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LOCAL LANGLANDS AND SPRINGER CORRESPONDENCES

ANNE-MARIE AUBERT

Abstract. This notes are the written version of a course given by the author at
the workshop “Representation theory of p-adic groups” that was held at IISER
Pune, India, in July 2017 (to appear in Representations of p-adic groups: Contri-
butions from Pune, Progress in Math., Birkhäuser).

They give notably an overview of results obtained jointly with Ahmed Mous-
saoui and Maarten Solleveld on the local Langlands correspondence, focusing on
the links of the latter with both the generalized Springer correspondence and the
geometric conjecture, the so-called ABPS Conjecture, introduced in collaboration
with Paul Baum, Roger Plymen and Maarten Solleveld.

1. Introduction

The local Langlands correspondence predicts a relation between two rather differ-
ent kinds of objects: on one side irreducible representations of reductive groups over
a local field F , on the other side certain analogs of Galois representations, called
Langlands parameters.

Let G be the group of F -rational points G of a connected reductive algebraic
group G over a non Archimedean local field F . Slightly more precisely, the local
Langlands conjecture for G asserts the existence a finite to one surjection

recG : Irr(G)→ Φ(G),

from the set Irr(G) of (isomorphism classes of) irreducible smooth representations
of G to the set Φ(G) of equivalence classes (for a certain equivalence relation) of
Langlands parameters for G, that satisfies a certain list of chosen, expected proper-
ties.

The (conjectural) fibers of recG are called L-packets for G. The irreducible repre-
sentations π inside a given L-packet are said to be L-indistinguishable. To distinguish
them, the idea (see Lusztig [Lus1], Vogan [Vog], Arthur [Ar1]) is to “enhance” φ
by an additional datum ρ, which is an irreducible representation of a certain finite
group Sφ (defined in Equation (3) below). The pair (φ, ρ) will be called an enhanced

Langlands parameter for G. Let Φe(G
]) be the collection of equivalence classes of

such pairs (φ, ρ) with ρ ∈ Irr(Sφ). Then the LLC for G should be an injective map

(1) Irr(G)→ Φe(G),

which satisfies several natural properties. The map will almost never be surjective,
but for every φ which is relevant for G the image should contain at least one pair
(φ, ρ).
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2 A.-M. AUBERT

A remarkable aspect of the Langlands conjecture [Vog] is that it is better to
consider not just one reductive group G at a time, but all inner forms (more precisely
all inner twists) Gϑ of G simultaneously. Inner twists share the same Langlands
dual group. The hope is that one can turn (1) into a bijection by defining a suitable
equivalence relation on the set of inner twists and taking the corresponding union
of the sets Irr(Gϑ) on the left hand side. Such a statement was proven for unipotent
representations (also known as representations with unipotent reduction) of simple
p-adic groups in [Lus5].

The main goal of these lectures is to provide an overview of the main results ob-
tained jointly with Ahmed Moussaoui and Maarten Solleveld in [AMS1] on the local
Langlands correspondence, focusing on the links of the latter with both the general-
ized Springer correspondence and the geometric conjecture, the so-called ABPS Con-
jecture, introduced in collaboration with Paul Baum, Roger Plymen and Maarten
Solleveld and studied in several articles, notably [ABPS7]. We give also an account
of the known results regarding the preservation (and non-preservation) of the depth
by the LLC.

For maximal generality, we adhere to the setup for L-parameters used by Arthur
in [Ar1]. Let WF be the Weil group of F , let LG = G∨ oWF be the L-group of
G. Let G∨ad be the adjoint group of G∨, and let G∨sc be the simply connected cover

of the derived group of G∨ad. Let φ : WF × SL2(C) → LG be an L-parameter, let
ZG∨ad(φ(WF )) be the centralizer of φ(WF ) in G∨ad and let

(2) Gφ := Z1
G∨sc

(φ(WF ))

be its inverse image in G∨sc. To φ we associate the finite group

(3) Sφ := π0(Z1
G∨sc

(φ)),

where Z1 is again defined via G∨ad. We call any irreducible representation of Sφ
an enhancement of φ . The group Sφ coincides with the group considered by both
Arthur in [Ar1] and Kaletha in [Kal1, §4.6]. A remarkable fact is that the group Sφ
is isomorphic to the component group

(4) AGφ(uφ) := π0(ZGφ(uφ)),

where uφ := φ(1, ( 1 1
0 1 )). It provides a way to plug the generalized Springer corre-

spondences for the groups Gφ, where φ runs over Φ(G), in the study of the local
Langlands correspondence for G.

In particular, it allows to transfer the Lusztig notion of cuspidality for representa-
tions of the groups AGφ(uφ) into a notion of cuspidality for enhanced L-parameters
for G: an enhanced L-parameter (φ, ρ) for G is called cuspidal if uφ and ρ, consid-
ered as data for the complex reductive group Gφ, form a cuspidal pair. By definition
this means that the restriction of ρ from AGφ(uφ) to AG◦φ(uφ) is a direct sum of cus-

pidal representations in Lusztig’s sense [Lus2]. Intuitively, it says that ρ or ρ|AG◦
φ

(uφ)

cannot be obtained (via an appropriate notion of parabolic induction) from any
pair (u′, ρ′) that can arise from a proper Levi subgroup of G◦φ. It is essential to use
L-parameters enhanced with a representation of a suitable component group, for
cuspidality cannot be detected from the L-parameter alone.

We conjecture in [AMS1, § 6] (generalizing to G arbitrary the conjecture stated by
Moussaoui when G is F -split: [Mou1, Conjecture 1.2]) that the cuspidal enhanced



LOCAL LANGLANDS AND SPRINGER CORRESPONDENCES 3

Langlands parameters correspond by the LLC to the irreducible supercuspidal rep-
resentations of G.

The validity of this conjecture is proved for representations with unipotent reduc-
tion of the group G of the F -rational points of any connected reductive algebraic
group which splits over an unramified extension of F in [FOS, Theorem 2] (when
G is simple of adjoint type it is a special case of [Lus4], [Lus5]), for the Deligne-
Lusztig depth-zero supercuspidal representations (as a consequence of [DeRe]), and
also for general linear groups and split classical p-adic groups (any representation)
(see [Mou1]), for inner forms of linear groups and of special linear groups, and for
quasi-split unitary p-adic groups (any representation) (see [AMS1, § 6]).
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2. Langlands parameters

2.1. The Weil group. Let F be a local non-Archimedean field with finite residual
field kF = Fq. Let Fsep be a fixed separable closure of F , and let ΓF denote the
Galois group of Fsep/F . The field F admits a unique unramified extension Fm/F of
degree m and contained in Fsep, for each integer m ≥ 1. The composite of all the
fields Fm is the unique maximal unramified extension of F contained in Fsep and
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will be denoted by Fur. The extension Fur will allow us to decompose the study of
ΓF in two steps of different nature by considering separately the group Gal(Fur/F )
and the group IF := Gal(Fsep/Fur), that is called the inertia group of F : we have
an exact sequence of topological groups

(5) 1→ IF → ΓF → Gal(Fur/F )→ 0.

The extension Fm/F is Galois and the group Gal(Fm/F ) is cyclic (that is, generated
by a single element). An F -automorphism of Fm is determined by its action on the
residual field kFm ' Fqm of Fm, and there is a unique element σm of Gal(Fm/F )
which acts on kFm by the elevation at the power q. We set Frm := σ−1

m . The map
Frm 7→ 1 +mZ gives a canonical isomorphism from Gal(Fm/F ) onto Z/mZ. Taking
the inverse limit over m, we get a canonical isomorphism of topological groups
between Gal(Fur/F ) and

Ẑ := lim←−
m≥1

Z/mZ,

and a unique element FrF ∈ Gal(Fur/F ) which acts on Fm as Frm, for all m. The
element FrF is called the geometric Frobenius substitution on Fur (its inverse σF is the
arithmetic Frobenius substitution). An element of ΓF is called a geometric Frobenius
element (over F ) if its image in Gal(Fur/F ) is FrF . The Chinese Remainder Theorem

gives a canonical isomorphism of topological groups Ẑ '
∏
` Z`, where ` range over

all prime numbers, and Z` is the (additive) group of `-adic integers.
We recall some properties of the ramification groups (with respect to the upper

numbering) of ΓF , as defined in [Ser, Remark IV.3.1]:

• Γ−1
F := ΓF and Γ0

F := IF , the inertia group.

• For every r ∈ R≥0, ΓlF is the compact subgroup of IF that consists of all
γ ∈ ΓF which, for every finite Galois extension E of F contained in Fsep, act

trivially on the ring oE/p
i(r,E)
E (where i(r, E) ∈ Z≥0 can be found with [Ser,

§IV.3]).
• r ∈ R≥0 is called a jump of the filtration if

Γr+F :=
⋂
t>r

ΓtF

does not equal ΓrF . The set of jumps of the filtration is countably infinite
and need not consist of integers.

In order to formulate the Langlands correspondence we need to introduce the
Weil group WF , a subgroup of ΓF . Let aWF denote the inverse image in ΓF of the
cyclic subgroup of Gal(Fur/F ) generated by FrF . Then aWF is the dense subgroup
of ΓF generated by the geometric Frobenius elements. It is normal in ΓF and fits
into an exact sequence (of abstract groups)

(6) 1→ IF → aWF → Z→ 0.

The Weil group WF of F (relative to Fsep) is the topological group, with underlying
abstract group aWF , so that IF is an open subgroup of WF , and the topology on IF ,
as subspace of WF , coincides with its natural topology as Gal(Fsep/Fur) ⊂ ΓF . Thus
WF is locally profinite, and the identity map ιF : WF → aWF ⊂ ΓF is continuous.

The definition of WF does depend on the choice of Fsep/F , but only up to inner
automorphism of ΓF .
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We will need some basic aspects of the representation theory of WF . The group ΓF
being profinite, its smooth representations are semisimple. On the contrary, WF has
smooth representations which are not semisimple. The irreducible representations of
WF are quite closely related to those of ΓF (in particular, they have finite dimension):

(1) if τ is an irreducible representation of ΓF , then τ ◦ιF is an irreducible smooth
representation of WF ,

(2) for any irreducible smooth representation σ of WF , there is an unramified
character χ of WF such that χ ⊗ σ ' τ ◦ ιF , for some irreducible smooth
representation τ of ΓF .

2.2. The L-group. Let G be the group of F -points of a connected reductive al-
gebraic group G defined over F . Let T be a maximal torus of G defined over F ,
and let X(T) := HomF (T,Gm) be the group of F -rational characters of T. We set
X∨(T) := HomF (Gm,T). Let R(G,T) and R∨(G,T) denote the sets of roots and
coroots of G with respect to T, respectively. The corresponding root datum for G
is

R(G) := (X(T), R(G,T), X∨(T), R(G,T)∨).

Definition 2.1. The Langlands dual group of G is the denote the reductive con-
nected algebraic group G∨, defined over C, whose roots (resp. coroots) are the
coroots (resp. roots) of G, that is, a root datum for G∨ is

R(G∨) := (X∨(T), R∨(G,T), X(T), R(G,T)).

We denote by G∨ the C-points of the group G∨.

Examples 2.2. We have

• GLn(F )∨ = GLn(C), SLn(F )∨ = PGLn(C), and PGLn(F )∨ = SLn(C);
• Sp2n(F )∨ = SO2n+1(C), SO2n+1(F )∨ = Sp2n(C);
• SO2n(F )∨ = SO2n(C);
• if G a group of exceptional type, then G and G∨ are of the same type (e.g.

G2(F )∨ = G2(C)).

Of special importance is the group G = GLn. Indeed, any complex reductive
group G may be embedded into GLn(C) for some n.

We choose a Borel subgroup B ⊃ T of G defined over F , and let ∆ and ∆∨denote
the corresponding basis of R(G,T) and R∨(G,T). A based root datum for G is
R0(G) := (X(T),∆, X∨(T),∆∨). We coose a pinning (G,B, T, {xα}α ∈ ∆), which
induces a splitting of the exact sequence

1 −→ Int(G) −→ Aut(G) −→ Aut(R0(G)) −→ 1.

The F structure of G is given by a morphism of θ : ΓF −→ Aut(G) which descends
to θ : ΓF −→ Aut(R0(G)).

To obtain the L-group as a group that actually sees G = G(F ) and not just G,
we have to work in the Galois action of ΓF on the group G∨. Since Aut(R0(G)) '
Aut(R0(G)∨) ' Aut(R0(G∨)), we have

θ : ΓF −→ Aut(R0(G)) −→ Aut(G∨).

Definition 2.3. The (Weil form of) L-group of G is the group

LG := G∨ oθ WF .
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Remark 2.4. In the case when G is F -split, we have a direct product, that is:
LG = G∨ ×WF .

Definition 2.5. Let G, H be two connected reductive algebraic groups over F . An
homomorphism η : LH → LG is called an L-homomorphism if

• η is continuous;

• the diagram LH
η //

""

LG

}}
WF

commutes;

• the restriction of η to H∨ is morphism of algebraic groups from H∨ to G∨.

General connected reductive F -groups need not be quasi-split, but they are always
forms of split F -groups.

Definition 2.6. Two F -groups G = G(F ) and H = H(F ) are called forms of each
other if G is isomorphic to H as algebraic groups, or equivalently if G(Fsep) ∼=
H(Fsep) as Fsep-groups.

An isomorphism ϑ : H→ G determines a 1-cocycle

(7) γϑ :
ΓF → Aut(G)
σ 7→ ϑσα−1σ−1.

From γϑ one can recover H (up to isomorphism) as

H ∼= {g ∈ G(Fsep) : (γϑ(σ) ◦ σ)g = g ∀σ ∈ Gal(Fsep/F )}.
Given another form ϑ′ : H′ → G, the groups H and H ′ are F -isomorphic if and only
if the 1-cocycles γϑ and γϑ′ are cohomologous, that is, if there exists a f ∈ Aut(G)
such that

(8) γϑ(σ) = f−1γϑ′(σ) σfσ−1 ∀σ ∈ Gal(Fsep/F ).

In this way the isomorphism classes of forms of G are in bijection with the Galois
cohomology group H1(F,Aut(G)).

Definition 2.7. An F -group H is an inner form of G if the cocycle γϑ takes values
in the group of inner automorphisms Inn(G). On the other hand, if the values of γϑ
are not contained in Inn(G), then H is called an outer form of G.

Proposition 2.8. [Spr, §16.4] Every connected reductive F -group G is an inner
form of a unique quasi-split F -group G∗.

Example 2.9. Let D be a division algebra with center F , of dimension d2 over
F . Then G = GLm(D) is an inner form of GLn(F ) = G∗ where n = dm. There
is a reduced norm map Nrd: GLm(D) → F× and the derived group SLm(D) :=
ker(Nrd: GLm(D)→ F×) is an inner form of SLn(F ). Every inner form of GLn(F )
or SLn(F ) is isomorphic to one of this kind.

When n = 2, the only possibilities for d are 1 or 2, and so the inner forms are, up
to isomorphism, GL2(F ) and D×, and SL2(F ) and SL1(D).

Definition 2.10. An inner twist of G consists of a pair (H,ϑ) as above, where

H = H(F ) and ϑ : H
∼−−→ G are such that im(γϑ) ⊂ Gad.

Two inner twists of G are equivalent if (8) holds for some f ∈ Inn(G). Let IT(G)
denote the set of equivalence classes of inner twists of G.
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Remark 2.11. It is quite possible that two inequivalent inner twists (H,ϑ) and
(H ′, ϑ′) share the same group H ∼= H ′. This happens precisely when γϑ and γϑ are
in the same orbit of Aut(G)/Inn(G) on H1(F,Gad).

Kottwitz has found an important alternative description of H1(F,G). Recall that
the complex dual group G∨ = G∨(C) is endowed with an action of Gal(Fsep/F ).
There exists a natural isomorphism

κG : H1(F,G)
∼−−→ Irr

(
π0

(
Z(G∨)WF

))
,

see [Ko, Proposition 6.4]. This is particularly useful in the following way. An inner
twist of G is the same thing as an inner twist of the unique quasi-split inner form
G∗ = G∗(F ). Let G∗ad = G∗ad(F ) be the adjoint group of G∗. Let G∨sc be the simply
connected cover of the derived group G∨der of G∨. We have G∨sc = (Gad)∨, and

(9) κG∗ad : H1(F,G∗ad)
∼−−→ Irr

(
Z(G∨sc)

WF
)
.

The equivalence classes of inner twists of G are parametrized by the Galois co-
homology group H1(F,G∗ad). For every ϑ ∈ H1(F,G∗ad), we will denote by Gϑ an
inner twist of G∗ which is parametrized by ϑ, and we will take G∗ to be G1.

All the inner twists of a given group G share the same L-group, because the action
of WF on G∨ is only uniquely defined up to inner automorphisms. This also works
the other way round: from the Langlands dual group LG one can recover the inner
form class of G. Hence it is natural from the point of view of the Langlands to
consider all the inner twists of a given group G simultaneously.

2.3. Definitions for Langlands parameters. We write W ′F := WF × SL2(C)
(that may be viewed as version of the Weil-Deligne group of F ).

Definition 2.12. A Langlands parameter (or L-parameter, for short) for LG is a
smooth morphism

φ : W ′F → LG

such that W ′F
φ //

!!

LG

}}
WF

commutes, φ(w) is semisimple for each w ∈ WF

(that is, r(φ(w)) is semisimple for every finite dimensional representation r of LG),
and φ|SL2(C) is a morphism of complex algebraic groups.

The group G∨ acts on the set Φ(LG) of such φ’s by conjugation. Let Φ(LG)
denote the set of G∨-orbits in Φ(LG)

Definition 2.13. An L-parameter φ : W ′F → LG is said to be

• unramified if it has trivial restriction to IF ;
• tame if it has trivial restriction to the wild ramification group PF of F .;
• essentially tame if φ(PF ) lies in a maximal torus of G∨;
• discrete (or elliptic) if there is no proper WF -stable Levi subgroup L∨ ⊂ G∨

such that φ(W ′F ) ⊂ LL.
• bounded if φ′(WF ) ⊂ G∨ is bounded, where φ(w) = (φ′(w), w). (This is

equivalent to φ′(Frob) being a compact element of G∨.
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2.3.1. Relevance for Langlands parameters. We will call a Levi factor of a parabolic
subgroup of G simply a Levi subgroup of G. The bijection

R(G,T)←→ R∨(G,T) = R(G∨, T∨)

gives a basis ∆∨, and provides a canonical bijection between the sets of conjugacy
classes of parabolic subgroups of G and of G∨.

Definition 2.14. [Bor, § 3] A parabolic subgroup P∨ of G∨ is F -relevant if the
corresponding class of parabolic subgroups of G contains an element P which is
defined over F . Similarly, a Levi subgroup L∨ ⊂ G∨ is F -relevant if it is a Levi
factor of a parabolic subgroup P∨ ⊂ G∨ which is F -relevant.

Definition 2.15. A parabolic subgroup P∨ of G∨ is WF -quasi-stable if the projec-
tion NLG(P∨)→WF is surjective.

Remark 2.16. The WF -quasi-stable parabolic subgroups of G∨ are precisely the
neutral components of what Borel [Bor, §3] calls parabolic subgroups of LG.

Definition 2.17. Let φ ∈ Φ(LG)) and let P∨ be a WF -quasi-stable parabolic sub-
group of G∨ with a Levi factor L∨ such that

• the image of φ is contained in NLP (L∨), where LP := P∨ oWF ;
• P∨ is a minimal for this property.

The L-parameter φ is G-relevant (or is an L-parameter for G) if P∨ is F -relevant.

Notation 2.18. We denote by Φ(G) the subset of Φ(LG) of the G∨-conjugacy
classes of L-parameters that are G-relevant.

A Langlands classification of L-parameters for G is obtained in [SZ].

We have

Φ(LG) = Φ(G∗),

where G∗ is the quasi-split inner form of G as defined in Proposition 2.8, and it is
expected that in general Πφ(G) is nonempty if and only if φ is G-relevant.

Example 2.19. Let D be a division algebra with center F over F such that
dimF (D) = 4. Then G = D× is the unique non-split inner form of G∗ = GL2(F ).

The only Levi subgroup of D× defined over F is D× itself, and it corresponds to
the Levi subgroup GL2(C) on the complex side.

Let φ ∈ Φ(GL2(F )) = Φ(D×) be the embedding W ′F ↪→ GL2(C) × WF . No
proper parabolic subgroup of GL2(C) contains φ(SL2(C)) = SL2(C), so φ is relevant
for both D× and GL2(F ).

2.4. L-packets.

2.4.1. For a given group G. The local Langlands conjecture (LLC) asserts that the
set Irr(G) of isomorphism classes of irreducible smooth representations of G can be
parametrized by the set Φ(G). This parametrization is usually not a bijection. In
fact, it is conjectured that each conjugacy class φ ∈ Φ(G) is associated with a finite
set Πφ(G) of isomorphism classes of irreducible smooth representations of G, and
that they give a disjoint decomposition of Irr(G);

(10) Irr(G) =
⊔

φ∈Φ(G)

Πφ(G).
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Such finite sets are called L-packets for G. This parametrization is based on the
belief that there should be certain arithmetic invariants (e.g., L-factors) defined on
both the representation side and the parameter side so that one could match them.
From this point of view, one can think that the L-packet Πφ attached to some
φ ∈ Φ(G) consists of all irreducible smooth representations of G whose arithmetic
invariants match those of φ.

2.4.2. For all the inner twists of G. The local Langlands correspondence predicts the
existence of a partition of the set Irr(IT(G) of equivalence classes of the irreducible
smooth representations of all the groups Gi in IT(G) into finite subsets:

(11) Irr(IT(G)) =
⊔

φ∈Φ(LG)

Πφ(LG),

where each L-packet Πφ(LG) is the union of L-packets for the groups Gi.

Example 2.20. We keep the notation of Example 2.19. We have

Πφ(GL2(F )) = {StGL2(F )} and Πφ(D×) = {StD× = trivD×}.

Thus here (11) is

Πφ(LG) = Πφ(GL2(F )) ∪ Πφ(D×) = {StGL2(F ), StD×}.

Let φ′ ∈ Φ(GL2(C)) such that φ′(SL2(C)) = 1 and φ′(WF ) ⊂ diag(GL2(C))×WF .
Then L∨ = diag(GL2(C)) is the minimal Levi subgroup such that LL contains the
image of φ2. Thus the standard Borel subgroup P∨ of GL2(C) satisfies the conditions
in Definition 2.17. But its conjugacy class does not correspond to any parabolic
subgroup of D×, so φ′ is not relevant for D×.

Let G ⊂ G̃ be a pair of quasi-split connected reductive groups, defined over F ,
with the same derived group. It is expected that the L-packets of G = G(F ) are

restrictions of L-packets of G̃ := G̃(F ) in the sense that for each L-packet Π(G)

for G there is a packet Π(G̃) for G̃ whose restriction to G is equal to Π. Typically
one uses this last expectation to construct L-packets for G from the knowledge of

L-packets of G̃, e.g., in the cases of SLn ⊂ GLn and Sp2n ⊂ GSp2n. In some cases,
however, we wish to move in the other direction, and use the knowledge of L-packets

of G to obtain structural information about the L-packets of G̃, see [Xu].

3. Enhanced Langlands parameters

3.1. The group Sφ. To parametrize the irreducible representations in a given L-
packet, we need more information then just the Langlands parameter itself. Let
ZG∨(φ) denote the centralizer of φ(W ′F ) in G∨. This is a reductive algebraic group
over C, in general disconnected. We denote by ZG∨ the center of G∨ and we write

(12) Rφ := π0

(
ZG∨(φ)/Z(G∨)WF

)
.

Remark 3.1. It is expected that Πφ(G) is in bijection with Irr(Rφ) if G is quasi-
split. However, for G non necessarily quasi-split, this is not always the case.

Let G∨ad be the quotient G∨/ZG∨ (that is, the group G∨ad is the adjoint group of
G∨).
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Since ZG∨(φ) ∩ Z(G∨) = Z(G∨)WF ,

(13) ZG∨(φ)/Z(G∨)WF ∼= ZG∨(φ)Z(G∨)/Z(G∨).

The right hand side can be considered as a subgroup of the adjoint group G∨ad. Let
Z1
G∨sc

(φ) be its inverse image under the quotient map G∨sc → G∨ad. We can also

characterize it as

Z1
G∨sc

(φ) =
{
g ∈ G∨sc : gφg−1 = φag for some ag ∈ B1(WF ,Z(G∨))

}
(14)

=
{
g ∈ ZG∨sc

(
φ(SL2(C))

)
: gφ|WF

g−1 = φ|WF
ag for some ag ∈ B1(WF ,Z(G∨))

}
= Z1

G∨sc
(φ|WF

) ∩ ZG∨sc

(
φ(SL2(C))

)
,

where B1(WF ,Z(G∨)) denotes the set of 1-coboundaries for group cohomology, that
is, the maps WF → Z(G∨) of the form w 7→ zwz−1w−1 with z ∈ Z(G∨). The neutral
component of Z1

G∨sc
(φ) is ZG∨sc(φ)◦, so it is a complex reductive group.

Remark 3.2. We have Z1
G∨sc

(φ) = ZG∨sc(φ) whenever Z(G∨sc)
WF = Z(G∨sc), in par-

ticular if G is an inner twist of a split group.

Following Arthur [Ar1], given φ, we define the group Sφ as the component group
of Z1

G∨(φ):

(15) Sφ := π0

(
Z1
G∨sc

(φ)
)
.

Via (13), the map G∨sc → G∨ad induces a homomorphism Sφ → Rφ. We set

(16) Zφ := Z(G∨sc)/Z(G∨sc) ∩ ZG∨sc(φ)◦

. Then (see [ABPS7, Lemma 1.7]) Sφ is a central extension of Rφ by Zφ:

(17) 1→ Zφ → Sφ → Rφ → 1.

Since G∨sc is a central extension of G∨ad = G∨/Z(G∨), the conjugation action of G∨sc
on itself and on Sφ descends to an action of G∨ad. Via the canonical quotient map,
also G∨ acts on Sφ by conjugation.

We attach to a given L-parameter φ ∈ Φ(LG) the following (possibly discon-
nected) complex reductive group:

(18) Gφ := Z1
G∨sc

(φ(WF )).

The following proposition provides a way to link the local Langlands correspon-
dence for G to the generalized Springer correspondence for the groups Gφ’s.

Proposition 3.3. [AMS1, (92)] The group Sφ is isomorphic to the group

AGφ(uφ) := π0(ZGφ(uφ)),

where uφ := φ(1, ( 1 1
0 1 )).

3.2. Definition of enhanced Langlands parameters.

Definition 3.4. An enhanced Langlands parameter (or enhanced L-parameter) for
LG is a pair (φ, ρ), where φ ∈ Φ(LG) and ρ is an irreducible representation of the
group Sφ defined in (15).

We let G∨ and G∨sc act on the set of enhanced L-parameters for LG by

(19) g · (φ, ρ) = (gφg−1, g · ρ) where (g · ρ)(a) = ρ(g−1ag).

We note that both groups acting in (19) yield the same orbit space.
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Notation 3.5. Let Φe(
LG) denote the set of G∨-conjugacy classes of enhanced

Langlands parameters for LG.

We set

(20) ZWF
φ := Z(G∨sc)

WF
/(

Z(G∨sc)
WF ∩ ZG∨sc(φ)◦

)
.

According to [Ar1, §4]

(21) Z(G∨sc) ∩ ZG∨sc(φ)◦ ⊂ Z(G∨sc)
WF .

Hence ZWF
φ can be regarded as a subgroup of Zφ and

(22) Zφ/ZWF
φ
∼= Z(G∨sc)/Z(G∨sc)

WF .

By Schur’s lemma every enhanced Langlands parameter (φ, ρ) restricts to a charac-

ter ρ|ZWFφ

of ZWF
φ . This can be inflated to a character ζρ of Z(G∨sc)

WF . With the

Kottwitz isomorphism (9) we get an element ϑ := κ−1
G∗ad

(ζρ) ∈ H1(F,G∗ad). In this

way (φ, ρ) determines a unique inner twist Gϑ of G. This can be regarded as an
alternative way to specify for which inner twists of G an enhanced Langlands param-
eter is relevant. Fortunately, it turns out that it agrees with the earlier definition of
relevance of Langlands parameters.

Indeed for φ ∈ Φ(LG) the following are equivalent (see [ABPS7, Prop. 1.8])

(1) φ is relevant for Gϑ;
(2) Z(G∨sc)

WF ∩ ZG∨sc(φ)◦ ⊂ ker ζ;

(3) there exists a ρ ∈ Irr(Sφ) such that ζ is the lift of ρ
∣∣
ZWFφ

to Z(G∨sc)
WF .

Here ζ ∈ Irr(Z(G∨sc)
WF ) and Gϑ is the inner twist of G associated to ϑ = κ−1

G∗ad
(ζ)

via (9).

Notation 3.6. We denote by Φe(G) the set of G∨-equivalence classes of enhanced
L-parameters that are G-relevant.

Let (φ, ρ) ∈ Φe(
LG). If ρ is relevant for G, then ζρ ∈ Irr

(
Z(G∨sc)

WF ). It can be

extended in precisely [Z(G∨sc) : Z(G∨sc)
WF ] ways to a character of Z(G∨sc). We choose

such an extension and we denote it by ζG. Every φ ∈ Φ(LG) can be enhanced with
a ρ ∈ Irr(Sφ) such that ρ

∣∣
Zφ

inflates to ζG.

We denote the set of equivalence classes of such (φ, ρ) ∈ Φe(
LG) by Φe,ζG(LG).

Of course we pick ζG = triv when G = G∗. We have

Φe,ζG(LG) = Φe(G),

and, in particular Φe,triv(LG) = Φe(G
∗).

3.3. Desiderata for the local Langlands correspondence. We are ready to
formulate the version of the conjectural local Langlands correspondence stated in
[ABPS7]. It is inspired by many sources, in particular [Bor, §10], [Vog, §4], [Ar1,
§3] and [Hai, §5.2].

Conjecture 3.7. Let (G,ϑ) be an inner twist of a quasi-split F -group G∗. There
exists a surjection

Φe(
LG) −→ Irr(G) : (φ, ρ) 7→ πφ,ρ,
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which becomes bijective when restricted to Φe,ζG(G) = Φe(G). We write its inverse
as

Irr(G) −→ Φe(G) : π 7→ (φπ, ρπ).

Then the map Irr(G) → Φ(G) : π 7→ φπ is canonical. These maps satisfy the
properties (1) – (7) listed below.

Remark 3.8. The above bijection becomes more elegant if one considers the union
over inner twists, then it says that there exists a surjection

{(φ, ρ) : φ ∈ Φ(G∗), ρ ∈ Irr(Sφ)} → {(G,ϑ, π) : (G,ϑ) inner twist of G∗, π ∈ Irr(G)}

whose fibers have exactly [Z(G∨sc) : Z(G∨sc)
WF ] elements.

Properties:

(1) The central character of π equals the character of Z(G) constructed from φπ
in [Bor, §10.1].

(2) Let z ∈ H1
c (WF ,Z(G∨)) be a class in continuous group cohomology, and let

χz : G → C× be the character associated to it in [Bor, §10.2]. Thus zφπ ∈
Φ̃(G) and Szφπ = Sφπ . Then the LLC should satisfy (zφπ, ρπ) = (φχzπ, ρχzπ).

(3) π is essentially square-integrable if and only if φπ is discrete.
(4) π is tempered if and only if φπ is bounded.
(5) Let P be a parabolic subgroup of G with Levi factor L. Suppose that g ∈

NG(L) and ǧ ∈ NG∨(L∨) are such that Ad(g) : L→ L and Ad(̌g) : L∨ → L∨

form a corresponding pair of homomorphisms, in the sense of [Bor, §2]. Then

(φg·π, ρg·π) = (Ad(ǧ)φπ, ǧ · ρπ) for all π ∈ Irr(L).

(6) Suppose that (φL, ρL) ∈ Φe(L) is bounded. Then

(23) {πφ,ρ : φ = φL composed with LL→ LG, ρ
∣∣
SLφ

contains ρL}

equals the set of irreducible constituents of the parabolically induced repre-
sentation IGP (πφL,ρL).

(7) If φL is discrete but not necessarily bounded, then (23) is the set of Langlands
constituents of IGP (πφL,ρL), as in [ABPS1, p. 30].

3.3.1. Inner forms of GLn(F ). The local Langlands correspondence for supercusp-
idal representations of GLn(F ) was established first for F of positive chacteristic in
[LRS], and later for F of characteristic zero in [HaTa], [Hen2] and [Scho], indepen-
dently.

Together with the Jacquet–Langlands correspondence this provides the LLC for
essentially square-integrable representations of inner forms G = GLm(D) of GLn(F ).
It is extended to all irreducible G-representations via the Zelevinsky classification
[Zel], see [HiSa], and [ABPS4]. For these groups every L-packet is a singleton and
the LLC is a canonical bijective map

(24) recGLm(D) : Irr(GLm(D))→ Φ(GLm(D)).
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3.3.2. Inner forms of SLn(F ). The local Langlands correspondence for SLm(D) was
established [HiSa] (for F of characteristic zero) and [ABPS4] (for F of positive
characteristic). It is derived from the LLC for GLm(D), in the sense that every
L-packet for SLm(D) consists of the irreducible constituents of

Res
GLm(D)
SLm(D) (Πφ(GLm(D))),

with φ ∈ Φ(GLm(D)). Of course these L-packets have more than one element in
general (as showed Example 2.20).

3.3.3. The local Langlands conjecture for tempered representation. Let Irrt(G) de-
note the subset of Irr(G) consisting of all irreducible smooth representations π whose
matrix coefficients are L2+ε on G modulo the center Z(G), and let Φbd(G) be the
subset of Φ(G) consisting of G∨-conjugacy classes of L-parameters φ such that the
φ(WF × SU2) is bounded modulo the center.

The local Langlands conjecture for tempered representation asserts the existence
of a surjective map

(25) rect
G : Irrt(G)→ Φbd(G),

the fibers of it are called the tempered L-packets. For each φ ∈ Φbd(G), the cor-
responding tempered L-packet Πt

φ(G) is expected to be parametrized by Irr(Sφ)ζG ,

and Irrt(G) to be a disjoint union of the Πt
φ(G). In the case when the characteris-

tic of F is zero, this conjecture has been proved by Arthur in [Ar2] for quasi-split
orthogonal groups and symplectic groups, by Mok in [Mok] for quasi-split unitary
groups, and by Kaletha, Minguez, Shin and White for non in [KMSW]. Note that
the unitary group UE/F (n) admits a non-quasi-split inner form exactly when n is
even.

The LLC was also proved for the groups GSp4(F ) [GaTak1] and [Ga], its inner
form [GaTan], the group Sp4(F ) [GaTak2] and its inner form [Ch], and for the groups
GSpin4, GSpin6, and their inner forms [AsCh].

In [GaVa], Ganapathy and Varma used Arthur’s results to lift the LLC for split
symplectic and special orthogonal groups on a non Archimedean field of odd posi-
tive characteristic, but using a “Gan-Takeda type” characterization instead of the
theory of endoscopy. They proved (see [GaVa, Theorem 13.6.1]) that given a tem-
pered representation π of G, there exists a unique bounded Langlands parameter
φπ, defined by suitable compatibility conditions on Langlands-Shahidi L-functions
and γ-factors, and on Plancherel measures, together with the requirement that φπ
is discrete if π belongs to the discrete series.

For nice and precise states of art of the local Langlands conjecture the reader
should consult [Kal2], [JN] and [Lom], the latter including global aspects and the
link with the Ramanujan conjecture. A survey on other aspects of the Langlands
correspondance may be found in [Au] and the references herein.

3.4. Depth. Another invariant that makes sense on both sides of the LLC is the
depth. The depth d(π) of an irreducible smooth representation π of a reductive p-adic
group G was defined by Moy and Prasad [MoPr] in terms of filtrations Gx,r (with
x a point in the Bruhat-Tits buiding of G and r ∈ R≥0) of its parahoric subgroups
Gx,0.
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The depth of a Langlands parameter φ is defined to be the smallest number
d(φ) ≥ 0 such that φ is trivial on Γr for all r > d(φ).

Yu [Yu, §7.10] proved that the depth is preserved by the LLC for unramified tori.
Recently, Mishra and Patanayak proved that it is not preserved for wildly ramified
tori [MiPa].

3.4.1. Inner forms of general linear groups. Let GLm(D) an inner form of GLn(F ).
Let kD = oD/pD be the residual field of D. Let A be a hereditary oF -order in
Mm(D). The Jacobson radical of A will be denoted by P. Let r = eD(A) and
e = eF (A) denote the integers defined by pDA = Pr and pFA = Pe, respectively.
We have eF (A) = d eD(A). The normalizer in G of A× will be denoted by

K(A) :=
{
g ∈ G : g−1A×g = A×

}
.

Define a sequence of compact open subgroups of G = GLm(D) by

U0(A) := A×, and U j(A) := 1 + Pj , j ≥ 1.

Then A× is a parahoric subgroup of G and U1(A) is its pro-unipotent radical. We
define the normalized level of an irreducible representation π of G to be

(26) `(π) := min {j/eF (A)} ,
where (j,A) ranges over all pairs consisting of an integer j ≥ 0 and a hereditary
oF -order A in Mm(D) such that π contains the trivial character of U j+1(A). Then
(see for instance [ABPS3, Proposition 2.5]) the normalized level of π ∈ Irr(G) equals
its Moy–Prasad depth:

`(π) = d(π).

.

Let ψ be a nontrivial character of F and let c(ψ) be the largest integer c such
that p−cF ⊂ kerψ. The ε factor of φ (and ψ) was defined in [Tat]. It takes the form

(27) ε(s, φ, ψ) = ε(0, φ, ψ)q−(a(φ)+nc(ψ))s with ε(0, φ, ψ) ∈ C×.
Here a(φ) ∈ Z≥0 is the Artin conductor of φ (called f(φ) in [Ser, §VI.2]). For any
elliptic φ ∈ Φ(GLn(F )), we have (see [ABPS3, Lemma 2.3])

(28) d(φ) =

{
0 if IF ⊂ ker(φ),
a(φ)
n − 1 otherwise.

Let π be an irreducible representation of GLm(D). Let ε(s, π, ψ) denote the
Godement–Jacquet local constant [GoJa]. It takes the form

(29) ε(s, π, ψ) = ε(0, π, ψ) q−f(π,ψ)s, where ε(0, π, ψ) ∈ C×.
A representation of D× is called unramified if it is trivial on o×D. An unramified

representation of D× is a character and has depth zero.
Let π be a supercuspidal irreducible representation of G. We have (see [ABPS3,

Proposition 2.6]:

(30) f(π, ψ) =

{
n (c(ψ) + 1)− 1 if m = 1 and π is unramified,

n (d(π) + 1 + c(ψ)) otherwise.

We set

(31) f(π) := f(π, ψ)− nc(ψ).
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Theorem 3.9. [ABPS3, Theorem 2.7]
The depth d(π) and the conductor f(π) of each essentially square-integrable irre-
ducible representation π of GLm(D) are linked by the following relation:

(32) d(π) =

{
0 if π is an unramified twist of StGLm(D)

f(π)− n
n otherwise.

,

In particular

(33) d(π) = max

{
f(π)− n

n
, 0

}
.

Theorem 3.9 is a key ingredient in the proof of the following result:

Theorem 3.10. [ABPS3, Theorem 2.9]
The LLC for G = GLm(D) preserves the depth, that is:

d(π) = d(φπ), where φπ = recG(π).

3.4.2. Inner forms of special general linear groups. The situation is different for
SLm(D). All the irreducible representations in a given L-packet Πφ have the same
depth, so the depth is an invariant of the L-packet, say d(Πφ). We have d(Πφ) = d(ϕ)
where ϕ is a lift of φ which has minimal depth among the lifts of φ, and the following
holds:

(34) d(φ) ≤ d(Πφ)

for any Langlands parameter φ for SLm(D) [ABPS3, Proposition 3.4 and Corol-
lary 3.4]. Moreover (34) is an equality if φ is essentially tame (in the terminology of
Definition 2.13).

Remark 3.11. The notion of essentially tameness is consistent with the usual notion
for Langlands parameters for GLn(F ). Indeed, any lift ϕ : WF → GLn(C) of φ, is
called essentially tame if its restriction to PF is a direct sum of characters. We denote
by t(ϕ) the torsion number of ϕ, that is, the number of unramified characters χ of
WF such ϕχ ∼= ϕ. Then φ and ϕ are essentially tame if and only if the residual
characteristic p of F does not divide n/t(ϕ) [BuHe, Appendix].

However, let F be a local non-archimedean field of characteristic 2, that is F is of
the form F = Fq((t)), the field of Laurent series with coefficients in Fq, with q = 2f .
This case is particularly interesting because there are countably many quadratic
extensions of Fq((t)). Then equality holds in (34) only if φ is essentially tame (i.e.,
t(ϕ) = 2), as proved in[AMPS].

In the case when G is a classical group, the characteristic of F is zero (that is, F
is a finite extension of Qp) and p is odd, Ganapathy and Varma proved in [GaVa,
Lemma 8.2.3] that the following inequality holds

(35) d(φπ) ≤ bd(π)c+ 1,

where φ the Langlands parameter attached to π by Arthur. If moreover p is suffi-
ciently large with respect to G, then it is shown in [GaVa] that

(36) d(π) ≤ d(φπ).

Very recently, it was proved in [Oi], for a quasi-split classical group over F , with F of
characteristic equal to zero and p sufficiently large, that the depth of representations
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in each L-packet equals the depth of the corresponding L-parameter, and that, for
quasi-split unitary groups, the depth is constant in each L-packet.

4. Generalized Springer correspondence

4.1. Cuspidal enhanced unipotent classes. Let G be a complex (possibly dis-
connected) reductive group. Let G◦ be its identity component. For u ∈ G unipotent,
we denote by AG(u) the component group of the centralizer of u in G. We denote
by U(G) the unipotent variety of G.

Definition 4.1. The enhancement of U(G) is the set Ue(G) of G-conjugacy classes
of pairs (u, ρ), with u ∈ G unipotent and ρ ∈ Irr(AG(u). We call a pair (u, ρ) an
enhanced unipotent class.

LetDb
G(U(G)) denote the constructible G-equivariant derived category on U(G)defined

by Bernstein and Lunts in [BeLu], and let PervG(U(G)) be its subcategory of G-
equivariant perverse sheaves.

By a P-resolution of an algebraic variety X we mean a variety Y endowed with a
free P-action and a smooth P-equivariant morphism Y → X.

Definition 4.2. The integration functor is the functor

γGP : Db
P(U(G))→ Db

G(U(G)),

defined by
(γGPA)(Y ) := (qY )!A(Y )[2 dimG/P],

for A any object of Db
P(U(G)) and Y a G-resolution of U(G), where qY : P\Y → G\Y

is the quotient functor and A(Y ) is defined by regarding Y as a P-resolution of U(G).

Definition 4.3. Let P◦ = L◦U be a parabolic subgroup of G◦. Let

m : U(P◦) ↪→ U(G◦) and p : U(P◦)→ U(L◦)
denote inclusion and projection, respectively. The parabolic induction functor is the
functor

iG
◦

L◦⊂P◦ := γG
◦

P◦ ◦ m! ◦ p∗ : PervL◦(U(L◦))→ PervG◦(U(G◦)).

Remarks 4.4.
(1) The functor iG

◦

L◦⊂P◦ commutes with Verdier duality. It is left adjoint to

rG
◦

L◦⊂P◦ := p! ◦ m∗ and right adjoint to ′rG
◦

L◦⊂P◦ := p∗ ◦ m!. These functors
are exchanged by Verdier duality.

(2) If FL is a simple object in PervL◦(U(L◦)), then iG
◦

L◦⊂P◦(FL◦) is semisimple.

Definition 4.5. A simple object F in PervG◦(U(G◦)) is cuspidal if for any simple

object FL◦ in PervL◦(U(L◦)), F does not occur in iG
◦

L◦⊂P◦(FL◦) (equivalently, if

rG
◦

L◦⊂P◦(F) = 0, resp, ′rG
◦

L◦⊂P◦(F) = 0) for any proper parabolic subgroup P◦ of G◦,
with Levi factor L◦.

Remarks 4.6.
(1) Cuspidality is preserved by Verdier duality (see for instance [AHJR, Re-

mark 2.3]).
(2) The above definition of cuspidality is inspired by [Lus3] (see also [AHJR]).

It is equivalent to the original definition of cuspidality given by Lusztig in
1984 in [Lus2] (as shown in [Lus6, 23.2. (b)]).
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For u a given unipotent element in G◦, let AG◦(u) denote the component group
of its centralizer ZG◦(u) of u in G◦. Let Ou = (u)G◦ be the G◦-conjugacy class of u.
We set AG◦(Ou) := AG◦(u). We will denote by

(37) ρ 7→ Eρ
the bijection between Irr(AG◦(u)) and the irreducible G◦-equivariant local systems
E on Ou. We denote by

(38) E 7→ ρE

the inverse bijection.

Definition 4.7.
(1) A character ρ ∈ Irr(AG◦(u)) is cuspidal if the perverse sheaf IC(O, Eρ) is

cuspidal.
(2) An enhanced unipotent class (O, ρ) in G◦ is cuspidal if ρ is cuspidal.

Proposition 4.8. [Lus2, Proposition 2.8] If (Ou, ρ) is cuspidal, then u is a distin-
guished unipotent element in G◦ (i.e.,u does not meet U(L◦) for any proper Levi
subgroup L of G◦).

Remark 4.9. In general not every distinguished unipotent element supports a cus-
pidal representation.

Example 4.10. For G = SLn(C), the unipotent classes in G are in bijection with
the partitions λ = (λ1, λ2, . . . , λr) of n: the corresponding G-conjugacy class Oλ
consists of unipotent matrices with Jordan blocks of sizes λ1, λ2, . . .,λr. We identify
the center Z(G) with the group µn of complex n-roots of unity. For u ∈ Oλ, the
natural homomorphism Z(G) → AG(u) is surjective with kernel µn/ gcd(λ), where
gcd(λ) := gcd(λ1, λ2, . . . , λr). Hence the irreducible G-equivariant local systems on
Oλ all have rank one, and they are distinguished by their central characters, which
range over those χ ∈ Irr(µn) such gcd(λ) is a multiple of the order of χ. We denote
these local systems by Eλ,χ. The unique distinguished unipotent class in G is the
regular unipotent class O(n), consisting of unipotent matrices with a single Jordan
block. The cuspidal irreducible G-equivariant local systems are supported on O(n)

(by Proposition 4.8) and are of the form E(n),χ, with χ ∈ Irr(µn) of order n (see
[Lus2, (10.3.2)]).

We will now extend the above notion of cuspidality from G◦ to G:

Definition 4.11. An enhanced unipotent class (O, ρ) with O = (u)G and ρ ∈
Irr(AG(u)) is cuspidal if the restriction of ρ to AG◦(u) is a direct sum of cuspidal
irreducible representations of AG◦(u).

Notation 4.12. We set

Irrcusp(AG(u)) := {ε ∈ Irr(AG(u)) such that ε is cuspidal} .

Definition 4.13. A quasi Levi subgroup of G is a subgroup M of the form M =
ZG(Z(L)◦), with L a Levi subgroup of G◦. The group M is said to be cuspidal if
there exists a cuspidal enhanced unipotent pair in M.

Remark 4.14. A Levi subgroup of G is a quasi-Levi subgroup, and in the case when
G connected, both notions coincide.
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Notation 4.15. Let B(Ue(G)) be the set of G-conjugacy classes of pairs (M, (O, ε)),
where M is a cuspidal quasi-Levi subgroup of G, and (O, ε) is a cuspidal enhanced
unipotent pair in M.

4.2. A partition of the enhancement of the unipotent variety of G◦. The
purpose of this section is to describe a theory à la Harish-Chandra for Ue(G◦), the
first step being to define a cuspidal support map for enhanced unipotent classes of
G.

The enhancement Ue(G◦) of U(G◦) parametrizes the isomorphism classes of simple
objects of PervG◦(U(G◦)). Indeed, the simple objects in PervG◦(U(G◦)) are the
IC(O, E), where O is a unipotent class in G◦ and E is an irreducible G◦-equivariant
Q`-local system on O.

Let (O, ρ) ∈ Ue(G◦) be an arbitrary enhanced unipotent class, and set Fρ :=
IC(O, Eρ). Then Fρ occurs as a summand of iL◦⊂P◦(IC(O0, E0)), for some quadruple
(P◦,L◦,O0, E0), where P◦ is a parabolic subgroup of G◦ with Levi subgroup L◦
and (O0, E0) is a cuspidal enhanced unipotent class in L◦ (see [Lus2, § 6.2] and
[AHJR, Cor. 2.7]) and, moreover, (P◦,L◦,O0, E0) is unique up to G◦-conjugation
(see [Lus2, Prop. 6.3]). We set ε := ρE0 using the bijection (38), and we denote
by t◦ := (L◦, (O0, ε))G◦ , the G◦-conjugacy class of (L◦, (O0, ε)) and we call it the
cuspidal support of the enhanced unipotent class (O, ρ).

The center Z(G◦) of G◦ maps naturally to AG◦(O) and to AL◦(O0). By construc-
tion [Lus2, Theorem 6.5.a]

(39) ρ and ε have the same Z(G◦)-character.

Definition 4.16. The cuspidal support map for Ue(G◦) is the map

ΨG◦ : Ue(G◦)→ B(Ue(G◦)),

where B(Ue(G◦)) is as in Notation 4.15, which sends the G◦-conjugacy class of (O, ρ)
to its cuspidal support t◦ = (L◦, (O0, ε))G◦ .

By (39) the map ΨG◦ preserves the Z(G◦)-characters of the involved representa-
tions.

Notation 4.17. Let t◦ ∈ B(Ue(G◦)).
(1) We denote by Ue(G◦)t

◦
denotes the fiber of t under the map ΨG◦ .

(2) Let WL◦ := NG◦(L◦)/L◦, and let Wt◦ := NG◦(t
◦)/L◦.

Theorem 4.18. [Lus2]

(1) The group WL◦ is a Weyl group and it coincides with Wt◦ for every t◦ ∈
B(Ue(G◦)).

(2) We have

Ue(G◦) =
⊔

t◦∈B(Ue(G◦))

Ue(G◦)t
◦
,

and Ue(G◦)t
◦

is in bijection with Irr(WL◦).

The goal of the next two subsections is to generalize the previous notation and
terminology from G◦ to G.
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4.3. Twisted group algebras. Throughout this section Γ is a finite group and K
is an algebraically closed field whose characteristic does not divide the order of Γ.
Suppose that κ : Γ× Γ→ K× is a 2-cocycle, that is,

(40) κ(γ1, γ2γ3)κ(γ2, γ3) = κ(γ1, γ2)κ(γ1γ2, γ3) ∀γ1, γ2, γ3 ∈ Γ.

The κ-twisted group algebra of Γ is defined to be the K-vector space K[Γ, κ] with
basis {Tγ : γ ∈ Γ} and multiplication rules

(41) TγTγ′ = κ(γ, γ′)Tγγ′ γ, γ′ ∈ Γ.

Its representations can be considered as projective Γ-representations. Schur showed
(see [CuRe, Theorem 53.7]) that there exists a finite central extension Γ̃ of Γ, such
that

• char(K) does not divide |Γ̃|,
• every irreducible projective Γ-representation over K lifts to an irreducible
K-linear representation of Γ̃.

Then K[Γ, κ] is a direct summand of K[Γ̃], namely the image of a minimal idempo-

tent in K[ker(Γ̃→ Γ)]. The condition on char(K) ensures that K[Γ̃] is semisimple,
so K[Γ, κ] is also semisimple.

4.4. A partition of the enhancement of the unipotent variety of G.

Notation 4.19. Let t = (M, (O0, ε))G ∈ B(Ue(G)). We set

Wt := NG(τ)/M and W ◦t := NG◦(M◦)/M◦.

Theorem 4.20. [AMS1, §4] Let (O, ρ) ∈ Ue(G). There exists a 2-cocycle

κt : Wt/W
◦
t ×Wt/W

◦
t → C×

and a map, called the cuspidal support map for Ue(G)

ΨG : Ue(G)→ B(Ue(G))

(which coincides to the map ΨG◦ defined above in the case when G is connected),
such that

(42) Ue(G) =
⊔

t∈B(Ue(G))

Ue(G)t,

in which the fiber Ue(G)t of t under the map ΨG is isomorphic to the κt-twisted
version C[Wt, κt] of the group algebra C(Wt] of the finite group Wt.

Notation 4.21. Let Σt denote the bijection

Ue(G)t −→ C[Wt, κt]

mentioned in Theorem 4.20.

Remark 4.22. When G is connected, the cocycle κt is trivial. When G is discon-
nected, the cocycle κt is not always trivial.

An intuitive way of thinking of Theorem 4.20 is to view the set B(Ue(G)) as a
“palette of colors” and the map ΨG as a way to paint the elements of the fiber
Ue(G)t of t under ΨG in the same color as t. Moreover, for each color, the subset
of elements of Ue(G) with that color has a nice structure (here, that of the twisted
group algebra).
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5. Cuspidality for enhanced L-parameters: definition and conjecture

Definition 5.1. An enhanced L-parameter (φ, ρ) ∈ Φ(G)e is called cuspidal if φ is
discrete and (uφ, ρ) is a cuspidal enhanced unipotent class in Gλφ in the terminology
of Definition 4.11.

Recall that an irreducible smooth complex representation of the group G is
called supercuspidal if it does not appear in any G-representation induced from
a proper Levi subgroup of G. Bernstein [BeDe, §2] realized that an irreducible G-
representation is supercuspidal if and only if it is compact. Here compact means
that the representation behaves like one of a compact group, in the sense that all
its matrix coefficients have compact support modulo the centre of G.

Conjecture of cuspidality 5.2. [AMS1, § 6]
The cuspidal enhanced Langlands parameters correspond by the LLC to the irre-
ducible supercuspidal representations of G.

Conjecture 5.2 is known to be true in the following cases:

• for general linear groups and split classical groups (any representation), with
F of characteristic equal to 0: [Mou1],
• for inner forms of linear groups and of special linear groups, quasi-split uni-

tary groups (any representation) with F of characteristic equal to 0, and for
Deligne-Lusztig depth-zero representations: [AMS1, § 6],
• for the representations with unipotent reduction of the group G of the F -

rational points of a connected reductive algebraic group which splits over an
unramified extension of F : [FOS, Theorem 2] (when G is simple of adjoint
type it is a special case of [Lus4], [Lus5]).

6. A partition of the set of enhanced Langlands parameters

We shall define a similar partition of the set of enhanced Langlands parameters
by plugging the above construction into the framework of the Langlands correspon-
dence. Let (φ, ρ) ∈ Φ(LG). We take for G the group Gφ defined in (18) and set

(43) [Mφ, (O0, ε)]Gφ := ΨGφ(uφ, ρ) ∈ B(Ue(Gφ)),

where the map ΨGφ is that of Theorem 4.20. Hence Mφ is a quasi Levi subgroup
of Gφ and (O0, ε) is a cuspidal enhanced unipotent class in Mφ. For simplicity, we
will often refer to the unipotent class O0 in Mφ by a unipotent element v in it.

The idea is very similar as above: using the data defined in (43), we will construct
a set B∨(G) which will play the role of the palette of colors for Φe(

LG), and we will
define a “way to paint” the elements in Φe(

LG) with this set of colors (that is, we
will construct a cuspidal support map) such there is a decomposition

(44) Φe(
LG) =

⊔
s∨∈B∨(G)

Φe(
LG)s

∨
,

where, for each s∨ in B∨(G), the subset Φe(
LG)s

∨
of elements with color s∨ is related

to a finite collection1 of generalized affine Hecke algebras with possibly unequal
parameters.

1This reflects the fact that we consider simultaneously all the inner twists of a given group G.
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Definition 6.1. Let T∨ ⊂ G∨ be a torus such that the projection ZLG(T ) → WF

is surjective. Then we call ZLG(T ) a Levi L-subgroup of LG.

Remark 6.2. In [Bor] such groups are called Levi subgroups of LG, however we
prefer to stick to the connectedness of Levi subgroups.

Remark 6.3. Choose a WF -stable pinning for G∨. This defines the notion of
standard Levi subgroups of G∨. An alternative characterization of the Levi L-
subgroups of LG is as follows [AMS1, Lem]: Let ZLG(T ) be a Levi L-subgroup of
LG. There exists a WF -stable standard Levi subgroup L∨ of G∨ such that ZLG(T )
is G∨-conjugate to L∨ oWF =: LL and ZLG(T ) ∩G∨ is conjugate to L∨.

Conversely, every G∨-conjugate of this LL is a Levi L-subgroup of LG.

Notation 6.4. In the sequel, we will use the (slightly abusive) notation LL for an
arbitrary L-Levi of G.

Definition 6.5. Let LL be a Levi L-subgroup of LG.

(1) A Langlands parameter for LL is a group homomorphism φ : W ′F → LL
satisfying the requirements of Definition 2.12.

(2) An enhancement of φ is an irreducible representation ρ of π0(Z1
L∨sc

(φ)), where

L∨sc is the simply connected cover of the derived group of L∨ = LL∨ ∩G∨.

The group L∨ acts on the collection of enhanced L-parameters for LL by (19).

Definition 6.6. We say that an enhanced L-parameter (φ, ρ) for LL is cuspidal if
φ is discrete for LL and

(
uφ = φ

(
1, ( 1 1

0 1 )
)
, ρ
)

is a cuspidal pair for Z1
L∨sc

(φ|WF
).

Notation 6.7. We denote the set of L∨-orbits by Φe(
LL) and the subset of cuspidal

L∨-orbits by Φe,cusp(LL).

Let L∨ be a Levi subgroup of G∨, and let L∨c denote the pre-image of L∨ under
under G∨sc → G∨. The derived group of L∨c is the simply connected cover of L∨der,
and we identify L∨sc with the inverse image of L∨der under G∨sc → G∨.

Definition 6.8. A cuspidal datum for LG is a triple (LL, φ, ρ) where LL is a Levi
L-subgroup of LG, such that (φ, ρ) is cuspidal for LL. It is relevant for G if

• ρ = ζ on L∨sc ∩ Z(G∨sc)
WF , where ζ ∈ Irr(Z(G∨sc)

WF ) parametrizes the inner
twist G of G∗ via the Kottwitz isomorphism (9):
• ρ = 1 on L∨sc ∩ Z(L∨c )◦.

We will give now the technical details of the construction. Upon replacing (φ, ρ)
by a G∨-conjugate, there exists a Levi subgroup L of G such that (φ|WF

, v, ε) is a
cuspidal enhanced Langlands parameter for L, and

(45) LL := L∨ oWF = ZLG(Z◦Mφ
).

Then we set

(46) LΨ(φ, ρ) := [LL, (φ|WF
, v, ε)]G∨ .

The group of unramified characters of L is naturally isomorphic to (ZL∨oIF )◦WF
.

Denote the latter by Xnr(
LL). Given (ϕ, ε) ∈ Φe(L

∨, F ), and ξ ∈ Xnr(
LL), define

(ξϕ, %) ∈ Φe(L
∨, F ) by ξϕ := ϕ on IF × SL2(C) and (ξϕ)(FrF ) := ξ̃ϕ(FrF ), where

ξ̃ ∈ Z◦L∨oIF represents z.
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Definition 6.9. We denote by s∨ the G∨-conjugacy class of (LL,Xnr(
LL) · (ϕ, ε)),

where L is a Levi subgroup of G, and (ϕ, ε) is a cuspidal enhanced Langlands pa-
rameter for L. We write

s∨ = s∨G = [LL, (ϕ, ε)]G∨ .

We call s∨ an inertial class for Φe(G
∨, F ) and denote by B∨(G) the set of such s∨.

Then the subset
Φe(

LG)s
∨

:= (LΨ)−1(L∨ oWF , s
∨
L)

of Φe(
LG) is in bijection with the simple modules of a finite collection of twisted

extended affine Hecke algebra H(s∨,~z)ϑ with ϑ ∈ H1(F,G∗ad): it is the object of
[AMS2] and [AMS3].

6.1. A generalized Springer correspondence for enhanced L-parameters.
Let (φ, ρ) be an enhanced L-parameter for G and write as above ΨGφ(uφ, ρ) =:
[Mφ, v, ε]Gφ . Up to Gφ-conjugacy there exists a unique γv : SL2(C) →M◦φ adapted
to φ. Moreover the cocharacter

χφ,v : z 7→ φ
(
1,
(
z 0
0 z−1

) )
γv
(
z−1 0

0 z

)
has image in Z(Mφ)◦.

Fix a G-relevant cuspidal datum (LL, φv, ε) for LG, and write

(47) tφ := [Gφ ∩ L∨c , v, ε]Gφ , t◦φ := [G◦φ ∩ L∨c ,OG
◦∩L∨c

v , E ]G◦φ .

The next result may be viewed as a version of the generalized Springer correspon-
dence for enhanced L-parameters instead of enhaced unipotent classes.

Proposition 6.10. [AMS1, Proposition 9.1]

(a) There is a bijection

LΣtφ : LΨ−1(LL, φv, qε) ←→ Irr(C[Wtφ , κtφ ])
(φ, ρ) 7→ Σtφ(uφ, ρ)

(φ|WF
,Σ−1

tφ
(E)) 7→ E,

where Σtφ is the bijection defined in Notation 4.21.

(b) The canonical bijection Σt◦φ
between Ψ−1

G◦ (t◦φ) ⊂ Ue(G◦) and IrrC(Wt◦) relates to

part (a) by
LΣtφ(φ, ρ)|Wt◦

φ
=
⊕

i
Σt◦φ

(uφ, ρi),

where ρ =
⊕

i ρi is a decomposition into irreducible AG◦φ(uφ)-subrepresentations.

(c) The G∨-conjugacy class of (φ|WF
, uφ, ρi) is determined by any irreducible C[Wt◦φ

]-

subrepresentation of LΣtφ(φ, ρ).

7. A Galois version of the ABPS Conjecture

7.1. Twisted extended quotients. Let Γ be a group acting on a topological space
X, and let \ be a given function which assigns to each x ∈ X a 2-cocycle

\x : Γx × Γx → C×, where Γx = {γ ∈ Γ : γx = x}.
We assume that \γx and γ∗\x define the same class in H2(Γγx,C×), where γ∗ : Γx →
Γγx sends α to γαγ−1. Let C[Γx, \x] be the corresponding twisted algebra as defined
in Section 4.3. We set

X̃\ := {(x,E) : x ∈ X,E ∈ IrrC[Γx, \x]}.
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and we topologize it by decreeing that a subset of X̃\ is open if and only if its
projection to the first coordinate is open in X.

We require, for every (γ, x) ∈ Γ×X, a definite algebra isomorphism

φγ,x : C[Γx, \x]→ C[Γγx, \γx]

such that:

• if γx = x, then φγ,x is conjugation by an element of C[Γx, \x]×;
• φγ′,γx ◦ φγ,x = φγ′γ,x for all γ′, γ ∈ Γ, x ∈ X.

Then we can define a Γ-action on X̃\ by

γ · (x,E) := (γx,E ◦ φ−1
γ,x).

We form the twisted extended quotient

(X//Γ)\ := X̃\/Γ.

Remark 7.1. Furthermore we note that (X//Γ)\ reduces to the extended quotient
of the second kind (X//Γ)2 from [ABPS6, §2] if \x is trivial for all x ∈ X and φγ,x
is conjugation by γ.

The extended quotient of the second kind is an extension of the ordinary quotient
in the sense that it keeps track of the duals of the isotropy groups. Namely, in
(X//Γ)2 every point x ∈ X/Γ has been replaced by the set Irr(Γx).

7.2. The Bernstein decomposition of the category of smooth representa-
tions.

Let Rep(G) denote the category of smooth representations of G. Let P be a
parabolic subgroup of G and let L be a Levi factor of P . Let σ be a supercuspidal
irreducible representation of L. We call (L, σ) a cuspidal pair, and we consider such
pairs up to inertial equivalence: this is the equivalence relation generated by:

• unramified twists, (L, σ) ∼ (L, σ ⊗ χ) for χ ∈ Xnr(L), where Xnr(L) is the
group of unramified (not necessarily unitary) characters L→ C×;
• G-conjugation, (L, σ) ∼ (gLg−1, g · σ) for g ∈ G.

We denote a typical inertial equivalence class by s = [L, σ]G. In particular

sL := [L, σ]L = {σ ⊗ χ ∈ Irr(L) : χ ∈ Xnr(L)}.
Bernstein attached to every s a block in the category Rep(G), in the following way.
Denote the normalized parabolic induction functor by IGP . We define

Irr(G)s = {π ∈ Irr(G) : π is a constituent of IGP (σ ⊗ χ) for some σ ∈ sL},
Rep(G)s = {π ∈ Rep(G) : every irreducible constituent of π belongs to Irr(G)s}.

We denote the set of all inertial equivalence classes for G by B(G).

Theorem 7.2. [BeDe, Proposition 2.10]
The category Rep(G) decomposes as

Rep(G) =
∏

s∈B(G)
Rep(G)s.

The space of irreducible G-representations is a disjoint union

Irr(G) =
⊔

s∈B(G)
Irr(G)s.

Notation 7.3. Let Irrcusp(L) be the set of isomorphism classes of supercuspidal
irreducible smooth representations of L.
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For σ ∈ Irrcusp(L) (and in fact for every irreducible L-representation) the group

Xnr(L, σ) := {χ ∈ Xnr(L) : σ ⊗ χ ∼= σ}

is finite. Thus there is a bijection

(48) Xnr(L)/Xnr(L, σ)→ Irr(L)sL : χ 7→ σ ⊗ χ,

which endows Irr(L)sL with the structure of a complex torus. Up to isomorphism
this torus depends only on s, and it is known as the Bernstein torus Ts attached to
s. We note that Ts is only an algebraic variety, it is not endowed with a natural
multiplication map. In fact it does not even possess an unambigous “unit”, because
in general there is no preferred choice of an element σ ∈ sL.

The group W (G,L) := NG(L)/L acts on Irr(L) by

(49) w · π = [w̄ · π : l 7→ π(w̄−lw̄)] for any lift w̄ ∈ NG(L) of w ∈W (G,L).

Bernstein also associated to s the finite group

(50) Ws := {w ∈W (G,L) : w · Irr(L)sL = Irr(L)sL}.

It acts naturally on Ts, by automorphisms of algebraic varieties.
Closely related to the Bernstein decomposition is the theory of the Bernstein

center. By [BeDe, Théorème 2.13] the categorical centre of the Bernstein block
Reps(G) is

(51) Z(Rep(G)s) ∼= O(Ts)
Ws = O(Ts/Ws).

Here O stands for the regular functions on an affine variety. Moreover the map

(52) sc : Irr(G)s → Ts/Ws

induced by (51) is surjective and has finite fibers [BeDe, §3]. Theorem 7.2 implies
that every π ∈ Irr(G) is a constituent of IGP (σ), where [L, σ]G is uniquely determined.
By (51) the supercuspidal L-representation σ ∈ Ts is in fact uniquely determined
up to Ws. The map π 7→Wsσ is just sc, and for this reason it is called the cuspidal
support map. Via this map Irrs(G) can be regarded as a non-separated algebraic
variety lying over Ts/Ws.

7.3. The ABPS Conjecture. Let s = [L, σ]G be an inertial equivalence class for
G. Let Ws,t be the stabilizer in Ws of a point t ∈ Ts.

The ABPS conjecture from [ABPS2, §15] and [ABPS7, Conjecture 2] in its rough-
est form asserts that there exists a family of 2-cocycles

\t : Ws,t ×Ws,t → C× t ∈ Ts,

and a bijection

(53) Irr(G)s ←→ (Ts//Ws)\

such that:

• it restricts to a bijection between tempered representations and the unitary
part of the extended quotient (as explained below);
• it is canonical up to permutations within L-packets, that is, for any φ ∈

Φ(G), the image of Πφ(G) ∩ Irrs(G) is canonically defined (assuming a LLC
for G exists).
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The set Irrcusp(L) of supercuspidal L-representations is stable under the W (G,L)-
action (49). The definitions of Ws and of extended quotients imply that for a fixed
Levi subgroup L of G there is a natural bijection

(54)
⊔

s=[L,σ]G
(Ts//Ws)\ →

(
Irrcusp(L)//W (G,L)

)
\
.

In view of Theorem 7.2, the ABPS-Conjecture can also be formulated in terms of a
bijection

(55) Irr(G)←→
⊔

L

(
Irrcusp(L)//W (G,L)

)
\
,

where L runs through a set of representatives for the G-conjugacy classes of Levi
subgroups of G. In this version, our conjecture asserts that Irr(G) is determined
by a much smaller set of data, namely the supercuspidal representations of Levi
subgroups L of G, and the actions of the Weyl groups W (G,L) on those.

It is expected that the group cohomology classes \t ∈ H2(Ws,t,C×) reflect the
character of Z(G∨sc)

WF which via the Kottwitz isomorphism determines how G is an
inner twist of a quasi-split group. In particular \ should be trivial whenever G is
quasi-split. The simplest known example of a nontrivial cocycle involves a non-split
inner form of SL10(F ) [ABPS5, Example 5.5]. That example also shows that it is
sometimes necessary to use twisted extended quotients in the ABPS Conjecture.

7.4. A version for enhanced L-parameters. The main goal of this section is to
state an analogue of (53) and (55) for enhanced Langlands parameters.

We will recall first the statement of [AMS1, Lemma. 7.4]. There exists a character
ζG ∈ Irr(Z(G∨sc)) such that: ζG|Z(G∨sc)WF parametrizes the inner twist G via the

Kottwitz isomorphism (9), and ζG = 1 on Z(G∨sc)∩Z(L∨c )◦, for every Levi subgroup
L of G. We set

(56) Φe,ζG := Φe(G),

where Φe(G) is as in 3.6. Let L ⊂ G be a Levi subgroup and let φ : WF ×SL2(C)→
LL be a Langlands parameter for L. There exists a natural injection RLφ → Rφ. We

extend the character ζG to a character of Z(G∨sc)Z(L∨c )◦ which is trivial on Z(L∨c )◦,
and denote by ζLG the restriction of the latter character to Z(L∨sc).

The following result is proved in [Mou2, Theorem 3.3] for G a split classical group,
and in [AMS1, Theorem 9.3] for general G.

Theorem 7.4. [AMS1, Theorem 9.3]

(a) Let s∨L = [LL, φv, qε]LL be an H-relevant inertial equivalence class for the Levi L-
subgroup LL of LH and recall the notations (47). The maps LΣt from Proposition
6.10.a combine to a bijection

Φe(
LG)s

∨ ←→
(
Φe(

LL)s
∨
L//Ws∨

)
κ

(φ, ρ) 7→
(
LΨ(φ, ρ),Σt(uφ, ρ)

)(
φv|WF

,Σ−1
t (τ)

)
7→ (LL, φv, ε, τ).

(b) The bijection from part (a) has the following properties:
• It preserves boundedness of (enhanced) L-parameters.
• The restriction of τ to Wt◦ canonically determines the (non-enhanced) L-

parameter in LΣt(τ).
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• Let z, z′ ∈ Xnr(
LL) and let Γ ⊂ Ws∨,zφv ,ε be a subgroup. Suppose that

Γ = Γ/L ∼= Γc/Lc, where

Γ ⊂ NG∨(LL) ∩ Z1
G∨(z′φ|WF

) with preimage Γc ⊂ ZG∨sc(z
′φ(WF ))◦.

Then the 2-cocycle κs∨,zφv ,ε is trivial on Γ.
(c) Let ζG ∈ Irr(Z(G∨sc)). We write

Φe,ζG(G,L) := {(φ, ρ) ∈ Φe,ζG(G) : Sc(φ, ρ) ∈ Φcusp(L)}.

The bijections from part (a) give a bijection

Φe,ζG(G,L) ←→
(
Φcusp,ζLG

(L)//W (G,L)
)
κ
.

(d) Let Lev(G) be a set of representatives for the conjugacy classes of Levi subgroups
of G. The maps from part (c) combine to a bijection

Φe,ζG(G) ←→
⊔

L∈Lev(G)

(
Φcusp,ζLG

(L)//W (G,L)
)
κ
.

(e) Assume that Z(L∨sc) is fixed by WF for every Levi subgroup L ⊂ G (for instance,
G is an inner twist of a split group). Recall that Gϑ is the inner twist of G
determined by ϑ ∈ H1(F,Gad) ∼= IrrC

(
Z(G∨sc)

WF
)
. The union of part (d) for all

such ϑ is a bijection

Φe(
LG) ←→

⊔
ϑ∈H1(F,Gad)

⊔
Lϑ∈Lev(Gϑ)

(
Φcusp(Lϑ)//W (Gϑ, Lϑ)

)
κ
.

7.5. A conjectural diagram. The above result leads to the following conjecture
stated in [AMS1]:

Conjecture 7.5. There exists a commutative bijective diagram

Irr(G) oo //
OO

��

Φe,ζG(G)
OO

��⊔
L∈Lev(G)

(
Irrcusp(L)//W (G,L)

)
κ
oo //

⊔
L∈Lev(G)

(
Φcusp,ζG(L)//W (G,L)

)
κ

with the following maps:

• the right hand side is Theorem 7.4,
• the upper horizontal map is a local Langlands correspondence for G,
• the lower horizontal map is obtained from local Langlands correspondences

for Irrcusp(L) by applying (·//W (G,L))κ,
• the left hand side is the bijection in the ABPS conjecture [ABPS7, § 2].

With this conjecture one can reduce the problem of finding a LLC for G to that
of finding local Langlands correspondences for supercuspidal representations of its
Levi subgroups. Conjecture 7.5 is currently known in the following cases:

• inner forms of GLn(F ) [ABPS4, Theorem 5.3],
• inner forms of SLn(F ) [ABPS4, Theorem 5.6],
• split classical groups [Mou1, §5.3],
• principal series representations of split groups [ABPS6, § 16].
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