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Partially magnetized plasmas in the Hall effect thrusters remain poorly understood
primarily due to the electron transport in the cross-field direction. It is recently discussed
that the drift-diffusion approximation is invalid for the electron dynamics in the presence
of a large drift velocity. It is therefore possible that the anomalous electron transport is
strongly related with the presence of an azimuthal drift. In this paper, we discuss the
importance of the azimuthal drift on cross-field electron transport based on some recent
results from a one-dimensional particle-in-cell simulation, two-dimensional particle-in-cell
simulation, and laser Thomson scattering measurements.

I. Introduction

With the increasing demand and interest from the community, Hall effect thrusters (HETs) are one of the
key space propulsion technologies.1 The electric propulsion (EP) community has collected a wide range of
knowledge and has expanded the capabilities of the thrusters to a level where these devices are used for various
missions for scientific, military, and commercial purposes. While the focus of the HET research has been
focused on designing new thrusters, establishing testing facilities, and developing experimental diagnostic
capabilities, the community still lacks of predictive modeling capabilities that are critical in growing the
industry and proposing new technologies based on the understanding gained through the computational and
theoretical models.

Many computational models have been developed to simulate the discharge plasmas and plume of the
HETs. The three main computational methods2 that are developed so far are (i) a fluid approach, (ii)
a particle-based kinetic approach, and (iii) a grid-based kinetic approach. In addition, fluid approaches
include various formulations based on the assumptions. While the kinetic methods are useful for studying the
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instabilities and non-Maxwellian nature of the plasmas, the computational challenges in the HET plasma, in
particular in the channel, come from the multiscale nature of the problem. For instance, the spatial gradient
of the plasma parameters, such as the plasma density and electron temperature, results in a variation of
characteristic temporal and spatial scales. The plasma density can vary one to three orders of magnitude and
the electron temperature may vary from a few electron-volts to a few tens of electron-volts. Hence, a fluid
approach is still popularly used in the HET community due to the cheaper computational cost required. For
instance, the computational cells do not have to resolve the characteristic spatial lengths, such as the Debye
length, when a quasineutral assumption is used. This is attracting especially when one needs to model a
large domain, e.g. anode-to-cathode including the plume to evaluate the thruster properties.

A fluid model, in general, refers to a computational and theoretical framework where macroscopic quan-
tities, such as the density, bulk velocity, and temperature, are solved using conversation laws. Furthermore,
for electrons, the community has utilized the drift-diffusion approximation, or the generalized Ohm’s law,
to simplify the computation. The effective collision mobility across the magnetic field lines is often assessed
using the plasma measurements, such as the ion density, electron temperature, and electrostatic potential.
Such experimental data are fed into the drift-diffusion flux formulation. The discrepancy between the ob-
served effective electron mobility from the classical theory which only accounts for the collisional momentum
transfer mechanisms is then often alluded to as the anomalous electron transport. Recent experimental ob-
servations and theoretical studies have suggested that the azimuthal plasma waves induced by instabilities,
such as the electron cyclotron drift instability (ECDI),3–5 are responsible for the electron detrapping from
the magnetic field lines, namely, cross-field electron transport.

While the HET community adopted the drift-diffusion flux due to the wide use in the low-temperature
plasma community, the most significant difference between conventional low-temperature, low-pressure
plasma discharges and the HET discharge, i.e. partially magnetized ions is the azimuthal drift. Hence,
in this paper, we attempt to analyze the effects of the azimuthal drift on the cross-field electron transport.

II. Derivation of the fluid equations

The Boltzmann equation can be written as

∂f

∂t
+ ~v · ∂f

∂~x
+

q

m

(
~E + ~v × ~B

)
· ∂f
∂~v

=
δf

δt
, (1)

where f is the velocity distribution function (VDF), which is a function of space ~x, velocity ~v, and time t,

q is the elementary charge, ~E is the electric field, ~B is the magnetic field, and the right hand side is the
collision term. The fluid equations, i.e. conservation laws, can be derived by taking the moments of the
kinetic equation.

A. Cartesian coordinate

Let us assume that the magnetic field is only in one direction, e.g. z, for simplicity. The zeroth moment of
the Boltzmann equation gives the continuity equation:

∂n

∂t
+

∂

∂x
(nux) +

∂

∂y
(nuy) = ṅ, (2)

where n =
∫
fdv3 is the number density, ui =

∫
vif̂dv

3 is the bulk velocity in the i = x, y direction, f̂ = f/n
is the normalized VDF, and ṅ is the source and sink terms due to volumetric reactions.

Taking the first moment of the Boltzmann equation, see Eq. (1), the momentum equations can be derived.
Here, the collisional drag terms are assumed to follow the Krook’s operator. The x-momentum equation can
be written as,

∂

∂t
(nux) +

∂

∂x

(
n

∫
v2xf̂dv

3

)
+

∂

∂y

(
n

∫
vxvy f̂dv

3

)
=

q

m
n(Ex + uyBz) − (νm + νion)nux, (3)

and the y-momentum equation:

∂

∂t
(nuy) +

∂

∂x

(
n

∫
vxvy f̂dv

3

)
+

∂

∂y

(
n

∫
v2y f̂dv

3

)
=

q

m
n(Ey − uxBz) − (νm + νion)nuy, (4)
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where νm is the momentum transfer collision frequency and νion is the ionization frequency. The Lorentz
force term is derived using integration by parts. In the conservative form of the momentum equation, the
momentum loss due to the ionization means that the secondary electron generated results in an overall
decrease of momenta. The inertia term is kept as the second moment of the VDfs.

B. Special condition of Cartesian coordinate system: when the flow is collisional

Here we discuss how the fluid equations, e.g. Navier Stokes, are derived. If the flow is collisional and the
VDF is a Maxwellian distribution based on the local macroscopic quantities at any given time and location,

f̂ =

(
m

2πkBTx

)1/2(
m

2πkBTy

)1/2

exp

[
−m(vx − ux)2

2kBTx

]
exp

[
−m(vy − uy)2

2kBTy

]
, (5)

where Tx and Ty are the temperature in x and y directions, respectively and kB is the Boltzmann constant.
Thus, the second moments of the VDFs can be calculated as∫

v2xf̂dv
3 = n0u

2
x + pxx, (6)∫

vxvy f̂dv
3 = n0uxuy, (7)∫

v2y f̂dv
3 = n0u

2
y + pyy, (8)

where pxx and pyy are the pressure terms. Only then the fluid formulations, e.g. computational fluid
dynamics, can be obtained.

∂

∂t
(nux) +

∂

∂x
(nu2x) +

∂

∂y
(nuxuy) = − 1

m

∂pxx
∂x

+
q

m
n(Ex + uyBz) − (νm + νion)nux, (9)

∂

∂t
(nuy) +

∂

∂x
(nuxuy) +

∂

∂y

(
nu2y

)
= − 1

m

∂pyy
∂y

+
q

m
n(Ey − uxBz) − (νm + νion)nuy. (10)

C. Cylindrical coordinate

For a cylindrical coordinate system, assuming azimuthal symmetry (e.g. ∂/∂θ = 0), the Boltzmann equation
can be written as

∂f

∂t
+ vr

∂f

∂r
+ vz

∂f

∂z
+

(
ar −

v2θ
r

)
∂f

∂vr
+
(
aθ +

vθvr
r

) ∂f

∂vθ
+ az

∂f

∂vz
=
δf

δt
, (11)

where ar, aθ, and az are the acceleration terms in the r, θ, and z directions, respectively. Namely, ~a =
q/m( ~E + ~v × ~B. The difference between the Cartesian coordinate system is that the centrifugal forces
contribute to the derivations.

Using integration by parts, the velocity advection terms introduce new terms. For instance, for the
continuity equation,

∫
(vθvr/r)∂θfdv

3 = (1/r)
∫
vrfdv

3, which can be lumped into the ∂/∂r term. The
continuity equation can be written as

∂n

∂t
+

1

r

∂

∂r
(rnur) +

∂

∂z
(nuz) = ṅ. (12)

The r−, θ−, and z−momentum equations are given as

∂

∂t
(nur) +

1

r

∂

∂r

(
r

∫
v2rfdv

3

)
+

∂

∂z

(∫
vrvzfdv

3

)
=

q

m
n(Er +uθBz)− (νm + νion)nur +

∫
v2θ
r
fdv3, (13)

∂

∂t
(nuθ)+

1

r

∂

∂r

(
r

∫
vrvθfdv

3

)
+
∂

∂z

(∫
vθvzfdv

3

)
=

q

m
n(Eθ+uzBr−urBz)−(νm+νion)nuθ−

∫
vθvr
r
fdv3,

(14)
∂

∂t
(nuz) +

1

r

∂

∂r

(
r

∫
vrvzfdv

3

)
+

∂

∂z

(∫
v2zfdv

3

)
=

q

m
n(Ez − uθBr) − (νm + νion)nuz. (15)

Note that the second moments are not denoted using any fluid quantities yet, since they can strictly speaking
only be written using fluid quantities when the VDFs are Maxwellian (see the previous section).
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III. Evidence of electron azimtuhal velocity

Incoherent Thomson Scattering (ITS) measurements on two 200 W Hall thrusters, both magnetically
shielded and non-shielded thrusters, are conducted. Both thrusters are equipped with BNSiO2 channels and
have the same channel width and mean diameter. This technique has been used to measure the plasma
properties in the hollow cathode plume.6 The scattered light is collected as a function of frequency, which
gets translated into the electron velocity. Hence, the VDF of the electrons can be measured.

Figure 1: The drift velocity along both azimuthal and radial directions, obtained from laser Thomson
scattering. Reproduced from 7.

Figure 1 shows the recent result from Vincent et al. in which the azimuthal drift can be observed much
larger than the radial drift obtained from the Gaussian distribution of the sampled signals. This is the
first unambiguous signal of the azimuthal velocity. The maximum magnetic field strength is 150 G and
the discharge voltage is 250 V. The measured current is 1.14 A. As can be seen from Fig. 1, the maximum
azimuthal drift detected is approximately 2× 106 m/s, which corresponds to a kinetic energy of 11 eV. Note
that the radial drift velocity is on the order of a few hundred kilometers per second, which corresponds to
less than 1 eV.

IV. 1D Analysis

A particle-in-cell (PIC) simulation is developed to model the discharge characteristics in the axial direc-
tion.8 Before attempting to build a self-consistent model, we use an artificial anomalous electron transport
profile which generates a steady-state discharge current trace without any breathing mode oscillations. This
way, the numerical analysis becomes straightforward without the need to account for the effects of the
low-frequency oscillations.

The computational domain is similar to geometry of a SPT-100 type thruster. The channel length is
2.5 cm and the near-field plume is accounted for by extending the domain 2.5 cm. Hence, the domain size if
5 cm. The outer and inner radii are 5 mm and 3.45 mm, respectively. The mass flow rate is 5 mg/s and the
propellant is xenon. The full-PIC simulation utilizes the electron mass of 9.1 × 10−31 kg and permittivity
of 8.85 × 1012 F/m. The number of cells is 2500 to resolve the Debye length. An explicit PIC simulation is
used where the equations of motion are solved for individual computational macroparticles. The collisions
are accounted for using the Monte Carlo Collision method. In the calculation, we utilize the quasineutral
injection method from the cathode, which injects the electrons to satisfy local quasineutrality at the last
computational cell. The ions and electrons are absorbed on the anode. The radial channel wall is not
accounted for in the results shown here. Particle decomposition is used to accelerate the simulation using
message passing interface (MPI). Since the simulation solves for the 1D field properties, the Poisson solver
is performed in a single core after gathering the ion and electron densities. Note that the results shown
here exhibit negative azimuthal velocity due to the orientation of magnetic field, namely, the simulation
corresponds to a case where the magnetic field is pointing inward.
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The anomalous mobility is taken into consideration to achieve steady-state results. Here, a two-region
model is adopted, where the anomalous momentum transfer collision frequency is νano = ωce/160 inside
the channel and νano = ωce/16 outside the channel, where ωce = eB/m is the electron gyrofrequency.9

The ECDI suggests that the momentum transfer of electrons is solely in the perpendicular direction so the
parallel dynamics is unaffected. This corresponds to perpendicular scattering where the axial and azimuthal
velocities are exchanged. However, other instabilities, such as modified two-stream instability, allow for
momentum exchange in the parallel direction. Thus, we also investigate the effects when isotropic scattering
is used for the anomalous components. Momentum transfer due to electron-neutral collisions is modeled
accounting for the elastic collision, excitation, and ionization. For the results shown, an isotropic scattering
is assumed for momentum transfer via all electron-neutral collisions.

Figure 2: The discharge current trace using a 1D PIC simulation assuming perpendicular and isotropic
scattering for the anomalous mobility treatment.

Figure 2 shows the discharge current, namely, the anode current, when the artificial anomalous transport
is considered to be perpendicular and isotropic scattering. For perpendicular scattering, v⊥ and vy are
exchanged, while isotropic scattering assumes momentum exchange in all directions, i.e. v⊥, vy, and v. Both
results show good agreement for the time-averaged current around 4.8 A. This illustrates that the results
are insensitive to the parallel dynamics via the anomalous scattering.

Figure 3 shows the instantaneous plasma properties obtained from the 1D PIC simulation. The PIC
results agree qualitatively with the quasineutral fluid solver except near the boundaries. The plasma sheaths
form near the anode. The sheath potential of which is a few electron temperature, which is smaller than
the sheath potential required for a floating potential, meaning that the electrons are conducted through
the anode. The axial electron bulk velocity near the anode reaches about −5 × 105 m/s. Additionally an
acceleration of azimuthal bulk velocity can be observed near the anode, which is due to the kinetic effects
where the gyrating electrons are absorbed. The azimuthal velocity is approximately −1.7 × 106 m/s at
maximum and then plateaus in the near field plume where a large anomalous “artificial” momentum transfer
mechanism is accounted for. From the emission plane, stationary electrons are assumed for the injected
components. Thus, a decrease of the azimuthal bulk velocity can be seen near the injection plane.

Now, the effects of the inertia terms, including the azimuthal drift components, on electron transport
can be evaluated. Neglecting the variation in y, a steady-state solution of Eqs. 3 and 4 can be given by

nux = −µ0(nEx + nuyBz) −
1

νm

∂

∂x

(∫
v2xfdv

3

)
, (16)

nuy = −µ0(nEx − nuxBz) −
1

νm

∂

∂x

(∫
vxvyfdv3

)
, (17)

where µ0 = e/(mνm) is the nonmagnetized electron mobility. The importance of Eq. 16 is that the cross-field
transport is dependent on the inertia term (which we will see that this can be reduced to a known form) and
the azimuthal drift. If the drift-diffusion approximation holds, uy is simply Ωux, which gives the classical
diffusion.
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Figure 3: Instantaneous results. Left: electron density and electron axial flux density. Right: electron axial
and azimuthal bulk velocities.

If one considers f = f0 + f ′, where f0 is the equilibrium Maxwellian VDF and f ′ is the perturbed VDF,
the inertia terms discussed in Eqs. 16 and 17 can be written as,∫

v2x(f0 + f ′)dv3 = nu2x + pxx +Rxx, (18)

∫
vxvy(f0 + f ′)dv3 = nuxuy + pxy +Rxy, (19)

where Rxx =
∫
v2xf
′dv3 and Rxy =

∫
vxvyf

′dv3.

Figure 4: The inertia flux density. Left: xx contributions. Right: xy contributions. Denoted as kinetic xx
and kinetic xy are the second moment of the VDFs and other terms correspond to the right hand side of
Eqs. 18 and 19.

Figure 4 shows the contribution of each macroscopic terms. It can be seen that the PIC results show the
second moment for vxvx is dominantly the pressure term. Thus, the x-momentum equation can be simplified
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to

nux = −µ0

(
nEx +

1

e

∂pxx
∂x

+ nuyBz

)
, (20)

which is equivalent to the drift-diffusion formula. However, the second moment of vxvy exhibits a more com-
plex structure. If drift-diffusion approximation were to hold, the nuy flux equation (from the y-momentum
equation) will follow a similar form as Eq. (22). It can be seen from Fig. 4(left) that the oscillatory compo-
nent, i.e. Rxy in Eq. 19, is almost negligible. However, due to the presence of a large uy,

∫
vxvyfdv

3 is not
equal to pxy alone nor nuxuy alone. Thus,

nuy = −µ0

(
1

e

∂nuxuy + pxy
∂x

− nuxBz

)
. (21)

By combining Eqs. 22 and 21, the axial cross-field flux density can be written as

nux = − µ0

(1 + Ω2)

[(
nEx +

1

e

∂pxx
∂x

)
+ Ω

(
1

e

∂nuxuy + pxy
∂x

)]
, (22)

V. 2D analysis

A 2D cylindrical full PIC simulation is used to model the HET discharge plasmas.10,11 Singly, doubly,
and triply charged ions are included. No artificial electron mass nor permittivity is used. More details of
the simulations will be discussed in IEPC-2019-718.

Figure 5: Magnetic field strength (unit: Tesla) and lines in a HET.

The magnetic field strength and lines are shown in Fig. 5. There is a path in the cross-field direction that
the minimal magnetic field strengths can be achieved, which is possibly the lowest conductivity path for the
electrons. However, it can be seen that the vectors of the magnetic field are curved in a HET configuration.
In the presence of boundary conditions at the wall (inside the channel and pole pieces), anode, and electron
injection, the plasma behaves in a complex fashion.

Figure 6 shows the regions where the azimuthal bulk velocity is positive and the corresponding electron
density. From Eqs. 13, 14, and 15, the steady-state momentum equations can be written as

1

r

∂

∂r

(
r

∫
v2rfdv

3

)
+

∂

∂z

(∫
vrvzfdv3

)
=

q

m
(nEr + nuθBz) − νmnur +

∫
v2θ
r
fdv3, (23)

1

r

∂

∂r

(
r

∫
vrvθfdv3

)
+

∂

∂z

(∫
vθvzfdv3

)
=

q

m
(nEθ + nuzBr − nurBz) − νmnuθ −

∫
vθvr
r
fdv3, (24)
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1

r

∂

∂r

(
r

∫
vrvzfdv3

)
+

∂

∂z

(∫
v2zfdv

3

)
=

q

m
(nEz − uθBr) − νmnuz. (25)

For simplicity, let us derive the drift-diffusion like equation by neglecting the inertia terms on the left hand
side in Eqs. 23, 24, and 25.

0 = − e

m

(
Er +

1

en

∂prr
∂r

)
− νmur +

u2θ
r
, (26)

0 = − e

m
(uzBr) − νmuθ −

uθur
r

, (27)

0 = − e

m

(
Ez +

1

en

∂pzz
∂z

− uθBr

)
− νmuz. (28)

Figure 6: The azimuthal bulk velocity (left) and the electron density (right). The negative azimuthal bulk
velocities are turned off to clearly show the positive velocity regions. In addition, the plasma density that is
below 0.1% of the maximum electron density (8 × 1017 m−3) is turned off.

From Eq. 27,

uθ = − ωBuz
νm + ur

r

= − Ω

1 + ur

rνm

uz, (29)

where ωB = eB/m is the gyrofrequency. Inserting Eq. 30 into Eq. 28 gives(
1 +

Ω2

1 + ur

rνm

)
uz = −µ0

(
Ez +

1

en

∂pzz
∂z

)
. (30)

This indicates that the radial bulk velocity may contribute to the cross-field electron transport as well.

VI. Conclusion

This paper reports the derivations of the fluid equations taking the moments from the kinetic equations.
First, the importance of the inertia terms is explained. It can be observed that from a full 1D PIC simulation,
the axial inertia term reduces to the pressure term while the azimuthal inertia term is a combination of the
shear and pressure terms, which could cause the anomalous electron transport.

In addition, the results from the full 2D PIC simulation are used to discuss the importance of the
azimuthal drift through the centrifugal force term. The presence of centrifugal force plays an important role
in the azimuthal momentum equation, which shows that the cross-field electron transport can be affected by
the radial electron transport parallel to the magnetic field lines.
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