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PERSISTENCE IN THE MORAN MODEL WITH RANDOM SWITCHING
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® UNIVERSITE DE LORRAINE, CNRS, INrIA, IECL, UMR 7502

ABSTRACT. The paper is devoted to the study of the asymptotic behaviour of Moran process
in random environment, say random selection. In finite population, the Moran process may
be degenerate in finite time, thus we will study its limiting process in large population which
is a Piecewise Deterministic Markov Process, when the random selection is a Markov jump
process. We will then study its long time behaviour via the stochastic persistence theory of
Benaim [9]. It will enable us to show that persistence can occur, i.e. asymptotic coexistence
of all species, when there are enough switching possibilities. This is true even if one species
has never a predominant selection.
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INTRODUCTION

Population dynamics is a complex phenomenon in which environment plays a determin-
ing role. In particular, environmental fluctuations may be a determining factor to conserve
biodiversity. Some works on this subject, such as 28], [27], have already highlighted its in-
fluence on a population evolution and its primary role in the stability of ecosystems. From
a theoretical point of view, it has also been proved that environmental fluctuations may per-
mit coexistence in models where a constant environment does not ( [1], [18], [12], [I5] and [11]).

Among all these mathematical models able to include environmental variations, one of the
most known in ecology but also in population genetics is the Moran model [30] with selection
and immigration. It is a birth and death process: in a given population, an individual is chosen
to die uniformly in the population and then a child chooses his parent proportionally to the
abundance in the previous population. Environment influences birth (and eventually death),
each species has a fitness that gives individuals of the same species more or less probabilities of
being chosen as parents compared to the neutral case. The fitness changes randomly through
time, and are modeled by a Markov chain.

Immigration represents interactions between the community studied and the external envi-
ronment, its main role is to introduce new species or reintroduce a species and so to conserve
biodiversity. One can also consider mutation, but in fact it has the same impact on the pro-
cess, as we are in a fixed population size. Without immigration (or mutation) and for a fixed
population size, it well known that a species invade definitively the community in a finite
time [34]. But what happen for large population? Our objective is to prove that, in the large
population limit (i.e the population size goes to infinity), environmental fluctuations can be
sufficient to conserve biodiversity in the Moran model. It will be done through the notion of
stochastic persistence developed by Benaim and Schreiber in [36] and in [9].

Let us present the structure of the paper and the main results we obtain. In a first section, we
present the Moran Model with random selection and we obtain a quantitative approximation
of this discrete process (rescaled in time with respect to the size of the population) in the limit
in large population towards a particular Piecewise Deterministic Markov Process (PDMP),
which is the content of Section 1 and particularly Theorem 2. We thus have to study this
PDMP in which only the selection parameter is random and is a pure jump Markov process.
For two species the PDMP is the following (we only need to follow the dynamic of one species):

dX;  Xi(1 - Xy)

dt - o 1+ StXt (1)
Pz,s(5t+h = Sk‘st = Sj) - Qj,kh + O(h) if J 7é k

where s; is our selection jump Markov process taking values in some finite space.
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In order to understand the long time behavior of this process, it is first particularly infor-
mative to understand this dynamic when the selection is constant, which is done in Section
2.

Then we will consider the long time behavior when the selection is a jump Markov process.
To this end we introduce in Section 3 the notion of conservation of biodiversity, taken from
Schreiber [35], see also [36]. We use the the definition of stochastic persistence [9] which
(roughly) asserts that the process spend (a.s.) an infinite time away from the absorbing
boundaries.

Section 4 is dedicated to the case where there are two species and a switch between two
different environments. It is sufficient as more possible values of the environment may be
captured by this setting, as the important feature is to switch from one favorable environment
to a defavorable one. Proposition 1 gives explicit condition to get stochastic persistence or
extinction of one of the species. For example, in Example[l] when the jump rates are constant
and equal, stochastic persistence is ensured as soon as the two values of the selection process
satisfies —s1 < so < —s1/(1 + s2), that we illustrate numerically.

The general case is treated (partially) in Section 5, where are exhibited conditions under
which a species may go to extinction or one species invade the other ones. However criterion
for stochastic persistence given by [9] are quite difficult to handle in more than 2 species
as it requires the explicit knowledge of all the ergodic measures. Therefore we consider and
detail the case of 3 species in Section 6. When there are only two different environments,
unfortunately there is no stochastic persistence. However some interesting phenomenon takes
place such as a specie never favored nor defavored may nevertheless invade the community.
Turning to three different environments we exhibit numerical conditions under which stochastic
persistence occurs.

An appendix gathers the proof of Theorem 2 and some useful lemma.

1. MORAN MODEL WITH SELECTION AND IMMIGRATION AND ITS LARGE POPULATION
LIMIT

1.1. Presentation of the model.

The Moran process was introduced in population genetics in 1958 [30] to describe the proba-
bilistic dynamics in a constant size population in which many alleles compete for dominance.
Similarly, it models the stochastic dynamics of a population in which several species coexist. In
this section we describe in details the discrete model, i.e. the Moran process. A particularity
of this model is that an event occurs at each time step. More precisely each event corresponds
to the death of an individual and the birth of another who replaces it.

We consider a population, whose size is constant over time equal to J, composed of S + 1
species . The proportion of the i species at the n'" event is denoted X?,i € S = {1,..., S +1},
n € N.

As usual once we know (X%)izl,..,s, we deduce the proportion for the last species, X;f“ =

s ‘
1— > X,;. We denote by X,, = (X},)i=1,..5 the species vector or abundance vector. The
i=1

dyna;niCS of evolution follows the following pattern at the step n:

(1) The individual designated to die is chosen uniformly among the community.
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(2) It is replaced by an individual that chooses its parent randomly in the community.
The parent is then of the species ¢ with probability

XE(1+s)
S+1 ’

1+ > Xkgk
k=1

The (s¢);cs are the selection parameters (or fitness) which evolve through time. They can be
seen as an advantage (or a disadvantage) giving more weight to the i*" species. In a neutral
case, where all the species have the same fitness, the above probability is equal to X!, meaning
that no species is advantaged.

We denote by s, the environment at step n, i.e the vector having for i** coordinate s?. In
the following, (sy)n>0 will be a Markov chain taking values in a finite space F with cardinality

K. Furthermore, we assume that for all n > 0, 35“ = 0. Indeed, we can obtain it from any

~i ~S
51, —58n

. 1
configuration by changing all the coefficients by s!, = ST This assumption forces, if we
&n

take initially positive fitness, that the coefficients belong to the set ] —1;00[

We assume throughout this work that (s,)n>0 is autonomous, meaning that its evolution
does not depend on (X,,)n>0. We further define U, as the vector composed of X,, and s,,.

This model therefore describes a Markovian dynamic in which a species invades definitively
the community almost surely in a finite time. This is due to the absence of immigration. Some
works, such as [16] and [15], give an estimation of the absorbing time in non random environ-
ment. However, the invasion time is increasing with the population size J. Our main goal is
to understand the behaviour of the process when the population is large. Do environmental
switch improve or reduce biodiversity?

The species vector (X, )n>0 is a Markovian random process. Let us describe the transition
probabilities. Let x be the vector having for coordinate i, z°. Denote A = %, so for the ¢
species:

, . (14 st
Puy = P(Xp =2+ AU, = (2,8,)) = (1 -2') %7
14 Y zksk
k=1
, ; i (1 +st)
Pu_ = P(Xpp=a' =AUy = (2,80)) =" | 1 - —"— |,
14 Y zksk
k=1
4 , . . - (1 + s
Pt~ = PUXL, =a'+AYN{X],, =27 — AYU, = (z,5,)) = 27 %
1+ > aksk
k=1

When the population size J is big, understanding the temporal evolution of the population
is not easy from a mathematical and computing point of view. Thus we will approach the
dynamics of this model by a continuous-time random differential equation when the population
is large.
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1.2. In large population. Let us start with the following proposition that characterises the
order (relative to J) of the expectation, variance, and covariance of the abundance variation
of a species during an event:

Proposition 1.
Let Ay = % and n =tJ. When J goes to infinity, we have :

(1) E[X1,y — Xi|U, = (,5,)] = ba ( Zw )<1+zw By,

g
(2) Var[Xot1 — Xa|Xn = (2, 50)] = O(32),
(3) Cov[ Xy 41, X514 |Un = (2, 50)] = O(2)-

This proposition shows that the expectation is of the order of % whereas the variance is
of order % Considering a scale in %, the variation of variance over a time step becomes
negligible in large population limit. Thus, we should obtain a limit process where only s could
be random. With this choice, we keep a selection independent of the size of the population
and the limit process is usually called the "strong selection approximation", see [20] and [29].
It is opposed to another possible choice, the "weak selection approximation", which consists
in considering the selection inversely proportional to the size of the population. The paper
[24] deals with this other possibility.

To emphasise the dependence on .J, we use in this section the notation U = (X,/,s]). We
give an approximation result under the following assumption.

Assumption 1. There exists a finite set £ such that, for all J, the process (5))n>0 is an
autonomous Markov chain defined on E. Moreover, if we denote by P; , the transition prob-

ability of (s;),>0, then for all s # s', there exist a5 > 0 and Q¢ > 0 such that
lim JP/, = a,Q,..
J—00 ’ ’

We consider the rescaled piecewise linear extension 3/ = SL 7| of (s;)n>0. Let denote by
P;s(s,8',t) the transition probabilities of §/, then for all s # &,

. 1
}erolo P (s,s/, J> x J = asQ(s, ).

We also consider the interpolated continuous-time process (X;);>o of (X;/),>0 defined by

[tJ]
Xt_XWJ+J<t - (Xfhyer = Xby)

and we set (U/)i>0 = (X/,5/)i>0. Theorem [2 I below means, under Assumption l when J
tends to infinity the sequence of processes (U );>o converges towards (Uy)iso = (X¢, 5¢)¢0,
where (X¢)>0 is solution of

=3 Xfsy

1 keS
t k ok
1 1+ 3 X[s
dXt kes Lot

= s dt (2)

dx;y sP =3 XFsp
XS keS

b1+ Y Xfsk
keS

and (s¢)¢>0 is a continuous times Markov chain with a@ for generator.
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The process (Ui)i>o is a Piecewise Deterministic Markov Processes (PDMP). It evolves
according to the deterministic dynamics of the equation for some s fixed during a random
time with exponential distribution. Then its behavior changes and adopts another dynamic
when the parameter s switches. This kind of process was introduced by Davis [I7]. The
PDMPs’ have become ubiquitous in stochastic modelling of various phenomena. They are
applied to neuroscience [31], [32], [33], genetics [14], ecology [7], internet traffic [10], [21], [22],
[5]. See also [2], [6] and [13] and the references therein for more details and applications.

For (Up)t>o and more generally for Markov processes, we use the following standard nota-
tions. If p is a probability measure, we let P, denote the law of (U)o knowing that Uy has
distribution p, and E,, denote the associated expectation. In the special case where u = d(, ),
then we write P, s instead of Py, |

Consider now the process (Z{)¢>0 = (Uy/s)>0, taking values in .# = [0.1] x E. Its generator
acts on f in €1(.7) as :

Lf(x,s)

Sx(l _ x) 9 ast,s/ /
m&cﬂ s) + s/% 7 (f(%s)—f(:zr,s))

= ch(l', S) + LDf(:rv 5)

Recall that our aim is to compare (U)o with (Up)i>0. We will be interested in quantities
of the type

E... £ (07) - 1]

for f: # - R regular enough and (z,s) € I; x E, where I; = {% :1=0,1,2,---,J} is the
state space of (X;/),>0. On the space of continuous functions f : .# — R, we consider the

semi-norm || f||; = ( I)nax |f(z,s)|. For k> 1, we say that f:.# — R is of class C* if for
x,s)el

all s, the map fs : x +— f(z,s) is of class C*. In that case, we denote by %) the application
defined on .# by f*)(z,s) = fs(k)(x).

The following theorem gives an estimation of the error of approximation of our initial Moran
process by our PDMP.

Theorem 2. There exist a function q : Ry — Ry at most exponential and a function k :
R, — Ry linear in time such that for all f € C3(%), for all t >0,

mase  Eo [£(07) = (0] < G (1710 + 15+ 1521)

(z,s)€l X E

+ k¢ max ’JPs,s’ - SQS s
s,s'eR

1715+ O()

The sketch of the proof is the same as in the article [23]. The complete proof is in appendix.
To understand the general dynamic of the PDMP, we first study the vector field of the equation
for a non random environment. The following section is dedicated to this study.
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2. VECTOR FIELD FOR CONSTANT PARAMETERS.

In all this section, we assume that s is a constant process. In particular, (X;);~0 is a
deterministic process, solution of the ODE

s1—=3 XFsk
1 kES
ix} Xi s <o
dt kes
S = : 3)
Xy s5— 3 X[sk
dt S keS
Xi 1+ Xfsk
keS

Let us first define the space where the process X; evolves:

S
&={XeR{ ) X' <1}
=1

Note that & can also be seen as the unit simplex in dimension S+ 1: & ~ A ={X € Rﬁ“ :
S+1 S )
S>> X% =1}. That is why, for X € &, we set X1 =1 - > X*.
i=1 1=1
For 1 <i<S+1, welet é"g be the extinction set of species ¢ :

Si={Xe& X" =0}
We also denote by &y the extinction set, i.e the set where at least one species is extinct:

S+1 4
&= 4.
=1

For 1 < S, let e¢; denote the it vector of the standard basis and set es+1 = 0. The point e;
correspond to the invasion of species 4, that is, species 7 is the only species in the system. Note
that when we see the process as a process in A, eg1 is the (S + 1) vector of the standard
basis. Finally, we set & = & \ &%, the set where species i is not extinct and & = & \ & the
set where none of the species is extinct.

Let us remark that &y corresponds to the edges of the set &, and &} to the interior of &. It
is also easily seen that &, é"g , 60, é"j_ and & are invariant sets for X; i.e X; € & (respectively
&, &, &4, &4) if and only if X € & (respectively &, & , &L, &4).

The following theorem states that when the environment does not switch, the species with
the highest fitness will invade the community.

Theorem 3. ‘ ‘
Let X; be the solution of . Assume that s* # s7 for all j # k and set m = arg max s’

i<S+1
Then of X3 > 0, X; converges to ey,.
A s
Proof. By assumption, s™ > s/ for all j # m. In particular, this implies that s™ > »_ s7 X7
j=1

with strict inequality as soon as X™ = 1. In particular, di‘m > 0, and thus X{" is non-
decreasing. Since X;" is bounded above by 1, we conclude that X} converges to some X™

and dﬁn goes to 0. Now assume that X7 > 0, then since X" is increasing, X > 0. Thus
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m S+1 L )
limy o % = 0 implies that lim; o > (s™ — s7) X} = 0, which due to s™ > s/ implies that
Jj=1
limy—,0o X7 = 0 for all j # m. This concludes the proof. O

Remark 1. One can actually prove that X; converges to e, exponentially fast, with rate

A::—minM

min S For a proof of this result, we refer to theorem
m

Remark 2. If some fitnesses are the same, i.e. s/ = s for some i # j, then the same proof
shows that all the species that do not have the best fitness go to extinction. In other words,
for all ¢ such that s* < s™, species ¢ goes to extinction.

Figures 1] and [2] give some examples of vector fields and the trajectories for different initial
conditions for one particular vectors field.

Vectors field sx,sy=[ 0.4, 0.2] Vectors field sx,sy=[-0.6, 0.1]

attractor
c1=[0.9,0.11; ,
CI=[0.1,0.1]¢ ¢ ¢ ¢ !

a=.L081) | o8 o8

v

084+

0.4 4+~

attractor
® 1c=[09,01] .
e €=[01,01]

=[0.1,08] . -

024+

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

FIGURE 1. Vectors fields and trajectories for different initial conditions (3 species)

Trajectories: s=1 Trajectories : s=-0,8

10 104 ® c=02
e =03
0.9 ® =05
084 1€=0.7
08 1C=0.99

07
0.6
05 0.4+
0.4 e =02
e 1c=03
03 e 1c=05

I€=0.7
024 @ 1C=0.99

021 e

0.0

F1GURE 2. Trajectories of X; for different initial conditions (S=2).

The following sections deal with the random process with switched environments. First we
treat the case of two species, which is basic but essential to understand the behavior of our
population with more species.

3. GENERAL FRAMEWORK AND TOOLS

In this section, (s;);>0 is Markovian jump process taking values in a finite space E =
{s1,...,sx} and having for generator (Q;;)1<ij<k- Let s} be the selection parameter of the

ith species in environment 5j.
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In the discrete model, even if (s;);~0 is a Markov chain, one species invades the community
in a finite time almost surely. This property may still be preserved in weak selection (see
for example [24], where examples are given on the selection process leading to a reachable
boundary).

In strong selection, even if the selection is deterministic, it is impossible for a species to
reach the extinction set in finite time but the process may concentrate in a neighbourhood of
extinction and no longer emerge over time, i.e., extinction occurs at an infinite horizon and it
is equivalent to a loss of biodiversity. In the following, we prove that under some assumptions,
in strong selection it is possible to conserve biodiversity in the community. Moreover we give
sonie information on the long time behavior of the process.

3.1. General framework. In this part, we recall some recent results of Benaim [d] that
will be used in the paper. With the notations of the previous section, we set M = & x E,
My =&y x E and My = M \ My. We define in a similar way MS and Mi

We consider the process (U)o = (X, s¢) on M starting from (x, s) and defined by :

dX;
— =G, (X
dt (X (4)
Py s(St+n = sklst = s5) = gjxh +o(h) if j#k
S
, o , s'= 3 st Xt
with G%(X) = X'F!(X) and F!(X) = —*~*—— and g1, are the generator coefficients of the
14+ > skxk
k=1

Markovian jump process.
Finally let (II}):~0 be the empirical occupation measure of the process (U;)¢>o, for Uy =
u = (x,s), defined by
1

T
HB) = 7 [ Lemds, VB € 20

3.2. Stochastic Persistence.
The following definition follows from [35].

Definition 1. The family {(U;)t=0,Up € M T} is stochastically persistent with respect to My
if for all € > 0 there exists a compact set K, € M ™ such that for all u in M™*:

P(liminf I/(Ko) > 1 - ¢) = 1

This definition means that all the species, initially present, stay away from the extinction
set over arbitrary long periods of time. Persistence with respect to M} is defined in the same
way.

Definition 2. A probability measure is said to be ergodic for a Markovian process if it is
invariant and extremal for the process, meaning that it cannot be written as a nontrivial
convex combination of other invariant measures. For a Borelian set B of M, we denote by
Perg(B) the space of ergodic probability measure such as for all pin e, (B) , u(B) = 1.

We recall the definition given in [9] of the invasion rates with respect to an ergodic proba-
bility measure in Pe,q(Mp).
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Definition 3. For p € Pepq(My), we introduce p;(B) = p(B x sj). The invasion rate of
species 1 with respect to p is defined by :

I;K / x)dp; ().

Remark 3. The intuition behind these quantities is the following. On the one hand, from
equation , we see that whenever X # 0, one has

1 1t
Elog(X,f) t/ FZ L(Xy)du + — log(XO)

1 1t
—log(X}) ~ — F!
Joe(x) ~ 5 |

as t — 0o. On the other hand, Birkhoff ergodic’s Theorem states that for u € Z..4(My), for
w1 almost every ug, Py, almost surely,

In particular,

t

tim < [ L du= 3[R @) = X,

t—oo t Jg -
1<K
Thus, A(u) represent an exponential growth rate of species i near M¢.

The following theorem is a consequence of [9, Th. 6.1]. It gives sufficient conditions for the
process to be persistent with respect to M and My, respectively.

Theorem 4. (1) Assume that for all p € Perg(M(), N(u) > 0. Then the process given
by is H-persistent with respect to Mé. '
(2) Assume that there exists positive numbers {c',1 < i < S+ 1} such that, for all u €
@erg(MO)y
Z cAi(p) > 0.

1<6i<S+1

Then the process given by is H-persistent with respect to M.

The first point of the above theorem can be interpreted as follows. If for some species 1,
one has A\;(u) > 0 for all p € P,4(M}), then the face & is repulsive : if the process start
in éﬂ’r and close to the face éag, then the process is in some sense pushed away from éooi. The
second point states that the process is pushed away from every face, and thus concentrates on
the interior M, of the domain.

3.3. Behavior near a common zero. The previous theorem gives some way to understand
the behavior of the process near the boundary cg’g, which corresponds to the extinction of
species ¢. It is also important to understand the process near the vertex e;, which corresponds
to the invasion of species i. Since the {e;}i«sy1 are common zero of the vector fields Gj,
we can use the recent results of [§] and [37]. According to these papers, the behavior of the
process (U)o near e; for some 1 < ¢ < S+ 1 is controlled by the behavior of the linear
process V; = (Y, s¢), where (s¢)i>0 is the Markov process with generator @ and Y evolves
according to

dy}

dt

_ 7t %
- Ast}/t )
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where As is the Jacobian matrix of Gy at e;. Assume with no loss of generality that i = 1.
Then A, = DGs(e1) is given by
1
Ai — 1-‘:91 *
5 0 D)’

where % is a 1 x (S — 1) vector and Dy is a (S — 1) x (S — 1) diagonal matrix given by

2 _ 1 5 _
s°—s s° —s
D, =di .
= ding (T T )
In the particular case 1 = S + 1, (recall egy; = 0),
DGy(esi1) = diag(st, ..., s%).

4. STUDY FOR TWO SPECIES IN A TWO-STATES ENVIRONMENT

We consider in this section S = 1, i.e there is only two species in the community. The
vectors field have the form:

dth . Xl St — Stth

dt P14 s X]) )
dX? _ o —siX{
dt t 1 + Stth

As before, since X} + X? = 1, we only study (X});>o, that we denote simply by (X;);>o-
Thus we are interested in the study of
dX _ StXt(l X3) (6)
dt 1 + StXt
Moreover, we assume that K = 2, the community evolves in two different environments.
The selective parameters takes values in E = {(s1,0),(s2,0)}. It is possible to take more
than two values for the fitness, and the following reasoning still hold. We restrict this study
to the case of two values to simplify the notations. Assume moreover ¢; := ¢12 > 0 and
¢2 = g2,1 > 0, and so (s¢);>0 has an unique invariant probability measure pu = p1ds, + p2ds,,
where py = % and py = 21— . Weset M = [0,1] x E and My = {0,1} x E. It is easily
checked that Pe,q(Mo) = {111, 2} = {60 ® i, 01 ® p}. To avoid trivial switching, we assume
that s1 # s9, and without loss of generality, we assume that s; > so. For i € {1,2}, we define
gi:[0,1] = R by

We set

S1 S9
Ay = d Al=- .
0 = P1S1 +p2s2 an 1 <p11+81 +P21+82)

These quantities are the average growth rate of (X;)¢~o at 0 and 1, respectively. The following
proposition gives the behavior of the process according to the signs of Ag and A;.

Proposition 5. We can describe four regimes :

(1) If Ag < 0, then Ay > 0, and, for all x € (0,1) and s € E,

1
Ps.s (limsupt log(X;) < A0> =1.

t—o00

In particular, species 1 goes extinct.
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(2) If Ay <0, then Ag > 0, and, for all z € (0,1) and s € E,

P, s <limsup 1 log(l — X;) < A1> =1.
’ t—oo 1t
In particular, species 2 goes extinct.

(3) If Ao > 0 and Ay > 0, there exists an unique invariant probability measure w such that
7({0} x E) = w({1} x E) = 0. Moreover, w is absolutely continuous with respect to
the Lebesque measure on [0,1] x E with explicitly computable density, and there exist
C,0,v > 0 such that, for all (x,s) € (0,1) x E and all t > 0,

IPa,s(Xe € ) = mllzy < C((2)™" + (L —2) ).

In particular, both species persist.
(4) If Ao = 0 or Ay = 0, then the only invariant probability measures of the process

((Xta St))t>0 are 1 and M2 .
In particular, the process is not persistent.

Proof. We prove (1), the proof of (2) being the same as the one of (1) by switching species 1
and 2. Assume that Ag < 0. In particular, s < 0 and p1s; < —p2S3, which implies that

1 1
—A1<—< >p282<07

1+51_1+32

proving that Ay > 0. Now since Ay > 0, [8, Th. 3.1], implies that there exist ¢ > 0 and > 0
such that for all z € (0,¢) and s € E

1 A
Po,s(lim sup + log(X:) < 70) > 1. (7)

t—o0
On the other hand, because A1 > 0, there exists by Theorem 3.2 in [§] € > 0 such that for all
x #0,

P, (T < 00) =1, (8)
where 7 = inf{t > 0 : X; < 1—¢}. Finally, because 0 is a globally asymptotically stable
equilibrium of fY on [0,1), one can show that there exists a constant C' > 0 such that for all
z€[0,1—¢],

P, s(ZieU x E) > C. 9)
Like in [7, Th. 3.1], Equations and [9] enable to conclude the proof of point 1.
We pass to the proof of point (3). Since Ay and A; are positive, [8, Th. 3.2] implies that
for all € > 0, there exists 1 > r > 0 such that, for all (z,s) € (0,1) x E, almost surely

1 t
lim inf t/ T, ex<ci—pds >1—c¢.
0

This implies that the the sequence (Il;);~¢ is almost surely tight in (0,1). Moreover, every
limit point of (II;) is an invariant probability measure for (Xt,st))t>0 (see [9 Th. 2.1]).
Thus, the process admits an invariant probability measure m on (0,1) x E. Uniqueness,
absolute continuity and convergence in total variation easily follow from Theorem 4.10 in [9]
and Theorem 4.4 in [6].

Point (4) is proven in the following lemma as in [26]. O

Remark 4. Note that this property still holds for any number of environments K, with

A() = Z PiSi and A1 = — Z Pi lj-isi .
i<K 1<K




MORAN MODEL WITH RANDOM SWITCHING 13

In the following lemma, we describe more precisely the case where the growth rates are
positive by computing explicitly the density of the invariant probability measure concentrated
on (0,1) x E.

Lemma 6. Assume that (Ut)i>0 admits an invariant probability measure II on (0,1) x E.
Then 11 is absolutely continuous with respect to the Lebesque measure on (0,1) x E. Moreover,
denote by hy and hy the densities of I1(+,0) and II(-, 1), respectively. Then for all x € (0,1),

_ H(x)
gi(a)]

where

H(z) = C(1 — z)igho,
with o = (IZ;;ZQI and = a(l+s1)(1+s2) and C the positive constant such that fol(h1 +hg) = 1.
In particular, if Ao =0 or Ay =0, U cannot admits such an invariant probability measure.

Proof. Let us assume that (U;)¢>0 admits an invariant probability measure II on (0,1) x E.
This implies that s; > 0 and so < 0. Indeed, by Proposition [5 if Ag < 0, X; converges almost
surely to 0, and in particular cannot admit an invariant probability measure on (0,1) x E.
Thus we need Ag > 0 and since we have assumed that s; > so, this implies s; > 0. For
the same reason, A; must be non-negative, implying so < 0. Thus, all the point in [0, 1] are
accessible, yielding that the support of II has to be [0,1] x E (see Proposition 3.17 in [6]).
Moreover, since for every x € (0,1), f1(x) > 0, the weak bracket condition hold and II is
unique and admits a density with respect to the Lebesgue measure (see [6] or [3]). Moreover,
this also implies by Theorem 1 in [4] that the densities h; are C* on (0,1). Thus, h; and hs
satisfy the Fokker-Planck equations (see e.g [4] section 7.2, [7], or [19]) :

qih1 — @2hy = —(g1h1)’
qih1 — @2hy = (g2h2)’
Now, one can check that the functions given above satisfy these equations. Moreover, since
h1 and ho are densities, they satisfy fol hi+ ha = 1; in particular they are integrable on (0, 1).
This is the case if and only if Ag > 0 and A; > 0. Therefore, if you assume that Ag = 0 or
Ay =0, (U)o cannot admit an invariant probability measure on (0,1) x E, for otherwise it
would have densities satisfying equations , hence densities that are not integrable on (0, 1),
a contradiction. O

(10)

Example 1. Consider p; = po, i.e the jump rate are the same for both environments. So, let
simplify conditions 3) of property [5| to obtain the following conditions of persistence:

1+ 2s1
S9 > —81

So <

Note that if s; is smaller than —0.5 the first condition is automatically verified.

Then take the particular case s; = 1. Then the previous condition to have persistence
becomes s < %1
To illustrate, we plot the comportment of the process for two values of sy close to %1, —0.3
and —0.4.

Note that for so = —0.4 the process seems to be persistent whereas for s = —0.3 it seems
to be absorbed quickly. So the numerical simulations are consistent with the condition giving
by Proposition [5] .
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sl,s2=[1,-0.4] sl,;s2=[1,-0.3]
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F1GURE 3. Plots of the average of (X;);~o for different fitnesses, obtained by
Monte Carlo method with 500 trajectories.

sl,52=[1,-0.4] sl,s2=[1,-0.3]
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FIGURE 4. Trajectory of (X;)¢~o for two different fitness

Example 2. This second example illustrate the case 4) of Proposition [5l Assume as in the

. 282
previous example p; = p2 and take s; = —s3,50 Ag =0 and Ay = =5 >0
s1,52=[0.4,-0.4] s1,52=1[0.4, -0.4]
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0.4

0.24
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°

1000 2000 3000 4000 5000 0 200 400 600 800 1000
Time Time

F1GURE 5. Trajectories of (X;)i~0 and the average of (X;)~o for different
fitness, obtain by Monte Carlo method with 500 trajectories. Parameters are
S1 = —89 = 0.4, 12 =421 = 1/2.

As stipulated in Proposition 5] the process is not persistent. Moreover, the fact that A; is
positive prevents species 2 from extinction. The numerical simulations suggest that the first
species disappears.

Example 3. In this example, we illustrate Lemma [f] Recall that if the parameters are such
that the process is persistent, then the invariant distribution II on My have explicit densities,
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given by
C
hi(z) = o (1 —)Mtgebomb(1 4 g;2),
S
where o = ?;;ZT and S = a(l+s1)(1+ s2). In particular, it can exhibits several behaviour at

the boundaries 0 and 1, according to the sign of FA; — 1 and aAg — 1. Let us fix so = —0.2,
and jump rates g1 = g2 = ¢. In particular, p; = po and the process is persistent if and
only if 0.2 < s < 1/3. Fix ¢ = 1. Then, it is easily seen that fA; — 1 > 0 if and only if
s1 < 1/4; whereas aAg — 1 > 0 if and only if s; > 1/4. In particular, if s; € (0.2,1/4), then
iig%) hi(z) = +oo and alsgn1 hi(z) = 0, whereas if s; € (1/4,1/3), then we have the converse

situation, i.e. lim h;(z) = 0 and lim h;(x) = +oo. This is illustrated in Figure [6 Now fix
z—0 z—1

sg = —0.2 and s1 = 0.27. Then, once again it is easy to check that SA; — 1 > 0 if and only if
q > 0.259/5; whereas aAg — 1 > 0 if and only if ¢ > 10/7. Thus, we have three regimes :

(1) if ¢ < 0.259/5, then h;(x) goes to infinity both at 0 and 1;
(2) if ¢ € (0.259/5,10/7), then h;(z) vanishes at 0 and explodes at 1;
(3) if ¢ > 10/7, then h;(z) vanishes both at 0 and 1.

Plots of h; are presented in Figure [7| for situation (1) and (3), situation (2) is plot on the
right of Figure [6] This example shows that even if the process is persistent, the stationary
distribution II certainly does not give mass to 0 and 1, but can be concentrated close to the
extinction points. In the example with s; = 0.27, s9 = —0.2 and ¢ < 0.259/5, the intuition is
the following. Since q is very small, the environment s takes a really long time before changing.
During this time, the process is getting really close to the boundary (say 0 if we are following
s2), and spend a huge time here. When a switch occurs, the process goes away from 0 fast
enough, and come close to 1 where it spends again a long time, and so on. In particular, it
is much more likely that a switch occurs in the neighbourhood of 0 or 1, than in the middle.
That is why, the process does not stay for a long time in the middle part, and concentrates
near the boundaries.

FIGURE 6. Plot of hy for ¢ =1 and s; = 0.21 (left) and s; = 2.07 (right)

These examples concludes the study for two species. We now generalise some properties
to a larger number of species and any number of environments. The space M is no longer
a line but a tetrahedron and the extinction set My correspond to the face of M. Of course
some intuitive behavior, as the fact that if a species has always the best fitness, it invades the
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FIGURE 7. Plot of hy for s = 0.27 and ¢ = 0.04 (left) and ¢ = 2 (right)

community, is still true. But many arguments used in previous part to prove these results are
specific to dimension one and does not hold anymore.

5. GENERAL RESULTS

In this section we keep the notations of part We assume that the Markov chain (s;)i>0
is irreducible on E. Hence, it admits a unique invariant probability measure on E, denoted
by p :p1551 + ... +pK(SsK-

We describe now some behavior of the process in some remarkable environments.

5.1. Sufficient conditions for a species to invade (or not) the community. In this
section, we provide sufficient condition for a species to have a positive probability of invading
the community. Furthermore, we prove that if one species have a positive probability to invade
the community, then all the other ones cannot invade. For ip € {1,...,5 + 1} , we set

S—S

—maxg P
1710 = J 10

Theorem 7. Assume that for some ig € {1,...,S + 1}, A, < 0. Then, for all a € (A,0),
there exist n > 0 and a neighbourhood % of e;, such that, for all x € % and all s € E,

. 1
Pas) <h£n sup - log || Xt — €| < a) > 1.
—00

Furthermore, for all i # iy, we have A; > 0, and there exist b > 1, ¢ > 0, 6 and ¢ > 0 such
that, for all x € &\ &y, s € E and i # 1y,

E(a:,s)(ebq—i ) < C(]- + ||$ - eiH_e)a
where
=inf{t >0 :[|X; — ¢l >¢}.
Proof. Without loss of generality, we assume that ig = 1, and we set A = A;. We set
M} =& x E and My = M\ M{.
First, we note that e; = (1,0,...,0) is a common zero for all the G, s € E, and that for
all i > 2, & is a common invariant face for the process. Moreover, the Jacobian matrix of Gy
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_gl
As = 1+s! . )
0 Dy

where % is a 1 x (S — 1) vector and Dy is a (S — 1) x (S — 1) diagonal matrix given by

2 _ 1 S _ ol
s°—s s° —s
D, = di . .
s 1ag(1+sl’ ’1+sl)
By assumption, A < 0, which implies by Theorem 2.7 in [37] (or Proposition 2.5 in [37] and

Theorem 3.5 in [§]) that for all o € (A,0), there exists n > 0 and a neighbourhood % of e;
such that, for all z € % and all s € E,

at ep is given by

t—o00

Pas) <hmbup —log [| Xy —e1]] < a> >,

which concludes the proof of the first assertion.
We now prove the second assertion. Let ¢ # 1. Since A} < 0, we have

s *81

Zp31+1 <0

As in Proposition 5], we can show that this last inequality implies that

S—S

Zp”1+ ;

and thus that A; > 0. Without loss of generahty, we assume now that ¢ = 5 + 1. We set

S+1 = I,?églzpﬂ ik

and we distinguish two cases. If Ag ; > 0, Proposition 2.5 in [37] and Theorem 3.5 in [§]
conclude the proof. If Ag , < 0, we assume without loss of generality that there exists ko

K K
such that > pjsé‘? >0 for k < ko and Y pjsé? < 0 for k > ko. We set
j=1 j=1

ko
=&
k=1
which is the set of extinction of the kg-th first species. This set is invariant for all the vector
fields Gs. Moreover, the Jacobian matrix of G5 at eg11 = 0 is given by

DGs(e;) = diag (s',..., sS) :

Now, by definition of kg, the assumptions of Theorem 2.8 in [37], except for the accessibility of
0 from éaol"“’ko, are satisfied. However, since [37]|Theorem 2.8 (iii)] is a local result, and since
we get a probability of convergence to 0 which is bounded below in a neighbourhood of 0 in
éaol""’ko, a localisation argument similar to the one given in [25] enables us to conclude. g

This theorem states that when A;, < 0, species i¢p has a positive probability to invade the
community, while if A;; > 0, species ig cannot invade the community. Furthermore, it is only
possible to have one species satisfying A;, < 0. Let us finish by an interesting related result
that up to now we can only pose as a conjecture.
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Conjecture 8. If A;, <0, then for all x with 2% # 0 and all s € E,

P(a,s) (hmsupllog [ Xt — €4l < A20> =1L
t—00
5.2. The same species has always the best fitness.
In this section, we prove that if one of the species has always the best fitness, then this
species take the upper hand on every over one. We have the following result, which generalizes
Theorem 3t

Theorem 9. Assume that for all j € {1,..., K} and i € {2,...,5+ 1}, one has 5]1- > Sé“, and
set
s — 3
2<1<S+1 Zp] 1+s 1

Then, for all x € & with ' > 0 and all s € E, one has
1
Py s (lim sup — log [| X — e1]| < A) —
t—o00 t

Proof. We use Theorem 3.8 in [§]. By Theorem [7|, we know that for all @ € (A, 0), there exists
n > 0 and a neighbourhood % of e;, such that, for all x € % and all s € E,

. 1
Pz <h£1isoljp n log || Xt — e, || < a> > 1.

Furthermore, since e; is an asymptotically stable equilibrium whose basin of attraction is @@fL
for each G, we deduce that the point e; is accessible from co“’fr for the PDMP. This means
that each neighbourhood of e; can be reached with positive probability by the process (see
[6] for a precise definition). Since the set é”1+ is not compact, we have to study the behavior
of the process near & to conclude that the process converges to e; with probability one from
everywhere in éaf. For all s € F, we have

s
st — Y sixt
Fl) = —=
1+ siat

i=1
By assumption, for all z € &, one has F}(z) > 0. This implies that for all p € P,y (&),
A1(p) > 0. In particular, the process is H - persistent with respect to éaol. Therefore, by [9]
Proposition 8.2], there exists a Lyapunov function for the process near & and thus Hypothesis
3.7 in [8] is satisfied for the set M;". This concludes the proof by Theorem 3.8 in [§]. O

5.3. A species is always disadvantaged with respect to the other species in each
environment.
With no loss of generality, we assume the species 1 is always disadvantaged with respect to

the other species. More precisely for each environment, the species 1 has a negative fitness.
S
We assume moreover that the last species is not extinct, i.e 1 — > 2F > 0.
k=1
We now prove in this situation that the species 1 is going to 0. The strategy is to show

S
that the vector field is always entering in Ej, = {(z',...,2%) € E : 21 < b(1 — > z¥)}}, for
k=2
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all b €]0,1[. Hence, if the process enters in Ej, it cannot escape E,. Then, we prove, for all
b €]0, 1], the hitting time of Ej is finite.

S
Let us consider the hyperplane of the form A, : {(2!,...,2%) € E : 1 = b(1 — 3 2F)} for
k=2
bin ]0,1[. This is the hyperplane passing through the points bey, e, ..., E, where ¢; is the it"
vector of the natural base, and Fj, is the area under Ay. The following proposition proves that

for each environment, the vector field is entering in FEj.

Proposition 10. Lets; be such that s} <0 fori € 1,.., K, then for all b in]0,1[, Ey, is a trap
area for the process Xi.

Proof. Consider a fixed environment and note s* the fitness of the k' species. Let us start
by remarking that v, = (1,b,...,b) is an orthogonal vector of the hyperplane A;, pointing
outward FEjp. Now, we look at the sign of projection of the vector field (Xm, - dXS) at the

S
point &, = (b(1— > zF),2?, .., xs) of Ay on vy. If the result is strictly negative for all x and
k=2
b in |0, 1[, along Ay, the vector field is entering in Ej.

((dX", .., dX5) (8);0) < 0
o1 5) (- ) (S £ 4 <o
& bs! (1-?1#) <0

st <0

Therefore, the vector field is entering in Ej, if and only if s' < 0. But we assumed sZ1 < 0 for
each 1, so for all environments the vector field is entering in Ej. This concludes the proof. [

Corollary 11. Assume that s} < 0 for eachi. Then the process (X;)i=o, starting at (z*, ..., z5F1)

S
such that 1 — > zF > 0, verifies tlggo X! = 0. In particular species 1 goes to extinction.
k=1

Proof. Denote now by b; the intersection between the hyperplane passing through the points
Xt, €2, ..., E and the straight line directed by e;. By the previous propriety , for all ¢ | Ej, is
a trap area. Moreover the species 1 has in each environment a strictly negative fitness, so by
the previous calculation the vector field on Ay, is strictly entering. Consequently, b; is strictly
decreasing and b; converges to by;,. Note that by definition and the previous proposition, for
all t > 0, X} < b;. Hence, if by, = 0, X} converges to 0.

If byir, # 0, the process converges to Ay, . Necessarily the process converges to an invariant
area included in Ay, . But according to the previous proposition, on each point of Ay, where

S
<1 - > $k> # 0, all the vector fields are strictly entering in Ej,, . So this invariant area is
k=1

S
also included in <1 => xk>, which implies X! = b;;,, X'. Since by, # 0, we conclude that

k=1

X1 = 0. Thus, species one goes to extinction in all cases.

O
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Remark 5. A immediate corollary of this property is, if a species has always the best fitness
in each environment, then it invades the community. Note that Theorem [0 above proves this
fact independently and gives the rate of convergence.

Let us now give an example to illustrate this property .

Example 4. Consider the case of three species and two environments, we take the notation

of part [6.1]

Assume the species Y has always a negative fitness, and the fitness are ordered like :
s1>0>mrm
0>r9 > s9

In Figure ] are plotted the phase portrait of the vectors fields for each environment.

Vector field: sx,sy= [0.2, -0.5] Vector field: sx,sy= [-0.6, -0.3]

084+

IR

0.6 1
e CI1=[0.03,07]
e ci=[085,01] >
ci=[0.3,0.6]
0.4

0.2

FicUrE 8. Vectors fields and trajectories for the previous configuration of fitness

In this situation Ay is a straight line in red on figure [9]and the v, correspond to the direction
of the green straight line.

Vectorsfield  sx,sy=[-0.6, -0.3]

0.8

0.2

FI1GURE 9. Tlustration of Ay and vy.

Figure [9 shows that the field is entering in Ejp, and this true for each b. The conclusion
follows, the Y species goes to extinction. The following figure illustrate a trajectory where the
species Y has always a negative fitness.
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PDMP evolution :

08
06
B \ e «a
04 g

02 E

0.0

0.0 0.2 0.4 0.6 0.8 1.0
X

FIGURE 10. A PDMP trajectory where the 2"¢ species goes to extinction. The
values of environments are s; = [0.4, —0.1] and s = [-0.3, —0.2].

We now look at the case of three species and two jumps rates. Previous theorems find
their application in this particular case. The two dimensional study made in Section {4 is
also necessary to understand the long time behavior of the process. The space of extinction
My corresponds here to the side of the triangle defined by the apex (0,0), (1,0), (0,1). Thus
understanding the long time behavior requires knowledge of the invariant measures of the
process on My. In particular the behaviors of the process on each side of the triangle, which
corresponds to studying the process with only two species.

6. THE CASE OF 3 SPECIES

6.1. Introduction. For sake of simplicity, when there are only three species, we use the
notations X, Y and Z, instead of X!, X2 X3. We also denote by s; and 7} the fitness in
environment k € {1,..., K} of species X and Y, respectively (remember that we have set the
fitness of the third species to be 0). Since we have for all t > 0, X; +Y; + Z; = 1, we are
interested in the following equations :

7! + 5 Xt + 1Y (11)
ayy o re— s Xy — Yy
dt "1+ s XY,

dX; X st — 51 Xy — 1Yy

The community still evolves in two different environments. The fitness takes values in

E = {s1 = (s1,71,0),...,sx = (sk,7K,0)}. To avoid trivial switching, we assume that s; # s;
K

if i # j. Assume yet that (s¢);>0 has a unique invariant probability measure p = ) p;ds,.
i=1

The set of ergodic measures of the process on My, Perg(Mp), depends on the values of the

environment. This set always contains uz = d(90) ® g, p2 = d(,1) @ p and py = d(1,0) ® K,

the Dirac masses on each vertex. But on each side, it may have one other ergodic measure. It

corresponds to persistence of the two remaining species on this side. Let’s give more details

about it:
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Proposition 12. Let define

K K
1_ - 1_N~_, "
AO_Zplr’La AI_Z pzl+ri
=1 =1
K K s,
2 _ G 2 _ ;. i
Ao_z;pzsz Al_z; P11+8i
1= 1=

K K
s, s — 1
M:E:i4% M:E:W ‘
i T S L

Then the process admits an ergodic measure, v; on int(cfg) X E if and only if A% > 0 and
AY > 0. Furthermore, this ergodic measure is unique and explicitly computable.

Proof. This property is a corollary of Proposition O
When A} and A¢ are positive, we denote by v; the unique ergodic measure on int(&f) x E.

Remark 6. The signs of A} and A} determines the behavior of the process on side i in a
neighbourhood of the extinction and the invasion, respectively, for the i species.

6.2. Study for two environmental states.
Now we assume K = 2, then p = p1ds, + p2ds, with p; = qlqj@ and py = ql‘fﬁq?
We now describe the different possible regimes according to the values of the parameters.

o If a species, for example Y, is always disadvantaged with respect to the same other

species in each environment, by Corollary [11] this species goes to extinction.

Reorganising the order of species if necessary, it corresponds to
{31>0>r1 {51>0>r1 s51>0>nr {51>0>r1

r or r

0>1r9 > s9 0> 89 >19 S99 >0>1r9 So9>1r9 >0

Then, there are several possibilities for the two remaining species, depending on the
behavior of the process on the axis {y = 0}. If we are in the situation 1 or 2 of the
Proposition [5] then a species will invade the community. However, if we are in the
situation 3 of Proposition |5, there is persistence of both other species (see Figure .

PDMP evolution :

08
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% \ e «
04 g

02 E

0.0

0.0 0.2 0.4 0.6 0.8 1.0
X

FicUure 11. A PDMP trajectory where species Y goes to extinction and both
other species persist. The values of environments are s; = [0.4,—0.1] and
So = [—0.3, —0.2].
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e Klse, reorganising if necessary the order of species, we are in the following situation :

(12)

s1>0>mr
r9 > 0> $9

We see in the following that several behaviors are possible. According to the values
of the fitness, each species, even the neutral, can invade the community (see Theorem
. However, it is not possible to have persistence of all the species.

Before describing the possibilities for the case , we compute the invasion rates for each
species.

6.2.1. Computation of the invasion rates. Referring to Theorem [4] it is important to describe
the set of the ergodic measures on My and to compute, for each species, the associated invasion
rate. We know that there are at least three ergodic probability measures on My, namely 1,
po and psz. According to Proposition there are at most three other ergodic probability
measures on My, denoted by vy, v and v3. We now compute the invasion rates of species ¢
with respect to each of these ergodic measures. We detail the computations for species 1, they
are similar for the other species.

Lemma 13. We have

K K
=S piss = A2 N, ST s _
/’L3) —szsz —A07 )\1(,“2) —sz ]_—I—Tl —A17 )\1([[1,1) =0.
=1 i=1
Moreover, when vi,vy and v exist, we have

)\1(V3) = )\1(1/2) =0

and

_ [ S0
M) = (|ro| * |n|) L,

where C is an explicitely computable positive constant.
Proof. Recall that for all u € Perg(My), A Z fM (x,y)dp(z,y), with

si — (siz + riy)
L+ sz +ry

Fz(xvy) =

In particular, the formulae for Aj(u3) and A\ (u2) are immediate from the definitions of uo
and pgz. The fact that A\ (p1) = A2(v2) = A3(v3) = 0 is straightforward from [9, Theorem 5.1
(i)]. It remains to compute )\1(1/1) First, we note that by Proposition , v1 only exists if
poro + pir1 > 0 and poih + piy
opposite signs. Next, we know by Lemma@] that in this case, v1 admits a density with respect
to the Lebesgue measure on Mg, which is given by
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M1 | H2 | M43 2! 2 V3
1[0 [AP[AT | Gl + 72) 0 0
T AT 3
ArfAL] O 0 0 C—m2nl ~ Taonl)

TABLE 1. Invasion rates

for some function G similar to the function H given in Lemma[6] Thus,

1
M) = /0 FO(0,y)g0(y) + F(0, y)gn (4)dy

:/1 <80—T0y+81—7’1y> G(y)
0 |70 Y

il )y -y

Now, since rg and 71 have opposite signs, we have for all y € (0,1)

So—Toy , S1—T1Y _ S0 | S
7ol il ol
which implies that
S0 s1 L Gy)
e = (o) ) 6 L
and concludes the proof. O

The invasion rates for species 1, as well as for species 2 and 3 are summed up in Table[I] As
for C1, Cs and Csy are positive constant that may be computed. However, since it is sufficient

to know the signs of the invasion rates, it does not really matter to have the exact expression
of the C;.

6.3. Environment favours and disadvantages alternately two species, the other one
stay neutral over time. With no loss of generality, we assume the environment promotes
and disadvantages alternately the first and the second species. So without regard to order,
only one configuration is possible:

s1 > 0> 7, r9 > 0> s9. (13)

In this configuration, many different situations are possible for the long time behavior. In
the following we highlight some of them. Mainly, we discuss about the situation where the
neutral species (the third in the last configuration) invade the community. Then we prove that
persistence of the three species is not possible with only two environments.

6.3.1. The neutral species invades the community. In this section, we use results of Section
to provide sufficient conditions for the invasion of the neutral species. We also give an
example of parameters satisfying theses conditions.

Theorem 14. Assume that A} <0 and A3 < 0. Set
A = max(Af, A3) <0
Then, for all (z,y) € &\ &P, and all s € E,

. 1
Play (lmsup  log (6 Y0 <4) = 1.
— 00
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Proof. With the notations of Theorem[7] A = As, and thus, by this theorem, for all a € (A, 0),
there exists n > 0 and a neighbourhood % of 0 such that, for all (z,y) € % and all s € E,

, 1
P(z,y.5) (hgigp 7 log (X3, Yol < a> > 1.

Now, we prove that the point 0 is accessible from & fr’ By Lemma 0 is accessible if and only
if it is accessible for the vector fields given by gs(z,y) = (z(s' —(slz+rly)), y(ri = (xlz+rly))).
Consider the convex combination g, = p1gs, + p29gs,- Then g, = gs,, Where s, = p1S1 + pasa.
Now, since Aé and Ag are negative, s, = (sp,7p,0). Hence, by Theorem (3| and Lemma , the
flow generated by g, converges to 0 for all initial condition in & jﬁ In particular, 0 is accessible
from éﬁ’ with the vector fields g4, hence it is accessible for ((Xt, Yt))t>0'

Finally, as for the proof of Theorem [9] we have to show that the face & is repulsive. We
use Theorem . We know that Pe.q(&;) contain pi1, po and possibly v3. Furthermore, by
Lemma , Proposition 5| and the assumption that A} < 0 and A3 < 0, we have that

/\3(/“) = A% >0 and )\3(#2) = A} > 0.
Moreover, since we are in the situation

s1>0>1r
rg > 0> 89’

the assumption A(l) =7r1+ry <0and Ag = 51 + o < 0 is equivalent to —r; > ro > 0 and
—S9 > s1 > 0, which implies r1s9 > r2s;. Hence, by Proposition {19 below, A3(v3) > 0 which
concludes the proof.

O

Example 5. Take s; = 1/3, 11 = —1/3, so = —3/8 and 72 = 1/4. Choose q1 = g2 so that
p1L=Dp2 = % Then

1 . 1 . 3 _ 1

24 48" 0 5

thus conclusion of Theorem [I4] holds. Illustrations are given in Figure [L4]

1 _ 2 _
0— 0—

PDMP evolution :

- s ..

FIGURE 13. Neutral
species invade the commu-
nity. Environment values

[0.5,—0.7] and [—0.8,0.2].

FIGURE 12. behavior of
the process on a neighbour-
hood of each vertex.

An immediate corollary of Theorem [7]is the following, which gives a sufficient condition for
non invasion of species 3.
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Corollary 15. Assume that A} >0 or A2 > 0. For ¢ >0, define
= inf{t > 0[|(X,. Yo = ).

Then, there exist e > 0, b > 1, 0 > 0 and ¢ > 0 such that, for all (x,y) € &\ &, and all
se b,

Ewys(€”) < e(l+ ||y~
In particular, species 3 cannot exclude the two other species.

6.3.2. Persistence is impossible for three species and two environments. We show in this section
that persistence is not possible with only two environments. The following section will give
an example of persistence for 3 environments.

The following lemma, which is a consequence of results in [9], [7] and [8], ensures us that
if an edge has an attractive index, then the process converges to this face, thus preventing
persistence of the process.

Lemma 16. Assume that for some species i, v; exists and that Xi(v) < 0. Then, for all
(z,y,s) € M\ My,
. 1 i
}P’((w’y)’s) <h£iigp glog(Xt) < )\i(yi)> =1
In particular, species i goes to extinction and persistence is not possible in that case.

The strategy to prove the lack of persistence is the following. First, we know by Theorem
that when one vertex is attractive (i.e satisfies A; < 0), the corresponding species has a positive
probability to invade the community, hence preventing the persistence of the process. Thus,
we will assume that all the vertex are repulsive. Then, we show that under this assumption,
there is always, in the configuration , at least one non-trivial ergodic measure (supported
by an edge). Finally, we prove that among all the ergodic measure vy, vy, v3, there is a species
with a negative invasion rate with respect to this measure, which shows that this species has
a positive probability to disappear and thus that persistence is not possible.

Proposition 17. Assume that oll the vertex of the triangle are repulsive, i.e for each i €
{1,2,3}, A; > 0. Then necessarily there exists an invariant measure on a side of a triangle.

Proof. We prove this result by contradiction. Refers to proposition [5} if on the edge i, A} and
A% are positive, there exists an invariant measure on this edge. Thus the only configuration
possible to obtain no invariant measure on the edges, when the vertex are repulsive is the one
given in Figure (14| (or the symmetrical case). On the one hand, one has, with the configuration

F1cURE 14. Impossible situation.

of figure [I4], the following inequalities :
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1
A= =
! pll-l—’l”l
§1—T1
A3 =
1 pll—i—T‘l

and thus

But on the other hand, we have:

S1
AZ= _—
1 P
: r — 81
A3 =
0= Py

which imply

a contradiction.

T2 71 79
2 <0 — <
P 1+mr p11+T1 p21—|—7“2
82—T2>0 P S1 > p S9
P ST
r189 < 19871.
S92 71 79
— P2 >0 - >
P, P TP T,
<
7’2—32<O P S1 < —po 52
p21+sz 1+ s 1+ s
T182 > T281,

27

g

The previous proposition states that there exists at least one ergodic measure on a edge
of the triangle. The following proposition deals with the case where there is only one such

measure :

Proposition 18. Assume it exists exactly one invariant measure on a edge of a triangle, then
a species has an negative invasion rate with respect to this measure. And this species goes to

extinction.

Proof. Two case have to be considered :

(1) The invariant measure is on the face 3.
(2) The invariant measure is on the face 1 (or symmetrically on the face 2).
Let us consider first the case 1, we are in the situation of the figure (orin a

symmetrical case):

Figure 15. Ergodic measure on each edge.



28 A. GUILLIN, A. PERSONNE, AND E. STRICKLER

So the following inequalities hold :

™ T9 ™ T9
Al =— — <0 - <
! p11+T1 p21+?”2 p11+7“1 p21+r2
S1— 1711 Sg — 19 S1 52
A3 = >0 > —
1 p11+r1 +p21+r2 p11+r1 p21+T2

we obtain r1se < 7251, and so Ag(v3) < 0.
By lemma species 3 goes to extinction.
For the case 2, the same reasoning is still valid. Species 1 goes to extinction.
O

The following property clarifies the conditions to obtain negative invasion rates. Moreover
it states, it’s impossible to obtain three positive invasion rates \;(v;) for i € {1,2,3} :

Proposition 19. The following equivalences hold:
)\1(V1) <0& )\2(1/2) <0& )\3(V3) > 0< s1rg < S9rq

Proof. Remember, we are in situation it may possible to simplify the following inequalities

S S
)\1(1/1)<0 <~ 71+72<0 < 711892 > S1T2

lr1l  |rel
1 T2
Xo(1n) <0 <= —+ = < risy > 5112
s1]  [s2]
1 )
)\3(1/3) >0 <— — — >0 < r189 > 81719
|s1 =711 [s2 — 72
And we find the result. O

The previous property states it impossible have persistence if we have two invariant measures
on the faces 1 and 3 or 2 and 3. Because necessarily one of the invasion rates compared to one
of these two measure is negative

Proposition 20. If there exist two invariant measures on face 1 and 2, necessarily it exists
one on face 3 and A\3(v3) < 0.

Proof. Assume it exists an invariant measure on edge 1 and 2. Let’s prove A3 and A3 are
strictly positive. We are in the situation of figure

FIGURE 16. behavior of the process on a neighbourhood of each vertex.
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Then we have
2 P S1 P 52
—P1 — P2
1459 1+ 59
Atl) =7r1+p1 +7op2 >0

1=

>0

and
ry— S1 Ty — S92
1+ 351 P2 1+ 59
51 52 D171 + para + p17152 + P2siTi

gt +
s TP s, 1+ s0)(1 1+ s2)

5 Ay +pirise + pasiry
1 (1+81)(1+82)
Note that pirise and pasir; are positive because r1, sp are both negative and sp, ro are
both positive. So A} is positive.
A similar reasoning gives the same condition for A3.

¥ =P

Let us conclude the proof by noting that

A% = p1s1 + pas2 >0
= s179 > Sor1 <= A3(v3) <0

A(l):T'l 4+ p1 4+ rops > 0

And species 3 goes to extinction.
g

Corollary 21. If there are exactly two or three invariant measures, at least, an invasion rate
Xi(v4), is negative.

Proof. The proof is direct with property O

It is impossible to obtain persistence with only two environments and three species. In the
next section we give an example of persistence with three species and three environments.

6.4. Persistence for 3 species and 3 environments. In this part we give two examples
of a system with 3 species and 3 environments which is persistent. In the first example, each
species has, in one environment, the best fitness. In the second, the last species has never the
best fitness.

With obvious notations, we set

8! T2 T3
Ay = piry + parg + par3, Al = — — —p3———
0 = P1T1 T+ p2T2  p3T3 1 p11+T1 p21+T2 p31+r3
$1 52 53
A2 = pis) + paso + p3s3, A= — - —
0 = P151 T P252 T P353 1 P11+81 p21+52 p31+83
: T — 81 T2 — 82 3 — 83
Af = - + ,
s, TP, TP
: S1—T1 S2 — T2 83 — T3
A‘f:p

11+T1 +p21—|—7“2 +p31+7“3.

To prove persistence, with theorem , we need to calculate the invasion rates \;(v;) for
possible ergodic measures v; (remember if k # i, Ag(v;) = 0). Thus, we need to obtain an
explicit formula for the v; density. We could follow the same reasoning as in lemma [6] If
(Ut)t>0 admits an invariant measure on (0, 1) x E, II, it is absolutely continuous with respect
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to the Legesgue measure and admits a density. We still define h; the density of II(.,4) for
i €{1,2,3}. The h; are in ¥ and verifie the Fokker-Planck equation :

—hi(qr2 +q13) + q21h2 + q31hs = —(g1h1)’
—ha(q2,1 + q2,3) + q12h1 + q32h3 = (g2h2)’ (14)
—h3(g32+ q31) + @130 + g2,3h2 = (g3h2)’

Unfortunately, the explicit computation of (h;) now becomes tedious, and thus we have

no explicit expression for the invasion rates \;(;). In the following example, we compute
numerically the invasions rates \;(v;) and show that we are in the situation of Theorem

Example 6. In this example, we assume ¢;; = qi, Vi, j,k,0 € {1,2,3} , and 51 = {1,%},

_{47 21} 53_{373
And it follows

1 5 5 1 5 1
A== Al==, A=—, A==, AN=— A=,
076 '3 % 36 ' 6 YT 36
Then there are exactly 3 ergodic measures v;,7 € {1,2,3}, so we are in the same situation
than picture

For each of them, we approximate the invasion rate, i.e the quantity A\;(v;) = f(}me () dv;(x).

A way of doing it, since the measure is ergodic, is to use the ergodic theorem. So if (X¢, s¢)t>0
is the PDMP define by equation [2| and starting in int(&7) x E, £ fo F! (X;)dt —> Ai(vi).

Note the initial point (Xo, sp) has no influence on the previous result. In the followmg we
chose arbitrary initial conditions, others would have led to the same results.
We proceed as follows:

e Simulate a large number of PDMP trajectories (1000), on [0, 7] for T big enough and
starting in int(&}) x E.

e For each simulation calculate = fo L (Xy)dt.
e Take the average on the trajectories to improve our result.
Results :

In each simulation we take T' = 80 and the number of trajectories simulated is 1000.
(1) For Xo = [0, 05], S0 = 81 wWe obtain )\1 (1/1) = 0.0191
(2) For XO == [05, 0], S0 = 81 wWe obtain )\2(1/2) = 0.0594
(3) For XO = [05, 05}, S0 = 81 wWe obtain )\3(V3) = 0.090
For this configuration of environments we obtain positive invasion rates. So it proves, using
M], that persistence is possible for 3 species and 3 environments.

Example 7. We now give an example of persistence in which a species has never the best
fitness. Let us choose as parameters ¢;; = qig,Vi,j,k,1 € {1,2,3} , and s; = {0.1,-0.3},
so = {—0.33,0.1}, s3 = {0.27,0.25}.

So that,

Ay =05, Al =013, A32=004, A?=0.19, A} =026, A} =0.20.

As in the previous example, there are exactly 3 ergodic measures v;,1 € {1,2,3} and we are
in the same situation than Figure [16]
Let us calculate the invasion rate, with the same method :
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PDMP trajectory, X0=[0.4,0.3] PDMP trajectory, X0=[0.4,0.3]

1.0

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

F1GURE 17. A PDMP trajectory. T' = 1000. Left figure: Xy = [0.4,0.3]. Right
figure: X¢ = [0.01,0.8]

PDMP trajectory, X0=[0.4,0.3]

FIGURE 18. PDMP trajectory, T=1000, X, = [0.45,0.5).

(1) For Xo = [0,0.5], s9 = s1 we obtain A\;(v;) = 0.016
(2) For Xo = [0.5,0], s9 = s1 we obtain \y(r2) = 0.019
(3) For X =[0.5,0.5],s0 = s1 we obtain A3(v3) = 0.009
The invasion rates are strictly positive so we conclude that in this example; we have persis-
tence, even if the last species has never the best fitness. A trajectory of the PDMP is plotted

in Figure [I8]

In the two previous examples, the process is persistant, and thus admits at least one sta-
tionnary distribution I such that II(My) = 1. The numerical simulations presented in Figure
[6] suggest that in the case of Example [6] that IT has full support, i.e. its support is the whole
space M. The following proposition proves this fact, as well as the exponential convergence
of the process towards II for general coefficients.

Proposition 22. Assume thal s1, so, s3 are such that

s1>0>r
9 >S9 >0 (15)
0>1r3>s3
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or
s1>r; >0
ro > 0> 59 (16)
0>s3>r;3

Then, if the process is persistent :

(1) The stationary distribution 11 satisfying IL(My) = 1 is unique and absolutely continu-
ous with respect to the Lebesque measure;

(2) II has full support;

(3) If furthermore o := sar3 — TaS3 + S3r1 — 81713 + S119 — Sor1 # 0, then there exist
C,0,v > 0 such that, for all (x,y,s) € M4 and all t > 0,

1 1 1 —t
IP(zy.5) (Ut € ) = ||py < C <:59 ot (1rcy)"> e

Proof. We only do the proof in the case ; it can be proved in the same way for (16)).
For i € {1,2,3}, we denote by (¢}(x))i>0 the flow generated by G; := G, and started at z.
That is, ¢}(x) is solution to

() = .
For m > 1,i= (i1,...,im) € {1,2,3}" and u = (u1,...,un) € R}, we denote by ®! the
composite flow: @I = ¢im o...0¢il. For x € M and t > 0, we denote by O/ (z) (resp.
O*(x)) the set of points that are reachable from z at time ¢ (resp. at any nonnegative time)

with a composite flow:

Of (z) = {®(2), (i,v) € E™ xR, m € Nyvy + ... + vy, =t}

{83“ = Gi(¢} ()

ot (z) =] O (x).
>0
We define the set of points that are accessible from & as

I'= ()] O ().
Ie(o@+

According to Corollary 4.6 and Remark 14 in [9] and to Theorem 3.4 and Proposition 3.11 in
[6], T x E is included in the support of IT for all stationary distribution II such that II(M,) = 1.
Thus, point (2) is proved if we show that I' = &.

For x € & and i € {1,2,3}, we let 7/ (x) and +* (x) denote the positive and negative orbit,
respectively, of z under the flow ¢!, namely :

V(@) = {pi(@),t > 0}, ~L(x) = {pj(x),t <0}

In situation (15)), for all z € &}, 7’ (z) is a regular curve linking z to e;, while 7* (z) is a curve
linking x to e;11, where i + 1 is taken modulo 3. We claim that for all z,y € & with x # y,
there exist 4,7 € {1,2,3} such that v’ (z) Ny’ (y) # 0. In that case, let z € v (z) Ny’ (y) # 0.
Then, there exist t,s > 0 such that z = ¢i(x) = ¢’ [(z). Hence, by the flow property of ¢/,
we get y = ok o pi(x), and thus y is accessible from x. This shows that &, C O (z), for all

x € &4, hence & C I' and point (2) is proven since & O I'. We now prove the claim. Let
x,y € & with x # y. Then the 7' (x),i € {1,2,3} are three regular curves linking x to each

vertex of &, while the 47 (z),i € {1,2,3} are three regular curves linking y to each vertex of
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&p. In particular, at least one of these three first curves has to cross one of the three other,
which proves the claim.

We pass to the proof of point (1). Let x € &4. Then, there must exists a point y € 'y+(:c)
such that G1(y) and Ga(y) are linearly independent. If not, one would have for all y € +( x),
G1(y) = a(y)Ga(y) for some negative function «, which would imply that vi(z) = 72 (z).
This is a contradiction since yi(x) is a curve linking 2 to e; while 42 () is a curve hnkmg
x to es. Hence, the weak bracket condition holds at y which belongs to I', thus II has to be
unique and absolutely continuous with respect to the Lebesgue measure by Corollary 6.3 in
[9].

To prove point (3), we also use Corollary 6.3 in [9]. According to this corollary (which is a
consequence of results in [6] and [3]), it suffices to find an accessible point (z,y) (thus a point
in &) such that G1(z,y) — Ga(z,y) and Ga(z,y) — Gz(x,y) are lineary independent. One can
check that
zy(l—z—y

h(z,y)
where h(z,y) = (1 + s1z + r1y)(1 + saz + roy)(1 + s3z + r3y) > 0. In particular, if sorg —
ross + s3r1 — S173 + 1712 — Sor1 # 0; Gi(x,y) — Ga(z,y) and Ga(z,y) — Gs(x,y) are lineary
independent and point (3) is proven. O

det (Gl — Go,Gy — Gg) (a:,y) = (827’3 — 1983 + 8371 — 8173 + S1712 — 827’1),

Remark 7. Using the same kind of proof, it can be shown that II has full support in more
general situation. Indeed, the assumption that the process is persistent implies that each of
the species has exactly once the worst fitness. Indeed, if one species (say 1) has never the
worst fitness, it has to be better than another one (say 2) in each environment, which implies
that species 2 will go to extinction according to Corollary [II} Moreover, if the process is
persistent, by Theorem [ none of the species can have the best fitness in every environment.
Thus, in the persistent case, we are either in case [L5] or that are handled by the previous
proposition, or in a situation like in Example [7] That is

s1>0>nr
rg > 0> 59 (17)
53>7’3>0

With the same notations as in the proof of the previous proposition, one can see that the
7% (y) for i € {1,2,3} are still three regular curves linking one to each vertex of &. However,
now v} (z) and 73 (z) are curves linking x to ey, while 4% (z) is a curve linking = to es. To be
able to conclude as in the previous proof, we need e3 = 0 to be accessible from z. This is for
example the case if one can find a1, as, a3 > 0 such that

a181 + asso +azs3 <0 and ayry + asrg + agrs < 0, (18)

by the argument given in the proof of Theorem In this case, e; € O (z) and as before,
r*(z) has to have a nonempty intersection with one of the 4* (y), and we can conclude that
in this situation, II is unique and has full support. In Example [7| take a; = as = 1/2 and
a3 = 0, then is satisfied and thus IT is unique and has full support. Note also that the
condition sorg — 1983 + S371 — S173 + S172 — Sor1 # 0 is satisfied, thus the process converges
exponentially fast to II.

6.5. Conclusion. In this part, we treat the whole case of tree species and two environments,
and we prove persistence is impossible in this situation. On the other hand, if we deal with 3
species and 3 environments, we are able to exhibit configurations where persistence is possible.
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Of course many other configurations of fitness gives persistence to. But, we actually are unable
to give explicit conditions on fitness to characterize them. However numerical (deterministic)
approximations may be used for each environment.

In view of the results of the previous sections, we formulate the following conjecture, that
we have proved for 2 and 3 species.

Conjecture 23. Persistence of the system is possible if and only if there are at least as many
environments as there are species.

7. APPENDIX

7.1. Proof of Theorem I. Let UJ)n>o = (X7 sJ)n>o be the Moran model described in

n»=n
sectlon (U)t=0 = (Xt, st)1>0 the PDMP given by equatlonland iz0 = (Xi/758/0)t0
the PDMP in the time scale of the discrete process, whose generator is given by L.
Our goal is to quantify the difference

Ev (£(U) - 1(07))

for f:.# — R regular enough. First note that, since U, = ZI;{,, we can rewrite this difference
as

Evis (F(Z0) = 1(Z[5) + Bas (F(Zo) = FUy) + Bas (FU = 1)) -

We first show that the first and last term of the above quantity can easily be controlled. For

allt >0and J > 1, 0one has 0 <t — % < %, hence % converges to t. The probability that
(Su)u>0 perfomes a jump at time ¢ is zero, hence, almost surely, for J big enough, s¢s) = s¢.
J

In particular, if f is C!, one has

[F(Zea) = F(Zpeap)| < 1O X = Xien |

where Hf(l)H = MaX(g s)e.s |f;(l‘)’ Let Cg = max(z,s)e.s |GS($)|’ then

t
[tJ]
J

[tJ] Ca
< - - < —=
> <t i Ce < g

‘Xt*XLJJ
J

which implies
C
[£(Zer) = F(Zua)| < 1£VN1=F

Furthermore, UtJ =( X /,5/) and by definition, §/ = s‘{t J] and

’Xij LtJJ‘ = J( UJ) ‘XWJH ij‘

< ‘X[{‘JJ+1 - X[tJJ‘ :
Thus,

sl
X1 Xw‘ =73

Ee (£U) = F@)] < IOV [Eus
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because the difference between X,/ ; and X;/ is at most 1/.J. Therefore, one can look at the
difference

Evss (F(Z05) = FUR))
because
CG-|-1

vs (F0) = W) | = 1701 + s (£(Z0)) — FUL)) -

We set T/ f(z,s) = Eq s (f(Z])) and S} f(z, s) =E,s (f(X;])). When there is no ambiguity,
we shall drop the exponent J on 77 and S7. With these notations, our aim is to control
| Tf — Snflls, where n = [tJ|.For this, we can use the following inequality, proved in [23] :

n—1
190 f = Tuflls < D 1St = T1) TSIl (19)
k=0
Thus we are reduced to the study of [|(S1 — T1)gl||s for g regular enough. We start by the
following lemma :

Lemma 24. There exists 7o, V1,72 > 0, such that for all g € C3(.%),
_ ast s’

gDl 9@l
S T < 2
1(S1 —T1)glls < llglls +m 7ot E

lgll. + O 3)
s'#s J

SS

Proof. We first show that for g which is C3,
1 1
Tlg(mv 3) = g(.%', 3) + Lg(aja S) + 5[/29(3?, S) + O(ﬁ)

Let (Z%)t>0 be the semigroup associated with the PDMP (Ui)i>o : Qig(x,s) = Ey s(g(Uy))
and .Z its generator :

L, s) = (1<1+‘>> )+ 2 0sQus (f(2,8) = f(2,5)).

Then, one has T; = &,y and L = }.,2” It is well known that for g in the domain of .Z,

0
8tgztg($ 5) =P Lg=LPyg

In particular, if g and £ g are in the domain of .Z, then Z?,g is twice differential with respect
to time and

82

@@tg(st) = @t$2g = 32@7597
where £2g = £ (%g). In the case of PDMP, it is possible to prove that when g is C2, then
both g and Zg are in C3.

Thus, we obtain the following Taylor development :
Tlg(l',S) = ‘@t/Jg(xﬂg)
1
g(x,s) + —Zg@ s)+ Zg(:x s) + O(

1
J3)

J3)
=g(z,s)+ Lg(z,s) + L g(x s)+ O(
Hence,

S1g—Tig=519—g—Lg— L29+0(J3)
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Moreover, we have
S19(x,5) =Eq s (9 (X1 ,57))
= P/ B (9(X7,5)) + > PliBas (9(X7,5)),
s's
which leads to (we drop the J in P, ¢ for better readability)

Slg(x75) - Tlg(x75) = Eac,s (9<Xi773)) - g(xa S) - LCQ(I'?S)
(Ps s’ 1) (E ( (Xi]78)) —g(x,s))
+Zpss 2,5 Xl, ))—g(x,s/))
/#s
+%;(ay—“fﬁy>@ww@—gwan

— 5 L%(r,5) + O(35).

We now prove that the three first terms are of order 1/.J2, with bounds controllable by the
derivative of g. Note that by definition of L?, it is immediate that there exist some constants
76, vy and ~4 such that

gll s lgW]l.s 9P|
IL%g]ls < 7 FE R Sy T

Since in one step, the difference X{ — z is of order 1/J, we have the following Taylor devel-
opment :

Eas ( (x{ ) =g(z s')—i-@(:c s"E [Xj—x]—kﬂ(x s’)lE [(XJ— x) ]+O(
x,s g 1> g\z, 893 ) x,s 1 8562 ) 9 x,s 1

By Proposition [[] and definition of L, we thus have

Jd)

(2) 1
‘]Ems ( Xl ) )) —g(z,s) — ch(a:,s)| < ’gﬂ” + O(ﬁ)'
The previous Taylor development also gives that
(1) 1
g
‘Exvs (g(Xi]7 S/)) - g(xa S/)| S HJ” + O(ﬁ)
Now, since for all s’ # s, limj_,o P ,J = 0sQs.s, we have Py ¢ = O(1/J), which concludes
the proof. O

Let f € C3(#). In view of inequality we want to apply Lemma 24| to T} f, for 0 < k <
n — 1. For this, we need to prove that T} f is regular for all ¢ > 0, and to give an estimate on
the derivative of T} f :

Lemma 25. Let C = max ;)
feC?*.7), forall t >0,

da(is (z)] and K = max(, ge.s |D*Gs(x)|. Then for all

(2 )] < exp(C)|| £V,
and

I < exp2ct) (IFD) + K1F2))
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In particular,
t
(T )P < eXp(Cj)llf(l)ll,

and

ITN@) < exp2es) (ILFV ]+ K1)

Proof. For s € E, we denote by ¢f(x) the flow generated by G5 and started at xz. That is,
©5(x) is solution to

{Wgt@) = Gs(p5(x))
i) = .

By C*° regularity of Gj, for every t > 0, z — ¢f(x) is C*°. Let (Sn)nzo and (Tn)nzo denote
the sequence of postjump locations and of jump times of (s;)¢>0, respectively. Under P, ,, one
has

XP =g o..0p% (@),

where we have denoted X} the process X to emphasis the dependence on z. From this
equation, since the sequences (Sp)n>0 and (1),)n>0 do not depend on x and since every ¢° is
C°°, one deduce that z — X is C°° almost surely. We can also write

t
Xf:x—i—/ Gs, (X)) du,
0

that we can differentiate with respect to x to find

EX'J =1+ /t DG (X““)QXf”du
or b 0 S AT G
Using Gronwall’s inequality, we deduce that
0
—X7| < et
or b | =

Differentiating once again, we find

/ D2G,, (X7T) ( 8‘9 Xw> du + / DG, ( X$)68—Xxdu,

which leads to
2

Ox FreR

Using once again Gronwall’s inequality, we deduce that

< K(e

82
inf S K(CCt — ].)GCt S K€2Ct.
i

Now let f € C?(.#), then

0 x 0 . 0 u
%f(Xt ,St) = (&rf> (X{ ast)%Xt )
and thus
8 X
Xm0 < 1701
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Furthermore,
@f(Xt , St ) <a 2f) (Xt ,St) (a:EXt > + (aff> (Xt ;St)@Xt 9

=

hence

SO s | < @ (1521 + K £V))

g

We can now finish the proof of Theorem [2l Using inequality and Lemma [24| applied to
g =Tif, we have :

n—1
1Snf = Tufll < D 1(S1 = TO)Ti S|
k=0
1 n—1
< 55 2 (W0ITes |+ T + 2207 1)
k=0
n—1
ast,s’ 1
F (20| PL - S g 4 o)
k=0 s'#s
Now, since n = [tJ], we get that ZZ;(I] O(%) = O(%) Moreover, by Lemma , we have
n—1 n—1 o o % 1
S N@HON< DD =111V —
k=0 k=0 el —1
Since e7 — 1 > % and n = [tJ] < tJ, we get
Zn 7)) < 101
C
For the same reason, we get that
n—l 2tC
e~ —1
S I@H@N < (IO + K12 ) T 55—,
k=0
hence
1 n—1
1 2
72 2 COlTRf I lIT 1+ 32l 72 £1)
k=0
1 etQC -1 2t
S R T R e )

This, together with the fact that

S|

s,s’
k=0 s'#s

SQSS

HkaH < }J - ast,s’

conclude the proof of Theorem 2]
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7.2. A lemma for accessibility. This section is devoted to the statement and the proof of
a lemma which is useful for accessibility issue. Let E be a finite set, and for all i € FE, let
fi : R? — R? be a globally integrable vector field. For i € E, we denote by (}(z))¢>0 the flow
generated by f; and started at z. That is, i(x) is solution to

{%” = filei(@))
ob(x) = .

Form > 1,1 = (i1,...,im) € {1,2,3}™ and u = (u1,...,uy) € R7, we denote by ®i, the
composite flow: ®L = ¢im o ... 0l . For z € R and ¢t > 0, we denote by (’);{t(x) (resp.
O;f(a:)) the set of points that are reachable from z at time ¢ (resp. at any nonnegative time)
with a composite flow:

O}:t(ﬂs) = {®! (2), (i,v) € E™ x R, m e N,vi + ...+ v, =t},

Of(z) = | Of,(2).
>0
For B C R?, We define the set of points that are accessible from B (with the vector fields
(fi)ier) as
FﬁB = m O}_(l’)
z€eB
These accessible sets are linked to the support of invariant probabiliy measure of PMDP, see
e.g. [6, Proposition 3.17]. With these notations, we have the following lemma :

Lemma 26. Let (f;)ice and (gi)icr be two families of globally integrable vector fields on RY.
Assume that for all i, there exists a positive, Lipschitzian, bounded function h; : R* = R such
that g; = hif;. Then, for all x € R, one has

(9;{ (x) = (9;r (z).

In particular, for all B C RY
U'yp=Tlgn.

Proof. Since g; = h;f;, one can find, for all ¢ € E and z € R? an increasing bijection al
[0,400) — [0 4 o0) such that, for all ¢ > 0, ¥i(z) = Povi (1) (), where ¥ and ¢; are the flow
generated by g; and f;, respectively. Now, let y € (’)}F(x) Then, there exists (i,v) € E™ xR
such that
y = Bi(z) = gz ... 0 gl (2).
Hence,
y =i, ooyt (@)

(um)

)

im—1 i1
Py 1 0 CPuq (z)
and so y € (’);(w). Since the functions « are bijective, we can prove the converse inclusion,
hence the equality of (’)}“(m) and O () O
With the notations of the main sections of this paper, one has

Gs(z) = hs(z) fs(2),
where hg(z) = 1+ s'z! + ...+ %% and fi(x) = 2%(s’ — (s'z! +... + s92%)). The particular
interest of the lemma lies in the fact that a convex combination of the f; is given by the
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function with the convex combination of the coefficients. That is, if (as)scp are nonnegative
such that }°_a, =1, and if we set for s, = > . pass, then Y asfs = fs,-
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