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Abstract: Graphene is a unique material in the study of 
the fundamental limits of plasmonics. Apart from the 
ultimate single-layer thickness, its carrier concentration 
can be tuned by chemical doping or applying an electric 
field. In this manner, the electrodynamic properties of 
graphene can be varied from highly conductive to dielec-
tric. Graphene supports strongly confined, propagating 
surface plasmon polaritons (SPPs) in a broad spectral 
range from terahertz to mid-infrared frequencies. It 
also possesses a strong magneto-optical response and 
thus provides complimentary architectures to conven-
tional magneto-plasmonics based on magneto-optically 
active metals or dielectrics. Despite a large number of 
review articles devoted to plasmonic properties and 
applications of graphene, little is known about gra-
phene magneto-plasmonics and topological effects in 
graphene-based nanostructures, which represent the 
main subject of this review. We discuss several strategies 
to enhance plasmonic effects in topologically distinct 
closed surface landscapes, i.e. graphene nanotubes, 

cylindrical nanocavities and toroidal nanostructures. 
A  novel phenomenon of the strongly asymmetric SPP 
propagation on chiral meta-structures and the funda-
mental relations between structural and plasmonic topo-
logical indices are reviewed.

Keywords: graphene; inverse magneto-optical effects; 
magneto-optical Faraday effect; magneto-plasmonics; 
surface plasmon polaritons.

1  �Introduction
Graphene opens up wide prospects for numerous flatland 
photonic and plasmonic applications [1–7]. Graphene-
based waveguides support localized electromagnetic 
surface plasmon polariton (SPP) waves, both TE and TM 
polarized [8–16]. Their tight confinement and long propaga-
tion length allow for observing strong light-matter interac-
tions in graphene-based structures [17]. Optical properties 
of graphene can be controlled by a number of external 
parameters such as electrostatic bias, magnetic field or 
chemical doping.

To realize any plasmonic device, one should possess 
a tool for SPP manipulation. A conventional approach in 
noble metal-based active plasmonics relies on combin-
ing plasmonic and optically active materials [18–22]. For 
example, the coupling between magnetic and optical 
properties in magneto-optical materials leads to the opti-
cally induced magnetic fields through the inverse Faraday 
effect [23–26] or enhanced magneto-optical effects due to 
plasmonic excitations [27–34].

Spatial nanostructuring of graphene offers another 
unique playground known as plasmonic meta-surfaces. A 
periodic arrangement of densely packed subwavelength 
graphene stripes forms a meta-surface (see Figure 1A), 
which has a lot of promising plasmonic properties: it can 
generally support both elliptic (Figure 1B) and hyperbolic 
SPPs (Figure 1C) depending on various parameters such 
as structure periodicity, its filling factor, graphene Fermi 
energy and frequency of exciting light [35–37]. In the 
hyperbolic regime, enhanced light-matter interactions are 
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possible because of the strong spatial confinement of SPP 
electric field.

The intrinsic topological character (elliptic versus 
hyperbolic) of SPP dispersion on a meta-surface can be 
changed, for a given frequency, by tuning the optical 
properties through the highly anisotropic “epsilon-near-
zero points”, for example by using an external electric 
bias voltage [35–37]. This property is of great interest for 
the controlled guiding of SPPs.

Another way to merge topology with graphene plas-
monics (and nanophotonics in general) is to create topo-
logically distinct 3D objects formed by 2D meta-surfaces. 
Rolling up a meta-surface in a tube forms a meta-tube and 
bending the latter into the torus forms what we denote 
as a meta-torus (Figure 1D). As we are going to show in 
this review, these geometrical transformations give rise to 
distinct topological indices, which largely determine the 
properties of plasmonic modes. The interplay of the intrin-
sic (elliptic versus hyperbolic) topology of SPPs propa-
gating on a flat 2D meta-surface and the geometrical 3D 
topology of nanostructures can induce novel plasmonic 
effects: a giant azimuthal rotation of intensity distribution 
of particular SPP modes upon propagation, one-way prop-
agation of SPPs, vanishing of the Fabry-Perot resonances 
in finite length meta-tubes, unidirectional circulating 
Mach-Zehnder-like resonances in a meta-torus, etc.

The cylindrical geometry deserves particular atten-
tion as it provides a common basis for plasmonics in chiral 
media [38–42] and non-reciprocal magneto-optics in 

waveguides. It is known that the parallel external magnetic 
field can rotate a spatially inhomogeneous intensity dis-
tribution (i.e. speckle-pattern) of light in the cross-section 
plane upon its propagation along an optical fiber [43–46]. 
Recently, we have demonstrated that in graphene-coated 
optical fibers (with magneto-optical fiber material), one 
can control such a rotation by an external magnetic field. 
However, for an observable rotation, it is necessary to 
have a fiber length of a few centimeters [47]. In line with 
the general trend of enhancing of the magneto-optical 
effects in magneto-plasmonic nanostructures, it has been 
shown that the above-mentioned rotation can be drasti-
cally enhanced in graphene-coated gyrotropic nanowires 
[48] because of the reduction of the wire radius results in 
a stronger confinement and increase of the wave vector 
of SPP modes. The magneto-optical effects in gyrotropic 
cylindrical structures have been investigated within the 
framework of the electromagnetic scattering problem [49, 
50] and led to numerous applications in physics of optical 
devices [51–53]. Recent plasmonic experiments performed 
on uniformly sized arrays of carbon nanotubes [54], which 
represent an ultimate size limit of nanoscaled graphene 
nanowires, are worth mentioning.

The above-mentioned effects on cylindrical geom-
etry originate from the magnetic symmetry breaking for 
the azimuthal modes rotating in the opposite directions 
(i.e. with opposite signs of the azimuthal mode index m, 
or the so-called topological charge). An alternative way to 
introduce symmetry breaking is provided by the chirality. 
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Figure 1: Plasmonic meta-surfaces and topological nanostructures.
(A) An array of densely packed graphene stripes with subwavelength periodicity Λ forms a metasurface that may support both elliptic (B) 
and hyperbolic SPPs (C). A rolled-up meta-surface forms a meta-tube, and its donut-like shape is a meta-torus (D). In B and C, Λ = 50 nm, 
A = 45 nm, B = 5 nm.
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Chirality, which does not exist on flat surfaces, can be 
introduced in a twisted bilayer graphene [55, 56] or by 
winding up a flat graphene-based meta-surface in a cylin-
drical meta-tube [57].

The intuitive picture of the aforementioned effects is 
illustrated in Figure 2. Chiral, azimuthal plasmonic modes 
propagating along the cylindrical structures are some-
what analogous to the nuts on the screws (Figure 2A). 
Higher-order plasmonic modes possess 2m nodes, which 
makes the angular intensity distribution visually resem-
bling the shape of common nuts (Figure 2B). Although in 
the mechanical case, the rotation direction of the nut is 
determined by the (left- or right-handed) thread on the 
screw; in plasmonics, both rotation directions are gener-
ally possible giving rise to the propagating electromag-
netic modes rotating clockwise (+m) or counterclockwise 
(−m). However, under appropriate conditions, in analogy 
to the mechanical nut-on-the-screw example, the chiral-
ity of the propagating plasmonic modes is dictated by the 
chirality of the meta-tube or by the direction of the mag-
netic field, and modes with the opposite chirality cannot 
propagate.

A linear superposition of azimuthal σ+m and σ−m modes 
creates a spatially inhomogeneous intensity distribution 
(speckle pattern) which is slowly rotating upon propa-
gation along the wire due to the slightly different wave 
vectors for σ+m and σ−m modes. Figure 2 illustrates that the 
σ+m + σ−m superposition of SPP modes rotates similarly on 
a chiral meta-tube and a graphene-coated magneto-opti-
cal nanowire.

In the following, we review the optical, magneto-
optical and magneto-plasmonic properties of graphene, 
plasmonics of graphene-based meta-surfaces, magneto-
plasmonics of graphene-based cylinders and novel 
plasmonic effects in topological graphene-based nano-
structures. We believe that these results extend beyond 
the graphene plasmonics as they are qualitatively valid 
for arbitrary nanostructures formed by artificial 2D meta-
surfaces supporting the propagating SPP modes.

2  �Optical and magneto-optical 
properties of graphene

Dirac’s character of quasiparticles in graphene leads 
to unusual dynamics of the electrons and holes. For 
example, the unconventional quantum Hall effect has 
been predicted theoretically [58–63] and observed experi-
mentally [64–66]. Another feature is a finite effective 
cyclotron mass for the massless Dirac quasiparticles in 
both electric and magnetic dc measurements which was 
found to vary as a square root of the number of carriers 
[64, 67–69]. From the experimental measurement of the 
graphene transmittance spectra [70–72], the dynamical 
conductivity was found to be frequency independent for 
the visible light σ(ω) = e2/4ħ, which is in agreement with 
theoretical calculations [73–75].

From the point of view of theory, graphene is com-
monly described in terms of Dirac’s gapless fermions. 
According to this picture, in graphene, there are two bands 
at the K hexagon vertices of the Brillouin zone without 
any gap between them, and the electron dispersion can 
be considered as linear in the wide wave vector region. 
Summing up the contributions of these points, i.e. inte-
grating over the angle of the two-dimensional momentum 
vector p leads to the general quantum expression for the 
dynamic conductivity of graphene depending on both the 
frequency ω and the wave vector k [76, 77] and meaning 
that both temporal and spatial dispersion should be taken 
into account. In the optical range, one can neglect the 
spatial dispersion of conductivity. This conductivity repre-
sents a sum of two contributions σ(ω) = σintra(ω) + σinter(ω). 
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Figure 2: Structural and electromagnetic chirality of functional 
nanowires.
(A) Similar to a nut on a screw, the spatially inhomogeneous 
azimuthal SPP intensity distribution (speckle pattern) rotates upon 
propagation along both chiral and magneto-optical graphene-based 
nanowires. (B) Chiral σ+m and σ−m SPP modes characterized by oppo-
site azimuthal indices ±m propagate along plasmonic nanowires 
with different k-vectors resulting in the asymmetry in the rotation 
of their electric field distribution upon propagation per unit length. 
More complex superpositions (speckle pattern) composed of several 
modes, like σ+m + σ−m, rotate upon propagation as well. The symme-
try breaking between the chiral ±m SPP modes can be due to either 
the chirality in a graphene meta-tube or the magneto-optical activity 
of a dielectric core in a graphene-coated nanowire.
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The first term σintra(ω), corresponding to the intraband 
electron-phonon scattering process, has a Drude-like 
behavior in the high-frequency regime ω  max(kvF, τ−1) 
[76–79], where vF is the carrier’s velocity (Fermi velocity) 
and τ is the carrier’s relaxation time:
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whereas the second one, σinter(ω), corresponds to the direct 
interband electron transitions and plays the leading role 
around the absorption edge ħω ≈ 2μch:

	

σ ω

ω µ ω µ

π π ω µ

=

  − + + −   − +   

�
� �

�

2

inter

2
ch ch

2 2
ch

( )
4

2 ( 2 )1 1 arctan ln .
2 2 2 ( 2 ) (2 )B B

e

i
k T k T

� (2)

For room temperature kBT ~ 25 meV, for THz, near-infrared 
and visible frequencies, the photon energies are ~5 meV, 
1 eV and 2.5 eV, respectively. For high-quality graphene, the 
relaxation time at room temperature is about 0.1 ps [80], 
which corresponds to the energy scale Γ = ħ/τ ~ 5  meV. 
The graphene chemical potential (or Fermi energy) μch≈
ħvF(πn)1/2 is determined by surface carrier density n and 
Fermi velocity vF ≈ 106 m/s. For example, n ≈ 8 × 1013 cm−2 
corresponds to μch ≈ 1 eV. We should note that the above-
mentioned equations assume the electron’s dispersion to 
be linear. This requires the length of the electron’s wave 
vectors at the Fermi level to be relatively small (typi-
cally less than 108 cm−1), as compared with the size of the 
Brillouin zone. This condition is satisfied for small carrier 
concentration n  1016 cm−2. Similar estimates show that 
for graphene’s chemical potential of the order of 1 eV, the 
electron’s dispersion is also linear and the above expres-
sions are applicable.

Moreover, the electromagnetic response of graphene 
at terahertz frequencies and the commonly used 0.3–1 eV 
range of chemical potential is dominated by a simple 
Drude-like intraband conductivity and the interband con-
tribution can be neglected. In contrast, at the near-infra-
red and visible frequencies, the interband term plays the 
crucial role. In the first case, the terahertz frequency can 
match the absorption edge, ħωTHz ≈ 2μch, whereas in the 
second (near IR to visible) case, we obtain σintra(ω) → 0, 
σinter(ω) → e2/4ħ.

The application of the external magnetic field B leads 
to the charge carriers’ circulation in cyclotron orbits and 
the famous graphene Dirac cone splits in a discrete set 

of non-equidistant Landau energy levels (see Figure  3). 
In contrast to the usual semiconductors and metals with 
parabolic carriers’ dispersion, linear dispersion of gra-
phene’s carriers leads to non-equidistant Landau levels 
(Ej =[2ħv2 |eB | j]1/2, where j is the level number) and include 
a characteristic zero-energy state (j = 0). For magneto-
optics, the graphene layer has resonant effects at the 
photon energies equal to the Landau level difference. 
Another feature is associated with the Hall conductivity 
of graphene, which leads to the Faraday and Kerr effects.

Experimental investigations (see Figure 4) have 
shown that the Faraday rotation in single-layer graphene 
may reach giant values of 6° in the magnetic field of 7 T 
in the far-infrared range [81], about 1° in low magnetic 
fields <0.7 T in the terahertz frequency range [82], and in 
magnetic fields, <5 T at microwave frequencies relevant 
for telecommunication, cell phones, wi-fi etc. [83]. The 
theoretical conductivity tensor of graphene in external 
magnetic field was calculated in few works [84, 85], and 
results based on these theories are in good agreement 
with the experimental data.

The above-mentioned peculiarities of the Faraday 
rotation may be described by the 2D conductivity tensor 
with non-zero off-diagonal components. In general case, 
the analytical expressions for these components are quite 
cumbersome, but at low enough frequencies (or high 
doping level) obeying ħw  2mch, low magnetic fields 
E1  2mch and low temperatures kBT  2mch, they reduce to 
the classical Drude form
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Figure 3: Graphene in an external perpendicular magnetic field 
(A) has a discrete set of non-equidistant electronic energy levels 
(Landau levels) in contrast to zero magnetic field (B, C).
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Here, σ0 = σintra(ω) is given by Eq. (1) and ωc = vF(2|eB|/ħ)1/2 
denotes the cyclotron frequency.

To the best of our knowledge, previous investigations 
of electronic and optical properties in graphene have been 
restricted to the perpendicular orientation of the magnetic 
field, which drastically perturbs the trajectories of the 
electrons moving on their cyclotron orbits. In another case 
of an in-plane magnetic field, the magneto-optical effect 
in graphene is strongly suppressed for a simple reason. 
The thickness d of graphene monolayer falls within the 
range 0.1–0.5  nm [12, 14] and the cyclotron radius reads 
Rc = mv/eB = ħkF/eB ≈ 12(n[1010 cm−2])1/2/B[T] nm, ħ is the 
Plank constant, n is carrier concentration, kF is the Fermi 
wave vector [42]. For carriers concentrations n ~ 1013 cm−2 

and reasonable values of the magnetic field, the cyclo-
tron radius is much larger than graphene thickness: 
Rc/d > 103/B[T]. Therefore, the trajectories of the electrons 
are almost not perturbed and minor residual magneto-
optical effects in graphene do not affect SPP properties. 
In a quantum-mechanical picture, the quantization of 
the magnetic flux through such an extremely stretched 
contour starts playing a role, i.e. the first Landau level 
emerges also for B > Bcrit ~ 103 T.

In a different geometry of a graphene tube placed in 
a collinear magnetic field, the magneto-optical effects 
could become important only in a special case when the 
cyclotron and tube radii become equal. For a tube with the 
radius R ~ 200 nm, it would be the case for Bcrit ~ 10 T.

3  �Intrinsic magneto-plasmonics 
in graphene

The magneto-optical properties of graphene may also 
give rise to magneto-plasmonics. In contrast to plasmonic 
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Figure 4: Faraday rotation of single-layer graphene measured at different frequencies and magnetic fields. (A, B) High-frequency and high-
magnetic fields (adapted from [81]), (C) lower-frequency and low-magnetic fields (adapted from [82]) and (D) low-frequency and different 
magnetic fields (adapted from [83]).
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excitations which are usually TM-polarized (i.e. the mag-
netic component of electromagnetic field is perpendicu-
lar to the k-vector), magneto-plasmons in graphene are 
hybrid TM-TE modes (all components of electric and mag-
netic fields are non-zero).

In magnetically biased single-layer graphene, an 
ensemble of weakly decaying quasi-TE modes, separated 
by magneto-plasmon-polariton modes, emerges due to 
the magnetic field [86–88] (see Figure 5A–D). Magneto-
plasmons have been experimentally observed in graphene 
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epitaxially grown on SiC [90], and in layered graphene 
structures, they even display drift instability [91].

In a finite-width graphene stripe, the magneto-plas-
mon-polaritons propagating in the transverse direction 
may form standing-wave resonances across the stripe 
[92]. Such modes are usually called bulk 2D modes of 
the graphene stripe. The excitation of these magneto-
plasmonic modes may significantly affect the magneto-
optical response of graphene nanostructures: patterning 
the uniform graphene layer into graphene stripes array 
allow the production of the same Faraday rotation at 
much smaller magnetic fields [93]. The discussed bulk 
magneto-plasmons and magneto-plasmon-polaritons 
are intrinsic to extended graphene films where bound-
ary effects are neglected. In finite-size structures, edge 
effects become important, as they give rise to the so-
called edge magneto-plasmons (localized at the edge) 
and edge magneto-plasmon-polaritons propagating 
along the edge [94].

A similar situation is observed in magnetically biased 
graphene disks [89, 95, 96], which support both the bulk 
(localized across the disk) modes and the edge (confined 
to disk edge) one (see Figure 5E and F). Interestingly, these 
modes degenerate in magnetic-free graphene disks, while 
external magnetic field leads to the splitting of edge and 
bulk magneto-plasmons.

Magnetic field-induced breaking of the degeneracy 
of the edge modes suggests straightforward applications 
of the magnetically biased graphene stripes in non-
reciprocal plasmonic devices such as phase shifters [92], 
couplers [97], plasmonic isolators [98], directional SPPs 
excitation [99], magnetically tunable focusing in-planar 
lenses [100] etc.

4  �Plasmonics of graphene-based 
meta-surfaces

As already mentioned before, meta-surfaces are the 2D 
analogs of 3D metamaterials. They consist of subwave-
length-sized building blocks (the so-called meta-atoms) 
periodically arranged on a surface. Such ultrathin 
structures are promising for light manipulation at the 
nanoscale: they display an anomalous reflection, diffrac-
tion-free propagation, allow to create optical vortexes, 
manifest the photonic spin Hall effect and so on.

One of the simplest graphene-based meta-surfaces is 
formed by graphene stripes with the width A separated 
by the spacer width B, with subwavelength periodicity 
Λ = A + B  λ (in electrostatic limit). The optical response 

of such meta-surface can be described by the highly ani-
sotropic conductivity tensor [35–37]:
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(4)

where all tensor components depend on graphene 
conductivity σg = σintra + σinter with σintra and σinter given 
by Eqs. (1) and (2) and the capacitive coupling 
σC = iωε0εeffΛln[sin(πB/2Λ)]/π between the stripes. The 
topological transition from the elliptic to the hyper-
bolic topology around σ-near-zero case corresponds to 
Im{AσC + Bσg} = 0. This transition plays a crucial role in 
plasmonics: whereas in the case of elliptic topology, SPPs 
can propagate in all directions; in the hyperbolic case, 
their propagation is allowed in some specific directions 
only. Physically, the hyperbolic meta-surface displays the 
metal-like behavior in one direction while showing the 
dielectric-like response in the orthogonal directions. Due 
to the pronounced frequency dependence of σg and σC, the 
spectral regions of the hyperbolic and elliptic topology 
are separated by a highly anisotropic σ-near-zero point, 
where large dissipative losses occur.

Figure 6A shows the conductivity components of the 
meta-surface with the fixed periodicity 50 nm under the 
variation of the stripe width. The hyperbolic regime cor-
responds to the region with the different signs of the σxx 
and σyy. SPPs excited by a point dipole in the meta-surface 
working in the hyperbolic regime are shown in Figure 6B.

As we discussed in the previous section, the excita-
tion of these magneto-plasmonic modes may significantly 
influence the magneto-optical response of a patterned 
graphene layer. Figure 6C demonstrates the influence 
of periodic patterning of graphene and the large mag-
netic field on the spectra of Faraday rotation [94]. For 
an increasing magnetic field, the maxima of the dashed 
(uniform graphene) and solid (patterned graphene) lines 
in Figure 6E shift to higher frequencies. The maxima of the 
patterned graphene are also shifted to higher frequencies 
as compared to the uniform graphene.

5  �Magneto-plasmonics of 
graphene-based cylindrical 
structures

The intrinsic magneto-optical activity of graphene is 
unfortunately useless for cylindrical structures. It needs 
the static magnetic field to be perpendicular with respect 
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to graphene. In cylindrical geometry, only the radial mag-
netic field will satisfy this condition (or at least the mag-
netic field with the non-zero radial component). Such 
magnetic fields are hardly obtained in real experimental 
conditions. It is worth mentioning that plasmonic struc-
tures formed by graphene and magneto-active materials 
have some interesting features in the planar geometry 
[101, 102]. Thus, to introduce magneto-optical activity 
into cylindrical graphene-based structures, one may use 
a magneto-active cylinder covered by graphene. Such a 
structure has been recently investigated [48] (see Figure 7).

SPP modes propagating on the graphene-covered 
non-gyrotropic nanowires induce the complex distribu-
tion of the stationary magnetic field generated via the 
inverse Faraday effect [100]. At present, we assume that 
the SPP intensity is so small that the inverse Faraday effect 
inside the magnetic nanowire can be neglected. Then, the 
magneto-active core of the cylinder can be described in 
the cylindrical coordinate system (ρ, ϕ, z) by the intensity-
independent dielectric permittivity tensor with non-zero 
off-diagonal components ερϕ= − εϕρ = iεa. The cylindrical 
geometry leads to the azimuthal and axial field distribution 

of Em, Hm ~ exp[ihmz + imϕ], where hm = hʹm + ihʺm is a 
complex SPP wave vector (SPP propagation length is 
LSPP = 1/hʺm and SPP wavelength λSPP = 2π/hʹm), m is the azi-
muthal mode index characterizing SPP’s chirality. These 
chiral, azimuthal SPP modes can be understood as plane 
electromagnetic waves characterized by the longitudi-
nal (along the nanowire axis) and transverse (along the 
nanowire surface, perpendicular to the nanowire axis) 
components of the wave vector k|| = h±m and k⊥ = ± m/r, 
respectively. Therefore, the phase front of the azimuthal 
SPP modes is tilted with respect to the nanowire axis by an 
angle αm obeying tg αm = k||/k⊥ = hmr/m. The chiral modes 
with |m | > 0 exist above the cut-off frequency. The number 
of supported modes at the fixed vacuum wavelength λ0 
can be estimated as Re[i2πr(ε⊥ + ε0)c/(σgλ0)]. An increase 
in the core permittivity leads to an increase in the number 
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Figure 7: A magneto-optical nanowire covered with a graphene 
layer supports high-order azimuthal SPP modes with |m | > 0. Both 
the SPP propagation length (left axis) and wavelength (right axis) 
for the first-order mode with |m | = 1 depend on graphene chemi-
cal potential (corresponding carrier concentration is shown on the 
top axis). Core radius r = 100 nm, frequency of electromagnetic 
wave f = 30 THz (vacuum wavelength λ0 = 10 μm), permittivity of the 
core ε⊥ = ε|| = 3, gyration of the core εa = 0.1. The outer medium is in 
vacuum. In the upper inset, the field distributions are shown for the 
opposite magnetic field directions at z0 = 500 nm and mch = 1 eV. Total 
rotation of the field distribution upon the reversal of the external 
magnetic field with B ≈ 1.8 T (such magnetic field leads to εa = 0.1 at 
Verdet constant V = 104 rad T−1 m−1) pointing along the nanowire axis 
is about 28°. The lower inset shows the figure of merit, i.e. the rota-
tion angle per propagation length. Adapted from [48].
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Figure 6: Magneto-plasmonics on graphene meta-surfaces.
(A) Effective conductivity of the meta-surface formed by graphene 
stripes of the width A placed with the periodicity Λ = 50 nm in long 
wave limit (i.e. λSPP  Λ). Operating frequency is 10 THz. (B) SPPs 
excitation by the point source placed near the meta-surface working 
in hyperbolic regime. Magneto-plasmon-assisted Faraday rotation 
by a meta-surface placed in a perpendicular external magnetic field 
(C). Dashed lines correspond to uniform graphene. Adapted from 
[36] (A, B) and [93] (C).
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of supported modes. Whereas for graphene-covered 
non-gyrotropic nanowires modes with opposite chirality 
(opposite signs of m) are degenerate [16], these modes 
propagate along the wire at slightly different velocities in 
the gyrotropic case.

This effect has a simple practical application as a 
nanoscaled Faraday isolator. Imagine that we excite a 
gyrotropic graphene-covered nanowire of length z0 by 
a linearly polarized plane electromagnetic wave at one 
of the tips. Along with a non-chiral m = 0 mode, a linear 
superposition of σ+1 and σ−1 modes will be excited [103]. 
The azimuthal intensity distribution cos[ϕ] of this mode 
superposition will be rotated around the nanowire axis 
by the angle ψ = z0(Re{h−}–Re{h+})/2 and out-coupled 
into the linearly polarized free-space radiation with the 
polarization plane rotated by the angle ψ. This polariza-
tion rotation is characterized by the specific rotation angle 
ψ0 = ψ/z0 per unit length. The maximum rotation ψ0LSPP is 
achieved in the case of the nanowire length equal to the 
SPP propagation length, z0 = LSPP, and serves as another 
figure-of-merit in magneto-plasmonics [104].

For the parameters of the nanowire radius, r = 100 nm 
(quantum effects in graphene structures should be taken 
into account for the size of the structure less than ≈20 nm 
[105]); ε⊥ = ε|| = 3, at the lower part of the mid-infrared 
region (f = 30 THz), only one azimuthally dependent mode 
can be excited. The characteristics of this mode are shown 
in Figure 7: the total rotation of the field distribution upon 
the reversal of the external magnetic field pointing along 
the nanowire axis at z = 500 nm and μch = 1 eV is about 28°. 
This value is roughly 30 times larger compared to the angle 
of rotation of the polarization plane for a plane electro-
magnetic wave travelling in the volume of the magneto-
optical material along magnetization direction 2BVz = 1.04° 
for B ≈ 1.8 T (such magnetic field leads to εa = 0.1 at Verdet 
constant V = 104 rad T−1 m−1). The rotation per SPP propa-
gation length LSPP ≈ 45 μm may reach a giant value of 8π. 
The change in the sign of the gyrotropy εa (i.e. change in 
magnetization or magnetic field direction) leads to the 
opposite rotation of field distribution. A change in gra-
phene conductivity (or its chemical potential) results in a 
larger difference in propagation constants for modes with 
opposite signs of ±m. This may be used to adjust the rota-
tion angle similar to the graphene-covered optical fiber 
[47]. Both the specific rotation angle and rotation angle 
over the SPP propagation length increase with the growing 
chemical potential. The specific rotation angle is larger for 
higher-order modes, whereas the rotation angle over the 
SPP propagation length displays an opposite behavior due 
to the smaller propagation length of higher-order modes. 
For maximum rotation angles, the propagation lengths 

of the ±m-modes differ significantly, suggesting that the 
depth of the azimuthal intensity modulation decreases.

The permittivity of the nanowire, its radius and the 
permittivity of the outer medium may be potentially used 
for achieving the maximum rotation of the desired mode, 
but this question has not been investigated in details yet.

6  �Topological plasmonics of the 
graphene-based meta-structures

As pointed above, replacing a continuous graphene layer 
by a periodic arrangement of graphene stripes (graphene 
meta-surface) may significantly affect the plasmonic prop-
erties of the structure. As we are going to show below, the 
transformation of the meta-surface topology (see Figure 8 
for details) from a flat surface into a cylinder (meta-tube) 
and further into a torus (meta-torus) may lead to non-triv-
ial change of plasmonic properties [57].

The transformation of a flat meta-surface in a meta-
tube can only be achieved by a finite number of ways (see 
Figure 8A): the periodic boundary condition with respect 
to the azimuthal angle and the intrinsic periodicity of the 
meta-surface give rise to a set of discrete tilt angles:

	 [arcsi .n 2 ]/n n rθ Λ π= � (5)

An integer number n, to be denoted as the “topological 
index”, is the number of graphene stripes winding around 
the meta-tube. It represents the topological index of the 
structure because under homeomorphic transformations, 
one cannot change the count of the spirals. The maximum 
topological index nmax = 2πr/L corresponds to the longitu-
dinal orientation of graphene stripes.

Similarly to the previous section, SPPs propagating 
along the cylindrical meta-tube are described by electric 
and magnetic fields Em, Hm ~ exp[ − iωt + ihz + imϕ] and 
modes with opposite ±m propagate at different angles 
with respect to the graphene stripes in our chiral struc-
ture. Calculations show that propagation constants h ±  for 
these modes are different as well. We will focus on the 
modes with m = ± 1 (to be denoted as σ ±  due to the analogy 
to the phenomenon of the Faraday rotation in bulk materi-
als) and discuss their dispersion characteristics in detail.

In chiral structures, the wave vectors of σ+ (m = 1) 
and σ− (m = − 1) SPP-modes are oriented differently with 
respect to graphene stripes. This leads to the difference 
in their dispersion relation: whereas σ+ SPPs possess 
a cut-off frequency of 10 THz, σ− SPPs are allowed to 
propagate at lower frequencies. In other words, σ+ 
and σ− dispersion curves are characterized by slightly 
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different bandgaps where SPPs cannot propagate. The 
bandgap opening is caused by the transition from the 
elliptic (above the bandgap) to the hyperbolic (below 
the bandgap) SPPs dispersion. This transition occurs at 
highly anisotropic σ-near-zero points of the metasurface, 
where their resonant response is accompanied by large 
dissipative losses. Obviously, the difference in bandgaps 
can be used to design structures for the asymmetric, 
one-way SPP propagation.

To justify the importance of σ±  SPP modes, here 
we note that a linearly polarized electromagnetic wave 
impinging on the tip of our meta-tube at z = 0 will predom-
inantly excite the linear combination of σ+ and σ− SPPs 
with equal amplitudes (i.e. the azimuthal field distribu-
tion cos[ϕ]). The field distribution will rotate under a 
propagation similar to the graphene-covered magnetized 
nanowire considered in the previous section. Adjusting 
the graphene’s chemical potential, though the external 
gate voltage or intrinsic chemical doping can significantly 
modify the specific rotation ψ0. The maximum values of 
ψ0 are expected to be much larger than those predicted 
in previous section for the gyrotropic graphene-covered 
nanowires under similar conditions.

An opposite chirality of the structure can be formally 
obtained either by assuming negative tilt numbers (or tilt 
angles) or backward propagating waves.

The asymmetric properties of the structure give the 
condition for the Fabry-Perot resonances in the finite 
length meta-tube L[h+(ωres) + h−(ωres)] = 2πM, where M is 
an integer number. The resonant frequencies are shown 
in Figure 8B. Both hyperbolic (below the bandgap) 
and elliptic (above the bandgap) SPPs may form reso-
nances. A significant shift of the cut-off frequencies 
for the forward- and backward-propagating SPPs may 
prohibit the existence of some lower-order Fabry-Perot 
modes in chiral meta-tubes because of the one-way 
propagation regime. For the higher-order Fabry-Perot 
resonances (large M), h increases and ασ± both get close 
to 90° when the difference between two polarizations σ±  
(m = ± 1) is negligible. This leads to the narrower range 
of parameters where the above-mentioned effect may 
be observed.

In the experiment, a linear combination of the fun-
damental mode (m = 0) and the chiral mode (m = + 1 or 
m = − 1) can be excited by a linearly polarized light beam 
focused under an appropriate angle on a tip of a silver 
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nanowire [106–108]. A similar excitation of a chiral meta-
tube, with parameters corresponding to the one-way 
propagation regime, should lead to the creation of an elec-
tromagnetic “hotspot” at one of the tips [109]; for modes 
with an opposite chirality, the hotspot will be located at 
the opposite tip.

An even more interesting approach to change the 
topology of the structure is to transform a cylinder into a 
torus and thus introduce the second topological index N 
(see Figure 8C). In such a system, the tilt angle θnN must 
satisfy two distinct conditions: θnN = arcsin[nL/2πr] and 
θnN = arccos[NL/2πR]. For an arbitrary geometry of the 
torus, these conditions are usually not satisfied for an all 
n. For example, two distinct configurations with perpen-
dicular (n = 0, N = Nmax) and longitudinal (n = nmax, N = 0) 
orientations of the graphene stripes exist only if the ratio 
R/r of the torus radii is an integer.

The Fabry-Perot condition for modes propagating on 
a torus clockwise and counterclockwise (2πRh± = 2πM) 
will be satisfied for two different frequencies. Only in two 
degenerate cases of 0° and 90° tilt angle would the mode 
propagation be symmetric and both resonant frequen-
cies would become identical. The resonances of all orders 
exist in the meta-torus for all possible topological indexes 
in contrast to the finite length meta-tube. The resonant 
condition for the meta-torus Rh = M uniquely defines 
the effective propagation angle of the SPPs: tan(αmM) 
= hr/m = Mr/mR. In analogy to the topological indices n 
and N, a pair of electrodynamic indices m and M defines 
the electrodynamic topology of the resonant mode. The 
existence of topological SPP resonances on a meta-torus 
implies a fixed relation between the structural topological 
indices (n, N) and electromagnetic topological indices (m, 
M) of a resonant mode:

	
ctg tgnN mM

n m
N M

θ α=
�

(6)

In general, elliptical and hyperbolic σ±  modes possess 
different frequencies for all structures. An exception is an 
exotic case when SPP’s propagation angle ασ± = 45° with 
respect to graphene stripes is identical for longitudinal 
and perpendicular stripe orientations. In this case, the 
splitting of resonant elliptic and hyperbolic σ±  modes for a 
chiral structure is almost the largest one, and Eq. (6) helps 
explain such behavior. The analysis of SPPs propagating 
on a flat metasurface shows that their frequencies display 
the largest difference for wave vectors along and perpen-
dicular with respect to graphene stripes, respectively. For 
resonant modes in the chiral toroidal resonator, we have 
equal hσ±, and thus, ασ− = 180° –  ασ+. In analogy to planar 

metasurfaces, the maximum frequency splitting in chiral 
toroidal structure should be achieved for ασ− − ασ+ = 90°, 
which leads to ασ+ = 45°, ασ− = 135°; in addition, we should 
have θnN = 45°. Under these conditions, we can use Eq. (6) 
to calculate the set of the topological indices for the 
maximum frequency splitting obeying Mn/N = 1. The reso-
nant curves in the vicinity to this condition are shown in 
Figure 8D and E.

7  �Concluding remarks
We have reviewed the most recent results in plasmonics 
of magnetic and topological graphene-based nanostruc-
tures. The giant Faraday rotation of high-order plasmonic 
modes in graphene-covered nanowire and their tuning by 
both the gyrotropy (magnetic field or magnetization) and 
graphene chemical potential (chemical doping or gate 
voltage) may be used to magnetically control the density of 
states of electromagnetic radiation at the deeply subwave-
length length scale, an effect interesting for quantum-
optical devices operating in the telecom frequency range 
[110]. In nanowires of finite length, the magnetic field 
can be exploited to tune the Fabry-Perot cavity modes, an 
effect going beyond the resonant enhancement of Faraday 
rotation in the magneto-optical medium positioned inside 
an optical resonator [111].

While a graphene meta-tube displays a similar rota-
tion of azimuthal plasmonic modes, the larger magnitude 
of the rotation per unit length plays a crucial role for the 
design of “one-way propagation” plasmonic devices: it 
is responsible for the disappearance of Fabry-Perot reso-
nances in finite-length meta-tubes. A piece of a meta-tube, 
rolled in a torus, possesses a distinct spectrum of azi-
muthal cavity modes with an unexpectedly large energy 
splitting between the clockwise- and counterclockwise-
propagating SPP modes. Interestingly, the electromag-
netic and geometrical topological indices of the structure 
are intimately connected by simple analytical expres-
sions, whose physical meaning remains to be clarified.

In this review, we have discussed two kinds of topology. 
The first one is the topology of the isofrequency contours 
(at one frequency) observed on hyperbolic graphene meta-
surfaces. The second one is a geometrical topology that 
characterizes the geometry of meta-cylinders and meta-tori. 
It is characterized by an integer topological index n, which 
determines the electromagnetic behavior of plasmons.

The third kind of topology, which we have not dis-
cussed in this review article, is related to the topology of 
the bands (several frequencies) over the entire Brillouin 
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zone. It is quantified by the so-called Chern number, 
whose change implies a topological phase transition 
that corresponds to drastic change in the physical prop-
erties of the system (see Ref. [112]). Recent investigations 
of the topological aspects of the third kind (i.e. Chern 
numbers, Berry phase, Berry connection etc.) of electro-
magnetic waves propagation in bianisotropic continuous 
media attracted considerable interest as well [113, 114]. 
For example, as the bulk transparent magneto-optical 
material is continuously transformed in isotropic opaque 
plasma, the evolution of band structure Chern numbers 
of individual electromagnetic modes experiences the 
jumps [114]. In another relevant example of SPPs propa-
gating along the interface between an isotropic plasma 
and anisotropic (magneto-optical) dielectric material, 
one-way propagation of SPPs is found [114], whereas 
the propagation direction is uniquely determined by the 
direction of an external magnetic field. Such systems with 
broken time-reversal symmetry are sometimes designated 
as Chern-type insulators (the analogs of quantum Hall 
insulators). Some recent works have been devoted to the 
investigation of topologically protected (plasmonic) edge 
states in 2D materials and particularly graphene with the 
magnetically broken time reversal symmetry [115, 116].

It is worth mentioning that the interplay between 
the chirality and the hyperbolicity in bulk metamaterials 
quite similar to the system considered in previous section 
(see Figure 8A) may lead to the protection of the edge 
states from backscattering even without the requirement 
to break the time-reversal symmetry [117].

The similarity of the effects for magnetized and chiral 
graphene-based cylinders raises the question of the pos-
sibility of magnetic compensation of the chirality effect 
in hybrid magneto-chiral plasmonic structures (see 
Figure 9). The interplay between chirality and gyrotropy 
in magnetized chiral waveguides formed by plasmonic 
nano-ellipsoids has been shown to strongly enhance 
the nonreciprocal response of the structure [118]. In the 

cylindrical geometry proposed here, we expect a non-
trivial interference between the geometrical chirality and 
gyrotropy on SPPs with opposite electromagnetic chirality 
m. It might manifest itself in a different dependence of h

+
 

(B) and h− (B) on the amplitude B of the external magnetic 
field. The broken time-reversal symmetry can be achieved 
not only by magnetic effects discussed above but also 
through the optical pumping [119, 120].

Another open problem is the self-consistent propa-
gation of high-intensity SPPs in systems with magneto-
optical materials. Whereas the magnetization naturally 
affects the SPP characteristics via the (linear) magneto-
optical effect, the SPPs may also affect the magnetiza-
tion via inverse (nonlinear) magneto-optical effects. 
The inverse Faraday effect generates the magnetic field 
δB(E) ~ E2 and introduces the nonlinear correction to the 
off-diagonal permittivity components:

	 2 ,a a bEε ε→ + � (7)

an effect similar to the third-order non-linearity is 
expected in Maxwell’s equations [121]. The complexity of 
field distributions in cylindrical systems [103] makes it 
difficult to solve this problem analytically. However, this 
non-trivial possibility of combining transient magnetic 
effects with nonlinear optics, without using an external 
magnetic field, represents an interesting problem for com-
putational electrodynamics.

An interesting perspective was provided by the pos-
sibility to apply external strains to meta-structures. Let 
us consider a non-chiral structure formed by a nanow-
ire longitudinally covered by graphene stripes, where no 
rotation of high-order plasmonic modes can be observed. 
If shear strains are applied to such a structure, the spiral 
waveguide will be formed with the tilt angle defined by 
the strain value. Alternatively, an axial strain applied to 
the chiral structure will lead to a change in spacer width 
and the periodicity of the structure, or equivalently to 
change the filling factor. In any case, the rotation angle 
of the electromagnetic field distribution at the output of 
the meta-tube will be modified by the applied strain. For 
a finite-length meta-tube frequency of Fabry-Perot reso-
nances, the frequency will be shifted or even some reso-
nances may vanish. These effects may be useful for future 
applications as plasmonic strain sensors.

An even more intriguing effect of elastic deformations 
on plasmonic properties may be envisaged in spatially 
uniform graphene-based nanowires. We have pointed 
above that in cylindrical geometry, the intrinsic mag-
neto-plasmonic properties of graphene cannot be used, 
because the radial magnetization is needed. However, it is 
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Figure 9: The concept of hybrid magneto-chiral nanostructures for 
possible non-reciprocal magnetic compensation of the chirality 
effects.
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well known that external strains may affect the electronic 
properties of graphene similar to an external magnetic 
field (i.e. strains may induce the so-called pseudo-mag-
netic field) [122]. Thus, the investigation of acoustico-
magneto-plasmonic effects in graphene-based nanowires 
extends beyond the straightforward effects dominated by 
the influence of core magnetization on SPPs propagating 
along graphene nanowires.
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