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Wavelet p-Leader Non-Gaussian Multiscale Expansions for EEG series:
an Exploratory Study on Cold-Pressor Test

V. Catrambone∗1, G. Valenza1, E. P. Scilingo1, N. Vanello1, H. Wendt2, R. Barbieri3, and P. Abry4

Abstract— Brain dynamics recorded through electroen-
cephalography (EEG) have been proven to be the output of
a nonstationary and nonlinear system. Thus, multifractality of
EEG series has been exploited as a useful tool for a neuro-
physiological characterization in health and disease. However,
the role of EEG multifractality under peripheral stress is
unknown. In this study, we propose to make use of a novel
tool, the recently defined non-Gaussian multiscale analysis, to
investigate brain dynamics in the range of 4-8Hz following a
cold-pressor test versus a resting state. The method builds on
the wavelet p-leader multifractal spectrum to quantify different
types of departure from Gaussian and linear properties, and is
compared here to standard linear descriptive indices. Results
suggest that the proposed non-Gaussian multiscale indices were
able to detect expected changes over the somatosensory and
premotor cortices, over regions different from those detected by
linear analyses. They further indicate that preferred responses
for the contralateral somatosensory cortex occur at scales 2.5s
and 5s. These findings contribute to the characterization of the
so-called central autonomic network, linking dynamical changes
at a peripheral and a central nervous system levels.

I. INTRODUCTION

Scale-free dynamics in EEG. Electroencephalographic
(EEG) signals have been proven to be the output of a highly
nonlinear system for which scale-free dynamics have been
frequently reported in the literature, historically evidenced by
1/fβ power law (2nd order) spectra [1], [2]. Several different
models have been proposed to quantify the mechanisms link-
ing different time scales for scale-free temporal dynamics. A
simple, elegant model is given by self-similarity, modelling
power laws at all statistical orders with exponents solely
controlled by one single parameter H , the so-named self-
similarity index, or Hurst exponent (evidenced on spectra,
β = 2H + 1). Self-similarity in EEG series has been
demonstrated for oscillations at different frequency bands at
rest and/or task conditions [2]. Experimental evidences of
scale-free brain network activation has also been found in
other brain-related series including the ones from functional
magnetic resonance imaging, electrocorticography, and mag-
netoencephalography [3]–[5].
Multifractal modeling. Yet, EEG series have also been
shown to display fluctuating local singular behaviours, be-
yond simple self-similarity with single exponent H and
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requiring a model with a whole collection of exponents
H = h(t) to comprehensively characterize the temporal
dynamics [6], [7]. Mathematically, such a model can be
efficiently framed using multifractal (MF) analysis, in form
of the multifractal spectrum D(h), and can quantify transient
and local non-Gaussian structures that cannot be described
by a single parameter H . In EEG series, MF properties have
been evidenced in several experimental conditions, including
different sleep stages [8], [9], motor imagery and real visual-
motor tasks [10], mental arithmetics [11], epileptic seizures
[12], being also exploited for brain-computer interface ap-
plications [13]. Several different practical analysis tools have
been proposed to study the MF properties of real-world data,
including the wavelet transform modulus maxima method
(WTMM) [14], and the MF detrended fluctuation analysis
(MF-DFA) [15]. Current state of the art MF analyses rely
on discrete wavelet transforms and are performed using the
so-called wavelet leader multifractal formalisms [16] and its
generalization using p-leaders [17].

Multiscale non-Gaussian expansions. It has recently
been shown that this wavelet p-leader MF formalism pro-
vides novel nonlinear indices of physiological dynamics
scaling properties that were not assessed previously [18].
Moreover, elaborating on the underlying MF model, the
definition of versatile multiscale non-Gaussian expansion
coefficients has been proposed for wavelet p-leaders. These
indices are specifically designed to quantify non-Gaussian
dynamics in data, thus enabling to discern two signals that
share linear and Gaussian features and power spectra. In
addition, while these quantities inherit the key beneficial
statistical properties of p-leaders, they do not require strict
power law models, hence lend extra flexibility [18].

Goals and contributions. The goal of this paper is
to investigate the use of these novel nonlinear multiscale
expansions for the characterization of brain responses to
peripheral stimuli. Specifically, we investigate non-Gaussian
multiscale properties of EEG series during sympathetic stress
and, consequently, baroreflex activation as the cold-pressor
test (CPT) [19]–[21]. Previous studies investigating EEG
changes following a CPT elicitation mostly focused on linear
properties [19], [20], and MF and multiscale non-Gaussian
changes in this regard are unknown. Here, we focus on EEG
oscillations within the θ band (4-8Hz), exploiting a dataset
of 24 right-handed healthy volunteers undergoing to resting
and CPT sessions. Our results indicate that multiscale non-
Gaussian indices reveal changes in cortical regions involved
in the experiment to which linear analyses are blind.



II. MATERIALS AND METHODS

A. Experimental Setup and EEG Data Collection
Thirty right-handed healthy volunteers (15 females, 26.7

years on average) were enrolled in the study after giving their
informed consent. Data from six participants were rejected
due to significant artefacts in EEG recordings. The experi-
mental timeline consisted of a period of 3min resting state,
followed by a CPT session during which the experimentalist
submerged the subject’s non-dominant hand, up to the wrist,
in a solution of ice and water. The temperature of the solution
was maintained between 0 and 4 ◦C. Subjects were asked not
to move their hand for up to 3min, as per the average time
threshold in healthy people before feeling pain [22]. In case
of early pain, volunteers were free to terminate the CPT and
move to the next experimental session. The experimental
procedures were approved by the local ethical committee.
Further details maybe found in [21].

Throughout the protocol, a set of physiological signals
were gathered, including high-resolution 128 channels EEG
sampled at 500Hz. To minimize subject movements and
hemodynamic stabilisation, participants were asked to sit
comfortably on a chair throughout the recording.

B. Data Preprocessing
EEG preprocessing was performed following the HAPPE

procedure, which is fully described in [23]. Briefly, a subset
of signals from 90 electrodes was selected and high-pass fil-
tered at 1 Hz. Electrical noise at 50 Hz was removed through
a multi-taper regression approach, and bad channels were
identified and removed based on eventual high impedances
or belonging to the 1% tails of the EEG data distribution,
calculated by the normed joint probability of the mean log
power from 1 to 125 Hz.

The preprocessing pipeline also foresaw a wavelet-
enhanced independent component analysis (W-ICA) fol-
lowed by a further ICA step to eventually reject additional
artefact components. While the first W-ICA step removed
some of the most severe artefacts, including high-amplitude
artefacts (e.g., blinks), and discontinuities in the recording,
the subsequent ICA with an automated component rejection
was especially effective at detecting and removing muscle
artefact components [23]. At this point, channels removed
during the bad channel rejection step were interpolated
through a spherical algorithm. The final processing step
comprised a re-referencing of the EEG data using average
values across all channels.

Below, we report on the investigation of the dynamical
properties of the time-varying power of the spectrum cal-
culated within the θ band of the EEG (i.e., within [4, 8]Hz)
only. For each subject, the time-varying power was calculated
on EEG series from each electrode by applying a Hamming
window and using a modified periodogram approach, with
time windows of 2 seconds overlapped by 50%, thus a 1s
resolution.

C. Multifractals and Non-Gaussian Multiscale Analyses
1) Discrete wavelet transform: The discrete wavelet trans-

form coefficients are obtained as the inner products of

the matrix X and the orthonormal collection of func-
tions ψj,k(t) = 2−jψ(2−jt− k)(j,k)∈N2 , constructed by di-
latations to scales j and translations to position 2jk from
a mother wavelet ψ: dX(j, k) = 〈ψj,k|X〉, a specific os-
cillatory reference pattern with narrow time and frequency
support (cf. [24]).

For self-similar models, the wavelet spectrum

SdX (j, q = 2) =
1

nj

nj∑
k=1

|dX(j, k)|q ' K2jqH , (1)

displays power laws with exponent controlled by the Hurst
parameter H which enables its estimation via log-log plot
regressions [25] (here, nj is the number of dX(j, k) available
at scale 2j). The wavelet spectrum can be directly related to
the Fourier spectrum, and H to linear data properties and
energy distribution across frequency bands [25], [26].

2) Wavelet p-Leaders and Multifractality: Multifractal
models enrich self-similarity in that H is replaced by an
entire interval of local self-similarity exponents H = h(t)
that are assessed by the multifractal spectrum D(h), which
quantifies the temporal repartition of these exponents [16],
[26]. To estimated D(h) from data, one must replace q = 2
in (1) with a range of positive and negative moments q, and
wavelet coefficients with wavelet p-leaders `(p)X .

They are defined as local `p norms of wavelet coefficients
in a narrow temporal neighbourhood over all finer scales

`
(p)
X (j, k) =

(
2j
∑

λ′⊂3λj,k

2−j
′
|dX(λ′)|p

)1/p
(2)

with λj,k = [k2j , (k+1)2j) and 3λj,k =
⋃
m{−1,0,1} λj,k+m.

It can be shown that the cumulants of log-leaders

C(p)
m (j) ≡ Cumm log

(
`
(p)
X (j)

)
' c0m + cm log(2j) (3)

enable constructing estimates for the multifractal spectrum
D(h): c1 quantifies the mode of D(h) and linear data
properties that are closely related to H , while c2, c3, c4 are
nonlinear features that quantify width, asymmetry and kur-
tosis of the multifractal spectrum, respectively (see e.g. [16]
and references therein for details on multifractal analysis).

3) Non-Gaussian Multiscale Representation: Assessing
higher-order cumulants as in (3) can be problematic for real
data. Instead, the use of a multiscale non-Gaussian expansion

L2P
q (j) =

P∑
i=1

log(S`X (j, q2i−1))

q2i−1
− log(S`X (j, q2i))

q2i
(4)

has recently been proposed in [18], where S`X (j, qi) =
1
nj

∑nj

k=1 `
(p)
X (j, k)qi . It can be shown that the coefficients

L2P
q (j) allow to probe higher-order cumulants, and thus non-

Gaussian properties, using moments qi of low order only:

L2P
q (j) =

∞∑
m=2

Cm(j)

∑P
i=1 q

m−1
2i−1 − q

m−1
2i

m!
. (5)

Since C1(j) does not appear in (5), L2P
q (j) quantifies only

the nonlinear data properties. Moreover, tuning qi enables
us to discern different natures of departure from Gaussian,
see [18] for details.



Fig. 1: Linear features. p-value topographic maps from non-
parametric Wilcoxon tests between resting state and CPT
elicitation for standard EEG features (i.e. median, Maximum
Absolute Deviation, and Area Under Curve) calculated on the
time-varying power in the θ band: blue (red) areas indicate
significant differences (p ≤ 0.05) with higher (lower) values
during the resting state with respect to CPT session (green
areas: no statistical differences between sessions, p > 0.05).

D. Statistical Comparison

For each time-varying θ band power spectrum series,
features from a non-Gaussian multiscale representation, as
well as from standard analysis were statistically compared
between the two experimental conditions, the resting and
CPT session. The features from standard analysis included
the median, the maximum absolute deviation (MAD), and
the area under the curve (AUC) of the time-varying power
in the θ band. Statistical comparison between sessions was
performed using non-parametric Wilcoxon tests for paired
samples, and p-values were adjusted for multiple comparison
through a permutation test, with a total of 1000 permutations.

III. EXPERIMENTAL RESULTS

Experimental results comprise the statistical comparison
between resting and CPT sessions for features from a stan-
dard analysis and for non-Gaussian multiscale expansions,
and are shown as p-value topographic maps.

A. Standard Analysis

Fig. 1 shows three p-value topographic maps from the
non-parametric Wilcoxon tests for the median, MAD, and
the integral of the time-varying θ power. Few significant
differences are found in the frontal and occipital lobes, with
decreasing trends during the CPT session with respect to the
preceding resting session. This is in agreement with previous
findings on CPT [19], [20], as well as further PET/fMRI
investigations [27], [28]; it has been suggested that these
changes may represent the inhibition of sensorial perception
after the nociceptive input [19].

B. Non-Gaussian Multiscale Analysis

The nonlinear analysis was performed using a Daubechies
wavelet, with Nφ = 3 vanishing moments, and three differ-
ent non-Gaussian multiscale expansion coefficients L2P

q (s),
defined in Table I, and quantifying different aspects of
departure from Gaussianity.

Fig. 2 shows p-value topographic maps from the non-
parametric Wilcoxon test for non-Gaussian indices LQ1,
LQ2 and LQ3 over 5 different time scales corresponding to
2.5, 5, 10, 21, and 42 seconds. The scales listed above refer
to the oscillation during time of the signal derived from the

TABLE I: Non-Gaussian expansion indices

moments qi cumulants Cm active in (5)

LQ1 (0.25, 2) m ≥ 2
any departure from Gaussian

LQ2 (−2, 2) m = 2, 4, ...
symmetric properties

LQ3 (0.25, 0.75, 2.5, 2)) m ≥ 3
non log-normal non-Gaussian

Fig. 2: Non-Gaussian multiscale expansion. p-value to-
pographic maps from non-parametric Wilcoxon tests be-
tween resting state and CPT elicitation for Non-Gaussian
multifractal indices calculated on the time-varying power in
the θ band: blue (red) areas indicate significant differences
(p ≤ 0.05) with higher (lower) values during the resting state
with respect to CPT session (green areas: p > 0.05).

power in the θ band, they must not to be confused with
correspondent oscillations in the EEG signals. Here, LQ1
quantifies any departure from Gaussian, LQ2 only quantifies
the symmetric portions of departure from Gaussian, and LQ3
non log-Normal type departures. Significant differences are
associated with LQ1 and LQ2 over the midline frontal brain
areas at all scales, as well as prefrontal regions at 2.5s and 5s
and, at coarser scales, over the left temporal lobe and right
primary motor cortex. At a 21s scale, no significant changes
were found for LQ1 and only one over the central prefrontal
cortex for LQ2. On LQ3, significant differences were found
over the right somatosensory cortex at all scales, as well as
over the left occipital cortex at 2.5s and left temporal cortex
at 5s and 10s. As expected, the three non Gaussian indices
show different behaviour across the scalp. As a matter of fact,
LQ1 and LQ2 share many significant electrodes, while LQ3
highlights separated regions, thus evidencing the log-normal
characterization of the θ power time series in the regions
enhanced by LQ1 and LQ2, while the non-Gaussinity must
have a different nature in regions significant in LQ3.

These results show that the nonlinear non-Gaussian in-
dices are able to detect, over several time scales, significant
changes in brain regions that were expected to be involved
in this protocol and for which linear features show no
significant differences, including somatosensory and pre-
motor cortices [29]. Interestingly, these significant changes
in nonlinear features are in agreement with our previous
findings related to brain-heart information transfer during
CPT [21], [30], especially referring to right latero-temporal
and right dorso-parietal cortices, as shown for LQ3.



IV. DISCUSSION AND CONCLUSION

We investigated non-Gaussian multiscale indices of EEG
dynamics during a peripheral elicitation as CPT with respect
to resting conditions. To the best of our knowledge, such
EEG multifractal-inspired nonlinear multiscale analysis has
not been applied to investigate changes occurring following
a CPT, especially considering the recently proposed non-
Gaussian multiscale representation from wavelet p-leaders.

We showed that the nonlinear non-Gaussian multiscale
coefficients detected significant differences in brain regions
that were expected to be involved in this protocol, that
a standard linear analysis was not able to detect. In fact,
standard analysis on θ band power using median, MAD, and
AUC indices (Figure 1) shows significant changes only over
the midline frontal region, potentially related to nociceptive
perception [19].

Our results therefore suggest that several brain activity
changes in the θ band during a sympathetic stressor are
related to the nonlinear non-Gaussian MF properties of
the neural dynamics per se. Furthermore, results indicate
that preferred responses for the contralateral somatosensory
cortex occur at scales 2.5s and 5s. Although at a speculative
level, we argue that the activity of superior parietal lobe,
known to be critical for sensorimotor integration [31], results
in a non-Gaussian dynamics detectable through LQ3 (non-
lognormal shape). Also, activations detectable through a
linear and a nonlinear analysis over the midline frontal cortex
and premotor cortex maybe related to a motor control task,
which might be due to the control that subjects had to exert
over their hand in order to maintain the experimental posture.

Our findings may also help for the investigation of the
functional links between peripheral and the central ner-
vous systems, especially considering the Central Autonomic
Network [32], particularly in those related to brain-heart
information transfer during CPT [21].

Main limitations of our work are related to the fact we
accounted for the EEG θ band exclusively; other EEG fre-
quencies will be investigated in future studies. In conclusion,
although we are still far from a clear neurophysiological
explanation for EEG non-Gaussian and multifractal changes,
this study support the evidence that neural dynamics may act
in a non-Gaussian, multifractal fashion.
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