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ABSTRACT: We study N = 1 supersymmetric AdS3 x M7 backgrounds of Type IIB su-
pergravity, with non-vanishing axio-dilaton, three-form and five-form fluxes, and a “strict”
SU(3)-structure on My. We derive the necessary and sufficient conditions for supersymme-
try as a set of constraints on the torsion classes of the SU(3)-structure. Given an Ansatz
for the three-form fluxes, the problem of also solving the equations of motion involves a

“master equation”, which generalizes ones that have previously appeared in the literature.
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1 Introduction

Recently, there has been renewed interest in supersymmetric AdS3 x M7 backgrounds of
Type IIB supergravity dual to (0,2) superconformal field theories (SCFTSs) in two di-
mensions [1, 2]. In particular, the authors of [1, 2] studied such backgrounds with only
five-form flux [3], and showed the existence of the geometric dual of c-extremization in
two-dimensional (0,2) SCFTs [4, 5].

Motivated by the expectation that a geometric dual of c-extremization should exist for
more general backgrounds than the ones considered in [1, 2], we aim to provide, as a first
step, a systematic classification of supersymmetric AdSs x M7 backgrounds of Type 1IB
supergravity.! Such a classification was initiated by the author of [3], with the backgrounds
mentioned in the previous paragraph (see also [8]). In [9], this class was extended to also
admit a three-form flux satisfying certain conditions, whereas in [10] instead a varying
axio-dilaton was included. In this note we extend this classification program further, by
allowing for both varying axio-dilaton and three-form fluxes. Although generically we
classify supersymmetric backgrounds that are dual to (0,1) SCFTs? for which no principle
of c-extremization exists, as we discuss below, our study does lead to solutions dual to
(0,2) SCFTs. We restrict to the case that My is equipped with a “strict” SU(3)-structure,
which is equivalent to requiring that the two Majorana supersymmetry parameters on
My are orthogonal. Our classification includes as special cases the ones by [1, 3]. The
necessary and sufficient conditions for supersymmetry are phrased as restrictions on the
torsion classes of the SU(3)-structure, which in seven dimensions is determined by a real
one-form v, a real two-form J, and a complex decomposable three-form 2. The vector dual

'A similar expectation for the geometric dual of a-maximization in four dimensions [6] was explored
in [7] using generalized geometry.
2See [11] for backgrounds with pure NSNS flux.
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Figure 1. Depiction of the relation between classes of solutions. ¢ is the dilaton, and H the NSNS
flux.

to v foliates M7, and we find that the transverse six-dimensional space Mg is conformally
symplectic.

On AdS;3 x M7, a solution to the supersymmetry equations also solves the equations of
motion if and only if the Bianchi identities are satisfied by the fluxes (see for example [12]).
By making an Ansatz for the three-form fluxes in our solution to the supersymmetry
equations, we reduce the problem of finding a solution to the Bianchi identities, and hence
the equations of motion, to two conditions: a “master equation” (5.10), which is a partial
differential equation for the conformally Kahler metric on Mg, and existence of a primitive
(1,2)-form satisfying (5.7). Furthermore, supersymmetry is enhanced to N’ = 2. Similar
master equations (and solutions thereof) associated with Bianchi identities appeared in [3,
9, 10], and the one presented here reduces to the ones of [3, 9, 10] in the appropriate
limits.?> The relation of these classes of solutions, and the corresponding master equations
is depicted in figure 1. Solutions to the aforementioned conditions, as well as more general
Ansétze will be reported in future work.

The rest of this note is organized as follows. In section 2, we present the supersymmetry
equations as a set of equations involving a pair of polyforms on My. In section 3, we
introduce an SU(3)-structure in seven dimensions, and parameterize the polyforms in terms
of it. In section 4, we derive a set of necessary and sufficient conditions for supersymmetry
as restrictions on the torsion classes of the SU(3)-structure, and also give expressions for
the fluxes in terms of the latter. A summary at the end of this section is included. section 5
presents a class of solutions to the equations of motion following an Ansatz, as described
earlier. Our conventions and certain technical details are included in the appendix.

2 Supersymmetry equations

We start with a general bosonic background of Type IIB supergravity invariant under
SO(2,2). The ten-dimensional metric is a warped product of a metric on AdSs and a
metric on a seven-dimensional Riemannian manifold M7:

g10 = € gaas; + 9asy (2.1)

3See [13, 14] for more solutions dual to two-dimensional (0,2) SCFTs.



where A is a function on M7.* Conforming to the SO(2,2) symmetry, the NSNS field-
strength Hygq and the RR field-strengths Fpq, with Fjgq denoting their sum in the demo-
cratic formulation, are decomposed as

Hipg = %€3AV01AdS3 + H, Fioq = 63AV01Ad33 A\ *7)\(F) + F . (2.2)

The magnetic fluxes H and F = Zp=1,3,5,7 F,, are forms on My7. The operator A acts on
a p-form F, as \(Fp) = (—=1)[?/21F,. The RR field-strengths are subject to dg,,,Fioqd = 0,
which decomposes as

d(34 % NF)) 4+ »F =0,  dyF =0, (2.3)

where dgy = d — HA. We will refer to the first set of equations as equations of motion for
F', and to the second one as the Bianchi identities.

In order to study the restrictions imposed by supersymmetry on the above bosonic
background, we decompose the supersymmetry parameters of Type IIB supergravity, €1
and ey under Spin(1,2)x Spin(7) C Spin(1,9):

El:C@Xl@(—li)’ 62=C®X2®<_12.> : (2.4)

Here, x1 and yg are Majorana Spin(7) spinors; ¢ is a Majorana Spin(1, 2) spinor satisfying
the Killing equation:

1
V,ug = §m'7,u<7 (2'5)

where the real constant parameter m is related to the AdSs3 radius Lagg, as LQAdS3 =1/ m2.
The above decomposition follows the requirement for ' = 1 supersymmetry.

The necessary and sufficient conditions for preserving N’ = 1 supersymmetry can be
derived following the derivation for Type IIA supergravity in the appendix of [15], with
straightforward modifications. They are expressed in terms of bispinors 1+ defined by

X1 QX5 =y +iv . (2.6)

Following the Fierz expansion of x; ® x4, and application of the Clifford map which maps
anti-symmetric products of gamma matrices to forms, ¢ /¢ _ become polyforms on Mz,
of even/odd degree.

The supersymmetry restrictions take the form of the following system of equations:

2me_ = —cyr, (2.7a)

di (A9, ) = %C,F, (2.7b)

(249 ) 4 2meA=y, — %CM?’A o A(F), (2.7¢)
(s, F)7 = %e—%ol? . (2.7d)

4We work in string frame.
SFor the decomposition of the Clifford algebra see the appendix.



Here c4 are constants defined by the norms of y; and xa:
cx = e (all? £ [xall?) - (2.8)

Furthermore, (¢4, F)7 = (¢4 AX(F))7, with (-)7 denoting the restriction to the seven-form
component.

In this work we will consider backgrounds with zero electric component for Hygg i.e.
» = 0, since an electric component can be set to zero by applying an SL(2,R) duality

transformation.® Supersymmetry then dictates c_ = 0, or equivalently ||x1||> = ||x2||*.
The system of supersymmetry equations thus becomes:
du (e’ %Y1) =0, (2.92)
dp (24P ) + 2met =%, = ée“ *7 A(F) | (2.9b)
(4, F)7 = %6_%017 : (2.9¢)
Without loss of generality we have set c; = 2 i.e. ||x1]|> = ||x2||? = .

3 Supersymmetry and G-structures

A nowhere-vanishing Majorana spinor x on M7 defines a Ga-structure for TM7. A pair of
nowhere-vanishing Majorana spinors X1, X2 define a G2 X Ga-structure on the generalized
tangent bundle TM; & T*M~y. If x1, x2 are parallel, the G x Ga-structure reduces to
a Go-structure, whereas if x1, x2 are orthogonal it reduces to a “strict” SU(3)-structure.
This can be illustrated by the decomposition of x2 in terms of x; (taking x1, x2 to be of
equal norm):

X2 = sinfx1 — icos v,y X1, (3.1)

where v is a real one-form with ||v|| = 1, and 6 € [0,7/2]. As 6 varies from 0 to 7/2,
the G2 x Ga-structure varies from a “strict” SU(3)-structure, to an “intermediate” SU(3)-
structure, to a Ga-structure. In this work we will consider the first case, i.e. 8 = 0.

An SU(3)-structure on M7 is defined by a real one-form v, a real two-form J, and a
complex decomposable three-form 2, all nowhere-vanishing, satisfying”

1
vl =00 =0, QAJ=0, %Q/\ngj/\J/\J. (3.2)

These forms can be expressed as bilinears in terms of the spinors (x1, x2); see appendix A
for our conventions. The one-form v gives a foliation of M7 with leaves Mg; accordingly,
we define the volume form as vol; = %v ANJ AN JAJ and locally decompose the metric on
M7 as

gM, =V @V + g, - (3.3)

SWe thank N. Macpherson for pointing this out.
7X_|w(k) = ﬁX"wnml‘,_mkﬂdmml Ao o NANdx™R-L



Existence of an SU(3)-structure ensures that all forms on M7 decompose into irre-
ducible representations of SU(3). In particular, the local k-forms with no component along
v can be decomposed into primitive (p, ¢)-forms.®

We may also apply this decomposition to the exterior derivatives of the SU(3)-structure
{v, J, Q} itself. Doing so, we find a parameterization in terms of torsion classes. These
constitute the components of the intrinsic torsion of the SU(3)-structure expressed in irre-

ducible representations of SU(3). Specifically, we have (see for example [16])

dv=RJ+ Ty + Re(Vi_Q) +v AWy,

_ 2 _
dJ = glm(Wlﬁ) + W3 +WiAJ+vA <3ReEJ + Ty + Re(V2J9)> , (3.4)

dY=WiJANJ+WoAJ+WsAQ+vA(EQ—-2VaAJ+8S) .

The real scalar R and the complex scalars E¥ and W transform in the 1 representation of
SU(3). The complex (1,0)-forms Vi, V4 and W5 transform in the 3, and the real one-forms
Wy and Wy in the 3 + 3. The real primitive (1,1)-forms 7} and T%, and the complex
primitive (1,1)-form W5 transform in the 8. Finally, the real primitive (2,1) + (1, 2)-form
W3 transforms in the 6 + 6, and the complex primitive (2, 1)-form S in the 6.

In order to solve the supersymmetry equations, we parameterize the polyforms 14 as
defined in (2.6) in terms of the SU(3)-structure data. Making use of (3.1), (A.7), (A.8) we
find that in the general case,

¢f2XG2 _ éeA [Im(ewezJ) +UvA Re(ewﬁ)} ’ (3 5)

1 . ,
pG2xG2 — geA [v A Re(e?e’) + Im(er)} ,
for [|x1]|? = ||x2||? = e?. As stated earlier, we will study the case of a strict SU(3)-structure
for which 6 = 0 and hence
L oa iJ
vy = 3¢ [Im(e"”) + v ARe()] ,
1 ‘ (3.6)
Y = geA [0 ARe(e) + Im(Q)] .

Substituting the above expressions in the supersymmetry equations (2.9), we will derive
the restrictions on the intrinsic torsion of the SU(3)-structure imposed by supersymmetry.

8 A primitive k-form w® satisfies Jow™ = 0 for k = 2,3, whereas k-forms with k = 0,1 are primitive
by definition. The (p, q) decomposition of k-form w is defined by
k!

o (L) - (I, 27 () e (17, g

(%), = L 00 F 00" — o)

(,q) _
Wmy.iomy, =



4 A class of solutions to the supersymmetry equations

In this section, we derive a class of solutions to the supersymmetry equations (2.9) by
inserting the strict SU(3)-structure polyforms (3.6).
The first constraint (2.9a) yields

d <62A*¢’ J) —0, (4.1a)
d <62A_¢’U A ReQ) — eI AT =0, (4.1b)
d<ezA—<z>J/\J/\J) +31e2A9H A v AReQ =0 . (4.1c)

These in turn determine
0=W1=W3 =V, =15,

2 (4.2)
2dA —dp = —-W,4 — gReEv .

Upon decomposing the NSNS field-strength H with respect to the SU(3)-structure as

H = HReQ + H'Im + (H(I’O) 4 H(W) AJ+ HZD 4 g2
B (4.3)
FoA (Hyﬂ) +HOT + HOY 0+ ngm) :

where H®Y and Hq(,l’l) are primitive, we also find expressions for several of the components
in terms of torsion classes from (4.1). Using (A.12), we find:

1
H = —gReE, HO) =y

(4.4)
1
HM = —ReWs, HY =0, HM = — (W4(1’0) + w0 W5) :
21
The exterior derivatives of the the SU(3)-structure tensors now read
dv=RJ+Re(V1.Q) + Ty + v A Wy, (4.5a)
dJ =—d(2A—¢)NJ, (4.5b)
dY=WoAJ+(Ws+Ev)AQ+vAS. (4.5¢)

We define a rescaled metric gy, = e 2477, and rescale the SU(3)-structure tensors
accordingly as {v, J, Q} = {e=AT9/2p, e724%9 ] ¢=34436/20)1 to obtain

do = RJ 4+ Re(V1Q) + Ty + 0 A Wy, (4.6a)
dJ =0, (4.6b)
A=Wy AJ+ (W5 +iImEd) AQ+0A S, (4.6¢)
where
W0=W0+%W4, W5=W5—;W4, (4.7)



and

R, ImE = A 5mE, V=V,
(4.8)

Wy = 67A+%W2 , T = €7A+%T1 , S = 24t

We note that the condition dJ = 0 means that the six-dimensional leaves Mg transverse
to ¥ admit a symplectic structure.

Turning to the second constraint (2.9b) we obtain:

€3A *7 F7 = O, (49&)
A xr Fs=d <63A_¢v) +2me*A=?J (4.9b)
— e By =d (egA*‘z’ImQ) — A H A v+ 2me* %0 AReQ, (4.9¢)

1 1
e wr Fy = —d (é”*% AJA J) — HTOH A TG — Zme T AT AT (49d)
From these equations, employing (4.4) and (4.5) and the set of identities (A.10), (A.11), we
can obtain expressions for the magnetic RR fluxes F, p = 1,3,5,7. We give these in (4.14)

in the summary below.
Finally, the third constraint (2.9¢) reads

1
F5AJ—F3AMReQ—§F1AJAJAJ:4me*A*¢vol7, (4.10)
and plugging in the expressions for the RR fields we conclude that
3R+ 6me 4 +4H® + 2ImE =0 . (4.11)

4.1 Summary

Let us summarize our results. The differential constraints imposed on the SU(3)-structure
by supersymmetry are:

dv=RJ +Re(V1.Q) + Ty + v AWy, (4.12a)
dJ = —d(2A— ¢) A J, (4.12b)
dY=WoAJ+ (Ws+Ev)AQ+vAS. (4.12¢)

The expression for the NSNS field is:

1 1
H=—--(3R+ 6me™* + 2ImE) ReQ — SReE ImQ + 2ReVi A J + 2Re(H V)
(4.13)

oA (—ReW2 +Im ((Wf’o) + Wt W@ﬁ)) .



The expressions for the RR fields are:
O Fy = (2ImE + dme™) v 4 2Im(X"7) | (4.14a)

1
e’ Fy = i (—2me™ + 3R — 2ImE) ImQ — 2ImV; A J + v A TmW,

+ 2Im(H?Y) — ReS + X3.(v A ReQ), (4.14b)
1
Py = 5 (R+2me*) o nd AT —Tm(Xg") AT AT
—vANJNTy+ 20 AReV; AImQ2, (4.14c¢)
e?Fr =0, (4.14d)

with
X = dA + Wy + 3Wy — 2(Ws + Ws),
X3 =dA—Wy+ W5+ Ws, (4.15)
Xs=dA—Wy—Wy .

The above solution to the supersymmetry equations also solves the equations of motion
if and only if the Bianchi identities for the NSNS and RR fields are imposed in addition.

5 A new class of solutions

We make the following Ansatz:
H +ie®Fy = 2H® | (5.1)

and recall that H2Y is primitive. This leads to vodA = 0 = vid¢ and the following
restrictions on the torsion classes:

OZRGE: Vl = W2 — S: W5 _WéLO) _WzJEl,O)’

ImE = —2me™, R= —gme_A . Wo=—dA, Wi=—-2dA+d¢. 2
We thus have

dv = —%me‘AJ +T1 —vAdA, (5.3a)
dJ = —d2A—- )N J, (5.3b)
dQ = (—3dA + d¢ — 2ime™v) A Q, (5.3¢)

or in terms of the rescaled SU(3)-structure
do = —gme_%“’/?j +T1 -0 A <2dA - ;dgb) , (5.4a)
dJ =0, (5.4b)
Q) = (—;d¢> — 2ime“+¢/%> AQY. (5.4¢)



From the differential equations for {.J,Q} we conclude that Mg is Kéhler. In what follows
we will introduce the exterior derivative dg on Mg, Dolbeault operators 8, d so that dg =
0+ 0, and d§ = i(0 — ). The remaining RR fields read

F1 = —dg(:’_d),

2

L1 . . (5.5)
Fy = gme—@'“%% AJ? 4 idg(e_“”"b) ANINT—e AT AT AT .

Let us now examine the Bianchi identities. The first Bianchi identity, dF; = 0, enforces
00e % =0, (5.6)

which is solved by setting ¢ = —log(¢ + @), with ¢ holomorphic. Next, the three-form
Bianchi identities dH = 0 and dF5 — H A F; = 0 yield the constraints

OHM? 4 oY) = g2 = gHO2) —gp A HBD) 1 9o A HED =0 . (5.7)

In analyzing the Bianchi identity for F5, we will invoke the results of [10]. The authors
of [10] study supersymmetric solutions which descend from the solutions analyzed here,
upon setting H>1) = 0. However, even when H® #£ 0, the SU(3)-structure of [10] and
the expressions for F; and F5 can be identified with the ones presented in this section.
The map identifying the tensors there (left-hand side), with the tensors here (right-hand
side) is

1
P =0¢, Q=—5dip, FP=-c"nF,
) (5.8)
A=A-29, MK =, g6 = m>Ge ,

and in particular, (4.9b) is identified with (2.58) of [10].° The authors of [10] showed that
the Bianchi identity for F5, dF5 = 0, amounts to

1 .. .
V(R - 2|0¢|?) — 5R? + RijRY +2|0¢>R — 4R;;0'¢pd ¢ = 0, (5.9)

which they refer to as the “master equation”. In the above, R and R;; are respectively
the Ricci scalar and the Ricci tensor of §g, and contractions are also made using §g. This
master equation generalizes the one derived in [3] by including a varying axio-dilaton. For
the case at hand the Bianchi identity of Fy is dF5 = H A F3, and the term on the right-hand
side (a “transgression” term) modifies the master equation, which now becomes:

ijk

1 g o
V(R — 2|0¢|?) — 5R2 + RijRY + 2|0¢*R — 4R;;0' ¢ ¢ — gewﬂi(f,j)(f{(lﬂ)) 0.
(5.10)
As noted above, in the limit H(*1 = 0 the present class of solutions and master

equation (5.10) reduce to the ones of [10]. Further setting the axio-dilaton to zero, they

90One has to take into account that we work in the string frame whereas the Einstein frame is used
in [10]. In addition, we use a different orientation on AdSs.



reduce to the ones studied in [3]. Starting with the latter, the authors of [9] “turned on” a
three-form flux G = G2 and taking the limit of vanishing axio-dilaton we recover their
results. See figure 1.

Finally, the supersymmetry preserved by the class of solutions in this section enhances
to N = 2, and the dual field theories are (0,2) SCFTs [17]. The vector field dual to v
generates a U(1) symmetry of the solutions, corresponding to the R-symmetry of the (0, 2)
SCFEFTs. Thus we expect that a geometric dual of c-extremization exists for this class of
solutions and would be very interesting to identify it.
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A Conventions & identities

Clifford algebra decomposition. The ten-dimensional gamma matrices are decom-
posed as follows
FMZGA’YE’)@]I@O'?,, I =1®vm o1, (A.1)

where ’y,(f’) span Cliff(1, 2), ~,, span Cliff(7) and the indices are spacetime indices.

We take ’y,(f’) to be real, and 7, imaginary and antisymmetric. In particular we have

Vi = T Y = i s Ym = = (A.2)
% Py = —(vE)1, % P = —(1P), T =) (A3)
It follows that the ten-dimensional intertwiners A, C, and D defined by
ATy A=Th,, CT'ryC=-T%, DT'TyD =T}, (A.4)
are
A=y®I®or, C=v%®IxI, D=1lgos. (A.5)

Spin(7). Asnoted above, we work with the Majorana representation of Cliff(7), for which
the gamma matrices are imaginary and antisymmetric. The charge-conjugate of a Spin(7)
spinor is the complex conjugate, and a Majorana spinor is real. The basis elements of
Cliff(7) are related via the identity

Z. — m m
Ymi..my = m(fl)k(k b/2 €my . mpmpgr.omz Y T (A.6)

As discussed in section 3, a pair of nowhere-vanishing Spin(7) Majorana spinors y; and
X2 define an SU(3)-structure {v, J, 2} in seven dimensions. For the strict SU(3)-structure
(6 = 0, or equivalently, xx2 = 0), we introduce a Dirac spinor 7 as

(" —n) . (A7)

4

X1 ﬂ’n n), X2

~10 -



The bilinears that can be constructed using 7 are 77T7m1...mk77 and 7'y, m,n- In terms of
the SU(3)-structure, n satisfies

nin=et, n'n=0,
i _ LA t _
N'Ym1 = € U, nvmn =0, (A8)
77T'7mn77 = ieAJmn ) "7t’7mn77 =0,
nT'ymnpn = SieAv[man} , nt'ymnpn = — ieAanp .

These can then be used to deduce the expressions (3.6) for the polyforms. In the case of
the Go-structure (0 = 7/2, or x1 = x2), we may instead consider x; = x2 = %(n +n),
where 7 satisfies the above equations.

Identities. The SU(3)-structure is normalized as follows:
Qmpqﬁnpq =2 (5mn - iJmn - Umvn) > anpﬁmnp = 312° )
7! (A.9)

€my..my = @U[rm Jm2m3Jm4m5Jm6m7] :

Given the above normalization, we derive a number of identities necessary to obtain the
RR fields F} 3 5 from their Hodge duals 7 F} 3 5. Duals of the SU(3)-structure are given by

1 1
*7J:§v/\J/\J, *7(21/\J):§J/\J, *7Q =1 AQ . (A.10)

Duals for arbitrary primitive (p, g)-forms w®%) are given by

> (WO AT =iv AW AT, *7 (WO AT A T) = 200 AwD)
*7(v A (WOD Q) = —iw®V A Q, *r (W@ 0) = —iv Aw@Y A Q, (A11)
*7w(1’1) =—uvAJ AW , *7(w(1’1) ANJ)=—vA w®D ) '
*7w(2’1) = —iv Aw®D |
We also make use of the identities
@OV QAT = —iw®AQ, (WO YAQ=4wODATAT, (A.12)

in order to obtain the components of H.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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