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Abstract
A Lattice-Boltzmann model for low-Mach reactive flows is presented, built upon our re-
cently published model (Comb & Flame, 196, 2018). The approach is hybrid and couples a
Lattice-Boltzmann solver for the resolution of mass and momentum conservation and a finite
difference solver for the energy conservation. Having lifted the constant thermodynamic and
transport properties assumptions, the model presented now fully accounts for the classical
reactive flow thermodynamic closure: each component is assigned NASA coefficients for calcu-
lating its thermodynamic properties. A temperature-dependent viscosity is considered, from
which are deduced thermo-diffusive properties via specification of Prandtl and component-
specific Schmidt numbers. Other major improvements from our previous contribution include
the consideration of the pressure work in the energy equation, as well as detailed kinetics.
Validation is carried out through simulation of the planar freely propagating flame and the
growth of the associated Darrieus-Landau instability.

Introduction
Motivated by the rapid development of Lattice-Boltzmann (LB) methods in the field of
low-Mach external aerodynamics and aeroacoustics [1], and particularly its potential as an
engineering tool [2–6] we recently proposed a hybrid LB framework able to tackle combustion
in low-Mach flows [7] in line with the quest of extending the LB capabilities to reactive flows
[8–14].

Based on nearest neighbor lattices, our model’s implementation is straight-forward, but
assumes a constant heat capacity for the mixture, a stark limitation when temperatures
above 1000K are encountered. Neglecting the pressure work term in the energy conservation
equation, written in temperature form, is a second strong assumption of our previous contri-
bution [7]. This contribution aims at lifting these two limitations as to make the model fully
functional for the simulation of reactive flows, including detailed chemistry description.

This is achieved through consideration of the classical thermodynamic closure based on
NASA polynomial coefficients [15], as used in CHEMKIN [16], or CANTERA [17]. Chemistry
is accounted for, through a 12-step mechanism for H2-air combustion [18] derived from the
San Diego mechanism [19]. Each of the nine species is assigned a Schmidt number relating
its diffusion property with a temperature-dependent viscosity coefficient. Thermal diffusion
is accounted for via a Prandtl number as in [20].

Validation is carried out by comparisons with Cantera computations [17] in premixed
configurations. To further demonstrate the capability of the model, the Darrieus-Landau
instability is simulated, and the associated growth-rate is compared with asymptotic descrip-
tions [21–23], showing excellent agreement for the linear onset of the instability.

The paper is organized as follows. First, the LB combustion model is presented, with
extensive implementation details. The model is then systematically validated, with results
compared to Cantera computations [17]. Conclusions and future perspectives are then dis-
cussed.



A hybrid Lattice Boltzmann combustion model
In line with our initial combustion model proposal [7], this new contribution consists of a
Lattice Boltzmann (LB) solver coupled with a Finite Difference (FD) solver. This Section
presents successively the LB solver, responsible for the resolution of mass and momentum
conservation, the FD solver, responsible for the resolution of energy and species conservation,
and details on their two-way coupling.

Mass and momentum conservation: Lattice Boltzmann approach
The LB solver part is identical to that of our previous contribution [7], with the exception of
data exchanges. The equations and resolution procedure are nonetheless reminded hereafter.

The mass and momentum conservation equations read
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where ρ is the local density, uα the velocity vector, p the pressure, µ is the dynamic viscosity
and δαβ is the Kronecker symbol. Computation of the pressure p in (1) requires the choice of
a thermodynamic closure. This work considers a multicomponent ideal gas, and the pressure
reads

p = ρrT, (2)

where r = R/W ; R being the gas constant and W the mean molecular weight, obtained as

1/W =
∑

k

Yk/Wk, (3)

with Yk the k-th component mass fraction, and Wk its molecular weight.
Instead of these classical variables, Lattice-Boltzmann methods consider the probabil-

ity density function f(x, c, t) for a particle to be at position x, velocity c and instant t.
The n-dimensional velocity space is then discretized into m discrete velocities ciα, forming
the standard DnQm lattice tensor with characteristic velocity cs [24, 25]. The macroscopic
quantities in lattice units relate with the m probability density functions fi(xα, t) as

ρ =

m
∑

i=1

fi, ρuα =

m
∑

i=1

ciαfi. (4)

Following the Chapman-Enskog technique [26], one can show the asymptotic equiva-
lence between solving the continuous formulation (1) and solving the Bhatnagar-Gross-Krook
(BGK) model [27]

fi(xα + ciαδt, t+ δt)− fi(xα, t) = −
1

τ
[fi(xα, t)− f eq

i (xα, t)] (5)

where τ is a non-dimensional relaxation time, δt is the time-step and f eq
i is the i-th equilib-

rium distribution function corresponding to the Maxwell-Boltzmann distribution [28], here



expanded up to the third-order:
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In the above, [cδ]αβγ = cαδβγ + cβδαγ + cγδαβ and θ is the non-dimensional temperature
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The single relaxation time, required in the resolution of the discrete Boltzmann equation
(5), can now be defined as

τ =
µ

ρθc2sδt
+

1

2
, (8)

with the viscosity µ being assigned a temperature-dependent value following a power-law

µ = µ0

(

T

T0

)β

. (9)

Lattice Boltzmann variables can be converted to physical units for length, time, mass
and temperature following the same relations as in our previous work [7]. For instance,
δt = δx. cs

csp
, where csp is the reference physical sound speed.

Energy and species conservation: finite difference approach
The energy and species conservation are solved through a classical finite difference approach.
As in [7], the N species conservation equations read
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ρ
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with ω̇k the chemical source term for species k. In our work, we use one of the simplest
models for the species diffusion velocity

Vk,α = −Dk

∂Xk

∂xα

Wk

W̄
+ V c

αYk, (11)

Xk being k-th species mole fraction. Note that a more detailed transport model, e.g. [29, 30],
may be considered instead, should the application require it. The diffusion coefficient Dk is
defined via a component specific Schmidt number Sck as a function of the viscosity

Dk =
µ

ρSck
. (12)



and V c
α is the correction velocity [31]
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ensuring the global mass conservation.
As to lift the constant heat capacity Cp limitation of [7], it was found easier to now

consider an energy conservation equation (in place of the temperature equation) due to its
simpler and arguably more classical form [31]. Among the many energy equations forms [31],
we went for the internal energy form (sensible + chemical):

e =
N
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∫ T
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associated to the following corresponding energy equation
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where the viscous and pressure tensors are combined into σαβ as in [31]

σαβ = ταβ − pδαβ = −pδαβ −
2
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Lastly the heat flux qα reads

qα = −λ
∂T

∂xα

+ ρ

N
∑
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hkYkVk,α, (17)

where

hk =

∫ T

T0

Cp,k(T )dT +∆ho
f,k, (18)

and the thermal conductivity λ is defined as a function of the viscosity and the Prandtl
number

λ =
µ

Pr

N
∑

k=1

YkCp,k. (19)

The thermodynamic properties required for the thermodynamic closure are specified in the
form of the classical NASA polynomials [15] for each species k.

Note that alternative energy conservation equations are indeed equivalent to (15) under
continuous form [31], but not necessarily in filtered form. As part of this model’s development,
it is worth mentioning that we have implemented and tested the conservation equation for
sensible energy, i.e. Eq. (14) without formation enthalpy ∆ho

f,k, without noticeable change
regarding the model’s validity or numerical stability.

Implementation: two-way coupling between the LB and FD solvers
The implementation of the presented model is rather straight-forward and follows the same
logic as in our initial version [7]. The algorithm flowchart is reminded in Fig. 1, updated



to this new version. The idea is that, at every time-step, the FD solver communicates the
updated non-dimensional temperature θ to the LB solver, for use in the equilibrium function
computation (6). Simultaneously, the LB solver communicates to the FD solver updated
values for the density ρ and velocity vector uα.

LB solver specifics
Within a time-step, solving the LB approach can be done directly through (5). Although
not required for the test cases presented in the following section, we recommend the use of
a source term to correct for the defect of symmetry of the third-order moment on standard
lattices, modifying (5) into

fi(xα + ciαδt, t+ δt) = fi(xα, t)−
1
τ
[fi(xα, t)− f eq

i (xα, t)] (20)

+(1− 1
2τ
)si

where the external force term si reads [32, 33]
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Similarly, inclusion of a regularization step is also recommended [34, 35].

FD solver specifics
The choice of discrete operator for solving the discrete form of Eqs (10) and (15) is funda-
mental in the overall model stability. The isotropic finite difference operators [36] are used
in the following Section. Regarding temporal integration, forward euler, RK2 and RK4 have
been implemented, with no effect on the validation carried out in the next Section. RK2 has
our preference in order to keep consistency with the LB solver, which is second-order in time
[25].

Boundary conditions
The LB inlet boundary is based on the standard bounce back scheme [37]. Alternatively, the
LB inlet boundary may be implemented following the regularized non-equilibrium bounce
back scheme presented in [38]. For the validations carried out in the following Section, the
inlet boundary conditions on the FD solver are hard-coded (fixed) for species and energy.
Outlet boundary conditions are treated as zero gradient. Periodic or symmetric boundary
conditions are used for the walls.

Validation test cases
The hybrid Lattice-Boltzmann combustion model was implemented in the D2Q9 framework,
and validation simulations were carried out, in premixed configurations. The reference solu-
tions provided for comparison were obtained with the Cantera software [17], with use of the
same transport and thermodynamic properties.

H2-air combustion model
Throughout this Section, we consider the 12-step skeletal mechanism for H2-air combustion
[18] derived from the detailed San Diego mechanism [19]. The mechanism, summarized in
Table 1, involves eight reacting species, as well as inert N2 for combustion with air. The
associated thermodynamic data was obtained from the San Diego mechanism website [19].
The various parameters required for the computation of the viscosity through (9) as well as
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Figure 1: The algorithm proposed consists of a Lattice-Boltzmann (LB) solver coupled with
a classical Finite Differences (FD) solver. Data exchanges between the two solvers are clearly
identified.



Table 1: The 12-step skeletal mechanism for the combustion of H2-air [18]. Up-to-date rates
are available [19].

1 H + O2 ⇋ OH+O 7 HO2 +OH → H2O+O2

2 H2 +O ⇋ OH+H 8 H + OH +M ⇋ H2O+M
3 H2 +OH ⇋ H2O+H 9 2 H +M ⇋ H2 +M
4 H +O2 +M → HO2 +M 10 2 HO2 → H2O2 +O2

5 HO2 +H → 2 OH 11 HO2 +H2 → H2O2 +H
6 HO2 +H ⇋ H2 +O2 12 H2O2 +M → 2 OH +M

species (12) and heat (19) diffusion properties are those recommended in Cerfacs’ database
[39] and validated for this mechanism. They are reported in Table 2.

Table 2: Power-law’s viscosity coefficients (SI units), Prandtl number and Schmidt numbers
for each species of the 12-step mechanism.

µ0 1.8405× 10−5 β 0.6759
Pr 0.7500 ScH2

0.2100
ScH 0.1400 ScO2

0.8000
ScOH 0.5300 ScO 0.5300
ScH2O 0.6000 ScHO2

0.8000
ScH2O2

0.8200 ScN2
1.0000

1D freely propagating flame
Let us now consider the standard freely propagating flame configuration, following the same
setup as in [7]. The computational domain is pseudo one-dimensional of length L, with a
height corresponding to three cells and grid size of 1.0×10−5 m. At the left of the domain, the
velocity is set to an arbitrary value Uf , and the right boundary is left open (zero gradient).
Periodic boundary conditions are applied to the top and bottom limits.

The inital conditions, reported in Table 3, consists of two half-domains with a sharp
transition at L/2. The left hand-side of the domain corresponds to the fresh gases, whereas
the right hand-side corresponds to the burnt gases initialized at the corresponding thermo-
chemical equilibrium, computed with Cantera [17]. As in our previous contribution [7], we
measure the flame speed as

SL = Uf −
ρfUf − ρbUb

ρf − ρb
, (22)

where the subscript f represents fresh and b burnt state of the gases, respectively the first
and last cell of the computational domain. History of this expression (22) is monitored until
convergence to the flame velocity [7].

The results obtained are compared with Cantera reference computations in Fig. 2.a. The
temperature and mass fractions profiles show an excellent agreement, including for the minor
species H and HO2, whose profiles in the flame appear indistinguishable from the reference.
The equivalence ratio of the fresh gases was then modified as to obtain Fig. 2.b, again showing
an excellent agreement for the flame velocity as a function of the equivalence ratio.



Table 3: Initial conditions: 1-D domain is initialized with fresh gases corresponding to
(0 : L/2) and burnt gases (L/2 : L)

V ariables 0 : L/2 L/2 : L
T 300.000 K 2385.000 K
p 1.000 atm 1.000 atm
u 0.000 0.000
YH2

2.852× 10−2 1.145× 10−3

YH 0.000 6.983× 10−5

YO2
2.264× 10−1 7.474× 10−3

YOH 0.000 5.458× 10−3

YO 0.000 3.838× 10−4

YH2O 0.000 2.403× 10−1

YHO2
0.000 1.074× 10−6

YH2O2
0.000 1.444× 10−10

YN2
7.451× 10−1 7.451× 10−1
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Figure 2: Freely propagating flame: a) Temperature profile (thick line), H2 (△), O2 (▽), H2O
(∗), H (�), HO2 (◦) mass fractions. Fresh gases are in stoichiometric proportion, at 300K
and atmospheric pressure. b) Variation with equivalence ratio of the corresponding flame
speed. Cantera reference (plain line), and present model (red dashed line).



2D Darrieus-Landau instability
To conclude the validation of our model, let us study the intrinsic instability of the premixed
flame presented in previous sub-section. The pseudo one-dimensional computational domain
is now extended to a fully two-dimensional domain with grid size of 1.11×10−5 m. At t = 0,
the 2D domain is initialized with the profiles obtained from the 1D computation reported in
Fig. 2.a. The front position, defined as the maximum temperature gradient position is then
perturbed with a wavenumber (k) of 600m−1. The evolution of the front position is reported
in Fig. 3.a. It is interesting to note that the evolution produces the expected behavior,
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Figure 3: 2-D Darrieus Landau instability. a) Representation of the expansion with interval
δt = 1.111 10−4s and k = 600m−1. The front is initially at x ≈4.5mm. The vertical line
marks the end of the linear regime depicted in plot b. b) Comparison of analytical (plain
line) and simulated growth rate (dashed line) in the linear region delimited ending at the
vertical line in plot a.

and that the coupling between the LB and FD solvers is robust to more complex flame front
shapes. Note that increased stability has been obtained through regularization of the collision
operator [38].

Figure 3.b concludes the validation of the model by comparing the growth rate in the
linear regime with the analytical solution [21–23]. As expected, the amplitude of the pertur-
bation A grows exponentially from its initial value A0 according to

A = A0e
ωt, (23)

with ω the perturbation growth rate. Theory indicates that, in the linear regime [21–23],

ω = SLk
−σ +

√
σ3 + σ2 − σ

σ + 1
, (24)

with k the wave number and σ = ρf/ρb = 6.822 the ratio between the fresh and burnt gases
density.



Concluding remarks
A new hybrid Lattice-Boltzmann model for the simulation of reactive flows has been pre-
sented. Mass and momentum conservation are addressed within a Lattice-Boltzmann solver,
whereas the energy conservation is addressed via a classical finite difference solver.

Major improvements from our initial proposal [7] include the consideration of detailed
kinetics and a more complete thermodynamic closure, where the species thermodynamic
properties are set individually via the classical NASA polynomials.

Heat and molecular diffusion are also accounted for via introduction of Prandtl and
Schimdt numbers, related to a user-specified temperature-dependent viscosity coefficient.
Validation of the model was carried out based on a 1D planar freely propagating flame test
case and a 2D simulation of the Darrieus-Landau thermo-diffusive intrinsic instability.

Future work will include application of the model to more complex, three-dimensional
configurations.
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