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Estimate for P.D for the stochastic Burgers
equation.

Giuseppe Da Prato *and Arnaud Debussche |
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Abstract

We consider the Burgers equation on H = L?(0, 1) perturbed by white noise
and the corresponding transition semigroup P;. We prove a new formula for
P.Dy (where ¢ : H — R is bounded and Borel) which depends on ¢ but not
on its derivative. Then we deduce some consequences for the invariant measure
v of P, as its Fomin differentiability and an integration by parts formula which
generalises the classical one for gaussian measures.

1 Introduction

We consider the following stochastic Burgers equation in the interval [0, 1] with Dirich-
let boundary conditions,

dX(t,&) = (9FX(t,
X(t,0) = X(t,1)
X(0,8) = =(¢), ¢

The unknown X is a real valued process depending on £ € [0,1] and ¢t > 0 and
dW/dt is a space-time white noise on [0, 1] x [0,00). This equation has been studied
by several authors (see [BeCaJL94], [DaDeTe94], [DaGa95], [Gy98]) and it is known
that there exists a unique solution with paths in C([0,7]; L*(0, 1)) if the initial data
x € LP(0,1), p > 2. In this article, we want to prove new properties on the transition
semigroup associated to (1).

0, t >0, (1)

&) + Oe(X2(t,8)))dt + dW (t,€), t >0, £ € (0,1),
< (0,1).
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We rewrite (1) as an abstract differential equation in the Hilbert space H =
L*(0,1),

dX = (AX + b(X))dt + dW,,

(2)
X(0) = z.

As usual A = O with Dirichlet boundary conditions, on the domain D(A) =
H?*(0,1) N H}(0,1), b(x) = ¢ (2*). Here and below, for s > 0, H*(0,1) is the
standard L?(0,1) based Sobolev space. Also, W is a cylindrical Wiener process on
H. We denote by X(t,z) the solution.

We denote by (F;);>o the transition semigroup associated to equation (2) on
PBy(H), the space of all real bounded and Borel functions on H endowed with the
norm

lello = Sup lp(x)], Ve PB(H).

We know that P, possesses a unique invariant measure v so that P, is uniquely ex-
tendible to a strongly continuous semigroup of contractions on L?(H,v) (still denoted
by P;) whose infinitesimal generator we shall denote by .Z. Let &4(H) be the linear
span of real parts of all ¢ of the form

on(x) =" e D(A).

We have proved in [DaDe07] that &4(H) is a core for £ and that

P = T QD2+ (Av+ b(a), Dap), ¥ € Ea(H), )

Here and below, D, denotes the differential with respect to x € H. When ¢ is a real

valued function, we often identify D, with its gradient. Similarly, D? is the second
differential and for a real valued function D?p can be identify with the Hessian.

In this paper, we use a formula for P,D,¢ which depends on ¢ but not on its
derivative. To our knowledge, this formula is new.

For a finite dimensional stochastic equation a formula for P,D, can be obtained,
under suitable assumptions, using the Malliavin calculus and it is the key tool for
proving the existence of a density of the law of X (¢, z) with respect to the Lebesgue
measure, see [Ma97|. Concerning SPDEs, several results are available for densities of
finite dimensional projections of the law of the solutions, see [Sa05] and the references
therein. For these results, Malliavin calculus is used on a finite dimensional random
variable. Malliavin calculus is difficult to generalize to a true infinite dimensional
setting and it does not seem useful to give estimate on P;D,p in terms of . The
formula we use allows a completely different approach. It relates P,D, to D, FP;. In
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the recent years several formulae for D, P, independent on D,¢ have been proved
thanks to suitable generalizations of the Bismut—Elworthy—Li formula (BEL). Thus,
combining our formula to estimates obtained on D, P, implies useful information on
P,D,. As we shall show, these can be used to extend to the measure v a basic
integration by parts identity well known for Gaussian measures.

Let us explain the main ideas. Let u(t,z) = Pip(x), under suitable conditions, it
is a solution of the Kolmogorov equation

Dyu(t,z) = %Tr [QDu(t, z)] + (Azx + b(z), Dyu(t, z)), "
u(0,2) = ¢(x).

Set vy (t,x) = Dyu(t, z) - h, the differential of w with respect to z in the direction h.
Then formally vy, is a solution to the equation

Dy (t,x) = Lop(t,x) + (Ah + ' (2)h, Dyu(t, z)),

(5)
vp(0,2) = Dyp(z) - h.

We notice that formal computations may be made rigorous by approximating ¢ with
elements from &4(H). By (5) and variation of constants, it follows that

ont 2) = Pu(Dop(x) - h) + /0 P ((Ah + V(2)h, Dou(s, ) )ds, (6)
which implies
PUDupls) 1) = DoPigte) b= [ P((Ah @ D, ))is. (1)

This formula allows to obtain the following estimate: For all ¢ € %,(H), 6 > 0 and
all h € H'*°(0, 1), we have
|PA(D - h)(w)] < ce(1+2) (1 + [alz0)® [l [l 1ss, (8)

where | - |15 is the norm in H'*°(0,1). We will not prove this formula here, it could
be proved by similar arguments as in section 3.

Integrating with respect to v over H and taking into account the invariance of v,
yields

[ ety miv = [ (DoPipta) )

_/Ot/H(<Ah+b’(q:)h, D, Pop(a)))dv ds.

Using identity (9) we arrive at the main result of the paper, proved in Section 2.
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Theorem 1. For any p > 1, 6 > 0, there ezists C' > 0 such that for all ¢ € By(H)
and all h € H'*°(0,1), we have

/H Doo(a) - h(de) < Cllgllugn Hrss, (10)

fort >0, where | - |145 is the norm in H'*°(0,1).

For a gaussian measure, it is easy to obtain such estimate. In fact, if y is the
invariant measure of the stochastic heat equation on (0, 1), i.e. equation (2) without
the nonlinear term, then the same formula holds with 6 = 0. Thus our result is not
totally optimal and we except that it can be extended to § = 0.

Also, identity (9) is general and we believe that it can be used in many other
situations. For instance, we will investigate the generalization of our results to other
SPDEs such as reaction—diffusion and 2D- Navier—Stokes equations. This will be the
object of a future work.

In section 2, we show that Theorem 1 can be used to derive an integration by part
formula for the measure v. Theorem 1 is proved in section 3.

We end this section with some notations. We shall denote by (ex) an orthonormal
basis in H and by (ay) a sequence of positive numbers such that

Ae, = —aper, k€N,

For any k € N, D, will represent the directional derivative in the direction of e.

The norm of L?(0,1) is denoted by |-|. For p > 1, | - |r» is the norm of L?(0,1).
The operator A is self-adjoint negative. For any @ € R, (—A)® denotes the o power
of the operator —A and | - |, is the norm of D((— )O‘/ 2) which is equivalent to the
norm of the Sobolev space H*(0,1). We have |- [ = || = |- |z2. We shall use the
interpolatory estimate

B—a

-8
j2ls < |22 |x| , a<f<y, (11)
and the Agmon’s inequality

1 1
2|10 <[] |2} (12)
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2 Integration by part formula for v

This section is devoted to some consequences of Theorem 1. Here we take p = 2 for
simplicity. In this case (10) can be rewritten as

/H (=AY Dap(e) - h) vldz) < Clloll o 1B, Vb € H, (13)

where o = 175.

Proposition 2. Let o > %, then for any h € H the linear operator
p € Cy(H) = ((=A)™Dup(x) - h) € Cy(H)
is closable in L*(H,v).
Proof. Let (¢,) C C}(H) and f € L?(H,v) such that
oo — 0 in L*(H,v), ((=A) *Dypn(z)-h) — f in L*(H,v).

Let ¢ € C}(H), then by (13) it follows that

/H () ((~A)* Daspn(z) - h) + pn(2)((~A)*Dyep() - h)] w(dr)

< llentll 2oy ol < [[¢llo llenll 2 (Bl

/H () f(2) v(dz) =0,

which yields f = 0 by the arbitrariness of 1. n

Letting n — oo, yields

We can now define the Sobolev space W!2(H,v). First we improve Proposition 2.

Corollary 3. Let o > %, then the linear operator
p € Cy(H) —~ (—A) Dy € Cy(H; H)
is closable in L*(H,v).

Proof. By Proposition 2 taking h = e;, we see that D, is a closed operator on L?(H, v)
for any k£ € N. Set

(—A) “Dyp(x Zak “Drp(x) e, VheH,



the series being convergent in L?(H,v). Then
(=A) " Dap(x)]* =) a; | Dip(x)?
k=1

Let (p,) C CH(H) and F € L*(H,v; H) such that
¢on — 0 in L*(H,v), (—A)“Dyp — F in L*(H,v; H).

We have to show that ' = 0.
Now for any k € N we have Dy, (z) = af(F(z),ex) in L?*(H,v). So, (F,e;) =0
and the conclusion follows.
O]

Let us denote by W!?(H, v) the domain of the closure of (—A)~*D,. Then if M*
denotes the adjoint of (—A)~*D, we have

J (A Dapta) - Pla)) vida) = [ (o) M (F) @) ). (14)
Set now Fj(x) = h where h € H. By Theorem 1 F}, belongs to the domain of M*.
Setting M*(F}) = v, we obtain the following integration by part formula.

Proposition 4. Let a > %, then for any h € H there exists a function v, € L*(H, V)
such that

/H (—A) Do) - h) v(dr) = / (@) vn () v(da), (15)

H
for any ¢ € WE2(H,v).

By (15) it follows that the measure v possesses the Fomin derivative in all direc-
tions (—A)~“h for h € H, see e.g. [Pu9g].

If, in (2), b = 0 then the gaussian measure p = Ng, where ) = —% A7t s
the invariant measure and vy (x) = v2(Q "2z, h). Then (15) reduces to the usual
integration by parts formula for the Gaussian measure y. Note that it follows that,
as already mentionned, Theorem 1 is true with § = 0 in this case.

We recall the importance of formula (15) for different topics as Malliavin calculus
[Ma97], definition of integral on infinite dimensional surfaces of H [AiMa88], [FePr92],
[B098], definition of BV functions in abstract Wiener spaces [AmMiMaPal0], infinite
dimensional generalization of DiPerna-Lions theory [AmFi09], [DaFIRo14] and so on.

We think that Theorem 1 open the possibility to study these topics in the more
general situations of non Gaussian measures.



3 Proof of Theorem 1

For h € H, n"(t,z) is the differential of X (¢,7) in the direction h and (n"(¢,))s0
satisfies the equation

dn"(t
W) g .) + 0 (X)),
' (16)
n"(0,z) = h.
Note that this equation as well as the computations below are done at a formal
level. They could easily be justified rigorously by an approximation argument, such

as Galerkin approximation for instance. The following result is proved in [DaDe07],
see Proposition 2.2.

Lemma 5. For any o € [—1,0] there exists ¢ = c(a)) > 0 such that

8 t 8
BT )t [ IR g s < (07
0

We introduce the following Feynman-Kac semigroup
Sup() = B [p(X (1, a))e " Xl ]

Next lemma is a slight generalization of Lemma 3.2 in [DaDe07].

Lemma 6. For any a € [0,1] and p > 1, if K is chosen large enough then for any ¢
Borel and bounded we have

D2 Sip(a) o < ce(1+27)(1+ [2f3s) [E (" (X (,2))]'7, (18)
where ¢ depends on p, K, «.

Proof. 1t is clearly suficient to prove the result for p < 2. We proceed as in [DaDe07]
and write
D,Sip(x)-h =1 + L.

where ¢
1 —K [Y1X(s,2)|*, ds
I1 _ ZE (6 Kfo | X (s, )|L4d ()O(X(tx))/o (nh(s,fﬁ),dW(S)))

and
. t
I, = ~4KE (Kf X6l B (X (1, 2)) / (X3 (s, 2),1"(s, :c))ds) .
0



For I; we have with zlz + é =1:

V"

fot(nh(s, x),dW(s)) ‘q, we get:

ho< GEEEEa) B (e [, av)

Using It6’s formula for |z(¢)]|? = e~ Kafg X ()}, ds

t
(Ol = —4Kq / X (5, 2) 44| 2(s)]" ds
t

b [ €I X 0722 5) 0 (5, ) AW (5)
0
]' ! — t S,T 4 S —
gl 1) [ @I )2 s,
0

We deduce:

E (s 12097 <oE( sup
rel0,t] rel0,t]
1 t ¢
gl = E ([ e E ROt 2 s 0) P
= A + A,

/ e_Kfos |X(5ﬂ7)‘i4 ds|z(5)|q_22(8)(77h(571:)7dW(S))
0

)

By a standard martingale inequality, (11) and Lemma 5, we have

1/2
A, < 3¢E /te2Kf;|x<s,z>i4d5|z(s)|2("‘”|nh(s,:v)Ist/
’ t . . 1/2
<38 { sup o) ( /0 e X“’”wdﬂnh(s,x)r?ds) )
-1 ! —2K [7 X (s,2)|%, ds |, h 2(1—a) | _h 20 i
<48 ( sup [s(r) (/ e X s 200 | <s,x>rlads) )

rel0,t]

(¢-1)/q
E [ sup |z(r)]?
rel0,t]

E (sup |z(r)|q> +oet™T |h|%,.

re(0,t]

< 3t ||, (sup |z(r)|q_1>

<3¢t |h|-a

<

SN



Similarly:

1 t
Ar <5l = DB sup [s(r)r 2 [ BINCL by <s,x>|2ds)
0

rel0,t]

1 t
< 5alg = DE | sup |o(r)|"? / e N Xt o s, ) 207 (s, )72 ds)
0

re(0,t]

1 a B

< Salg— D PR <sup ()] )
re(0,t]

1 (a=2)/q

< Jalg— DA A2, |E <sup rmrq)]
rel0,t]

1
< 1B sup 27 ) + ™5 |hle,.

4 re(0,t]

We deduce:

I < et ™5 | [B (@ (X (¢, 2))]”

For I, we write
I, = 4KE (einOt‘X(S"":)li‘L Bo(X(t,x) fg X3(s,x),n"(s, x))ds)
< ko) [ (et (e aia) )]
By Lemma 5 and Proposition 2.2 in [DaDe07]
I < cg(1+ |236) [E (P (X (£, 2))] 7 |B]

Gathering the estimates on I; and I; gives the result. O

Lemma 7. For any a € [0,1), p > 1, ¢ > 1 satisfying % +% < 1, if K is chosen
large enough there exists a constants ¢ depending on «, p, q such that for any ¢ Borel
bounded and h : H — D((—A)~*/%) Borel such that [,, |h(z)|%v(dz) < co we have

- 1/q
/HDthQO(ﬂU) ch(z)v(de)| < ce®(1+t 2 )|l ocaw) (/H |h(x)|‘iau(da:)) . (19)

Proof. We first prove a similar estimate for S;. Using Lemma 6 we have by Holder



inequality

/ D, Sip(x) - h(z) v(dz)

<cet(1+1 2% (1+\$]?}ﬁ)

E (@"(X(t,2))]'"” |h(z)|-av(dz)

[
<cet(l4¢2) { H(l I |93|“26)7"y(d$)} 1/r

« [ /H E(gop(X(t,x))y(dx)} " [ /H \h(x)ﬂau(dm)} "

with % + % + 2 = 1. Thus by Proposition 2.3 in [DaDe07] and the invariance of v:

q
< ce” (1+t_7 ol o) (/ |h(x)|L,v dx) :

We then proceed as in [DaDe07] to get a similar estimate on P,. We write

/H D,Sip(x) - h(x) v(dx)

t
Pop(x) = Sip(z) + K/ Si— (7|74 Psp)ds
0

It follows that, using the estimate above with p > p > 1 such that % + é < 1

1/q
_l4a
< ceCt(l +t 3 )HSOHLP(H,V) (/H |h(x)|q_ay(d:c))

+K/ e (1 4 (¢t — 5)~52) (/ 2t | Pao(e )|pdy(dx))1/ﬁ

« ( /H ()| az/(dx))l/q ds.

The result follows by Holder inequality and the invariance of v. O

/H D, Pa(x) - h(z)w(dz)

Theorem 1 follows directly from the following result thanks to the invariance of v
and taking for instance ¢t = 1.

Proposition 8. For all p > 1, 6 > 0, there exists a constant such that for ¢ Borel
bounded, and all h € H'*°(0,1), we have

/ PuDap - 1)) w(d)| < e (1 + )@l iz s (20)
H
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Proof. By Poincaré inequality, it is no loss of generality to assume 6 < min{2(1 —
)3t
p)2J

We start by integrating (7) on H:

/H PADup - h)(@)v(dz) = /H (D.Puplr) - ) v(dz)

- /O /H P [(Ah + (2)h, D, Pap(a))]ds v(da).
(21)

Then by Lemma 7 we deduce

< e (1+72) @l o ]

/H P(Dap - h)(x) v(dz)

t P,_s[(Ah 4+ V'(-) - h, D, Psp)]ds v(dx)| .

By the invariance of v:
t t
/ / P J[(Ah + V() - h, Dy Pp)|ds v(dar) = / / (Ah +H() - h, Dy Pyg)ds v(dz).
HJo HJo
Therefore, by Lemma 7 with a =1 — ¢ and ¢ = %

Pt s[(Ah+b'(+) - h, D, Psp)]ds v(dx)

5/2
< / =1 4 53 ol ) (/ AR+ () h|5/f+5u<da:>> .
0

Note that

V' () - h|—1+5 = |0¢ (xh)|_ s S¢€ |zhls

Then, we have:
|[zh| < cfz]|hls

by the embedding H' C L> and
|zh|1 < clafi [hl,
since H' is an algebra. We deduce by interpolation

|zhls < c|x|s|hl;.
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It follows .
/ / P (A + V() - h, Dy Pap)|ds v(de)
HJO

2/5
< C(5€Ct||80||Lp(H,V) (1—|—/ |gj|g/2]/(d$)) |h|1+5.
H

We need to estimate [, |x]§/2y(d:v). We use the notation of [DaDe07, Proposition

2.2]
[ X (s, 2)[s < [Y(s,2)[s + |2a(s)s

< Y (s, 2)["0 [Y(s, )3 + |2a(s)ls-

Using computation in [DaDe07, Proposition 2.2], we obtain

1
sup [Y (¢,2) + / Y (s, 2)[2ds < c(lef? + )
te(0,1] 0

where £ is a random variable with all moments finite. It follows by (11):

1 1
E (/ ¥ (s, 2)[2° ds) <E (/ |Y(s,x)|2<15>/6|Y(s,x)\§ds> < e(|aP + 1)
0 0
Genelarizing slightly Proposition 2.1 in [DaDe07], we have:

E (lza()[5) < csp

fort €]0,1],0 <1/2, a > 1, p> 1. We deduce:

1
E (/ |X(s,gz7)|§/(S ds> < c(|z)? 4+ 1)°.
0

Integrating with respect to v and using Proposition 2.3 in [DaDe07] we deduce:

Then (20) follows. O
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