Supplementary Material for
“Localization in Spherical Shell Buckling”

BasiLE AuboLy AND JoHN W. HUTCHINSON

This Supplementary Materials provides developments not included in the paper. Equations given in the paper
are cited here by their equation numbers preceded by the letter ‘P’.

1. FORMULATION OF THE SHALLOW SHELL MODEL.

We begin by deriving several conditions on the stress function f (s). First, multiply the equilibrium equation (P-
1.14a) by s then integrate from 0 to sg to obtain

So S
/ (p+ (No+ No) s ds = (s Mp)' = Mo+ 5 Now)|' =0
0

where the vanishing of the right hand side follows from the assumed pole and boundary conditions. Because
s(Ng+ N,) = (s f)’, the result above can be stated as s f|;0: —ps3/2 or sg fo(so) = —psg/2 because f(0)=0 if Ny
is finite at the pole. Then, by subtracting off the uniform solution fo=—ps/2, one obtains for the additional stress
function defined in (P-2.2)

f(s0)=0. 1)
A second condition on f is imposed by the boundary condition u(sp) =0. From
40 Y w=Bu=Ny—vNo=—22Yp s o],

together with f(sg) =0 and u(sp) =0, it follows that
F'(s0) = @(s0)- (2
With (1) and (2) in hand, the compatibility equation (P-1.17) can be integrated with the result
1 - - 1 S0
SR =i+ Gali,s) and F=—1 [Ti(@) + Gal, ) ade ®)
S

with Ga(w, s) = ISSO% 111’2(:)3) da as given in the paper below (P-2.3). The requirement that Ny = f/s is bounded
as s — 0 implies that the integral in (3) goes to zero as s? as s— 0. This is not an extra constraint on @, rather it
will be met for any solution w satisfying the equilibrium equation and boundary conditions.

The energy of the shell and loading system for prescribed pressure p is
So 1
‘1’2/ (§(M9K9+MWKW+N@E9+NWEW)+pw)sds (4)
0

This expression can be reduced to ®(w, p) given in (P-2.3) when the substitutions w=wo+ @ and f = fo+ f are

made, when f is expressed in terms of @ using (3), and when all terms involving v explicitly are eliminated by
straightforward integrations. In addition, we have made use of results such as

S0 S0 So
/ (/ l111’2(96) da:)sds:l/ @' (s) sds
0 s T 2 s

Terms involving only wo and fo have been dropped from ®(w, p) because these terms do not participate in the
variational solution process.

Write (P-2.3) as
. sof1 . _ _ _ 1 .
w(i,0) = [ {3 (Aa(0) = p Ba) +5(5) Gt )+ § (Gl ) s s
0
with Ag () = (V2@)2 + ®2 and By() =4 @'>. Also, let
Ag(w~+v) = Ag(w) + 2411 (w,v) + Aa(v)
with A11(w,v) = V2w V20 +wwv and A11(w,v) = A11(v,w) such that Aj1(w,w)= As(w). Define a similar notation
for By and Bj1, where Bi1(w,v) =%'0"/2.
2. KOITER’S STANDARD INITIAL POST-BUCKLING EXPANSION.

As indicated in the paper,

W(s) = Ewi(s) + &2 wa(s) + € wa(s) + -~ p£:1+df+b§2+"' and  f(s) =& fi(s) + & fa(s) + € fa(s) + -
The variational equation is
~ S0 ~ ~ ~ ~ ~ s _, ,
0d(w,p) = /0 {(All(w,éw)prH(w,LSw))+G2(w,s)5w+(w+G2(w,s))/s S0 ow dx}sds (5)
=0
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Introduce the expansions in (5) and collect like powers of £ to obtain:

So
0D(w, p)= {/ {(A11(w1, 6w) — pc B11(w1, 0w))} sds
0
(A11(we, 0w) — pc B11(w2, dw)) — a pc B11(wi, dw) + Ga(wi, s) dw--

S0
2 S0
+£/0 +w1/ lwiéw’dz sds
s X
4 [0 (A11(ws, 6w) — pc Bi1(ws, dw)) — ape Bi1(wz, dw) — bpe Bi1(w1, dw)-
S0
+£/0 + %wiwééwdx sds

S

S0 301 S0 1
+ 53/ {wl / ;wé Sw’ dz + (w2 + Go(w1, s)) / = w] 6w’dx} sds+O(&%)
0 s s
The variational statement of the eigenvalue problem is
S0
/ {(Ar1(w1, 8w) — pe By (ws, 6w))} s ds =0,
0

With the particular choice dw =w; this implies

/OSO{(AZ(wl) — pc Ba(w1))}sds=0

In the standard analysis, take the orthogonality condition (this is equivalent to that in the paper)

/Bn(wl,wj)sdszo 7=2,3...
also implying
/A11(w1,wj)sds:0 7=2,3...

Take dw =w; in §® =0 and simplify the expressions with the result
so
8®(w, p) = &2 / {—ape B2(w1) + 3 Ga(w1, s) w1} sds
0

S0 S()l
+§3/ {—bpc BQ(w1)+2w1/ —wiwyda +2 (w2 + Ga(wy, 5)) Gz<wlvs>}5d8
0 s
+0(¢%)
Requiring 6® =0 gives the expression for a and b
3f0506’2(11}17 s)wy sds
pe [5° B2(w1) sds
2 foso{wl fssox_l wiwhdz + (wa + Ga(wi, s)) Go(w1,s)} sds
Pe ngBg(wl) sds

(6)

The variational equation for ws is
S0 S0 1
/ {(Au(wg,éw)7pCBll(w2,6w))7apcBH(w1,5w)+G2(w1,s)5w+w1/ ;w{ 5w’dx}sds:0
0 s

which produces (P-2.8).

3. KOITER’S EXTENDED INITIAL POST-BUCKLING EXPANSION.

As noted in the paper, the extended expansion evaluates wo and higher order contributions at p not p, i.e.,
w(s) = Ewa(s) + E2wals, p) + £ ws(s, p) +

for p < pc, where wy and p. are the same eigenfunctions and buckling eigenvalue as in the standard analysis. Now,
the expansion of the variational equation (5) gives

6<I>(11)7p):§/ {(Au(wl,éw)—PCB11(w1,6w))}sds+§(pc—p)/ Bi1(wy, dw) sds--
0 0
S0 so
+£2/ {(All(w%éw)*pcBll(wzisw))JrGg(wl,s) 5w+w1/ %wi&u’dz}sds
0 S
S0
+ &2 (pcfp)/ Bi1(we, éw) sds
0
+§3/ {(Au(wsﬁw)—PcB11(w375w))+/ %wiwééwdm}sds
0S(] S[)l s s(]l
+£3/ {wl/ ;wééw/dz+(w2+ag(wl,s))/ ;wi&v'dx}sds
0 s .

+ €3 (pe — p)/OSOBH(wg,, Sw) sds+ O(£%)
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Before proceeding we note that the first order change in pressure, p/pc. =1+ a§+ --- has already been determined
with a depending only on wj. Thus, the lowest order contribution of the term & (pc — p)fg‘)Bn(wl, dw) sds is
—peat? stBu(lﬁ7 dw) sds. Similarly, each term of the form &7 (p. — p)fOSOBH(wj, dw) sds is no larger than order
&I+1 Let Sw=w; in 6P and make use of the various properties of the eigenvalue problem. Including terms up to
order &3, one finds

S0 S0
6<I>(1I),p):§(pC—p)/ Bg(w1)5d5+3§2/ Ga(wi, s) wy sds
0 0
So S(]l So
+2§3/ {w1/ ;wiwédx-ﬁ-(w2+G2(w175))G2(w175)}5d5+§2 (Pc—P)/ Bii(wz, w1) sds
0 s 0

Requiring §® =0 gives
S-=1+ag+b(p) €+

c

where a has been given earlier (it is independent of p and depends only on wi) and

-~ 2 [ {w; :":):’lw{ wéder(w2+G2(w1,s))Gg(wl,s)}sdsfpcafg"Bn(wg,wl)sds

b 0 5
(p) pe [ Ba(w1) sds

The problem for wy is obtained from satisfying §® =0 to order £2 but including the term &2 (p. — p) . so

o Bii(wa,
ow) sds so that

/ {(A11(w275w)—PB11(w275w))—aPcBu(whfsw)+G2(w175)5w+IU1/ %www/dﬂC}SdSZO
0 s

One can show by direct manipulation that the above variational equation produces (P-2.15). Results such as the
following arise in this direct manipulation

so o1, ’ sof1 N/
wy —wj dw'dzr psds=— —(fiw1) dw p sds.
0 s Z o ($

4. ASYMPTOTIC SOLUTION.

4.1. Analysis of the outer region.

4.1.1. Equations in the outer region.

Inserting the outer expansion (P-4.2) into the shallow shell equations of Section P-1.3, averaging with respect to the
slow variable s, and solving order by order with the help of the symbolic calculation language Wolfram Mathematica,
we find that
e the tangent displacement is given in terms of the deflection as
, 1 d(z Wg)(z))
Upo)(@) + € Upy(@) = (Wio) (@) + § Wi (@) — - —— g2,

e the deflection satisfies the amplitude equation

b
L2Wg)(z) + 5 Wioj(z) =0
where L is the differential operator

(o) — L AW @)

VT dx

e the parameter a vanishes, as stated in Eq. (P-4.6) in the main text.

All these equations are linear, the nonlinearity being present in the polar layer only.

4.1.2. Solution in the outer solution.

. The

To derive the solution in the outer region, we introduce a new unknown V[gj(z) such that Wg)(z) = Vo (;)

amplitude equation becomes an ordinary differential equation with constant coefficients,
b
Vi (@) + 2 Vigy () = 0.

As we work in an infinite domain, sg= oo, the solution must decrease exponentially for s — +oco. This requires
b<0,

and the solution is then Vjgj(z) = (C1 +7 C2) exp (—7_526} x) =(C1+1C2) exp (—7_{226}5 s), where C; and Co

are real constants, which will be determined later by matching with the inner solution. Returning to the original
variable Wjg] and eliminating v/—b using equation (P-7), we obtain

Wm(w)%exp<—[;(1—§)}ms>.
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When this is inserted into the outer expansion (P-4.2), we find the deflection w(s) as

so—e (et 1))

4.1.3. Expansion in the outer solution in the intermediate region.

1/2
For the purpose of matching, we rewrite the argument of the exponential as 7[% (1 — %)] s= f\/jg &, see

1/2

equation (P-7). When this argument is small, i.e. when (1 — %) s K 1, we can replace the exponential with its

1
Taylor expansion at linear order, wout(s) —wo(s) =& 2 (C1 cos s — Casin s) (% - ,/—% EVs+ ), which we

rewrite as
Wout(s) =¢& (@ (cos s+ sins) +%(COSS fsins)) (\}g A /fg E\/s+ > (8)

1/
1)

This approximation requires (1 — 2 s < 1: it holds in the matching region.

4.2. Analysis of the inner region.

4.2.1. Non-linear equations in the inner region.

The equations in the polar layer have been obtained with the help of the symbolic calculation language Wofram
Mathematica as well, by inserting the expansion for wj, into the equilibrium equations of the shallow shell model. We
find four equations, corresponding to the transverse and longitudinal equilibrium on one hand, and to the dominant
and subdominant orders on the other hand. They read

P = 0
- 1d, -
Wi+ 55 (sUj) = 0
217 > _ 2. 00 Son (9)
P+ Yy = — Wo Wo)
~ 1 .n
Vi) = —5 Wio”
where P is the operator
Pf=Af+f,

and A is the Laplacian associated with the metric [...sds,
_1d df
h Af= 5 E(S ds )
Here, V[y) is an auxiliary variable,

. 1 ° 1d, » 1.2, 2
Vi) =7—, <(1+V) (%H;g(sUM))Jﬁ"V{(’)} )

The choice of the exponent 8=1 done in Section P-4.3 is such that equations (9a—b) concerning the dominant
displacement Wjg) and Ujg) are linear, while the last two equations, which concern the subdominant displacement

Vf/[l] and U, (1]» include non-linear source terms in the right-hand sides. This choice of the exponent 3 warrants that
some nonlinearity is present in the matched asymptotic analysis, which is requirement for ultimately deriving a
(non-linear) bifurcation equation.

The solution to these equations are subject to smoothness conditions for s — 0 (the operator A is singular and a
generic solution of (9) diverges for s —0), and to growth conditions for s — co: the asymptotic equivalent of a solution
of the inner equations for s — co must be consistent with the behavior of the outer solution in the intermediate
region. Overall, we find that these conditions for s — 0 and s — oo warrant that the solution can be expressed in
terms of a few constant of integration, see below.

4.2.2. Solution in the inner region.

We start by the dominant order solution in the inner region. The solution to equations (9a—b) that is smooth for
s—0 and grows no faster than Wjgj(s) ~ s71/2 for s — oo reads

Wioj(s) = CsJo(s)

5 / (10)
Ugi(s) = CsJg(s),
where Cj3 is a constant of integration that will be determined later by matching with the outer solution.
Next, we proceed to solving the subdominar}t order.
From (9d), we solve the auxiliary quantity V[;j(s) as
V() = Ca+ 2 (o)) + [ (s)) — 1 11
)(s) = Ca+ = ([Jo(s)]* + [J1(s)]" = 1) (11)

where Cj is another constant of integration.
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As a preparatory work to solving (9¢), we show how the differential operator P can be inverted. First, we observe
that the solution of Pf = g(s) that is smooth near s=0 can be obtained using the method of the variation of the
constant as

f(s)=Jo(s) (Cf* / Yo(t tdt)+Y() / Jo(t) g(t) tdt.
where C} is a constant of integration.

By applying this formula twice, first to the equation Pf = g(s) and then to the equation Ph= f(s), one can show
that the solution of P2h = g(s) that is smooth near s =0 reads

hs) = Codo(s) + 5 Cs (YO ) [ wrzea - aats) [0 o2 )..

Yo Y Jo(t (/YO ) g(u) udu)tdtf/ [Yo(t)] (/ Jo(w) g(w) udu)tdt}...

M(S);[, [ tntor ( [ ot g(u)udu)tdtJr [nwvio [ Jo<u>g<u>udutdt}

where C5 and Cg are constant of integration (which are the C}’s coming from inverting P twice).
Permuting the integrals over v and t, we obtain

+
S
=
1, w3,
—

h(s) = 06J0(3)+%5J1(s)...
+J0(s)%2/03g(u)|:%(u)/s%(t) Jo(t)tdtho(u)/S[Yo(t)]Qtdt}udu...
356 T ot [ o) [ Yote) doe) eae = vitw) [Lucorear]

udu

The integrals over ¢ can be calculated symbolically,

Lis) = [Ue@Pea = S )+ )
Lysls) = [¥ot) Jo(0) 1t = 3 ((s) Jole) + Ya(s) ()
Lvls) = [MOPeae = S () + M)

This yields
h(s) = Cg JQ(S) + % s Jl(s)...

00 T [ a00) 45(0) (L) — Lya(w) = Jow) (L (s) = Lyv () ud.

3009 2 [ 9tu) Lo(w) (L(s) = L) = Yo(u) (Laa(s) ~ Las(a))] udu

This can be further simplified, and we find the general solution of P2h= g(s) as

h(S) = Cﬁ JO(S) +%S Jl(s) + g (JQ(S) /(;Sg(u) [—u2 Y'l(u)] du + YQ(S) Asg(u) [u2 Jl(u)} du
+5.J1(s) [) () [~ u Yo(w)] du + s Yi(s) A () [u Jo(w)] du)

) AVYe AaE),pl.y this.general result to equation (9c), which we rewrite as le/f/[l](s) =g(s), we set g(s) =V —
< Wo Wo), i-e., using (11),

Cs3
9= (~ca+ &) + e ).
The result is

Wig(s) = Codo(s) + 525 Ii(s) + ( _y+ 88 )(1 ~ Jo(s) =2 (5)).
+ o (JO(S) [ it e vitldusvi) [ g e aw)]du.. (13)
o) [ 30 sl aussie) [ 500 ol du )
where §(s) reflects the presence of source terms in (9c-d),
()= L LA 2 ) o) (a4)
To recapitulate, the solution for the deflection is given in Eqs. (10) and (13). The expressions of Ujg) and Uy are

not required, but can be obtained from (10b) and by inserting (11) into the definition of V[l]( s) from the previous
section.
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4.2.3. Expansion in the intermediate region.
To match with the inner solution, we expand both the dominant displacement VV[O]( s) and the subdominant one

Wiij(s) in the intermediate region. For s> 1, the Bessel’s function in (10a) has the equivalent

I/f/[o] (s)=C3Jo(s) ~ 7 7 (cos s +sins)

An equivalent for the subdominant contribution Vi/'[l](s) is derived in Appendix A based on the form (13). It
writes, still for s > 1,

Cs+Cy—

Vf/[l](s)w\/g —(coss —sins) S 4 + 7' C5? | 4 (cos s +sin s) v C32

where v and «’ are numerical constants. The constant v is given by
o 2 2
:?/ (MJF%J(S@) Jé'(u))uJo(u) du=0.183226 (15)
0

The other constant v’ plays no role at this order in the expansion, and its numerical value is not given.
Combining the equivalents for VV[O](S) and W[;j(s) just obtained, we obtain from the inner expansion (P-4.3) an
expansion of the buckling deflection as

Win(s)~& 3 (coss+sins)—€/s (coss —sins) +7'C32 |+ £+/5 (coss+sins) yCs2+ ... (16)

e e

4.3. Matching.
)1/2

An expression of the buckling deflection Wyt valid for (1 5 < 1 has been obtained in (8) based on the outer
solution. An expression of the same quantity Win(s) predlcted by the inner solution has been obtained in (16), and
it is valid for 1 < s. In the matching region, 1 < s < (1 - %)_1/2
+1/2 (

, the expressions must agree. This requires that

the coefficients in factor of the various terms s
yields four matching conditions

cos s = sin s) and coming from either expansion match. This

Gi-C2 _ Cs (coef. in factor of cosstsms sms)
2 NG 75
Gitch _ 0 (coef. in factor of w)
2 75
/ (17)
- 12) G- 5 G2 _ v C32 (coef. in factor of (coss+sins)/s)
[ Ci+C .
—\/ "3 L ; 2 = N 4 — 4/ C52 (coef. in factor of (coss —sins)/s)

Solving the first two equations for C7 and Ca, we find
Cs

% =2 (18)
b Cs

The third equation yields an equation for the amplitude C3, vCs2 + 2 =0, which was announced in Eq. (P-
4.9). The fourth equation will be ignored, as it yields a relation between Cy4 and C5, which does not allow us to
determine Cy and C5 unless we push the expansion to the next order and derive a second relation between these
quantities.

Combining the previous equations, we obtain the solution for the deflection as

e = (12 D [0 ) o

Din(s) = %(14)1/2[@( >+[;(1§)T/2{m<s)}+--->

To this order in the approximation, one can replace the curly brace above by any function having the equivalent

\/%cos(s — 1) /s for s — o0

C1=

APPENDIX A. EQUIVALENT OF THE INNER SOLUTION IN THE INTERMEDIATE REGION

70 =0( 1)

First, we note that
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for u— oco. In addition, [—u2 Y;(u)] = O(u?/? cosu, u?/? sinu) and so the first integrand in (13) can be estimated as
§(u) [~u2 Y1 (u)] =O(u'/? cosu,u'/?sinu), implying that the integral grows like f;g(u) [—u2Yi(u)] du=O(u'/?cosu,
u'/?sinu). After multiplication by Jo(s) =O(u~"/2cosu,u™ /?sinwu), we find that the first term on the second line
of (13) is bounded for s — oo,

LM$A}mHﬂFHWHM=OG)

A similar reasoning applies to the second term,
S
¥o(s) [ ") 1 Ta(w)) du= O(0).
0

The two integrals on the last line are treated as follows. Consider the third integral in (13) An equivalent for
the quantity in factor of §(u) is [—u Yo(u)] = O(u'/? cosu,u'/?sinu) so that the integrand is §(u) [—u Yo(u)] du=
(’)(u*u2 cos u, w2 sin u) and the integral converges. The same holds for the other integral. Using s Ji(s) ~

—% (coss —sins) and sYi(s) ~ —% (cos s +sin s), we obtain the growth of Vf/[l](s) in equation (13) as

Cs+Cy— -
27

h —(coss —sins) +§ C32 /Ooog(u) [—uYo(u)] du |...
Wiai(s) ~ V5 %

+ (cos s +sin s) 7032§ Ooogj(u) [uJo(u)] du

We can evaluate the integrals by inserting the definition of § from equation (14). A symbolic integration yields the
coefficient of Cs?2 on the second line as

vi= _? Ooog(u) [u Jo(u)] du= 136\\//31? =0.183 226
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