilibrium 7 In particular in the case
where 6 is not constant ?

ii) Is the rate at which this convergence occurs exponential, as expected for the Boltzmann
equation with similar boundary conditions ? If not, can we characterize this rate in a
precise manner ?

iii) Can we compute the corresponding constants explicitely 7

Well-posedness and qualitative convergence. Arkeryd and Cercignani [AC93| estab-
lished the well-posedness of (1) in the L' setting. This allows one to associate a semigroup
(St)t>0 to the evolution equation, so that given an initial datum fo, S¢fo is the solution
of (1) at time ¢ > 0. The decay property of the distance with respect to the equilibrium,
and thus the answer to the three questions above, can then be read at the level of the
associated semigroup. The fact that the answer to i) is positive is physically intuitive and
has been established qualitatively in the convex setting, with 6 constant and in dimension
3 by Arkeryd and Nouri [AN97]. In the general setting, the obtention of a rate to answer
ii) will provide an a posteriori answer for question i) as well. To our knowledge, our paper
is the first work to adress the case where 6 varies with =, so that the equilibrium is no
longer explicit.



Known results for question ii). Question ii) was first adressed numerically by Tsuji,
Aoki and Golse [TAG10]. They gave strong arguments to support the intuition that the
rate will no more be exponential in this case, but rather polynomial of order tin, where n
is the dimension of the problem. The absence of a spectral gap for the sole free-transport
operator is a natural reason to think that the exponential rate cannot be reached for this
model. Later, Aoki and Golse [AG11] proved that the rate of convergence is better than %
in the L' distance, with an additional assumption of symmetry of the domain and of the
initial data, by means of Feller’s renewal theory. Still with this symmetry assumption on
the domain and in dimensions 1 to 3, the problem was studied via probabilistic methods
by Kuo, Liu and Tsai [KLT13| with the sole diffuse condition, which corresponds to o = 1
with our notations. The key idea is that the symmetry of the domain allows one to consider
the intervals in time between two rebounds of a particle as independent and identically
distributed random variables, and to deduce a law of large numbers which allows one to
control the flux of the solution at the boundary in the L* norm. Kuo [Kuol5| later
extended this result with similar tools to the case of the Maxwell boundary condition, in
dimension 2. All those results use the assumption that § = © for some constant © > 0.
Finally let us mention that Mokhtar-Kharroubi and Seifert [MS18| recently obtained an
explicit polynomial rate in slab geometry (dimension 1). Their proof relies on a quantified
version of Ingham’s tauberian theorem.

Hypothesis and main result. While the methods used in [AG11|, [KLT13] and [Kuo15]
are difficult to adapt to a nonsymmetric setting, it seems intuitive to expect that the rate
of convergence will be of the same order without this assumption. In this work, we give,
using a slightly modified version of the subgeometric Doeblin-Harris theory of Canizo and
Mischler [CnM19], an answer to questions i) and ii) and a partial answer to question iii)
in the larger context of C? domains.

Let us introduce some assumptions and key notations and present our main result.
The dimension n belongs to {2,3}. We endow R™ and R with the Lebesgue measure. The
symbols dx,dv, ... denote this measure. We assume that the domain (open, connected)
D C R" is bounded and C? with closure D, and that the map x — n, can be extended to
the whole set D as a W map, where W1 > denotes the corresponding Sobolev space.
For any k € N*, we use the Euclidian norm in R¥. We write d(D) for the diameter of D

d(D)= sup [z —yl.
(z,y)eD?

On D x R", setting
0G = {(z,v) € 90D x R",v - n, = 0},

we define the map o by:

[ inf{t >0,z +tv € 0D}, (z,v) € -G UG,
olz,v) = { 0, (,0) € ;G UG, (8)

which corresponds to the time of the first collision with the boundary for a particle in
position z with velocity v at time t = 0. The L' space on G, denoted L!(G) is the space
of measurable R-valued functions f such that

1 fllp == /G |f(x,v)|dvdz < co.

For any non-negative measurable function w defined on G, we introduce the weighted L'
space LL(G) = {f € LYG), || fwl||;1 < oo} endowed with the norm || f||,, := || fw| 1. For



any function f € L'(G), we define the mean of f by

(f) ::/Gf(x,v)dvdx. 9)

For the function o : 9D — [0, 1] playing a role in the boundary condition, we assume that
there exists a constant cg > 0 such that

alx) > ¢y, VYxedD. (10)

This condition implies that 1 — a(z) < 1 — ¢y for all z € 9D, a fact that will allow us to
control the contribution of the specular component of the reflection at the boundary. We
define the constant ¢4 € (0,1) by the equation

(1—cg)* = (1 —cp), (11)

so that, for i € [1,4], ,
(1 — 04)7' Z (1 — CO).

Finally, we assume that the temperature function 6 : D — R, is continuous, positive
on 0D compact, so that (z,v) — M (z,v) is continuous and positive. We introduce the
weights w; for i € {1,...,4} defined by setting, for all (z,v) € D x R™,

d(D) i (2, dD) -6

wi(z,v) = ((32 + —o(z, —v)) In (e + —o(z, —v)) : (12)
' [v]ca [v]ca

Note that 2 > 1.6 > ™1 for n € {2,3}. The idea behind this choice is that we will be able

to interpolate a first result for wy, 1 by considering the weight wﬁ, and that the exponent

of the logarithmic factor will still be smaller than —1. Our main results are the following.

Theorem 1. There exists a constant C' > 0 such that for allt > 0, for all f,g € LSJHI(G)
with (f) = (g), there holds

Cln(1 +t)"+?

HSt(f_g)HLl < (1+t)n+l

”f - gHWn-‘—l'

For i € [n — 1,n + 1], we define the weight m; by setting, for all (z,v) € D x R™,

oz, —v))i In (62 + dD) _ oz, —v))im%ﬂ. (13)

[v]]es

2 d(D)

mi(x,v) = (e +

[v]es

A second theorem, which relies on similar arguments, answers question i) above even
in the case where 6 is not constant.

Theorem 2. There exists a unique fso € L}nn (G) such that 0 < foo, (foo) = 1 satisfying

v Vifoolz,v) =0, (z,v) € G,
’Y—fOO(fo) = K’Y-l—foo(wvv)’ (x7v) €90-G.

Regarding the convergence towards equilibrium, we obtain by interpolation the follow-
ing corollary from Theorem 1.

Corollary 1. There exists a constant C' > 0 such that for all t >0, for all f € L}, (G)
with (f) =1, for fs given by Theorem 2,

C'In(1 +t)n*!

1f = foollm,-

5



We make several remarks on those results.

Remark 1 (About question iz). The constants C, C' in Theorem 1 and Corollary 1 are
explicit (constructive) in the easy case of the unit sphere. We believe that for any given
domain D, one may find explicit constants using the geometry of D. The measure given
by Doeblin’s condition is the only part of the proof where one may lose the constructive
property of the constants, see Remark 6 for more details.

Remark 2. In general, we do not have fo € LinH(G). In particular, in the case where

0 = © with © > 0 constant, fuo is explicit and given by (7), and fo € Ly, (G)\ L}, ,, (G).
Therefore, one cannot apply Theorem 1 to study the convergence towards equilibrium. This
limiting role of the equilibrium distribution when computing a rate of convergence is well-
known in the probabilistic version of the Doeblin-Harris theory used in this paper, see for

instance Douc, Fort and Guillin [DFG09] and Hairer [Hail6].

Remark 3. When 0 varies with x, the equilibrium f given by Theorem 2 may not have
an explicit form.

Remark 4. The hypothesis f € L}M(G) is quite general even if f charges 0, since
my(z,v) ~ ¢ for some C > 0. For instance if one considers, as in [AG11],

020 o[ In(||v]|) »FT
0 =1 so that M is independent of x and f € LY(G) with 0 < f(z,v) < M(v) on D x R™,

the assumption is satisfied.

Remark 5. The boundary condition prevents one from considering higher-order moments,
with weight exponents of order larger than n+ 1. Hence Theorem 1 cannot be improved by
considering a higher weight wy+o such that wy2(x,v) o W for some C' > 0.
Indeed, the boundary condition becomes a limiting factor for the Lyapunov condition that
we will use (see Section 2 below for more details): to be compatible with our proof, a weight

w must satisfy, for all x € 0D,

M(z,v)v - nglw(z,v)dv < oo.
R7

In [BF19], the authors study a similar model with probabilistic tools, more precisely
they use a coupling of two Markov processes to derive a rate similar (up to logarithmic
factors) to Corollary 1. This method allows one to treat, in the space of measures, various
choices of M independent of x. Indeed, they only assume that M is radial, with a first
order moment and that M is lower bounded by a continuous positive function in a ball
around 0. The domain is again assumed to be C?2.

Comparison with absorbing boundary condition. We conclude the paper by study-
ing the following close problem

Oef +v-Vof =0, (t,z,v) e RY x G,
v—f(t, z,v) =0, (t,z,v) e Ry X 0_G, (14)
f‘t:()(:cav) = f()(IL'7U), (.T,U) S G,

i.e., we take K =0 in (1). We set, for v > 0,
ry(z,v) = (14 o(x,v))", (z,v) € G. (15)

We refer to Theorem 5 for precise results on (14). The rough conclusions of the comparison
between the two models are the following.



1) For very regular initial data, typically if f € L'(G) with J1{jo<ey = 0 for some € > 0,
the convergence rate is exponential in (14) while it is only of order n + 1 (up to log
factors) in (1), because of the influence of the boundary condition.

2) With the assumption f, g in L! _(G), the convergence rate of f; — g;, with obvious

Tn+1
notations, is polynomial with, roughly, exponent n + 1 for both problems.

3) More generally, for f € L} (G), g € Liu_(s (G) with v —§ > 1, § > 0, the exponent of
the polynomial rate of convergence is v — § in (14). In particular, if f € L} .. (G), the
exponent of the polynomial convergence rate towards equilibrium is roughly n 4+ 1 in
(14) since the equilibrium 0 belongs to L}, (G) while it is only n (up to log factors)
in (1) since the equilibrium fo belongs to L} (G) \Liwk (G).

Proof strategy. Our proof of Theorem 1 is purely deterministic. While this proof is also

self contained, it is adapted from the method introduced in [CnM19]. Let us elaborate on

the strategy. The first step towards the obtention of a Harris’ theorem is to prove that,
setting L the operator such that the evolution problem (1) rewrites as a Cauchy problem,

of=Lf in D x R", (16)
f(Oa ) = fO() in G7

we have the inequality
£>|<Wn—&—l < —wp + K, (17)

with k > 0 constant and £* the adjoint operator of £, and that such inequality also holds
by considering various couples of weights instead of (wyy1,wy). It turns out that, since
in our model the whole dissipative component is localized at the boundary, (17) is very
difficult and perhaps impossible to obtain. On the other hand, using that

v-Vgo(z,v)=-1 in G,

one can prove an integrated version of (17), namely that there exist C1,b; > 0 such that
forall T >0, fe L,  (G),

Wn+1

T
157 fllwon 1 + 01/0 1S5 fllonds < | fllwnir +01(L+D)f NIz, (18)

and that this inequality also holds for various couples of weights.

As a second step, we prove a positivity result (Doeblin’s condition) for the semigroup
(St)t>0, Theorem 4. By following the characteristics of (1) backward, we prove that there
exists Ry > 0 such that for all R > Ry, there exist T'(R) > 0 and a non-negative measure
v on D x R™ with v # 0 such that for all (z,v) € G,

Srm (.0) = via,0) [ (. w)duwdy. (19)
{(y,w)eDxR™:0(y,w)<R}

The measure v depends on D and whether or not it is constructive is the key point for
question iii), see Remark 6 below. As already mentioned, if v is explicit, the constants
C,C’" of Theorem 1 and Corollary 1 are constructive.

To obtain the proof of Theorem 1, we assume without loss of generality that ¢ = 0 and
that f € L}, . (G) with (f) = 0. We fix T' > 0 large enough and introduce some modified

Wn+1
norm
-l oy = W-llzr + Bl s + ell-lle

7



for two well-chosen constants «, 8 > 0 depending on T'. We prove, with the help of (18)
and of Doeblin’s condition, that

STl ey < MF M- (20)

We then introduce some further weights wg, w; such that 1 < wp < wy < wp41. With a
similar argument, we find that, for some modified norm ||.,,, for 7" as above and & > 0
well-chosen,

ST Flly, + 260 Fllwo < M1 F 1l - (21)

We use repeatedly (20) and (21), along with the inequalities satisfied by the weights, to
conclude.

Theorem 2 is obtained from Theorem 1 and a refined version of (20) with the couple
(Mp41,my) rather than (wp41,wy). Once Theorem 2 is established, Corollary 1 follows
from Theorem 1 by an interpolation argument.

Proof strategy for the study of (14). To compute the convergence rate towards
equilibrium of (14), we use a method introduced by Hairer [Hail6] which is much more
direct than the previous strategy. This proof can not be easily applied to study (1) because
of the boundary condition and its impact on the derivation of the Lyapunov inequality. On
the other hand the strategy to prove Theorem 1 can not be adapted easily here because
the Doeblin’s condition, Theorem 4, does not hold. The proof in the case of an exponential
weight is a straightforward application of Gronwall’s lemma. In the polynomial case, i.e.
when the initial data f € L} (G) for some v > 1, the idea is to prove that,

B*TV S _¢(TV)7

where B is the generator of the semigroup which can be associated to (14) and where

o(x) = I/l’VTil for all z > 1 is a concave function. We then define, for ¢t > 0, u > 1,
Y(t,u) = (H(u) +t+1)",

with H(u) = [}* ﬁds = uv — 1 for all u > 1 and prove that ¢ — ||S;f|lyr,) is non-
increasing in R using the differential properties of 1, where (St)¢>0 is now the semigroup
associated to (14). To conclude, we have for all ¢t > 0,

E+ DS f e < ISefllycerny < W llwo) = 11l

and the polynomial rate (¢ + 1)7" follows. In both cases, the constants are constructive.

Plan of the paper. In Section 1 we introduce a few notations and recall some basic
properties of (1). In Section 2 we prove the Lyapunov inequality (18) for several couples of
weights. In Section 3 we prove the Doeblin’s condition satisfied by the semigroup (S;):>0,
(19). In Section 4 we recall some interpolation results for L!-weighted space and give very
slight extensions in the case of spaces defined through a projection. The proof of Theorem
1, Theorem 2 and Corollary 1 is done in Section 5 using the previous results. Section 6
is devoted to the study of the case of an absorbing boundary condition with the strategy
detailed above.

1 Setting and first properties

1.1 Notations and associated semigroup

We first set some notations. For any set B, we write B for the closure of B. For any space
E, we write D(E) = C}(E) the space of test functions (C! with compact support) on E.



We write d¢(z) for the surface measure at € 9D. We denote by H the n — 1 dimensional
Hausdorff measure.

For a function f € L>®([0,00); L'(D x R™)), admitting a trace vf at the boundary we
write 4 f for its restriction to (0,00) x d+G. This corresponds to the trace obtained in
Green’s formula, see Mischler [Mis99]. If f is a solution to (1) with initial data fo € L'(G)
the traces are well-defined, see Arkeryd and Cercignani [AC93, Section 3|.

Lemma 1. The boundary operator K defined by (2) is non-negative and satisfies, for all
f solution to (1) with fo € LY(G), for allt >0, x € OD,

/ K~ f(t,z,v)(v-ng)dv = / vf(t, z,v)|v - ng|dv. (22)
{vng>0}

{v-ny<0}

Proof. The non-negativity of K is straightforward from (2). Since, for all z € 9D,

/ M(x,v)|v-ngldv=1
{v-nz>0}

by (5), we have, for all ¢ > 0, recalling the notation 7, from (6),

/ K'yf(t,:z:,v)(v‘nx)dv:/ a(x)M(z,v)|v - ng|dv
{v-ng>0}

{v-nz>0}

x/ vf(t,z, o) ng|dv

{v-ng<0}

v A a@pite @)l
{v-nz>0}

and, using the involutive change of variable w = n,(v) and that w-n, = —v - n,
/ K f(t,0) (v - ny)do = a() / V(L ) gl )
{v-ny>0} {v"-nz<0}

F-a@) [ afta)o sl
{v-ny<0}
The result follows. O

As a consequence, |K|| = 1 and (1) is well posed in the L' setting, see again to
Arkeryd and Cercignani [AC93, Theorem 3.3, Corollary 3.4, Theorem 3.5]. Therefore we
can associate to the equation a strongly continuous semigroup (S¢)i>o of linear opera-
tors, such that for all fo € LY(G), for all t > 0, S;fo = f(t,.) is the unique solution in
L>(]0,00); LY(D x R™)) to (1) taken at time t. Decay properties of the equation will be
studied at the level of this semigroup.

1.2 Positivity and mass conservation

We gather in the next theorem several key properties of (1). For f € LY(G), recall the
notation (f) from (9).

Theorem 3. Let f € LY(G). For allt >0, (S.f) = (f). Moreover, we have

1Sef e < [1fllers

and if f is non-negative, so is Sif.



Proof. Step 1. We write f(t,x,v) for Syf(z,v) for all (t,z,v) € [0,00) X G, vf for the
corresponding trace on (0,00) x 9D x R™. Using Green’s formula, we have, for all ¢ > 0,

jt/Gf(t,:E, v)dvdr = —/Gv -V f(t,z,v)dvdr = / Ytz 0) (v - ng)dvdC (),

0D xR™

recalling that n, is pointing towards D for all x € dD. Since v_ f = K~ f, we conclude
by (22) that

d
£<ft> =0.

Step 2. To establish the contraction result, note first that, by triangle inequality, for
almost all t > 0, z € 9D,

/ v - gl Ky £1(t, 2, 0)do < (1 — a(x)) / v - nallve £1(t, 2, mo(0))do
{v-nz>0

{v-nz>0}

+ a(ﬂ:)/ v nle(ﬂﬁ,v)/ 4 FI (200" g |y’
{v-nz>0} {v"nz<0}
We deduce that

/ v - nal|Kva (¢ 2, v)do < / 0 gl Ky f1(t, 2, 0)edo,
{v-nz>0} {vnz>0}

and applying (22) with |y f|, we conclude that

[ pendiErsteods [ onddtood.(23)
{v-nz>0} {v-ny<0}

Step 3. With similar computations to those of Step 1, one obtains,

d
g sz = [ @l ndvdce) + [ @l mvicte)

According to the boundary condition in (1), we have v_f(t,z,v) = K~y f(t,xz,v). We
conclude that

d
%HStfuLl < 07

using (23).

Step 4. To prove the positivity property, we use the previous results and the fact that
(Sif)- = W Assuming f > 0, we have f_ = 0 and using the linearity of S;,

81 o 15
124
2

I(Se)-llz = |

Ll

<| L=l =0,

and since (S¢f)— > 0 almost everywhere (a.e.) on G we deduce that (S;f)— = 0 a.e. on
G. O
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2 Subgeometric Lyapunov condition

In this section, we derive several subgeometric Lyapunov inequalities that will play a key
role in our proof of Theorem 1. Recall the definition (8) of o. We first introduce a notation.

Notation 1. We define the map q from D x R™ to 0D by
a(2,v) = 2 + oz, v)v, (24)
for all (z,v) € D x R™.

In terms of characteristics of the free transport equation, for (x,v) € D x R™, ¢(z,v)
corresponds to the right limit in D of the characteristic with origin z directed by v. The real
number o(x,v) corresponds to the time at which this characteristic reaches the boundary,
if it started from x at time 0 with velocity v with x € D or x € 0D,v -n, > 0. If x € 0D
and v is not pointing towards the gas region (that is, (x,v) is already the right limit of the
corresponding characteristic), ¢(z,v) simply denotes z.

We recall a result on the derivative of ¢ inside G from Esposito, Guo, Kim and Marra
[EGKM13, Lemma 2.3]. We parametrize locally D by a C' map ¢ : R® — R, and D is
locally {z € R",{(z) < 0}. By definition of o(z,v), for all (z,v) € G, {(z + o(z,v)v) =0,
and using the implicit function theorem, we find, for all j € {1,...,n},

- do(x,v
8j§ + Z azfa(x)vz =0.
i=1

J

Rearranging the terms and by definition of n we have:

q(z,v)»

do(x,v)  (Ng(ew));

Ox;j ven

Y

q(z,v)
so that

Voo(r,v) = ——9@D Y o(z,0) = 1. (25)

U Ng(zw)

This minus sign can be understood in the following way: since o(z,v) is the time needed
for a particle in position x € D with velocity v € R™ at time ¢+ = 0 to hit the boundary,
moving the particle from x along the direction v reduces this time. Recall from (11) that
cq € (0,1) is such that (1 —¢4)* = (1 — ¢g). For all (z,v) € D x R, we set

d(D)

[[v]es

(z,v) = (62 + — o(z, —11)),

so that e? < (z,v) and (x,v) ~ ﬁ for some x > 0. Moreover, for all (z,v) € 04G,
v—>

since o(x, —v) < % by definition of d(D), ¢4 is chosen is such a way that we have for all
i€ [1,4],

d(D)

[v]es

<-en(e+ @y <o AL o) ap)

1
(1= o)t (62 +
[[v]|ea [[v]lca

We prove the following:
Lemma 2. For a couple of weights (mqy, mg) with any of the choices

(1) (my,mo) = ({x,v)! In({z,v)) " 7€ (z,v)" " In({z,v)) 17, iec[2,n+1],e<€(0,3),

11



(2) (mhmo) = (<xvv>i7 <$av>i_1)} (&S { 2, 27 oo 2n2+1};
(3) (m1,mo) = ({z, ) In({, 0))°, In((z, 0))0),

there exist C > 0, b > 0 explicit, depending on (my,mg), such that for all T > 0, all
f €Ly, (G),

T
157 £ llmi + C/O 1S5 fllmods < [ fllmy + b(L+T)|f] - (27)

Proof. Step 1. Note that, for all (z,v) € G, according to (25) and to the definition of
(x,v), (v-Vz(z,v)) = —1. We treat case (1) first. For i € [2,n+ 1], € € (0, 3),

(v-Vi)mi = (v- V) ((z,0) In((z,v))~1+9)
_Z(v Valz, o)) (2, v)) " In((z, )=+
+ (v Valz, v) (= (1 + €)({z, v) ' In((w,v)) )

)
Z € (1+6)
— ({2, o)) ((z, )~ 1+>( H—m).

Finally, In({z,v)) > In(e?) = 2, hence

1
(’U'vm)ml S (—i+ +6)m0,
andwesetCizi—%>O.

Step 2. Let f € L}nl(G). We differentiate the L}m(G) norm of f, and use Step 1. We
first have, since n, is the unit normal vector pointing towards the gas region, for 7' > 0,
by Green’s formula,

?/C;|5Tf|m1dvdx:/G|STf(U-mel)dvd:v—i—/ (e - 0)ma (7 S7.f)dwd( (),

0D xR™

where we recall that d{ denotes the induced volume form on dD. We have, according to
[Mis99, Corollary 1],

VS f (@, )] =[S f|(z,v) ae. in ((0,00) x 0+G) U ((0,00) x 0_G), (28)

hence we will not distinguish between both values in what follows.
Applying Step 1 we find, using the boundary condition and (28),

i/g!STf]mldvdm (29)

IN

_Ci/ |S f|lmodvdz + / Y| ST flmi(v - ng)dvd((x)
G ODxR"®

IN

—C’i/G|STf|modvdx+/aDa(;r) /{Um>0} M(xz,v)mi(z,v)(v-nyg)
X (/{ , <0}7]STf|(x,v')|v'-nﬂdv')dvd((x)
[ ama@ [ o ) (1S ) dedd @)

N /{m /U e <0} my(x,v)|v - ng| (Y1S7 fl(x,v))dvd((x),
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with 7, (v) = v—2(v-ng)n, for all (z,v) € ID xR™. We focus on the third and fourth terms
of the last inequality of (29). We use in the third term, for x € 9D fixed, the involutive
change of variable w = 7, (v) in the integral in v, so that v = 7, (w), |w - ng| = |v - ngl,
||w|| = |lv]] and w - n, < 0 (since v - n, > 0). Hence, for all z € 9D,

/ ma (2, v) (v na) (VST f|(2,7:(v)))dv = / ma (2,00 (v))|v-ne| (Y17 f (2, v)) dv.
{vng>0} {v-ne<0}

For (z,v) € 0+G, o(z,—ngz(v)) = 0, therefore the sum of the third and fourth terms of
(29) rewrites

A= /8D /{v:v~nx<0} lv- n:p|(7|STf’(33,U)){(1 — a(fﬂ))<e2 n ﬁiﬁi)z . (62 . ﬁiﬁi)uﬂ)

O Lot

Note that, using 1 < i < 4, we can control for all (z,v) € ;G the quantity I(x,v) defined
by

I(e.0) = (1 - a(a)) (o2 + L) 1o (o2 4 ALY

[v]]es []es

d(D d(D

_<€2+ (D) (D)
[[v]]ea

[[v]]ea

o(x,—v)

o(x, —v))iln ((32 + )_(He).

Indeed, by definition of ¢4 and since a(x) > ¢ for all z € 9D,

I(z,v) < (1- C4>4 (62 n d(D) )iln <62 N d(D) >—(1+e)

[0lca [vllea
d(D) ( d(D) —(1+4¢)
—(e® + —o(z,—v)) In(e®+ —o(z,—v
< llv]leq ( )> < lv]lea ( )>
d(D) \\! d(D) \ —(1+€)
< (- 2 In (€
<(a-en(e+ HUHC4>> n (e + |yv\|c4)
d(D) i d(D) —(1+e)
2 2
—le” + —o(x,—v) ) Ine” + —o(x,—v .
(o =00 79) (4 gy ~ o)
With the obvious bound e? + |Tl1§||Dcl > e+ |leg||Dci —o(x,—v) for all (z,v) € 0+G, we deduce
easily,
d(D) N\ —(1+e) d(D) —(1+¢)
In(e®+ <In(e*+ —o(x,—v . 30
(¢ + fofer) (¢ + s — @) (30)
From (26) and (30) we conclude that
I(z,v) <0,
for all (z,v) € 904G, and finally that
A= [ foenal (318w, 0) 1o v)dodc () < 0.
094G
Applying this result to (29) we obtain
d
— / |ST flmidvdx < —Ci/ | St flmodvdx (31)

+ [ @M oy o)(w-n) /{ (IS A1 - gl ) dvd ().

v ng <0}

13



Step 3. We focus on the second term on the right-hand side of (31). We have, for all
T >0,

O|f| +v-Va|fl =0, (32)

a.e. on (0,T) x D xR™. Recall that n. : x — n, is a W1 map on D. We multiply (32) by
(v - ng) and integrate it over (0,7) x D x {v € R™,||v|| < 1} to obtain, using also Green’s
formula,

o:/OT/D/{“v”q} ((8t+v-vx)|8tf(:c,v)|)(v-nx)dvdxdt

= [/ |Sef (z,v)|(v - nx)dvdx}T
Dx{|lv][<1} 0

- /oT /D /{||v||<1} Suf vl <v A nz))dvdmt

) 2
- /o /{||U||g1} /az) (YSef1(z,0)) (v - ng)dC (x)dvdt,

where the minus sign in the last term comes from our definition of n, as a vector pointing
towards the gas region. Using the L' contraction from Theorem 3, we deduce from the
previous computation

T
2
L[ /{U.npo’”q}”g}(’}’5Tf|(1‘>v))(v o dod(a)de <2 [ |f(e0)lduds

Tl e / / f (@, v)|dvd. (33)
D J{||v||<1}

As a consequence of the boundary condition, and since a > ¢y on 0D, we obtain,
T
co/ / (/ M (z,v)(v-ng)2dv (34)
0 oD {vng>0,]v||<1}
x /{ ) OIS0 nela )G(a)it < (2-+ Tl )1
vng<

Note that for a fixed x € 9D, =z — f{v~nx>0 loll<1} M (z,v)(v - ng)?dv is continuous and

positive since © — M (z,v) and x — n, are continuous for all v € R™. Since 9D is
o . _ . 2

compact, writing A = co Imin f{v-nx>0,HvH§1} M (z,v)(v - ng)*dv > 0, we deduce from (34)

that

T
A / / (VISef (2, 0)) o - naldvdC (z)dt < max(, [ fypie)(+ T flzr.  (35)
0 8+G

Step 4. We use the previous steps to conclude the proof of case (1). We integrate (31)
over (0,7). Using (35) and o < 1 on 0D, we obtain:

T
1Sz Fllms + Ci /0 1S Flomodls

<ttt [ [ ( [ Mo lo-n)

: (/{v’~nm<0} ('7|sz|($, Ul)) ‘U, : nx‘d?)/) dde(x)ds,
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Note that, for (z,v) € 0D x R", o(z, —v) < 4D) g6 that

l[oll 2

d(D) \?
M(x,v)|v - ng|lmq(x,v dvg/ max M (z,v) ) ||v]|(e? + 36
[ el o [ (e ol ) @)

d(D) d(D) >—<1+s>

X In (62 + —
[vllea o]

vi=ay, (37)

where a1 is independent of z and f and finite by choice of 7,e. Hence

T T
”STme1+Ci/O HszllmodsstHml+a1/0 /8(Z|sz|(x,v’))\v"nm\dv’d((x)ds. (38)

To conclude, we plug (35) into (38) to find

a

T
157l +Ce [ 18 lnods < 1l + G max(2. o) (0= D s (69)

Setting b = % max(2, [|n.||y1.) terminates the proof of case (1).

Step 5. In case (2), for all (z,v) € G, i € {%,2, cee 2”;1}, we have

(v-Ve)my =v-Vo({z,v)") = —i{z,v)" "' = —imy,

so that we can replicate the previous Steps 1 to 4 with the choice C; = ¢ and a new value
ay for (36).

Step 6. For case (3), for a = 0.1, for all (z,v) € G,

v+ Va(m(z,v)) = —In((z,v)* — aln((z,v))*"
= —In({z,v))*(1 + aIn({z,v)) ")
< —In((z,v))* = —mo(z,v),

so that again the previous proof can be replicated with the value C' = 1 and a new value
ay for (36). O

3 Doeblin-Harris condition

Recall that D is a C? bounded domain. In this section, we prove the Doeblin-Harris
condition, Theorem 4. For any two points z and y at the boundary dD of D, we write

Jz,yl= {tz + (1 — )y, t €]0,1[}.

Definition 1. For (x,y) € (0D)?, we write x <+ y and say that x and y see each other if
lz,y[C D, ng - (y—x) >0, ny - (x —y) >0.
2

Since M is radial in the second variable, we write M (x,r) = %6_#@ for all
To\T

r € R, z € D see (3) for the definition of ¢, so that M (z,v) = M (z,||v||) for all vector
v € R™. Possible ambiguity can always be solved by checking the living space of the
variable considered.

We will crucially use this result on C'' bounded domains from Evans:

Proposition 1 (Proposition 1.7 in [Eva01]). For all C' bounded domain C, there exist
an integer P and a finite set A" C 9C for which the following holds: for all 2', 2" € 0C,
there exist zo,...,zp with 2/ = 29, 2" = zp, {z1,...2p-1} C A/, and 2z, + 241 for

0<k<LP-1.
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We now state the main result of this section. Recall that (S;);>0 is the semigroup associated
to (1) as introduced in Section 1.

Theorem 4 (Doeblin-Harris condition). For any R > 0, there exist T(R) > 0 and a non-
negative measure v on G with v # 0 such that for all (x,v) in G, for all fo € L(G), fo >0,

ST(R)fO(‘Tvv) > V(IE,U) 5 fO(y7w)dwdy7 (4())
R
with Br = {(y,w) € G : o(y,w) < R}. Moreover there exists k > 0 such that for all
R >0, T(R) = kR.

Proof. We only treat the case n = 3, as the case of n = 2 follows from similar (and easier)
computations. For all t > 0, (x,v) € D x G, we write f(t,z,v) = Sifo(x,v). To lighten
the notations, we write f(t,z,v) = vf(t,x,v) for all (¢,x,v) € (0,00) x 9D x R™. Recall
that this trace is well-defined, see Section 1.

Step 1. We let (¢,z,v) € (0,00) X G compute a first inequality for f(t,z,v). Recall
the definition of o, (8) and ¢, (24). From the characteristic method we have

ftz,0) = fo(z — 10, V)1 co(@,—v)y + f(E— (2, —v),q¢(x, =), V) 11> 0(2,—0)}-

Set yo = q(z, —v), 10 = o(x,—v). We have, using the boundary condition and the char-
acteristics of the free-transport equation, along with the positivity of fo, with ¢g given by
(10),

f(t,x,v) > 1{7'0§t}f(t — 70, y()?v)

> 1{m<t}60M(yo7v)/ F(t =70, 90, v0) [vo - 11y |dvo
{vo€R™,v9-ny, <0}

> 1{Togt}CoM(yoav)/ f(t =70 —0(yo, —v0), q(y0, —vo), vo)
{vo-nyy <0}
X 1{To+o(y0,—vo)§t}|vﬂ : nyo|d'UO

2 l{Togt}C?)M(y07 /U) / M(q(y07 7/1)0)7 vo)l{T0+U(y0,—v0)§t}|/U0 : ny0|
{vo-nyy <0}

X / ft =70 — (Y0, —v0), q(yo, —v0), v1)[V1 * Ng(yy,—vo) [dv1dVO.
{v1nq(yg, —vg) <O}

We write vg in spherical coordinates (r, ¢,6) € Ry x [—m, 7| x [0, 7] in the space directed
by the vector n,,. We write u = u(¢,6) for the unit vector corresponding to the direction
of vg. The condition vg - ny, < 0 is equivalent to ¢ € (—3,5) and we obtain, using also

that g(yo, —vo) = q(yo, —u) as it is independent of ||vg||,

/2

f(t’xav) Z l{Togt}C(%M(yOav)/O /

nj2 A M(Q(y[)a _u)7 T)1{70+Mgt}|u . nyo‘ Sln(e)

o(yo, —u
X 7‘3/ flt—710— M, q(yo, —u), v1)|v1 - Ng(yy,—u)|dv1dOdpdr.
{”1'"q(yo7—U)<0} r

We now use the change of variable (y1,71) = (q(yo, —u),o(yo, —7ru)). The inverse of the
determinant of the Jacobian matrix was derived in Esposito et al. [EGKM13, Lemma 2.3]
and is given by (in the case where y; < yo)

7 sin(0)[95€ (y1)|
’ny1 ~ul|Ve€(y1)] ’
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where ¢ is the C! function that locally parametrizes D, such that D = {y : £(y) < 0}, with
the further assumption (which can be done without loss of generality) that d5¢(y1) # 0.
Finally w is the unit vector giving the direction going from 1 to yo, hence

Y- Ay = woll
U= T and =
lyo — vl I
Setting, for a € 9D,
Uy :={y € 0D,y « a},

we obtain from this change of variables

t—T70 2

— % Yr — Yo
) 2 negedMo ) [ [ 2r(n L0 200
Uy() 1 7-1

u-n f{t =70 — 71,91, 1) |v1 - Ny, | dordyr dmy
’ yl‘ |83§(y1) {Ul ny1<0} ( )‘ 311’
t—70 — 0
> Vg 0) [ [0 (o0 P = w0l )
1 [Val(yr)l

f(t —T0—T1 — U(yh _Ul)aQ(yb —’01),?11)\@1 'n ’
Tir) ‘a3§(y1)‘ {v1-ny, <0} v

X Lio(yy,—v1)+m+mp<tydvidyrdr.
Using again the boundary condition, we have:

t—T1o
Y1 — Yo 1
f(t,fl?,?)) > 1{T0§t}ch(y07v) M<y17 )‘(yl - y[]) ’ nyo”(yo - yl) : ny1|*5
0 Uyo 1 T

X / 1 - ny, |1{a(y1,—v1)+T1+To§t}M(Q(yla —v1), 1)
{v1-ny, <0}
x (/ ft =710 =711 —0(y1,—v1),q(y1, —v1),v2)
{v2:ng(yy,—v) <0}

X V2 Mgy, o) |dU2>dU1dC(y1)dﬁ,

with d¢ the surface measure of D, which is given by d((y) = ||g;§((5))||dy for any y € 0D.

Step 2. We use the same method as in Step 1 P — 2 times and make a change of
variable to obtain a first integral over a subset of D x R™.

Repeating the previous computation P—2 times, where P € Z™ is given by Proposition
1, we obtain,

t—T10
Y1 — Yo 1
flt,z,0) > 1{Togt}05+1M(yoav)/ M<y1, >|(y1 —Y0) Ny | =5
0 Uy T1 T

t—10—T1
Yo — Y1 1
X !(yo—yl)'nyl\/ M(Z/% )|(y2—y1)‘ny1\*5
0 []y1 TQ 7—2

X (Y1 —y2) - nyy| X ...

t—To——TP—1
Yyp —Yr-1
X / / M(yP, 7) l(yp — ypP—1) - Nyp_,
0 U,

yp—1 TP
1
X [(yp—1 —yp) - Nyp| —=
p
X / ft—10— - —7p,yp,vp)|vp - Nypldvpd((yp)dTp ... d¢(y1)dT.
{vP ”yp<0}
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We then use that, on {t > 79+ -+ 7p},
ft=70—--—7p,yp,vp) > folyp — (t =70 — -+ = TP)UP, VP) Lt ry— e —rp—r(yp,—up) <0}
and obtain from the previous inequality,

Y1 — Yo

t—T0 1
f(t,l',’[)) > 1{T0§t}COP+1M(y07U) M(ylv >|(y1 _yO) 'ny0’75
0 Uyo 71

t—10—T1
Y2 — Y1 1
o=l [ [ 3 (2 2 - )
0 Uy, T2 T2
X (y1 —y2) - my,| X ...
t—19——Tp_1
yp —Yypr-1
« [ [ (e ) e = ) |
0 U P

X |(yp—1 — yp) - nyp‘7_5(/{ 0}f olyp —(t—70— -+ —7p)Vp,VpP)
UanP<

X |vp - nyp ’1{To+---+7-p+o(yp,*vp)Zt}va) d¢(yp)drp ...dC(y1)dr.

We set z = ¢(yp,7p) = yp— (t—70—+--—7p)vp (i.e. we compute the result of the change
of variable from (yp,7p) to z). The map v is a C! diffeomorphism with

Y A{(yp,7p) €D xRy 1 o(yp,—vp) >t —T0— - — TP, Yp <> Yp—1}
- {Z €D: q(Z,UP) A ypfl,O'(Z,UP) +70+-+7p-1 < t}
With this change of variable, yp = ¢(z,vp). Moreover, t — 19 — -+ — 7p = o(z,vp) by

definition of z, so that
Tp=t—T19— - —Tp_1 —0(z,Up).

The inverse of the Jacobian is |vp - ny,|, see Esposito et al. [EGKMI3, Lemma 2.3|.
Therefore,

Y1 — Yo

t—T10
F(t2,0) > Vmzpyeg ™ M (yo, v / g M( )!(yl —0) - nyo\*
Yo

t—10—T1
y2— 1
X [(yo — 1) nyl‘/ / M )|(3/2—y1)'”y1|g

2

X |(y1 — y2) - Ny | X ...

t—mo——Tp_2
Yp—1 —Yp-2
></ / M yﬂhi)\(yP—l —Yp-2) Nyp_,|
0 U, T.

Yp_o P-1

5

1 </ ’(yP—l - q(z,vp)) : nq(z,vp)|
DxR™ (

X \\Yp—2 —YrP-1) Nyp_ |5 —
|( ) yp 1|7'153_1 t—TO—"‘_TP—l_U(Zvvp))

yP—l_Q(z77}P) )
t—To—”-—Tp_l—U(Z,Up)

X M(q(z,vp),

x |(Q(Z7UP) - yp*l) “Nyp_,y ’1{Q(za”P)<_>yP—l}1{U(Z’UP)+TP71+"'+TOSt}

X fo(zvp)dvpdz ) d(yp—1)drp_1 ... d¢(y1)dn.
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Using Tonelli’s theorem, we then have

£t 2,0) > 1 cipeb ™ M(yo,v) /D o) (41)
>< n

t—70 _ 1
1 0
M (P )
5
0 Uy, 1 T
t—10—T1
Yo — Y1 1
X !(yo—yl)'nyllf / M(yz, )I(yz—yl)-nyl\—5
0 U‘y1 TQ 7—2

X (Y1 —y2) - nyy| X ...

t—Tm0—-—Tp_2
P—1 — YP—2
< [ s EAI
0 U TP—1

1 [(yp-1—q(2,vp)) gz 0p)]
X ’(yP—Z - Z/P—l) : nyP71| 5 20r)

™ (t—10— - —7p_1 —0(z,up))®
Yp_1 —q(Z,UP)
X M( 3 ’ )
q(z,vp) t—10— - —1p_1—0o(z,0p)

x |(q(z,0P) = yP-1) - nyp_ [ gz 0p)oyp—1} Loz wp)+rp1++ro<t)
X d{(yp—1)dTp—1...d¢(y1)drdvpdz,

Step 3. We choose the value of ¢ and control all the time integrals in (41).

Let R > 0 and set t = (2P + 2)R, 10 € (R,2R), i.e., for all (z,v) € G such that
o(x,—v) € (R,2R), we simply set v(z,v) = 0. Note that for any R > 0, one can find
a couple (z,v) € G such that o(z,—v) € (R,2R). For all i € {1,...,P — 1}, we lower
bound the integral with respect to 7; by the integral over (R,2R). We also lower bound
the integral with respect to (z,vp) by an integral over Br = {(z,vp) € G : o(z,vp) < R}.
For 19,...,7p—1 € (R,2R), 0(2,vp) < R and t = (2P + 2)R, we have first

(2P+2)R—2PR—-R=R<t—-19y—T1— - -—7Tp_1—0(z,vp) < (2P+2)R— PR = (P+2)R,
and thus,
Lot .rp 1 to(zup)<t} = L.
Moreover, recalling that for all ¢ € {1,..., P — 1}, the integration interval for 7; in the
equation (41) is [0,t — 19 — 71 — - -+ — Ti—1], and since
t—T9o—T1— " —Ti_1 > (2P+2)R—2iR=2R+2(P—i)R22R,

the lower bound detailed above using an integral over [R,2R] for 7; is legitimate. We set
for all a > 0,

azg)>0.

M(a) = min M( ,
x€dD,7€[R,(P+2)R] T

M(x,3>>o and  M(a) =

min
2€0D,7€[R,2R] T
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Applying those lower bounds, we obtain from (41)

Ft,z,0) > Lperarncs T M(yo,v) . fo(z,vp)
R

2R 1

X/ / M([lyr = yol)|(y1 = yo) - o =5 1(Y0 — y1) - 1y, |
R Uy0 T1
2R 1

[ A = Dl = 1) 5 =32
R Uyl 7_2

2R
X /R /U M(llyp—1 —yp—2|)|(yp—1 — yp—2) - Nyp_, |

yp_2

1 [(yp—1—q(2,0P)) * Ng(z,0p)]
P (P +2)R)°

x M([lyp—1 — q(z,0p))(a(z,vP) = yp—1) - yp_, |

X Lig(zop)syp_13dC(yp—1)dTp—1 ... d{(y1)dT1dvpdz.

X |[(yp—2 — yp—1) - ”prT

Since, | ;R t%dt < 00, one finds from (41), with § > 0 explicit, depending on R,
flt,x,v) > 1{Toe[R,2R]}5M(y0,U)/B fo(z,vp) (42)
R
< [ A= w0l = 90) - (00 = ) |
Uy,
[ 2 = Dl = ) il = ) e
Y1

X / M(|lyp—1 — yp—2l)(Wp—1 — yp—2)  nyp_,||(yp—2 — yp—1) - Nyp_,

pr_2
X |[(yp—1 — q(2,vP)) " Ng(z0p) (@2, vP) —yp-1) - yp_, |
X %(HQP—l - Q(za UP)H)1{q(z,vp)<—>yp_1}dC(yP—l) cee dC(yl)dUPdZ'

Step 4. For a couple of points (a,b) € (D)2, we set
hp(a,b) = /U M(llyr — al)l(y1 — @) - nall(a = y1) - 1y, |
[ 2= Dl = )l = )
Y1

X / M(llyp—1 —yr—2)l(yp—1 —yr—2)  nyp_,|1(Yyp—2 —yp-1) - nyp_,

yp—2
x [(yp-1—=0) - np||(b — yp-1) - nyp_, IM([lyp—1 — bl|)
X Liperyp13dC(YP-1) - - - dC(y1).

In this step, we want to show that, for all yo € 9D, b — hp(yo,b) > 0 is lower semicontin-
uous and positive. We can rewrite hp as

with
D((I, b) = {(ylu o 7yP71) S (8-D)P71 N <~ a, Y2 <~ Yi,.--,Yp-1 — yP*27b Axd yP71}7
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and

N(a,y1,-.-yp-1,b) = M(lly1 — al))|(y1 — a) - nal[(a —y1) - ny, |
x M(lly2 — y1lDI(y2 — y1) - ny [ (Y1 — y2) - ngs| X
x M(llyp—1 —yp—2|)(yp-1 — yp-2) - nyp_,ll(yp—2 — yp—1) - nypp_, |
X [(yp—1—0) - mp||(b —yp-1) - nyp_, [M([lyp—1 — b|).

By regularity assumption, if (z1,22) € (9D)? with z; ¢+ 2o, there exists € > 0 such that
B(z1,€) N 0D < B(z2,e) NID, i.e. for all p € B(z1,e) N 9D, all ¢ € B(z2,¢) N ID, we
have p <> ¢, see |[BF19, Lemma 38|. Combining this with the statement of Proposition 1,
we find that

H(D(a,b)) > 0, (43)

where we recall that H denotes the n — 1 dimensional Hausdorff measure.
We set, for all a € 9D,

D(a) = {(y1,---,ypr—1) € (OD)'™ 1y1 <> a,y2 < Y1, ., yp—1 <> Yp—2}.

For a € dD and (y1,...yp—1) € D(a), for all b € OD such that b <+ yp_1, we have
N(a,y1,...,yp—1,b) > 0 according to Definition 1. Using (43), one concludes that for all
(a,b) € (0D)?, hp(a,b) > 0. Moreover, the map b — N(a,y1,...,yp_1,b) is continuous
according to the definition of M through M and since z — n, is continuous.

Note that, according to [Eva0l, Lemma 2.3], for any z € D, the set U, is open and
non-empty. Hence for all yp_1 € 0D, b — 1pr_1 (b) is lower semicontinuous. We conclude

that for all a € 9D, (y1,...,yp_1) € D(a), b — N(a, Yy -+ YP—1,0) 1y, by s lower
semicontinuous. For a € 9D, (b,)n>0 a sequence of 9D converging towards b € 0D, we
obtain

0 < hp(a,b) < / liminf N(a,y1,. .., yp—1,bn)Liyp_ 1 ob,34C (Y1) - - - dC(yp-1)

D(CL) n—o0

< liminf hp(a,by),

n—o0

using Fatou’s lemma. Hence 0D > b — hp(a,b) is also lower semicontinuous and positive

for all a € 0D.

Step 5. We conclude the proof using Step 4. Since dD is compact, we deduce from
the previous step that for all a € 9D,

= inf h b .
wla) = mf hp(a,b) >0

With this at hand, we have

f(taxav) > 1{TQG[R,2R]}5M(yO7U)/ fo(z,'l)p)hP(Z/m(](Z,UP))d'UPClZ

(z,vP)EBR

> 1 etz dM (0, )p(w0) /B folz, wydwdz,
R
and, recalling that 79 = o(z, —v), yo = q(x, —v), we set

Z/(J}, U) = 5M(q($7 _U)7 v)u(q(:r, _U))l{a(x,—v)E[R,ZR]}7

and T(R) =t = (2P + 2)R to complete the proof. O
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Remark 6. Although we use a compactness argument to derive u, for a given domain D,
we believe that one may find an explicit lower bound for hp defined in Step 4 of the previous
proof using the geometry of D. Note however that this computation might be very difficult.
With such constructive lower bound, the constants in Theorem 1 and Corollary 1 become
explicit.

As an example of an easy case where an explicit lower bound on hp can be find, assume
that D is the unit ball in R", so that U, = 0D \ {z} for all z € 0D. We can clearly take
P = 2 in Proposition 1 and we have, for all (a,b) € (OD)?,

hp(a,b) = /aDM(Hy —al))|(y — a) - nall(a —y) - ny[M([ly — bD)[(y — ) - ne[|(b — y) - ny|dy

> / M(lly = al)I(y = a) - nall(a =y) - ny|M(ly = bIDI(y = 0) - no[[(b = y) - nyldy
Ha,b
2> K,

where )
Ha,b:{yeaD’M.na/\w.an E}’
ly — all ly — bll 2
is a set whose Hausdorff measure in 0D is uniformly bounded from below by %", where
Sy is the Hausdorff measure of the hypersphere S"~1, and such that for all y € H(a,b),
d(D) > |ly — al|, ||y — b|| > V/2 so that & is a positive constant independent of a and b.

Recall that (z,v) = (e? + dD) _ o(x,—v)) for all (z,v) € D x R, with ¢y < 1. We

l[ollca
conclude this section by stating a similar result for the level sets of (.,.).

Corollary 2. There exists Ry > 0 such that for any R > Ry, for T(R) > 0 and v non-
negative measure on G given by Theorem 4, for all (x,v) in G, for all fo € L'(G), fo > 0,
we have

ST(R)fO(xvv) = V(x,'l)) . fo(y,UJ)dUde, (44)

with I'r = {(y,w) € G, (y,w) < R}. Moreover there exists £ > 0 such that for all R > Ry,
T(R) = £R.

Proof. Set Ry = €% + 1, so that A({(y,w) € G, (y,w) < Rp}) > 0 where A denotes the
Lebesgue measure on G. We have, for all (x,v) € D x R", by definition of o(z, v)
d(D)

lvll

o(x,v) +o(z,—v) <

and therefore, using ¢4 < 1,

(x,v) > dH(UDH) —o(x,—v) > o(z,v).

We conclude that for all R > Ry, I'r C Bgr with I'r # (), and the result follows from
Theorem 4. O
4 Preliminary interpolation results

In this section, we briefly present several results of interpolation theory used in the proof
of Theorem 1. Those are generalizations of the Riesz-Thorin Theorem for weighted L'
spaces and some of their subspaces. Recall that G denotes D x R". Recall also that for
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(z,v) € D x R", we write (z,v) = (2 + ﬁgﬁi — o(z, —v)), with ¢4 given by (11). For any

weight w on D x R™, we set L, o(G) := {f € L, (G),(f) = 0} that we endow with the
norm ||.||l, and L{(G) := {f € L}(G), {f) = 0} which inherits the norm ||.|| ;1 from L'(G).
For A, B two Banach spaces with respective norms ||.|4, [|.||z and T : A — B a linear
operator, ||T'||| 4_, g denote the operator norm of T, i.e.

[Tv] 5
flea = sup :
A=B vEA,v#£0 ||U||A

We introduce the Maxwellian of temperature 1 given by

1 _lel?
Ml('U) = W@ 2, v e R™

Lemma 3 (Interpolation of leweighted spaces). Let ¢1, @2, b1, ¢o four measurable func-

tions on G such that ¢1, Pa, &1, ¢2 > 0 almost everywhere. Set A1 = Lél (G), Ay = Lén(G),
Ay = Lél(G), Ay = Léz(G). Then, if T is a linear operator from Ai to Ay and from Aq
to /ng such that

WM,z < N1y TN, < N, (45)

for some N1, N2 > 0, for any 0 € (0,1), for ¢y, bo defined on G by ¢p = Y %79 and for
dp = ¢?¢%_9, T is a linear operator from Ag := LéG(G) to Ag = Li;e (G) satisfying

T 4, 4, < No, (46)
for Ng = NINJ=% > 0.

Proof. This is obtained by Peetre’s K-method of interpolation [Pee68| and is a particular
case of the Stein-Weiss Theorem with p = 1, see |BL76, Theorem 5.4.1]. O

Corollary 3. Let 0 € (0,1) and Ay, Ay, Ay, Ay, Ag, Ay defined as in Lemma 3. Assume
that there exists a bounded projection P : (A;, A;) — (A5, AY) for i € {1,2} with A} C A;,
Al c A;. Let Ay = (A} + AY) N Ag, A = (A} + AY) N Ap. Assume that T is a linear
operator from A} to A} and from Al to Al with

IT g i < N TNy, < Mo,

for Ni,Ny > 0. Then T is a linear operator from Ay to 21/6 and there exists C > 0
depending only on P such that

0 Ar1—0
|||T|||A(’9—>A§JSCN1N21 .

Proof. The couple (4], A}) is a complemented subcouple of (Aj, Az2), and as such a so-
called K-subcouple for the K-method of interpolation. The same thing holds with (A}, Af)
which is a complemented subcouple of ([11,212). This immediatly gives the result, see
[Jan93, Section 7, Theorem 2.1 and Example 7.1]. We refer to [Jan93| for details about
those notions. O

We now turn to a second type of interpolation results in L! weighted spaces, no more
focused on polynomial interpolation.
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Lemma 4. For (y,v) € G, let ¢1 defined by ¢1(y,v) = ((y,v)). Let T be a linear operator
from Lgle(G) to Lél(G) and from LY(G) to L'(G) such that

H|TH|L;>1(G)—>L;>1(G) < Ny, |HT|HL1(G)—>L1(G) < N,

for some N1, Ny > 0. Then, for R(y,v) =In(¢1(y,v)), T is a linear operator from Lh(G)
to itself and there exists an explicit C > 0 such that

Ty Lt (@) < C-

Proof. From |[Gou68, Chapter 2, Theorem 1|, given a weight ¢, the space L(lz)Q(G) is an
interpolation space (and therefore ]HT!HL;) (@)=L, (G) < C for some constant C' > 0) for
2 2

the couple (L'(G), Lél(G)) if ¢y satisfies for all (y,v) € G,

ba(y) = /0 ™ min(é (9, 0), )1(d),

for some positive measure v on (0,00), v # 0 and satisfying

/OOO min(1,¢)y(dt) < oo.

The constant C then depends only on N1, No and ~. In particular, we consider a measure
of the form v = fA, with A the Lebesgue measure on (0, c0), and

f(t):{ 01 if t € (0,€),

z ifte (e,00).
We then have, for all (y,v) € G,
S1w0) i > dt
awo = [ T [ G =) = R,
e (bl(yvv)
and since ¢1(y,v) = (y,v) for all (y,v) € G, the result follows. O

Corollary 4. Lemma 4 holds when replacing the space Ly, (G) by Ly, o(G) for any weight
w on G considered, including replacing L'(G) by L{(G).

Proof. We set, for f € L}(G), for all (z,v) € G, Pf(z,v) = f(z,v)— ]V“[glv) Jo [y, w)dwdy.
Then, for ¢; > 1 defined as in Lemma 4, we have

IPfllr <20 £l and  [[Pfllg, < 1+ )l fllg:

with ¢ = [ Ml(v)m‘(giv) dvdr < oo. The map P is obviously linear, and P?f = Pf. We

conclude as in Corollary 3 that, setting for all (z,v) € G, ¢2(x,v) = In({x, v)),

LL,(G) N (LY(G) + L}, o(G)) = LL,0(G),

is the interpolation space required, i.e. is such that for any T linear from L}(G) to itself
and from Lél,O(G) to itself with

Wl ey <N Ty j@-oy, o) < N

for two constants Ni, N > 0, T is a linear operator from Léz o(G) to itself and there exists
N > 0 explicit such that

”|T|HL;27O(G)—>L(£2’O(G) <N. O
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5 Proof of Theorem 1, Theorem 2 and Corollary 1

This section is devoted to the proof of Theorem 1, Theorem 2 and Corollary 1. We recall
the notation (x,v) = (e? + |le§||Dci — o(x,—v)) for all (z,v) € D x R™. In this section, we
abusively say that a constant 1s explicit even if it depends on v given by Corollary 2. As
already stated, v itself may not be explicit, see Remark 6.

In the first subsection, we establish some contraction property for a well-chosen norm.
In the second part, we use this property and the previous results to conclude the proof of
Theorem 1. Subsection 5.3 is devoted to the proof of Theorem 2 and Corollary 1.

5.1 Contraction property in well-chosen norm
This subsection is devoted to the proof of the following lemma.

Lemma 5. For all € € (0,3), setting @y (x,v) = (z,v)* In((z,v))~ 9 on G with the value
k € [n—1,n+ 1] there exists Ty > 0 such that for all T > Ty, there exist B(T") > 0,
a = C3B(T)T with C3 > 0 constant such that, for all f € L., (G) with (f) =0, we have

Wn+1

(6
157 fllz1 + BIST Mo + allSfllo, < Ifller + Bl fllon + 5l o (47)

so that, setting

l-lls,yy = N-llze + Bll-llwnss + all-llon
there holds ||Srflls,., < I/l
feLl  (G) with (f) =0,

Wn+1

Bt Moreover, there exists Mpy1 > 0 such that for all

||STfH@n+1 < Mn+1||f||@n+1’

Finally, setting w;(z,v) = (, v)’;% on G with i € {1,... 4}, there exists Ty > 0 such that
for all T > Ty, there exists My, .1 > 0 such that for all f € L%DWH(G) with (f) =0,

157 fllon 1 < Mgl fllana-

Proof. We prove the result on @, first, and explain how to adapt the argument for the
second statement at the end of the proof.

Step 1. We use the Lyapunov condition, Lemma 2, case (1), with both Wnt1 and wy,
to deduce a new integral inequality. For any T" > 0, using Lemma 2, with Cs, Cs, b3, bs > 0
constant, for all f € LL (Q),

Wn41
T ~
15T fllonss + Cs/THStwandt <N llonss + 031+ DI fll 21, (48)
and |[S7 flle, + 0270 1St fllon v dt <[ fllan + b2(1 + T f]] - (49)

Let t € (0,7"). From (49) we deduce
1S7—¢Stfllon < ISeflla, + 021 +T —2)[|Se fll 1,
which we rewrite as
157 f |z, —b2(L+T = 0)[|Sefllr < [15ef |z,

We plug this inside (48) to obtain

T ~
157 loss + Ca / (157 ls, = b2+ T = OIS fllpr ) dt < 11z + 51+ Tl
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Using the L' contraction result from Theorem 3, we conclude

1S fllonss + C5TUST fllan < M Flloner +b3(L+T +T2)|| |11, (50)

with b3 > 0 constant.

Step 2. From the Doeblin-Harris condition, Theorem 4, and more precisely Corollary
2, for all p > Ry, there exist T'(p) = &p for some constant £ > 0 and a measure v on G
with v # 0 such that
Stph > V/ hdvdzx,
{(zw)eG:(z,v)<p}
for all h € L'(G) with h > 0.
Recall that by assumption f is such that f € L. (G), and (f) = 0.

Wn41

Set for any p > Ro, @n(p) := p"In(p)~(F9 and x(p) = BT (p) Since T(p) = &p

for some constant £ > 0, k(p) ~ Cp for some C > 0. Since n € {2,3} one can find
p——+oo

po such that for all p > po, wy(p) > 1257?_ We fix p > po, T = T(p) > T(pp) for the
remaining part of the proof. Note that since T’ (p) = &p for some given constant &, any
choice of T > T'(pg) is possible. We set A := w"4(p ), and define, for all 8 > 0, the S-norm
by:

1fllg == Wl + Bl fll@n s -

We distinguish two cases. Indeed, we have the alternative

[ fllen < AlFN L1 (51)

or [[flle, > AllfllLr- (52)

Step 3. We prove a convergence result in the S-norm in the case of the first alternative,
(51). Recall that for all R >0, I'r = {(x,v) € G, (z,v) < R}. Using (f) = 0, we have for
all (z,v) € G,

Srfi(z,v) > vlv) / fe(@ )dde —v [ fe(al o)/ da’
¢ re

I/(x,v)/ |f(2',v)|dv'de" — v(z,v) |f(2',v")|dv'da’
2 Ja re
v

(z,v) N N T R N
) /G|f(m,v)|wn(x,v)dvdx

v(z,v)

> / |f(2',v")|dv'dz’ —
2 Ja
V(:E,U) ;o 10 I/(:L‘,U) N, I,
> —5— | @ o)|dv'da’ — == | |f(a’,0))dv'dx
G G

v(z

4’U) /G |f(a!,0)|dv'dz’ = n(z,v),

where the third inequality is given by definition of I', and @w,, > 1, since wy,(z,v) < @y, (p)
for all (z,v) € T, recalling that (x,v) > 2. The last inequality is obtained by condition
(51). The final equality stands for a definition of n(x, v) for all (x,v) € G. Note that n > 0
on GG. We deduce,

ISt f| = |STf+ —n— (STf- —n)|
<|Srf+ —nl+[S7f- —n
= St fy + Srf- —2n=Sr|f| — 2n,
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and, integrating over G, we obtain, using also Theorem 3 and n = %[/ f|[1, and that v is
non-negative,

157 fllpr < 1 fllpy = 2l = (1 - <12/>)HfHL1 =l (53)

with 77 € (0,1). Hence, St is a strict contraction in L' in the case where f satisfies (51).
We use this result along with (50) and the definition of k(p) to derive an inequality on the
B-norm of St f

157 flls = 1157 fllLr + BIST 2011
< Al fllzr + B( = CsTNSrfllan + [ fllonss + £(0)TIfll 1)
< Blfllonr + 1+ £(P)TH)| Sl 2 — BCT(| ST fl|2, -

and deduce

Finally, we choose 0 < 8 < - )T

157 flls + C3BT (St fllan < [15- (54)

Step 4. We prove that a slightly different version of (54) also holds in the case (52).
From (50), using (52), we have, for T', k(p) fixed as above

157 fllzn 1 + C3TNST fllan < 1 flloni +

K(p)T
A
Since A > 3”(” ) , it follows that

CgT
157 fll@nss + C3TISTfllon < [ fllony + ——[1fllan-
Using this inequality and the L' contraction we deduce

157 £l + C3BT(1STflls, = IISTFll Lt + BIST fllonss + C3BTSTfl
CT
< ||l +ﬁ\|f||wn+1 + 82 fllen

= [Iflls + By 3 1flle- (55)

Step 5. For 3 as above and v = C3f8T, we have ||.||5,,, = -l + @||.[[z,. Gathering

(54) and (55), we conclude that (47) holds and we deduce

57 g,y < MFllz,, .-

Since wy,+1 > Wy, > 1 on G, we conclude that for all f € L, G) with (f) =0,

w+1(

||STf||a)n+1 < Mn+1||f||@n+1> (56)

for some constant M,y > 1.

The proof of the second statement follows from similar arguments, note in particular
that Step 1 can be adapted by using Lemma 2 case (2) instead of case (1), and that the
argument giving the existence of pg from the properties of @, still applies and gives a new
po (hence a Ty playing the role of To) when considering @, instead of @,. The remaining
steps follow by straightforward adaptations. O
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5.2 Proof of Theorem 1

In this subsection, we conclude the proof of Theorem 1 using Lemma 5. We consider the
weights w1 (x,v) = (z,v) In((x,v))*!, and wo(z,v) = In((z,v))*?! for all (z,v) € D x R™.
Recall the definition of the weights w; from (12) for all 7 € {1,...,4}. We want to prove a
decay rate for Sy(f —g) with f,g € Lwnﬂ, (f) = (g). We assume without loss of generality
that ¢ = 0 so that f € Lwn+1(G) with (f) = 0.

Step 1. Recall that we write L, o(G) = {g € L, (G), (9) = 0}, and the notation M
from Section 4. We introduce the bounded projection P : L'(G) — L§(G) such that for
all h € LY(G) and (z,v) € G,

)]
Ph(z,v) = h(z,v) — W/Gh(y,w)dydw, (57)

with ¢1 = [p. M1(v)||v]|*dv < oo, where we recall that |D| denotes the volume of D. One
can see by a simple use of hyperspherical coordinates that Ph € L} . o(G) assuming
h € L., (G). Note that there exists C' > 0 such that |Ph|.,,, < C|h|w,,, for all

Wn+1

he Ll (G)and |Ph| ;1 < C|h| 1, and, since (h) = 0 implies Ph = h, P is a bounded

Wn+1 - I
projection as claimed. Let T' > (Tp Vv Tp) with Tp, Ty given by Lemma 5. From Theorem
3, we have

H‘ST‘|’L(1)(G)~>L(1)(G) <1,
and from Lemma 5, )
H’ST’HLI%H,O(G)HLE,LH,()(G) < Mpq.
We apply Corollary 3 with the projection P and the values:
1. A; = Ay = LY(G), and, using the definition of P, A} = A} = L}(Q),

2. Ay = Ay = G), and, using the definition of P, A} = A} = G),

w+1( w+10(

3. 0 =527 €(0,1) so that Ag = Ay = L,(G), where p is defined on D x R" by

'u’(x7v) = <IL’,U> = (I}’I’L'i‘l('ra U)ﬁa
and, using the definition of P, fl’e = Ala = (A} + AL) N Ay = L}MO(G).
We conclude that there exists €, > 0 such that
157 f I < Cull flla-

Using Corollary 4, we obtain, for u/(x,v) = In({z,v)) on D x R", since f € LL,}O(G),
ISt £l < Cwll fllw for some constant C,y > 0. Finally, since wo(z,v) = i/ (z,v)%! for all
(z,v) € D x ]R", we apply one more time Corollary 3 with the projection P to conclude
that, for all T > Ty V Tp, there exists Wy > 1 such that, using f € L (G),

wo,0

||STwao < W()Hf”wo

Since (S¢)¢>0 is a strongly continuous semigroup of operators on Ly, (G), this implies, using
the growth bound of the semigroup, that there exists Wy > 1 such that for all ¢t € (0,7),
for all f € Ly, o(G),

HSTf”wo = HST—tStwao < W()”StwaO' (58>
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Step 2. Using Lemma 2, case (3), and (58), we obtain, for some constants C, Wy > 0,

T
1S fllwy + WOIISTfIIwo <[ fllwy +CA+ T fllz1s
which rewrites T
157 f |y + WOHSTwao <[ fllwy + £()T| fll L1,

with, for all p > 0, k(p) = w so that K < C' for some constant C’ independent of

p. Set wo(r) = In(r)%! for r > 1. Since u,?;p) — oo when p — oo, one can replicate the
arguments of Steps 2 to 4 of the proof of Lemma 5. We obtain the following inequality
just as (55), for T' = T'(p) large enough with 7' > Ty, T > Ty where Ty, Ty are given by

Lemma 5, with 8 > 0 constant, a = 3y~

157 flls +3allSTfllwe < [Iflls + allfllw, and (59)

£l == Wl + Bl fllws - (60)

Step 3. We have, from our definition of w;, i € {0,1} and of wy1, for (z,v) € G,

w1 (mv v) = <$, v) 1H(<a}, U))O.l

= (z,v) In((z,v)) " 1y + (@ 0) In((2,0)) " 1>
(x, U>n+1 ln((x, U>)—1.6 ln((x, v>)1'7

< wo(z,v)A + @) L{(z0)>A}
w x,v) In(A\)E7
< wo(x,v)\ + 1 )\2 )
< wo(x, V)X 4+ wpt1 (@, V)€,
for A large enough, with €\ = ln(;‘iy)l” — 0 as A\ — oo, where we used that z — ln(f#

is non-increasing on (e?,00) and that (z,v) > e? for all (x,v) € G. We deduce, since

wy(z,v) > 1 for (z,v) € G,

< . 61
s = e (e + 807 1n) < 507 or < Ul + Pl (61)
Moreover, for 3, é the positive values used to define ||.|| wnys When applying Lemma 5 with
e = 0.6, one has, setting B = a/B,
(6755 Q€) 6)\
187 llwnsn < EB) S5 f i < BLSTf 0 (62)
with the definition given in Lemma 5 for [|.[[,, ... Let 0 := 5, Z := 1+9 with A > Ao > 1,

Ao large enough so that Z < 2. Then

Z(I1Srfllg + allStfllw,) < 1STflls + 157 flls + Zal[St fllwo

(1+5)

Qe
< 57 flls + allSt fllwo +

187 fllwnss + Zell St fllwo

BE)\
<157 fllp + 3l S f o +

Be),

— M5z sl

< N flls + el fllwo + HISTf\HW,LHa
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where we used (59), (61) and (62). We introduce the norm [[.[,,, defined, for all function
he L, (G), by
I12l, = [15lls + il

so that the previous inequality rewrites

Be)
NSy < Wl + S2NSTS -

Step 4. We set ug = H|f|Hw1, and, fork > 1, up = H|SkaH|w1- We also set vy = |”fH|wn+1
and, for k > 1, vg = [[Skr f|l,,,,- Note that vy < vo for all k > 1 by Lemma 5. Setting

Y = B)f*, the previous inequality writes,

Zur <wug+ Y.

Iterating this inequality, we obtain

k
Zkuk < wug+ YZ Zi_lvi,

=1

from which we conclude that

YZ
supv; < kaUQ +

< zk
up < UO+Z—12~21 < Z—lv

0-
From this we deduce, recalling the definition of the S-norm (60) and that Z < 2, w; < wp41

2B
ISk fllw, < A+ B+ )l fllwr + ex—5lFll,.,

1
(14 8/N)*
< (e + ) I llonins

with C' > 0 explicit, where we used that ||-|| S| llwngr- We set Ty = KT and choose

Wn+1 Y

5
A= ( Tyo7 ) with k large enough so that A > \g and 77 > exp(1) to obtain

n (77)

In(T7)" 2
151,71, < /) (P

for some C’(n) > 0 depending explicitely on C, independent of k, where we used the trivial

inequality 1;{,}1) < Ty. We rewrite this as

1Skr Sy, < C")OENf i (63)

with ©(k) = "I for all k > 1.

Step 5. With the norm ||.[[,,,, (59) rewrites

ST fllwy + 20157 Fllwo < S, -

By iterating this inequality and summing, we obtain, for [ > 1,

0< IS fl, 420 3" [Sirflus < ISzr)
k=[3]+1

w1

30



Note that for any 1 < k </,

1S fllr < ISkrfllr < [1Skr fllwo-

Hence, from (63) and (64),

min(1,20) (1~ [1] + 1)1t fllx < 0 ([L]) 17
so that, for some C' >0
In(IT)"+2
(lT)n—H

We conclude to the desired rate by standard semigroup properties.

[Sirfllpr < € [ lleon 1

5.3 Proof of Theorem 2

In this subsection, we prove Theorem 2 and Corollary 1 using the result of Theorem 1. We
first show the following lemma, from which we will deduce both the uniqueness property

n+1

in Theorem 2 and Corollary 1. Recall the definition of m,, from (13) and that m, = w7,

on G.

Lemma 6. There exists a constant C' > 0 such that for all t >0, for all f,g € L}, (G)
with (f) = (g), there holds

C'In(1 + t)n*!

157 =)l < =

1f = gllm.-
Proof. We set f := f — ¢ so that (f> =0and f € L,lnn’O(G). From Theorem 3, we have
for all t > 0,

ISl ey i@y < 15

and from Theorem 1,

In(1 + ¢)"+2 -
1Sty || @i < O — = €O,

the last equality standing for a definition of (:)(t), with C' > 0 independent of t. We
introduce the projection P : L'(G) — L{(G) given, for h € L'(G) by

_ My)|o]f?

Ph(z,v) = h(z,v) Dlex

| byw)dudy, (@) e
G

with ¢; = [ pn My (v)||v]|?dv a normalizing constant, see Section 4 for the definition of
M;. Note that if h € L&,HI(G), Ph € LS.)”+1,0(G) as one can check using hyperspherical
coordinates, and that (Ph) = 0. Moreover, P sends L!(G) to L%,O(G) for any weight
1 <r < wpy1 and is bounded.

We apply Corollary 3 with the projection P and
A=A = A4y, =LYG),
ii. Ay =1LL (@),

Wn+1

i, Af = A} = A, = LY(G), A, =L (G),

wWn41,0

iv. 0 = - so that Ag = L, (G), A9 = L'(G),

v. A= (A + AN Ag =L} (G) and A = (A} + A) N Ay = LL(G).

T
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We deduce that for some constant ¢/ = C RLH, for all t > 0,

n(n+2)
o (1 + 1) w1 (1 +#)"*+
Iellzy,, oer-sra@) = COW™T = C =g < O =g

O

Proof of Theorem 2. Step 1: Uniqueness. Assume that there exists two functions
S0, oo, both belonging to L}nn (G), with the desired properties. Applying Lemma 6, we
have, for some C' > 0, for all £ > 0,

In(1 +¢)n*!

| foo = Goollmn -

For all t > 0, we have Sifoo = foo and Sigoo = goo. Set §(t) := C%. We deduce
that, for all t > 0,

[ foo = goollLr < ()| foo — Goollm-
We conclude that fo = goo a.e. on G since 0(t) — 0 as t — oo.

Step 2: Existence. Recall that for all k € [n — 1,n + 1], for all (z,v) in D x R™,
mi(z,v) = (z,0)¥ In((z,v)) 57T | Let g € L1, 1 (G) with g > 0 and (g) = 1. We apply
Lemma 5 with k=n+1 and e = 1.6n—+1 —1€(0,1), so that @, 1 = mp4+1 and W, = my,
and fix T' > Ty. We set, for all £ > 1,

9k = STkY and fr := gr+1 — k-

By mass conservation, for all k > 1, (gr) = 1 so that (fy) = 0 and fx € Lj, 10(G).
Applying (47), we have, for some constants 3, > 0, setting ||.||g = ||.||z1 + 5] ||mn+1, or
all k > 1,

a
157 fellg + @llSt fellma < [l fells + 5 1 fellm,
We introduce the modify norm ||.[||; defined by [|[.||5 = [I-llg+ 5 |I-[lm.,., so that the previous
inequality reads
2a
ISz fella + - IST fullm, < ll fellla- (65)

This implies that
I fesallla < Ul fella

for all k£ > 1, so that the sequence (||| fx|||5)x>1 is non-negative, non-decreasing, and is thus
a converging subsequence. We fix € > 0. The previous observation implies that for N > 0
large enough, p > 1> N,

0 <lIfullls = Aplll5 < 3
Let N as before, p > 1 > N. We have, using (65)

= P

2a
*3 ng+1 - 9l+1’
m.

n Mn

k=l+1
p—1
2
SR
k=l
p—1 2% p—1
<" (5180 fullm, + NSz fills) = X NSz fills
k=l k=l
p—1 p—1
s — S Srills = ills — Wl < e
k=l k=l
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by choice of p and I. We deduce that the sequence (gi)r>1 is a Cauchy sequence in the
Banach space L}, (G), hence converges towards a limit foo € L}, (G) with (fo) = (g) =1
by mass conservation. A similar argument to the one in Step 1 can be used to prove that
this limit is independent of the choice of g € L},Wr (G) with (g) = 1. O

1

Proof of Corollary 1. We simply apply Lemma 6 with g = foo, foo given by Theorem 2, to
obtain Corollary 1. O

6 Free-transport with absorbing boundary condition

We consider in this section the free transport equation with absorbing condition at the
boundary, which corresponds to (14). We make the same assumptions as before on D, n
and  — n,. This problem is well-posed in the L' setting, since the boundary operator
has norm 0, see [AC93, Theorem 3.5]. Assuming fo € L'(G), the characteristic method
gives an explicit solution for all times ¢ > 0, almost all (z,v) € G,

f(tv xz, U) = fO(:U —tv, U)l{t<0(ac,—v)}7 (66)

where o(x,v) is defined by (8) for all (x,v) in D x R™. This explicit formula makes the
positivity of (14) clear. Obviously mass is not preserved by this problem. In what follows,
we write (St)¢>o for the semigroup of linear operators corresponding to this evolution
problem. For fy € L'(G), and f the associated solution to (14) on [0,00) x G, the trace
vf(.,.,.) is well-defined on [0,7) x 0D x R™ for any T'" > 0, see [Mis99, Theorem 1].
Moreover, from [Mis99, Corollary 1|,

v f(t 2, v)| =v|f|(t,z,v) ae. in ((0,00) X 9;G) U ((0,00) x O_G). (67)

From the explicit solution (66), one easily deduces the convergence towards the equilibrium
distribution given by foo(x,v) = 0 for all (z,v) € D x R™. We study the convergence rate
of (14) towards equilibrium. We recall that the weights r, for v > 0, are given by

ry(z,v) = (1 + o(z,v))", (z,v) € D x R™, (68)
Theorem 5. For any f € LL (G), t >0,
1Sef Nl < Ol
with the following choices
i. m(z,v) =e’@) in D x G, Ot) =e .
ii. m(z,v) =r,(z,v) in D x G, O(t) = ﬁ, v>1.

Proof. Recall that (v-Vgzo(x,v)) = —1 for all (z,v) € G, see (25). Note that, as a trivial
consequence of the boundary condition, vS;f = 0 on _G for all f € LY(G).
For i., we have, by definition of (S;)¢>0, using also (67),

4 / 1S, fle? @V dvda = / (—v - V| Sif)e? @V dvda
dt Jq .
= —/ |Stfe"(x7”)dvd:1:—|—/ 7(St) f1(v - ng)e @V dvd( ()
G 0D xR"™
— 1Sl +0= [ (Sl e ddg (o)

0+G
S _HStme
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where we used Green’s formula (recall that n, is the unit inward normal vector at x € 9D)

and the boundary condition. We conclude with a straightforward application of Gronwall’s
lemma.

To prove ii., we differentiate the L%V (@) norm of S;f and use the same arguments as
in case 7. to obtain

d
/ SuF1(1 + o(, v)) dvdz = / (=0 Vol Sef)(1 + oz, 0)) dvda
= —1// IS¢ fI(1 + o (z,v))" L dvda
G
[ Sl nelrfe.e)dvdc @)
0.G
< _y/ 1S £1(1+ o (@, )"~ Ldvda.
G
Writing B for the generator of (S¢)i>0, we proved
B*r, < —¢(ry,), (69)

with for all x > 1, ¢(z) = uxVTil, so that ¢ is concave. We set for all u > 1,
“ods
~ i oels)
so that H (y) = (y +1)", Vy>0.
We also set Vt > 0,u > 1, Y(t,u) == H Y (H(u) +t) = (H(u) +t+1),
which satisfies, for all uw > 1, for all t > 0,

H{(u) = (u'" = 1),

O (t,u) = v(H(u) +t+1)""" = 6(¥(t,w)), (70)
and 0,0 (t,u) = H' (w)v(H(u) +t + 1)1 = W (71)

We have, for all ¢ > 0,

% /G |Sefl (¢, ry)dvda = /G BISuflub(tm) + |Su 10 (t, ) dvd
= /G 1Su/1(B (t ) + (e, 7)) dvda
= /G 1St f ((B*m)am(t,ry) + 8t¢(t,ry))dvd:v <0,
using (69) along with (70) and (71). Finally we use this inequality to conclude

+D)|ISefllpr < /G 1S fI(H (ry) +t + 1) dvde = [|Sefllyer,) < N lpo) = [1f ]l -

Remark 7. The assumption f € Lig@m (Q) is very restrictive for L*(G) functions positive
in a neighborhood of {||v|| = 0}. On the other hand, if f € Léa(w,v) (GQ), the problem is indeed
dissipative. For such an initial datum (1) shows only the convergence rate of Theorem 1, of
polynomial order. This emphasizes the fact that the convergence rate in Theorem 1 depends

both on the regularity (inverse moments) of the initial data, and on the boundary condition,
which becomes the limiting factor for the rate of convergence with very regular initial data.
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