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Abstract

In quantum dynamics, physically well-adapted curvilinear coordinates are coordinates that lead to
a Hamiltonian operator as separable as possible, in order to simplify the resolution of the
corresponding time-independent or time-dependent Schrodinger equations. Various equivalent
curvilinear expressions of the kinetic energy operator (KEO) are well known. They can be used
in either an analytical or a numerical approach. The latter has the feature of allowing to
straightforwardly compute the KEO in terms of sophisticated (yet easy to define) physically well-
adapted curvilinear coordinates. Nevertheless, the number of terms to be computed on a full grid,
scales as n%/2 (n being the number of degrees of freedom), so that, for systems with n>10, the
memory storage of the KEO’s becomes extremely demanding and therefore often unrealistic. We
show here that it is possible, starting from the basic quantum expression of the KEO as a
curvilinear Laplacian operator, to reduce the memory storage bottleneck by numerically
computing the KEO on-the-fly i.e. each time it is required without computing the extrapotential
term. This new approach opens the way to rigorous quantum studies of systems with many
degrees of freedom.

The comparison of torsional levels of methanol obtained by the present on-the-fIy method with

our previous results shows excellent agreement.



| Introduction

In molecular physics it is often essential for solving problems efficiently to use curvilinear
coordinates (such as bond lengths, bond angles, torsional angles...) physically well adapted to the
molecular systems and the processes under study. Indeed, an optimal set of curvilinear
coordinates has to lead to a Hamiltonian operator that is as separable as possible, i.e. that reduces
as much as possible the coupling terms between the coordinates, in order to simplify the
resolution of the corresponding time-independent or time-dependent Schrodinger equations.

The quantum kinetic energy operator, KEO, has various well-known equivalent expressions in
terms of curvilinear coordinates [1][2][3][4][5]. These expressions lead to two main approaches:
(1) an analytical one, adapted to particular sets of coordinates, such as Jacobi or polyspherical
coordinates [6][7][8]. (ii) a numerical one, [9][10][11][12][13][14] particularly well-suited when
sophisticated physically well-adapted coordinates are needed. For instance, with TNUM,
[12][15][16] it is possible to successively perform several coordinate transformations
(symmetrized coordinates, flexible coordinates, curvilinear normal modes, coordinates associated
with a reaction-path Hamiltonian [17][18][16]...).

Let the configuration of an N-atom molecular system be described by means of n curvilinear
coordinates Q = [Q1, -+ Q%, - Q™]. The standard quantum expression of the KEO in terms of n

curvilinear coordinates is given by the following Laplacian operator [1][2][3][4][5]:

n
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where the GV (Q) (ij=1...n) are the contravariant components of the metric tensor, G(Q), and
where J(Q) = det (G(Q))"*/2. J(Q) is also used to define the volume element, dt,
corresponding to the given curvilinear coordinates (see Eq. 1b). It is worth noting that (i) when
n<3N, the system is subjected to constraints as, for instance, in the case of reduced-
dimensionality models. (ii) when n=3N, the system is, of course, not constrained and, in addition,

J(Q) is the Jacobian determinant for changing from 3N Laboratory-Fixed Cartesian coordinates



to 3N curvilinear coordinates (for more details see, for instance, ref [5]), in which case the
volume element is Euclidean.

In most cases, the volume element, d7;, is not adapted to the basis set into which the wave
function is to be expanded. Indeed, the choice of a set of orthonormal basis functions very often
requires to define a new volume element, d7, = p(Q)dQ" ---dQ™ (Eq. 2¢), where p(Q) is a (real
positive) weight function. In that case, which may also be regarded as a change in the
normalization convention of the wave functions, the corresponding KEO has to be

modified[ 1][2][3][4][5][19] as follows:

Eq. 2a
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and dt, = p(Q)dQ' ---dQ" Eq. 2e

The derivation of Eq. 2d has been known for many years. [4][5][9][10][11][12][13][14]
However, to be complete and to ease the analysis of the complexity in terms of numerical

operations (multiplications), an overview of the derivation of Eq. 2d is given in the appendix A.

As mentioned above, curvilinear coordinates are essential to compute ro-vibrational levels and to
propagate wave packets of a molecular system efficiently. The numerical procedures for the time-
dependent approach (Chebychev [20], Runge-Kutta , Taylor expansion [21]) or the time-

independent approach (iterative diagonalization techniques, such as Davidson [22][23] or



Lanczos [24]), require repeated computation of the action of the potential and the KEO on a wave
function or a wave packet.
When the number of degrees of freedom, #n, is small (n<10) either for small systems (tetra or
penta-atomic molecules) or for reduced dimensionality models, the numerical approach is
efficient and easy to implement for treating the action of the KEO (as given by Eq. 2d) on a wave
function. However, when the number of degrees of freedom is large, this numerical approach has
to face two limitations:
(1) The number of terms becomes very large (i.e. the number of fzij (Q), fi(Q) and Vep(Q)) in
the KEO (Eq. 2d) is about n*/2 (more precisely, (n+1)(n+2)/2) ), and each term has to be
computed and stored on the full grid. So, in our previous study on methanol in 12D [15], the
KEO is composed of 91 terms and for the largest calculation, the number of grid points was
about 0.9 billion. On our computer, the KEO on the full grid could not be stored in memory
(about 605 GB) and was therefore stored on a disk.
(i1) The numerical calculation of the KEO can be time-consuming. Indeed, the computations
of fzij (Q), fL(Q) and V,,(Q) scale as n’, n* and n’, respectively (see appendix A for the
expressions of these terms (Eq. A1) and a discussion of their numerical cost).
So, for instance, with a 12-core computer, about 9 days were needed to calculate the
Hamiltonian (potential and KEO) on the full grid for the largest calculation of our previous
12D study on methanol.
Difficulties of the same kind are also present in the standard DVR approach where usually Eq. 2¢
is used [25][13], instead of Eq. 2d, where the number of terms to be stored on the full grid is also
about n*/2 and where the V,,,(Q) has also to be calculated.
The unfavorable scaling (n’) of V,,(Q) and the large number of terms in the KEO’s prevent an
efficient use of the numerical kinetic energy operator for systems with a large number of degrees
of freedom.
The main objective of the present work is to show that the use of a numerical approach is
possible without storing the full on-the-grid KEO in memory or on disk, provided that the KEO is
repeatedly computed on-the-fly i.e. each time the KEO action on a wave function is required. In
addition, we will show that the unfavorable () scaling of V,,,(Q) can be avoided by using Eq. 2b
directly [26].



Il KEO action on a wave function

The action of the KEO, TP(Q, aQ), on a wave function, ¥(Q), is the most time-consuming
part of the quantum dynamics approaches (time-dependent or time-independent). Several
steps are required to perform this operation: (i) Calculation of the derivatives (first and
second order) of a wave function known on the grid (ii) taking into account the kinetic

energy terms (the fZij(Q), f£(Q) and V,,,(Q) for Eq. 2d or GU(Q) and V,,(Q) for Eq. 2¢).

lla) derivatives of a wave function:

Here, we assume that the wave function, W(Q), is known on the full grid, i.e. this wave
function is expressed as a column vector, [‘P(QU)], where Qy is the value of the n

coordinates for the U™ grid point and U runs from 1 to the total number, NQ. Then, to

v

200 with respect to coordinate Q' on the full grid, we have to

calculate its derivatives, ;¥ =

ow ) o
compute 7 for all Qy points and it will be noted as a column vector,

ailp(:QU)

To simplify the discussion, let assume that the wave function has two coordinates only, x
and y, and is expressed as a direct product with nqx and nqy grid points along the x and y
coordinates, respectively (see also the discussion in the review by Light and Carrington on
the DVR approach [25]). The wave function is thus represented on the 2D-grid as a matrix,
W99 (uy, uy) , where the double upper index, gg, means that ¥ is expanded on the grid for both
coordinates, x and y. The indices, ux and uy, run from one to nqx and nqy grid points,

respectively.

To compute the derivative with respect to x, 9, ¥ = Z—f, the wave function has to be partially

expanded on the orthonormal basis set, B*, associated to the coordinate, x. This 1D-basis-set

is composed of nby basis functions: [Bf(x) - Bi (x) - Bap,(X)]. This wave



function, Wb9 (kx,uy), where the upper indices are b (for the basis expansion on x) and g (for

the grid expansion on y), is given by:

nqgx

WPl ty) = ) W99 (i, 1) - B, (1) - 0 (1) Eq. 3a

Uyr=1
nby Eq. 3b
0,99 () = D WP (i1, - 0B, (1)

kx=1

The first equation (Eq. 3a) is simply the partial integration over x of the product (B,’fx(x) -

Y(x, y)) computed by means of a Gaussian quadrature. In Eq. 3a, the w,(u,) are the weights

associated to the grid point u,. Next, the Wb9 (kx,uy), is transformed back on the grid (Eq.

3b), but taking into account the derivative with respect to x, hence, the use of 9, By _(u).

. . . . . 1 .
These two transformations can be merged into a single one using a square matrix, D,(C ) (size

ngx.nqx), which represents the first derivative operator in x. A similar procedure is also used
in the well-known FBR-DVR approaches, where, m is taken into account in By _(uy)
and 0,Bj (uy) (see ref [25]). Furthermore, our approach can be easily modified when
second order derivatives are required (one has then to use d,,Bj, () instead of 9, B} (uy))
and the matrix representation is noted D;Z. Of course, it can be extended to systems with

more than two degrees of freedom. In that case, the coordinate y and its corresponding

index, uy, have to be viewed as a collective coordinate and a collective index, respectively.

Furthermore, this matrix, D,(Cl), can be obtained using a pseudoinverse procedure,[27] which
is numerically more stable when nbx is much smaller than nqx and in particular when a

contracted basis set is used (see the appendix B, for an explanation of the procedure).

I1b) KEO action:

In the previous subsection, we have briefly recalled how to compute the first derivatives,
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and second derivatives, 0;;¥ = of a wave function on the full grid. In other

words, we know the following column vectors:

aiq’(‘QU)], 0;;¥ =

Y= [‘P(:QU)], o,¥ = aijlp:(QU)]

where, Qy is the value of the n coordinates for the U™ grid point. Thus, on the grid, the KEO

action on ¥ gives a new vector, x:

X:

n
"2,
i

+ v, (@)W (@Qy)

x(éu)] =Y I @ogr@n |+ ) @ oy

iz)

This is close to the procedure used to calculate the action of a potential function on a wave
function in the standard FBR-DVR approach [25][13], yet more terms being present here.

It is worth noting, that, when the full KEO-vectors (fzij(QU), fi(Qy) and V,,(Q,)), can be
stored in memory, these operations are very fast because everything is known on the grid.
However, when it is not possible to store them in memory, we can calculate them on-the-fly,
but this too will be time-consuming for large systems due to the n’ scaling of ,,(Q,), and

therefore unrealistic.

To circumvent those difficulties, we now show that Eq. 2b can be used, directly and easily,
instead of Egs. 2¢ or 2d (see ref [26]) and so, in particular, that the computation of the extra-
potential term can be avoided.

The following steps are required, starting from the right-hand side of Eq. 2b:

(1) Multiplication by /p(Q)/](Q):

Eq. 6
X1 =

x1<§zu>] - [\/p(au)/fgou) ¥(Qy)



(ii) Differentiation with respect to (: we use the procedure of the previous subsection on X,

to get 9;X;-

(iii) Multiplication by G¥ (@), summation over j and multiplication by J(Qy):

X2i =

x2i<:Qu)] = 1@ 6Y(@w) - 9x:(Qw)
: j=1

For large systems, GY(Qy) is calculated on-the-fly, but only once, for all vectors X5;. So, for
instance, during the block-Davidson procedure, the G matrix is re-computed for each

iteration.

(iv) Differentiation of x,; with respect to Q’, by means of the procedure given in the previous

subsection, to get 9;X,;.

(v) Summation over i and multiplication by —#%/,/47(@)p(Q) to get the full action of the KEO on

the wave function:

Eq. 8
X:

x(éw] = [-R* V4 @p@w) ) dixai(@w)

In this approach, we need to compute only the metric tensor, G(Q), and J(Q). There is no
need to compute the extrapotential term, V¢p, anymore, which is one of the main differences
with the standard-DVR approaches previously implemented, where Eq. 2c¢ is used instead of

Eq. 2b, so that the action of the extrapotential term, V,,, on the wave function has to be

ep»

calculated.

Furthermore, and since the calculation of G(Q) scales as n, it is possible to compute it with

an on-the-fly procedure i.e. without storing it in memory on the full grid.



In the present procedure and for a single wave function, we need the following vectors on the
full grid (¥ or %1 or y, Ojx1, Oix2i and J, p) and one more vector for the potential. Altogether,
we need 2n+4 vectors on the full grid, whereas, in our previous implementation, about n?/2

vectors were required.

lll Application to methanol

In the present paper, we have used the same potential [28] as in our previous study. [15] The
coordinates are defined as a series of transformations between coordinate sets [15] (see figure
1) and are given as follows: (i) z-matrix coordinates, Q:ma:: the first set of curvilinear
coordinates is defined through a z-matrix (fig. 1). The corresponding transformation relates
the Cartesian coordinates to z-matrix ones, Q:mar. (11) linear transformation, giving Qsym: the
three dihedral angles associated to the hydrogen of the methyl group of the z-matrix, @1, @2
and @3 are combined to give three angles, ¢a, ¢e1 and ¢e2 (see fig. 1). The torsion of the
methyl group with respect to the OH bond is given by the first angle ¢.. This transformation
is essential to preserve the symmetry of the molecule, [29][30]. (iii) flexible coordinates,
Ofex: the ™ flexible coordinates, Q}lex is given by Qéym - Q};pt(qba), where Q(i,pt(gba) is the
optimal value of the Qéym coordinates along the torsional path (in ¢a.). Furthermore, these
optimal values are expanded in Fourier series, using the three equivalent minima and three
equivalent transition states. (iv) curvilinear normal modes, Qnu: these coordinates are
defined as a constant linear transformation between 11-flexible ones (all coordinates except
¢a). The 11x11 hessian and kinetic matrices used to get the curvilinear normal modes are

obtained from averaging hessian and kinetic matrices at the three equivalent minima.
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Fig 1: Coordinate definitions adapted to the symmetry and reducing the coupling between modes.

z-matrix Symmetrization: Flexible Normal modes:
definition Linear transfo. transfo. Linear transfo.

—

Ocar :{> Qomar |:1{> - :{> Ofrex :{> On=0
| ] H L

P ba = 3(01 + @2 + 93) L i Normal coordinates
"y boy = i((P —93) Qfrex = Qsym — Qopt((»ba) with all coordinates
C @!» el \{f 2 3 : except ¢a
0 C QLnae nw J@2N, Gez = \/_6_(2('01 — @2 — P3)

H 0 QZnat C QZmar

H; C Qfmat O Qmar H 1
Hl C Qz7mat 0 ngat H P2
Hy C Qhatr O Qimar H @3

It is important to note that, at the end of all these transformations, the coordinates used in the
dynamics are closely related to coordinates associated with a reaction path Hamiltonian,
RPH, or similar approaches in which the curvilinear normal modes evolve along the path.
However, in our previous [15] and in the present studies, the curvilinear normal modes
remain constant along the torsional mode. This simplified RPH version does not prevent from

performing exact quantum calculation for a given potential.

Furthermore, the full 12D-basis set is expressed as a direct product of (i) a 1D-contracted
basis set for the torsion, made of 24 eigenfunctions obtained from the diagonalization of a
1D-Hamiltonian. The uncontracted basis set is made of 36 sine and cosine functions and the
numerical integrations were performed using 48 quadrature grid points. (ii) a 11D-Smolyak
basis set for the other coordinates. More precisely, the K™ 11D-basis functions, B?(Q), is

defined as a product of 11 Harmonic Oscillator basis functions as follows:

) . Eq. 8
B2(Q) = BL (@) ... BL.(QV) ... BIL (@) 1
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where B,ici(Qi) is the k;™ Harmonic Oscillator basis function associated with the i" coordinate,
O'. Then, the Bx'P(Q) are selected by means of the parameters, #; and Lp, such as 0 <
Y. ¢; < Lg and a relation (for all i) between the #; and the k; given in the following table
(table 1):
Table 1: relation between the k;, the €; and nb; for all values of index i.

k; 1 2 34 567 8..11 12..16 17..22 23..29 30..37

nb; 1 2 4 7 11 16 22 29 37

?; 0 1 2 3 4 5 6 7 8

For instance, for a given 11D-basis function defined with this set of k;, [ky ...k; ... k11] =
[1,1,6,1,11,1,1,1,1,1,1], the #; set is [#;..¢;..411] =[0,0,3,0,4,0,0,0,0,0,0] and the
sum of the #; is 7. Therefore, if the parameter Lp, which defines the size of the basis set is
equal or larger than 7, this 11D-basis function is kept and otherwise it is discarded. It is
important to note for example, that if k&3=7 (instead of 6), the value of £; remains the same
(3). In a certain way and for each index i, the #; define the number of basis functions, nb;,
such as nb;(#;) = nb;(¥; — 1) + ¢; and nb;(0) = 1 (see table 1). This kind of selection is
similar to the pruned basis set of Carrington’s group [31][32]. With this non-direct product
basis set, a Smolyak sparse grid can be used[33][34][35][36][15]; the grid size is determined
by means of a Smolyak parameter, L¢, defined as L=Ls+1 and the number of quadrature grid
points for each HO basis set is nq;(¢;) = nq;(£; — 1) + £;. To converge the energy levels
within 0.01 cm™!, the values of Lg and L are 7 and 8, respectively.

In our previous study,[15] the Smolyak basis set was defined in a slightly different way i.e.
nb;(£;) = nb;(¥; —1) + 1 and nq;(¥;) = nq;(£; —1) + 1. Therefore, Lg and Ls had to be
larger (Lg=9 and Lg=10) than those of the present study in order to converge the energy
levels. However, in both studies, the basis set size (NB) and the number of grid points (NQ)
are of the same order of magnitude (see table 2).

It is important to note that the diagonalization was performed using a block Davidson
procedure [23]. However, during the Davidson iterations and with the present approach, the
intermediate Hamiltonian matrix is not Hermitian (due to the numerical approximation of the
differentiation in the steps ii and iv of the KEO action). This is why we have used a Lapack

subroutine to diagonalize this non-symmetric matrix.



12

In table 2, we present some torsional energy levels from the present study and from our
previous ones. The comparison is almost perfect; the energy differences are not larger than
0.01 cm™ for all levels. Furthermore, due to the symmetry, some levels are degenerate (those
corresponding to the following experimental values: 9.1, 208.9, 510.3 and 751.0 cm™!) and the
computed energy components are not strictly equal due to approximations in the numerical
integration. However, the largest difference between the two components is only 0.005 c¢cm™!
for the level at 741.78 cm™!. It will be noted that in our previous study, this was not possible
(because it required too much time), except for the zero-point energy (ZPE) to obtain the
energy levels, for the largest calculation (Ls=9, Lg=10), which already took 20 days. Now
with the present approach, in which the metric tensor is computed for each Hamiltonian
operator action on a wave function, the calculation takes only 8 days for all the treated states.
Furthermore, and as expected, the memory requirement is much smaller (about five times),

for grids of similar sizes.

Table 2: First column, torsional energy levels (in cm™) of methanol; second column, experimental levels;
third and fourth columns, levels and parameters from our previous study [15]; fifth and sixth columns,
levels and parameters from the present work using ELVIBROT. The levels at 9.1, 208.9, 510.3 and 751.0

are degenerate.

ELVIBROT ELVIBROT
Exp. .
previous work present work
Exp. Lp=6, Lc=8 Lp=9, Lc=10 Lp=6,Lc=7 Lp=7,Ls=8
/ 11088.76  11088.50  11088.55  11088.51
9.1 9.14,9.15 9.15 9.15
208.9 205.34 205.34 205.34
Energy levels ~ 294.7 290.69 290.69 290.69
353.0 347.49 347.49 347.49
510.3 503.54 503.53 503.53
751.0 741.80 741.78 741.78
B as“;}g S1ze: / 297024 4031040 920064 3196 008
Grid size:
NO / 88584912 892360032 134737200 588 600 720
Memory / 60 GB 605 GB 28 GB 123 GB

requirement on disk
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VI Conclusion and perspectives

From a numerical point of view, the approach developed in the present paper opens the way
to using sophisticated coordinates with a numerical on-the-fly KEO for large systems without
introducing approximations [37][38] (such as using constant or Taylor-expanded metric
tensors or neglecting the extra-potential term). Indeed, we show that the numerical procedure
implemented here enables to reproduce the previous results exactly [15] with less
computational resources (memory and cpu time).

However, that the memory scales as 2n (n being the number of degrees of freedom) is clearly
a limitation, although not as strong as the n%/2 scaling in our previous implementation. To
address this problem, one can use the data structure of the Smolyak representation (the sum
of small direct product bases or grids) in order to avoid almost completely, except for the
potential, to store vectors on the full grid. In other words, we need to merge the Smolyak
scheme with the on-the-fly numerical action of the KEO’s on the wave functions.

There is also another issue worth analyzing in more detail. Indeed, in order to deal with
operators such as %, the use of chl) (obtained from Eq. 3) may give rise to a non-Hermitian
Hamiltonian matrix [39][25] when % (Eq. 2b or Eq. 2c¢), is applied. Unfortunately, when

using (Eq. 2b or Eq. 2¢), the non-hermiticity cannot be reduced by increasing the number of
grid points as usual. For the calculation of eigenlevels, the use of a diagonalization procedure
for non-symmetric matrices solves this problem, although some spurious eigenvectors may
crop up, which can be easily discarded upon inspection. Furthermore, the consequences of the
loss of hermiticity of the Hamiltonian operators during the time-dependent approach are not
5.

~ [39] instead of the usual

clear. One might probably try differentiation on the left PP

a.
s a_Q‘

differentiation on the right
Moreover, it is worth pointing out that this non-hermicity issue is almost absent when all
derivative operators act directly on the wave function (Eq. 2d). More precisely, the
Hamiltonian matrix may be slightly non-Hermitian, but this can be numerically suppressed,

by increasing the number of grid points without increasing the number of basis functions.
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Anyway, and whatever the remaining difficulties, numerical on-the-fly implementations as
developed in the present paper, will certainly contribute to open the way to rigorous quantum

computations of systems with many degrees of freedom.

Acknowledgements

One of us (DL) gratefully acknowledges the hospitality of the School of Physics and the Institute
of Condensed Matter and Nanosciences (NAPS) of the Université Catholique de Louvain, where

part of the present work was carried out.

Appendix

A) Derivation of the KEO and its numerical cost:

The derivation of the numerical kinetic energy operator has been known for many years and there
are several ways to obtain the expression given in Eq. 2d. [4][5][9][10][11][12][13][14] In the
present study, the x(Q) approach is used, where Q is the set of n curvilinear coordinates and x is
the set of Cartesian coordinates and in this case the fzij (@), fi(Q) and V., (Q) are given by the
following expressions:

3 h? y . Eq. Ala
2U(Q) _ —7GJ(Q) fori=j
—h%GY(Q) fori > j
, a6v(@Q) . ... 0p(Q) 1
Q) = ~2 4 GU L

Eq. Alc
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dp(@) 1 dp(@ 1 9Jj(@ 1 9j(@) 1
Q" p(@Q) 9Q/ p(@) 9Q' J(@ 9Q/ J(@)

1o
V@ =3 ) G”(Q)l
ij=1
IAN aG”(Q)la](Q) 1 (@) 1
$4,700 [0 @ ¢ »(@

1IN e [00@ 1 0%(@ 1
+7 0, 6@ laQian](Q) 3000 p(Q)

ij=1

The key ingredients are the contravariant components of the metric tensor, G (Q). Its matrix
representation, G can be obtained as follows:

G =[GY(Q)]= [gij(Q)]_l
(ij=1,..n)

Eq. A2

where, g;; (Q) are the covariant components of the metric tensor, associated to the matrix, g, with

3N
_ 0x*(Q) 0x*(Q)
9:;(Q) —;m)l 30! 207 Eq. A3

In the previous equation, N is the number of atoms and m is the atomic mass associated with the
A Cartesian coordinates. Furthermore, when all degrees of freedom are considered (no
constraints), n is equal to 3N.

From the two previous equations, one can see that the number of operations (i.e. multiplications)

to build the G matrix and therefore the f,’ terms (Eq. Ala), scales as O(n’): indeed, 6N
operations to build each of the n* component, g;; (Eq. A3), and about n* operations for the matrix
inversion (Eq. A2).

Next, to compute the f', one needs several ingredients: (i) the G matrix which is already known.
(i1) p(Q), the weight function associated with the chosen volume element and the derivative of
p(@Q). In all applications, the expression of p(Q) is really simple (product of 1D-functions).
Therefore, the numerical cost associated to the p(Q) contributions is small. (iii) the n first
derivatives of the G matrix, which are the costly contributions (see Eqgs. A4, AS).

The derivation of the G matrix reads:
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G G dg G
aQk aQk Eq. A4
k=1, ...n)

and the n derivatives of the components of g are obtained through the differentiation of Eq. A.3
and are given as follows:

Eq. AS

09,,(@) im 0%x4(Q) 0x*(Q) | 0x*(Q) 9*x*(Q)
a0k 1190%0Q" 9QJ 90t 9QkaQi

A=1

From the previous equations, one can see that the number of operations scales (i) as 2n* 2n
matrix multiplications (n® operations) for the n derivatives for Eq. A4. (ii) as 3x3N for each term
9g;(Q)
aQk
Therefore, the numerical cost to get all the £ scales as O(n*).

(n? terms).

The computation of the extrapotential term, V,,(@Q), is the costliest among the Eq. Al terms.
Indeed, all elements from Eq. Alc are already known, except those implying J(Q) and its first
and second derivatives with respect to the curvilinear coordinates. J(Q) is expressed as a function
of the determinant of g as follows:

J(@) = /et (g) Eq. A6

The numerical cost scales as O(n?), for det(g). Furthermore, the computation of the first and the
second derivatives of J(Q) requires, respectively, the first (Eq. A5) and the second (obtained
from the differentiations of Eq. 5 with respect to QY))- derivatives of g. Thus, for all i and j
fazg(Q). and 62].(0).

2Q1aQ! 2Q10QJ
Therefore, the numerical cost to get the V,,(Q) scales as O(°).

values, the numerical cost o scale as O(»n°).

The method developed in the present paper is valid for the quantum treatment of any system with
n degrees of freedom. It goes without saying that it can be used in the particular case of a N-atom
molecular system (constrained n<3N or not constrained #=3N) by introducing the following n
1... qn—6]
coordinates, ® are the three Euler angles that orient a Body-fixed frame with respect to the

generalized coordinates Q = [q,0,Xcy], where q = [g are internal (shape)

Space-fixed frame and X, are the three Cartesian coordinates that determine the position of the
center of mass of the molecular system in the Laboratory-fixed frame.
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B) Derivatives of a wave function, pseudoinverse procedure:

The procedure described in section Ila (Eq. 3) works well in most cases and, when the numbers
of basis function, nb, and grid points, ng, are equal, this procedure is equivalent to the one used in
the DVR approach. However, in some circumstances and in particular for contracted basis sets,

the numerical precision of the matrix representation on the grid of the first, D,(Cl), and second,

D}({z), derivative operators is not satisfactory.

To show this feature, we will compute the differences between the direct computation of the first
9B (x)

= 0, By (x,) using the

Xu

derivative of the k™ basis function B, (x) at a given point xu,

usual relations of the orthogonal polynomials or the basis functions and the two numerical
approaches, the standard one using Eq. 3 and another one using a pseudoinverse procedure. [27]

Both approaches proceed in two steps, the second one is the same in both cases and corresponds

to Eq. 3b, while in the first step, a vector known on the grid, ¥9 = , (with nq grid points)

‘P(;Cu)

is projected onto the nb basis functions, W2 =

C k], (the upper indices b and g stand, respectively,

for the basis expansion and for the grid expansion) as follows:
pb = MP9 . w9 Eq. A7

where M9 is a matrix (size nb.ng), which is computed by using two different procedures:
(i) In the standard approach, M?9 is given as in Eq. 3a (M?9 (k,u) = B, (x,) - w,(w)).
(ii) In the pseudoinverse approach, M?9 is obtained from solving a system of linear equations,

where the k"-basis function on the grid, [Bk(xu) , is W9 so that the corresponding, W2, is a

vector for which all components are zero except Ci, which is equal to one. All vectors

Bk(:xu)]

can be put together to form a matrix M9 (size ng.nb) so that all the corresponding W? vectors
form the identity matrix, I,,.,p (size nb.nb).
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1., = M9 - M9P Eq. ASa
(Mgb)t — Mbg . (Mgb . (Mgb)t) Eq AS8b

When nb < ng, M9% is not invertible, so that the pseudoinverse approach is required. [27] In the
present study, we multiply on the right by (M9?)¢ (the transpose of M9?) to get Eq A8b. Then,
the matrix (M9? - (M92)%) on the right-hand-side of Eq. A8b is diagonalized and expressed as
(Pt- D - P). The pseudoinverse of (M9? - (M92)?) is (13 D71 Pt) where the tilde implies that
only the non-zero eigenvalues, D, and their corresponding eigenvectors, P are taken into account.
In our case, the number of non-zero eigenvalues is the number of basis functions, nb. In that case,
the matrix M?9, which is also the pseudoinverse of M9, reads:

MP9 = (M9P)t - (P-D~t-PY) Eq. A9

For instance, in the present study, the basis set associated with the torsion is a Fourier series with
36 terms (cosine and sine functions) contracted with 24 basis functions. Furthermore, the number
of grid points is 48 for both contracted and un-contracted basis sets. The largest difference (for
k=1...nb and u=1...nq) between 9, B; (x,) obtained from the usual relations of the orthogonal
polynomials and the corresponding values obtained from the standard and the pseudoinverse
approaches are given in table 3.

Table 3: Largest difference between 0,B)(x,) obtained from the usual relations of the
orthogonal polynomials and the corresponding values obtained from the standard (columns 2, 4)
and the pseudoinverse (columns 3, 5) for the un-contracted (columns 2,3) and contracted
(columns 4,5) basis sets.

largest error nb=36 nqg=48 contracted, nb=24 nq=48
Standard Pseudoinverse Standard Pseudoinverse
0, By (xy) 5.1014 2.1014 6.10° 2.1014

The analysis of the results shows that when the Fourier basis set is not contracted the largest error
on 0, By (x,,) is of the same order of magnitude for the standard and the pseudoinverse procedure,
while for the contracted basis set, the error obtained from the standard procedure is about 10°
larger than the one obtained from the pseudoinverse approach.
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