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LOCAL LANGLANDS AND SPRINGER CORRESPONDENCES

ANNE-MARIE AUBERT

ABSTRACT. This notes are the written version of a course given by the author at
the workshop “Representation theory of p-adic groups” that was held at IISER
Pune, India, in July 2017 (to appear in Representations of p-adic groups: Contri-
butions from Pune, Progress in Math., Birkhauser).

They give notably an overview of results obtained jointly with Ahmed Mous-
saoui and Maarten Solleveld on the local Langlands correspondence, focusing on
the links of the latter with both the generalized Springer correspondence and the
geometric conjecture, the so-called ABPS Conjecture, introduced in collaboration
with Paul Baum, Roger Plymen and Maarten Solleveld.

1. INTRODUCTION

The local Langlands correspondence predicts a relation between two rather differ-
ent kinds of objects: on one side irreducible representations of reductive groups over
a local field F', on the other side certain analogs of Galois representations, called
Langlands parameters.

Let G be the group of F-rational points G of a connected reductive algebraic
group G over a non Archimedean local field F'. Slightly more precisely, the local
Langlands conjecture for G asserts the existence a finite to one surjection

recg: Irr(G) — @(G),

from the set Irr(G) of (isomorphism classes of) irreducible smooth representations
of G to the set ®(G) of equivalence classes (for a certain equivalence relation) of
Langlands parameters for GG, that satisfies a certain list of chosen, expected proper-
ties.

The (conjectural) fibers of recs are called L-packets for G. The irreducible repre-
sentations 7 inside a given L-packet are said to be L-indistinguishable. To distinguish
them, the idea (see Lusztig [Lusl], Vogan [Vog], Arthur [Arl]) is to “enhance” ¢
by an additional datum p, which is an irreducible representation of a certain finite
group Sy (defined in Equation (3)) below). The pair (¢, p) will be called an enhanced
Langlands parameter for G. Let ®.(G*) be the collection of equivalence classes of
such pairs (¢, p) with p € Irr(Sg). Then the LLC for G should be an injective map

(1) Irr(G) — De(G),

which satisfies several natural properties. The map will almost never be surjective,
but for every ¢ which is relevant for G the image should contain at least one pair

(¢, p).
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2 A.-M. AUBERT

A remarkable aspect of the Langlands conjecture [Vog] is that it is better to
consider not just one reductive group G at a time, but all inner forms (more precisely
all inner twists) Gy of G simultaneously. Inner twists share the same Langlands
dual group. The hope is that one can turn into a bijection by defining a suitable
equivalence relation on the set of inner twists and taking the corresponding union
of the sets Irr(Gy) on the left hand side. Such a statement was proven for unipotent
representations (also known as representations with unipotent reduction) of simple
p-adic groups in [Lush]|.

The main goal of these lectures is to provide an overview of the main results ob-
tained jointly with Ahmed Moussaoui and Maarten Solleveld in [AMSI] on the local
Langlands correspondence, focusing on the links of the latter with both the general-
ized Springer correspondence and the geometric conjecture, the so-called ABPS Con-
jecture, introduced in collaboration with Paul Baum, Roger Plymen and Maarten
Solleveld and studied in several articles, notably [ABPS7]. We give also an account
of the known results regarding the preservation (and non-preservation) of the depth
by the LLC.

For maximal generality, we adhere to the setup for L-parameters used by Arthur
in [Ar1]. Let Wr be the Weil group of F, let “G = GV x Wg be the L-group of
G. Let G be the adjoint group of G¥, and let Gy, be the simply connected cover
of the derived group of GY;. Let ¢: Wr x SLy(C) — LG be an L-parameter, let
Zgyv (¢(Wr)) be the centralizer of ¢(Wp) in G, and let

(2) Gy = Ly (9(WF))
be its inverse image in GY.. To ¢ we associate the finite group
(3) Sy = mo(Zgzy, (),

where Z! is again defined via GYy. We call any irreducible representation of Sy
an enhancement of ¢ . The group S, coincides with the group considered by both

Arthur in [Arl] and Kaletha in [Kalll §4.6]. A remarkable fact is that the group Sy
is isomorphic to the component group

(4) Ag, (ug) = mo(Zg, (ue)),

where ug := ¢(1,({ 1)). It provides a way to plug the generalized Springer corre-
spondences for the groups Gy, where ¢ runs over ®(G), in the study of the local
Langlands correspondence for G.

In particular, it allows to transfer the Lusztig notion of cuspidality for representa-
tions of the groups Ag, (ug) into a notion of cuspidality for enhanced L-parameters
for G: an enhanced L-parameter (¢, p) for G is called cuspidal if uy and p, consid-
ered as data for the complex reductive group G, form a cuspidal pair. By definition
this means that the restriction of p from Ag, (ug) to Age (ug) is a direct sum of cus-

pidal representations in Lusztig’s sense [Lus2]. Intuitively, it says that p or p| Ago (ug)
¢

cannot be obtained (via an appropriate notion of parabolic induction) from any
pair (u', p’) that can arise from a proper Levi subgroup of Gg. It is essential to use
L-parameters enhanced with a representation of a suitable component group, for
cuspidality cannot be detected from the L-parameter alone.

We conjecture in [AMSI] § 6] (generalizing to G arbitrary the conjecture stated by
Moussaoui when G is F-split: [Moull Conjecture 1.2]) that the cuspidal enhanced
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Langlands parameters correspond by the LLC to the irreducible supercuspidal rep-
resentations of G.

The validity of this conjecture is proved for representations with unipotent reduc-
tion of the group G of the F-rational points of any connected reductive algebraic
group which splits over an unramified extension of F' in [FOS, Theorem 2] (when
G is simple of adjoint type it is a special case of [Lusd], [Lus5|), for the Deligne-
Lusztig depth-zero supercuspidal representations (as a consequence of [DeRe]), and
also for general linear groups and split classical p-adic groups (any representation)
(see [Moull), for inner forms of linear groups and of special linear groups, and for
quasi-split unitary p-adic groups (any representation) (see [AMSI] § 6]).
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2. LANGLANDS PARAMETERS

2.1. The Weil group. Let F be a local non-Archimedean field with finite residual
field kp = F,;. Let Fyp be a fixed separable closure of F', and let I'r denote the
Galois group of Fy.,/F. The field F' admits a unique unramified extension F,,,/F" of
degree m and contained in Fip, for each integer m > 1. The composite of all the
fields F7, is the unique maximal unramified extension of I’ contained in Fg, and
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will be denoted by Fy,. The extension Fy, will allow us to decompose the study of
I'r in two steps of different nature by considering separately the group Gal(F,/F)
and the group Ir := Gal(Fyep/Fur), that is called the inertia group of F': we have
an exact sequence of topological groups

(5) 1—Ip —Tp— Gal(Fy/F) — 0.

The extension F,,/F is Galois and the group Gal(F),/F) is cyclic (that is, generated
by a single element). An F-automorphism of F}, is determined by its action on the
residual field kg, ~ Fym of F,, and there is a unique element o, of Gal(F,,/F)
which acts on kg, by the elevation at the power q. We set Fr,, := 0,,'. The map
Fry, — 1+ mZ gives a canonical isomorphism from Gal(F,,/F’) onto Z/mZ. Taking
the inverse limit over m, we get a canonical isomorphism of topological groups
between Gal(F,;/F) and
7 = Hm 7 /mZ,
m>1

and a unique element Frp € Gal(F,,/F) which acts on F,, as Fr,,, for all m. The
element Frp is called the geometric Frobenius substitution on Fy, (its inverse o is the
arithmetic Frobenius substitution). An element of I' is called a geometric Frobenius
element (over F') if its image in Gal(Fy,/F') is Frp. The Chinese Remainder Theorem
gives a canonical isomorphism of topological groups 7 ~ [1;Z¢, where ¢ range over
all prime numbers, and Z, is the (additive) group of ¢-adic integers.

We recall some properties of the ramification groups (with respect to the upper
numbering) of I'p, as defined in [Serl Remark IV.3.1]:

° I‘;l :=I'r and F% := I, the inertia group.
e For every r € R, I‘ZF is the compact subgroup of Ir that consists of all
v € I'r which, for every finite Galois extension E of I contained in Fgp,, act

trivially on the ring oE/pZST’E) (where i(r, E) € Z>o can be found with [Ser)

§IV.3]).
o r € R> is called a jump of the filtration if
I =Tk
t>r

does not equal I',. The set of jumps of the filtration is countably infinite
and need not consist of integers.

In order to formulate the Langlands correspondence we need to introduce the
Weil group Wg, a subgroup of I'p. Let ;Wr denote the inverse image in I'r of the
cyclic subgroup of Gal(F,,/F) generated by Frp. Then ,Wp is the dense subgroup
of I'r generated by the geometric Frobenius elements. It is normal in I'r and fits
into an exact sequence (of abstract groups)

(6) 1—-Ip— Wr—27Z—0.

The Weil group W of F' (relative to Fiep) is the topological group, with underlying
abstract group W, so that I is an open subgroup of Wr, and the topology on I,
as subspace of W, coincides with its natural topology as Gal(Fyep/Fur) C I'r. Thus
W is locally profinite, and the identity map tp: Wr — ,Wr C I'r is continuous.

The definition of Wr does depend on the choice of Fyep/F', but only up to inner
automorphism of I'p.
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We will need some basic aspects of the representation theory of Wr. The group I'r
being profinite, its smooth representations are semisimple. On the contrary, Wr has
smooth representations which are not semisimple. The irreducible representations of
W are quite closely related to those of I' (in particular, they have finite dimension):

(1) if 7 is an irreducible representation of I'p, then 7ot is an irreducible smooth
representation of W,

(2) for any irreducible smooth representation o of W, there is an unramified
character xy of Wg such that y ® 0 ~ 7 o 1, for some irreducible smooth
representation 7 of I'p.

2.2. The L-group. Let G be the group of F-points of a connected reductive al-
gebraic group G defined over F. Let T be a maximal torus of G defined over F,
and let X(T) := Homp(T,G,,) be the group of F-rational characters of T. We set
XY(T) := Homp(G,,, T). Let R(G,T) and RY(G, T) denote the sets of roots and
coroots of G with respect to T, respectively. The corresponding root datum for G
is

R(G) := (X(T),R(G,T), X"(T), R(G,T)").

Definition 2.1. The Langlands dual group of G is the denote the reductive con-
nected algebraic group GV, defined over C, whose roots (resp. coroots) are the
coroots (resp. roots) of G, that is, a root datum for GV is

R(GY) := (XY(T),R"(G,T), X(T), R(G, T)).
We denote by GV the C-points of the group GV.

Examples 2.2. We have

GL,(F)Y = GL,(C), SL,(F)¥Y = PGL,(C), and PGL,(F)¥ = SL,(C);
Spon(F)" = SO02441(C), SO211(F)" = Spy, (C);

SO2,(F)Y = SO2,(C);

if G a group of exceptional type, then G and GV are of the same type (e.g.
Go(F)Y = G2(C)).

Of special importance is the group G = GL,. Indeed, any complex reductive
group G may be embedded into GL,,(C) for some n.

We choose a Borel subgroup B D T of G defined over F, and let A and AYdenote
the corresponding basis of R(G,T) and RY(G,T). A based root datum for G is
Ro(G) := (X(T),A, XV(T),AY). We coose a pinning (G, B,T,{zq}o € A), which
induces a splitting of the exact sequence

1 — Int(G) — Aut(G) — Aut(Ro(G)) — 1.

The F structure of G is given by a morphism of 6: I'r — Aut(G) which descends
to 0: I'r — Aut(Ro(G)).
To obtain the L-group as a group that actually sees G = G(F') and not just G,

we have to work in the Galois action of 'z on the group GV. Since Aut(Ro(G)) ~
Aut(Ro(G)Y) ~ Aut(Ro(GY)), we have

0: I'r — Aut(R()(G)) — Aut(GV).
Definition 2.3. The (Weil form of) L-group of G is the group
LG = Gv X WF.



6 A.-M. AUBERT

Remark 2.4. In the case when G is F-split, we have a direct product, that is:
LG = G\/ X WF.

Definition 2.5. Let G, H be two connected reductive algebraic groups over F. An
homomorphism n: “H — LG is called an L-homomorphism if

e 1) is continuous;

Lg ! LG commutes;
Wr

e the restriction of 7 to H" is morphism of algebraic groups from H" to GV.

e the diagram

General connected reductive F-groups need not be quasi-split, but they are always
forms of split F-groups.

Definition 2.6. Two F-groups G = G(F') and H = H(F) are called forms of each
other if G is isomorphic to H as algebraic groups, or equivalently if G(Fgep) =
H(Fscp) as Fsep-groups.

An isomorphism ¥: H — G determines a 1-cocycle

'y — Aut(G)

(7) v o — dYoa oL

From ~yy one can recover H (up to isomorphism) as
H={g€ G(Fsp) : (wlo)oo)g=yg Vo€ Gal(Fep/F)}.

Given another form ¢': H — G, the groups H and H' are F-isomorphic if and only
if the 1-cocycles vy and vy are cohomologous, that is, if there exists a f € Aut(G)
such that

(8) v9(0) = [y (o) ofc™ Yo € Gal(Fyp/F).

In this way the isomorphism classes of forms of GG are in bijection with the Galois
cohomology group H!(F, Aut(G)).

Definition 2.7. An F-group H is an inner form of G if the cocycle vy takes values
in the group of inner automorphisms Inn(G). On the other hand, if the values of ~y
are not contained in Inn(G), then H is called an outer form of G.

Proposition 2.8. [Spr, §16.4] Every connected reductive F-group G is an inner
form of a unique quasi-split F-group G*.

Example 2.9. Let D be a division algebra with center F', of dimension d? over
F. Then G = GL,,(D) is an inner form of GL,(F) = G* where n = dm. There
is a reduced norm map Nrd: GL,,(D) — F* and the derived group SL,,(D) :=
ker(Nrd: GL;,(D) — F*) is an inner form of SL,,(F). Every inner form of GL, (F)
or SL,,(F) is isomorphic to one of this kind.

When n = 2, the only possibilities for d are 1 or 2, and so the inner forms are, up
to isomorphism, GL2(F') and D*, and SLy(F') and SLy (D).

Definition 2.10. An inner twist of G consists of a pair (H,J) as above, where
H =H(F) and 9: H =+ G are such that im(yy) C Gaq.

Two inner twists of G are equivalent if (8) holds for some f € Inn(G). Let IT(G)
denote the set of equivalence classes of inner twists of G.
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Remark 2.11. It is quite possible that two inequivalent inner twists (H,) and
(H',9") share the same group H = H'. This happens precisely when 7y and ~yy are
in the same orbit of Aut(G)/Inn(G) on H'(F,G,q).

Kottwitz has found an important alternative description of H!(F, G). Recall that
the complex dual group G¥ = GY(C) is endowed with an action of Gal(Fyep/F).
There exists a natural isomorphism

kg: HY(F,G) = Irr(ﬂo(Z(GV)WF)>,

see [Ko, Proposition 6.4]. This is particularly useful in the following way. An inner
twist of G is the same thing as an inner twist of the unique quasi-split inner form
G* = G*(F). Let G%4 = GI4(F) be the adjoint group of G*. Let G, be the simply
connected cover of the derived group Gy, of GY. We have Gy, = (Gaq)", and

(9) ket HY(F,Ghy) — Trr(2(G)'F).

The equivalence classes of inner twists of G are parametrized by the Galois co-
homology group H'(F, G},). For every ¥ € H'(F,G},), we will denote by Gy an
inner twist of G* which is parametrized by 9, and we will take G* to be G;.

All the inner twists of a given group G share the same L-group, because the action
of Wr on GV is only uniquely defined up to inner automorphisms. This also works
the other way round: from the Langlands dual group “G one can recover the inner
form class of G. Hence it is natural from the point of view of the Langlands to
consider all the inner twists of a given group G simultaneously.

2.3. Definitions for Langlands parameters. We write W}, := Wr x SLy(C)
(that may be viewed as version of the Weil-Deligne group of F).

Definition 2.12. A Langlands parameter (or L-parameter, for short) for G is a
smooth morphism

¢: Wi — LG

such that W LG commutes, ¢(w) is semisimple for each w € W

¢
Wr
(that is, 7(¢(w)) is semisimple for every finite dimensional representation r of *'G),
and ¢|SL2(<C) is a morphism of complex algebraic groups.

The group GV acts on the set ®(*G) of such ¢’s by conjugation. Let ®(*Q)
denote the set of GV-orbits in ®(*Q)

Definition 2.13. An L-parameter ¢: W — L@ is said to be

unramified if it has trivial restriction to Ir;

tame if it has trivial restriction to the wild ramification group Pg of F.;
essentially tame if ¢(Pp) lies in a maximal torus of GV;

discrete (or elliptic) if there is no proper We-stable Levi subgroup LY C GV
such that ¢(Wp,) C LL.

e bounded if ¢/(Wr) C GV is bounded, where ¢(w) = (¢'(w),w). (This is
equivalent to ¢'(Frob) being a compact element of G".
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2.3.1. Relevance for Langlands parameters. We will call a Levi factor of a parabolic
subgroup of GG simply a Levi subgroup of GG. The bijection

R(G,T) +— RY(G,T) = R(G",T")

gives a basis AV, and provides a canonical bijection between the sets of conjugacy
classes of parabolic subgroups of G and of G".

Definition 2.14. [Bor, § 3] A parabolic subgroup PY of GV is F-relevant if the
corresponding class of parabolic subgroups of G contains an element P which is
defined over F. Similarly, a Levi subgroup LY C GV is F-relevant if it is a Levi
factor of a parabolic subgroup PY C GV which is F-relevant.

Definition 2.15. A parabolic subgroup PV of GV is Wg-quasi-stable if the projec-
tion N (PY) — Wr is surjective.

Remark 2.16. The Wg-quasi-stable parabolic subgroups of GV are precisely the
neutral components of what Borel [Bor, §3] calls parabolic subgroups of “G.

Definition 2.17. Let ¢ € ®(*G)) and let PV be a Wg-quasi-stable parabolic sub-
group of GV with a Levi factor LV such that

e the image of ¢ is contained in N.p(LV), where “P := PV x W;

e PV is a minimal for this property.
The L-parameter ¢ is G-relevant (or is an L-parameter for G) if PV is F-relevant.

Notation 2.18. We denote by ®(G) the subset of ®(*G) of the GV-conjugacy
classes of L-parameters that are G-relevant.

A Langlands classification of L-parameters for G is obtained in [SZ].
We have
e(*G) = o(G"),
where G* is the quasi-split inner form of G as defined in Proposition and it is
expected that in general I14(G) is nonempty if and only if ¢ is G-relevant.

Example 2.19. Let D be a division algebra with center F' over F' such that
dimp(D) = 4. Then G = D* is the unique non-split inner form of G* = GLa(F).
The only Levi subgroup of D* defined over F is D* itself, and it corresponds to
the Levi subgroup GL2(C) on the complex side.
Let ¢ € ®(GLy(F)) = ®(D*) be the embedding Wj — GL2(C) x Wg. No
proper parabolic subgroup of GLy(C) contains ¢(SL2(C)) = SLa(C), so ¢ is relevant
for both D* and GLa(F).

2.4. L-packets.

2.4.1. For a given group G. The local Langlands conjecture (LLC) asserts that the
set Irr(G) of isomorphism classes of irreducible smooth representations of G can be
parametrized by the set ®(G). This parametrization is usually not a bijection. In
fact, it is conjectured that each conjugacy class ¢ € ®(G) is associated with a finite
set II4(G) of isomorphism classes of irreducible smooth representations of G, and
that they give a disjoint decomposition of Irr(G);

(10) Ir(G) = | | (@)
$EP(G)
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Such finite sets are called L-packets for G. This parametrization is based on the
belief that there should be certain arithmetic invariants (e.g., L-factors) defined on
both the representation side and the parameter side so that one could match them.
From this point of view, one can think that the L-packet II,; attached to some
¢ € ®(G) consists of all irreducible smooth representations of G whose arithmetic
invariants match those of ¢.

2.4.2. For all the inner twists of G. The local Langlands correspondence predicts the
existence of a partition of the set Irr(IT(G) of equivalence classes of the irreducible
smooth representations of all the groups G; in IT(G) into finite subsets:

(11) (IT(G) = || mete),
pe®(LG)

where each L-packet I15(*@) is the union of L-packets for the groups G;.
Example 2.20. We keep the notation of Example We have
H¢(GL2(F)) = {StGLQ(F)} and H¢(DX) = {Sth = tI'iVDx}.

Thus here is
(") = TI(GLa(F)) U Ty(D*) = {StarLy(r), Stpx}-

Let ¢/ € ®(GL2(C)) such that ¢/(SL2(C)) = 1 and ¢'(Wr) C diag(GL2(C)) x Wpg.
Then LV = diag(GL2(C)) is the minimal Levi subgroup such that “L contains the
image of ¢o. Thus the standard Borel subgroup PV of GL(C) satisfies the conditions
in Definition [2.17, But its conjugacy class does not correspond to any parabolic
subgroup of D*, so ¢’ is not relevant for D*.

Let G C G be a pair of quasi-split connected reductive groups, defined over F',
with the same derived group. It is expected that the L-packets of G = G(F') are
restrictions of L-packets of G := G(F) in the sense that for each L-packet II(G)
for G there is a packet H(é) for G whose restriction to G is equal to II. Typically
one uses this last expectation to construct L-packets for G from the knowledge of
L-packets of G, e.g., in the cases of SL, C GL,, and Spy, C GSpy,,. In some cases,
however, we wish to move in the other direction, and use the knowledge of L-packets
of G to obtain structural information about the L-packets of G, see [Xu].

3. ENHANCED LANGLANDS PARAMETERS

3.1. The group S;. To parametrize the irreducible representations in a given L-
packet, we need more information then just the Langlands parameter itself. Let
Zgv(¢) denote the centralizer of ¢(W}) in GY. This is a reductive algebraic group
over C, in general disconnected. We denote by Zgv the center of GV and we write

(12) Ry =10 (Zav (8)/Z(GV)VF).

Remark 3.1. It is expected that II4(G) is in bijection with Irr(Rg) if G is quasi-
split. However, for G non necessarily quasi-split, this is not always the case.

Let G be the quotient GV /Zgv (that is, the group GY; is the adjoint group of
GY).
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Since Zgv ((;5) N Z(GV) — Z(G\/)WF’
(13) Zav (9)/Z(GY)" = Zgv (¢)Z(GY)/Z(GY).

The right hand side can be considered as a subgroup of the adjoint group GY;. Let
v

Zasvc (¢) be its inverse image under the quotient map Gy, — GY;. We can also
characterize it as
(14) Z%;SVC(¢) = {9 € Gy, : gpg~" = pa, for some a, € B'(Wp,Z(G"))}
= {g € Zgy (#(SL2(C))) : 90lwpg ' = ¢lwy a, for some a, € B (W, Z(GY))}
= Zgy (¢lwr) N Zay, (4(SL2(C))),

where BY(Wp,Z(G")) denotes the set of 1-coboundaries for group cohomology, that
is, the maps Wr — Z(GV) of the form w + zwz!lw™! with z € Z(G"). The neutral
component of Zgy (¢) is Zgy (¢)°, so it is a complex reductive group.

Remark 3.2. We have Zg,, (¢) = Zgy (¢) whenever Z(GY,)"* = Z(Gy.), in par-
ticular if G is an inner twist of a split group.

Following Arthur [Arl], given ¢, we define the group Sy as the component group
of Z& v (¢):

(15) Sy =m0 (Zgy (9))-

Via (13), the map Gy, — G, induces a homomorphism S, — R,. We set
(16) Zy = LUGg)/Z(G) N Zay, (4)°

. Then (see [ABPS7, Lemma 1.7]) S, is a central extension of Ry by Z4:
(17) 122485 =Ry — 1.

Since Gy, is a central extension of GY; = GY/Z(G"), the conjugation action of G,

on itself and on Sy descends to an action of GY;. Via the canonical quotient map,
also GV acts on Sy by conjugation.

We attach to a given L-parameter ¢ € ®(*G) the following (possibly discon-
nected) complex reductive group:

(18) Gy = Zgy (6(WF)).

The following proposition provides a way to link the local Langlands correspon-
dence for G to the generalized Springer correspondence for the groups G4's.

Proposition 3.3. [AMSI], (92)] The group Sy is isomorphic to the group
Ag, (ug) = mo(Zg, (ug)),

where ug == ¢(1,(§1)).

3.2. Definition of enhanced Langlands parameters.

Definition 3.4. An enhanced Langlands parameter (or enhanced L-parameter) for
L@ is a pair (¢, p), where ¢ € ®(“G) and p is an irreducible representation of the

group Sy defined in (13)).

We let GV and G, act on the set of enhanced L-parameters for G by
(19) 9 (6,0) = (969", g-p) where (g-p)(a)=p(g™ " ag).
We note that both groups acting in yield the same orbit space.
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Notation 3.5. Let ®.(*G) denote the set of GV-conjugacy classes of enhanced
Langlands parameters for “G.

We set
(20) ZPT = 2GR (2G0T N Zay (9)°).-
According to [Arll §4]
(21) Z(Gye) NZay (6)° C Z(Ge) "

Hence Z(ZVF can be regarded as a subgroup of Z4 and
Wr ~
(22) 24/ 2, " 2 LGY)/L(G)"T

By Schur’s lemma every enhanced Langlands parameter (¢, p) restricts to a charac-
ter p| wp of Z;VF. This can be inflated to a character (, of Z(Gy,)"*. With the
¢

Kottwitz isomorphism (9) we get an element ¥ := n&ld (¢,) € HY(F,G}y). In this
way (¢, p) determines a unique inner twist Gy of G. “This can be regarded as an
alternative way to specify for which inner twists of G an enhanced Langlands param-
eter is relevant. Fortunately, it turns out that it agrees with the earlier definition of
relevance of Langlands parameters.
Indeed for ¢ € ®(*G) the following are equivalent (see [ABPS7, Prop. 1.8])

(1) ¢ is relevant for Gy;

(2) Z(GY)WF (1 76y (6)° C kerC:

(3) there exists a p € Irr(Sy) such that ¢ is the lift of ,0|Z(‘;VF to Z(GY)VF.

Here ¢ € Irr(Z(GY)"F) and Gy is the inner twist of G associated to ¥ = mald(g“)
via @

Notation 3.6. We denote by ®.(G) the set of GV-equivalence classes of enhanced
L-parameters that are G-relevant.

Let (¢, p) € ®(*G). If p is relevant for G, then (, € Irr(Z(G)"F). It can be
extended in precisely [Z(GY.) : Z(GY.)"WF] ways to a character of Z(GY.). We choose
such an extension and we denote it by (g. Every ¢ € ®(*G) can be enhanced with
a p € Irr(Sy) such that p‘% inflates to (g-.

We denote the set of equivalence classes of such (¢,p) € @,(FG) by ®e, (LG).
Of course we pick (g = triv when G = G*. We have

b (FG) = @ (G),
and, in particular @e,triv(LG) = P (G™).

3.3. Desiderata for the local Langlands correspondence. We are ready to
formulate the version of the conjectural local Langlands correspondence stated in
[ABPS7|. It is inspired by many sources, in particular [Bor, §10], [Vog, §4], [Arll
§3] and [Hal, §5.2].

Conjecture 3.7. Let (G,19) be an inner twist of a quasi-split F-group G*. There
exists a surjection

@e(LG) — Irr(G) = (9, p) — Tpp,
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which becomes bijective when restricted to @ ¢, (G) = Pe(G). We write its inverse
as

Irr(G) — Pe(G) : ™= (G, pr)-

Then the map Irr(G) — ®(G) : 7 — ¢r is canonical. These maps satisfy the
properties (1) — (7) listed below.

Remark 3.8. The above bijection becomes more elegant if one considers the union
over inner twists, then it says that there exists a surjection

{(g,p) : ¢ € (G"),p € Irr(Sy)} — {(G,Y,7) : (G,V) inner twist of G*, 7 € Irr(G) }

whose fibers have exactly [Z(GY.) : Z(GY.)"F] elements.

Properties:

(1) The central character of 7 equals the character of Z(G) constructed from ¢,
in [Borl, §10.1].

(2) Let z € H:(Wg,Z(G")) be a class in continuous group cohomology, and let
Xz: G — C* be the character associated to it in [Bor, §10.2]. Thus z¢, €
®(G) and Sy, = Sy, . Then the LLC should satisfy (2¢, pr) = ($yorms Pyor)-

(3)  is essentially square-integrable if and only if ¢, is discrete.

(4) 7 is tempered if and only if ¢, is bounded.

(5) Let P be a parabolic subgroup of G with Levi factor L. Suppose that g €
Ng(L) and § € Ngv(LY) are such that Ad(g): L — L and Ad(G): LY — LY
form a corresponding pair of homomorphisms, in the sense of [Bor, §2]. Then

(bgm pyn) = (Ad(@)om 3 pr) forall € Tix(L).
(6) Suppose that (¢, pl) € ®¢(L) is bounded. Then

(23) {7401 ¢ = ¢" composed with “L — G, p‘sL contains p’'}
4

equals the set of irreducible constituents of the parabolically induced repre-
sentation Ig(w&y L)

(7) If ¢* is discrete but not necessarily bounded, then is the set of Langlands
constituents of IIGD(W¢L7PL), as in [ABPSI] p. 30].

3.3.1. Inner forms of GL,(F'). The local Langlands correspondence for supercusp-
idal representations of GL, (F') was established first for F' of positive chacteristic in
[LRS], and later for F' of characteristic zero in [HaTal, [Hen2] and [Scho|, indepen-
dently.

Together with the Jacquet—-Langlands correspondence this provides the LLC for
essentially square-integrable representations of inner forms G = GL,, (D) of GL,,(F).
It is extended to all irreducible G-representations via the Zelevinsky classification
[Zell], see [HiSa], and [ABPS4]. For these groups every L-packet is a singleton and
the LLC is a canonical bijective map

(24) recgr,,, (p): IT(GLy (D)) = @(GLy,(D)).
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3.3.2. Inner forms of SL,(F'). The local Langlands correspondence for SL,, (D) was
established [HiSa] (for F' of characteristic zero) and [ABPS4] (for F' of positive
characteristic). It is derived from the LLC for GL,,(D), in the sense that every
L-packet for SL,,(D) consists of the irreducible constituents of

Resgy ") (Ig(GLn(D))),

with ¢ € ®(GL,,(D)). Of course these L-packets have more than one element in
general (as showed Example [2.20)).

3.3.3. The local Langlands conjecture for tempered representation. Let Trr'(G) de-
note the subset of Irr(G) consisting of all irreducible smooth representations = whose
matrix coefficients are L?*¢ on G modulo the center Z(G), and let ®>4(G) be the
subset of ®(G) consisting of GY-conjugacy classes of L-parameters ¢ such that the
¢(Wg x SUj) is bounded modulo the center.

The local Langlands conjecture for tempered representation asserts the existence
of a surjective map

(25) rect,: Irr'(G) — ®"4(@),

the fibers of it are called the tempered L-packets. For each ¢ € ®P4(@), the cor-
responding tempered L-packet HZs(G) is expected to be parametrized by Irr(Sg)¢.,
and Irr*(G) to be a disjoint union of the IT(G). In the case when the characteris-
tic of F is zero, this conjecture has been proved by Arthur in [Ar2] for quasi-split
orthogonal groups and symplectic groups, by Mok in [Mok| for quasi-split unitary
groups, and by Kaletha, Minguez, Shin and White for non in [KMSW]. Note that
the unitary group Ug,p(n) admits a non-quasi-split inner form exactly when n is
even.

The LLC was also proved for the groups GSp,(F') [GaTakl] and [Gal, its inner
form [GaTan|, the group Sp,(F') [GaTak2] and its inner form |Ch], and for the groups
GSpin,, GSping, and their inner forms |[AsChl.

In [GaVa], Ganapathy and Varma used Arthur’s results to lift the LLC for split
symplectic and special orthogonal groups on a non Archimedean field of odd posi-
tive characteristic, but using a “Gan-Takeda type” characterization instead of the
theory of endoscopy. They proved (see [GaVa, Theorem 13.6.1]) that given a tem-
pered representation m of GG, there exists a unique bounded Langlands parameter
¢r, defined by suitable compatibility conditions on Langlands-Shahidi L-functions
and v-factors, and on Plancherel measures, together with the requirement that ¢,
is discrete if 7w belongs to the discrete series.

For nice and precise states of art of the local Langlands conjecture the reader
should consult [Kal2], [JN] and [Loml, the latter including global aspects and the
link with the Ramanujan conjecture. A survey on other aspects of the Langlands
correspondance may be found in [Au] and the references herein.

3.4. Depth. Another invariant that makes sense on both sides of the LLC is the
depth. The depth d() of an irreducible smooth representation 7 of a reductive p-adic
group G was defined by Moy and Prasad [MoPr1] in terms of filtrations G, (with
x a point in the Bruhat-Tits buiding of G and r € R>g) of its parahoric subgroups

G-
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The depth of a Langlands parameter ¢ is defined to be the smallest number
d(¢) > 0 such that ¢ is trivial on I'" for all r > d(¢).

Yu [Yul §7.10] proved that the depth is preserved by the LLC for unramified tori.
Recently, Mishra and Patanayak proved that it is not preserved for wildly ramified
tori [MiPal.

3.4.1. Inner forms of general linear groups. Let GL,,(D) an inner form of GL, (F).
Let kp = op/pp be the residual field of D. Let 2 be a hereditary op-order in
M, (D). The Jacobson radical of 2 will be denoted by B. Let r = ep() and
e = ep() denote the integers defined by pp2l = P" and ppA = P, respectively.
We have ep(2) = dep(2(). The normalizer in G of A* will be denoted by
R :={geG: g 'Ag=2A"}.

Define a sequence of compact open subgroups of G = GL,,(D) by

UOR0) =A%, and UI(A):=1-+%, j>1.

Then 2% is a parahoric subgroup of G and U'(2A) is its pro-unipotent radical. We
define the normalized level of an irreducible representation m of G to be

(26) {(m) := min{j/er(A)},

where (j,2) ranges over all pairs consisting of an integer j > 0 and a hereditary
op-order 2 in M,, (D) such that 7 contains the trivial character of U7T1(2(). Then
(see for instance [ABPS3|, Proposition 2.5]) the normalized level of 7 € Irr(G) equals
its Moy—Prasad depth:

Let 1 be a nontrivial character of F' and let ¢(1)) be the largest integer ¢ such
that p© C ker+). The e factor of ¢ (and v) was defined in [Tat]. It takes the form
(27) (5,6, 9) = e(0,6,0)g” @D with €(0, ¢, 9) € C.

Here a(¢) € Z>¢ is the Artin conductor of ¢ (called f(¢) in [Ser, §VI.2]). For any
elliptic ¢ € ®(GL,(F)), we have (see [ABPS3, Lemma 2.3))
0 if Ir C ker(¢),
(28) d(¢) = ,
—+ —1 otherwise.

Let m be an irreducible representation of GL,,(D). Let €(s,m,v¢) denote the
Godement—Jacquet local constant [GoJal. It takes the form
(29) e(s,m, ) = €(0,m,1) g Tm¥s where €(0,m, 1) € C*.

A representation of D* is called unramified if it is trivial on 0},. An unramified
representation of D* is a character and has depth zero.

Let m be a supercuspidal irreducible representation of G. We have (see [ABPS3
Proposition 2.6]:

(c()+1)—-1 if m =1 and 7 is unramified,

(30) flm ) = {n (d(m) +1+c()) otherwise.

We set
(31) f(m) = fm, ) — ne(y).
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Theorem 3.9. [ABPS3, Theorem 2.7]
The depth d(m) and the conductor f(m) of each essentially square-integrable irre-
ducible representation m of GLy, (D) are linked by the following relation:

0 if ™ is an unramified twist of Stqy,, (p)

(32) d(m) = { f(m) —n )

otherwise.

In particular

(33) d(r) = max {f(”)_”,o} .

n

Theorem is a key ingredient in the proof of the following result:

Theorem 3.10. [ABPS3, Theorem 2.9]
The LLC for G = GL,,(D) preserves the depth, that is:

d(m) = d(¢r), where ¢pp = recg(m).

3.4.2. Inner forms of special general linear groups. The situation is different for
SL;, (D). All the irreducible representations in a given L-packet II4 have the same
depth, so the depth is an invariant of the L-packet, say d(ILs). We have d(Ily) = d(p)
where ¢ is a lift of ¢ which has minimal depth among the lifts of ¢, and the following
holds:

(34) d(¢) < d(Ils)
for any Langlands parameter ¢ for SL,,(D) [ABPS3 Proposition 3.4 and Corol-

lary 3.4]. Moreover is an equality if ¢ is essentially tame (in the terminology of
Definition [2.13]).

Remark 3.11. The notion of essentially tameness is consistent with the usual notion
for Langlands parameters for GL,(F'). Indeed, any lift ¢: Wp — GL,,(C) of ¢, is
called essentially tame if its restriction to Pr is a direct sum of characters. We denote
by t(p) the torsion number of o, that is, the number of unramified characters y of
W such px =2 . Then ¢ and ¢ are essentially tame if and only if the residual
characteristic p of F' does not divide n/t(y) [BuHe, Appendix].

However, let F' be a local non-archimedean field of characteristic 2, that is F' is of
the form F = F,((t)), the field of Laurent series with coefficients in F,, with ¢ = 2.
This case is particularly interesting because there are countably many quadratic
extensions of Fy((¢)). Then equality holds in only if ¢ is essentially tame (i.e.,
t(¢) = 2), as proved in[AMPS].

In the case when G is a classical group, the characteristic of F' is zero (that is, F’
is a finite extension of Q,) and p is odd, Ganapathy and Varma proved in [GaVal,
Lemma 8.2.3] that the following inequality holds

(35) d(¢r) < [d(m)| +1,

where ¢ the Langlands parameter attached to w by Arthur. If moreover p is suffi-
ciently large with respect to G, then it is shown in [GaVal that

(36) d(m) < d(¢x).

Very recently, it was proved in [O1], for a quasi-split classical group over F', with F' of
characteristic equal to zero and p sufficiently large, that the depth of representations
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in each L-packet equals the depth of the corresponding L-parameter, and that, for
quasi-split unitary groups, the depth is constant in each L-packet.

4. GENERALIZED SPRINGER CORRESPONDENCE

4.1. Cuspidal enhanced unipotent classes. Let G be a complex (possibly dis-
connected) reductive group. Let G° be its identity component. For v € G unipotent,
we denote by Ag(u) the component group of the centralizer of u in G. We denote
by U(G) the unipotent variety of G.

Definition 4.1. The enhancement of U(G) is the set Ug(G) of G-conjugacy classes
of pairs (u, p), with v € G unipotent and p € Irr(Ag(u). We call a pair (u,p) an
enhanced unipotent class.

Let Dg (U(G)) denote the constructible G-equivariant derived category on U(G)defined
by Bernstein and Lunts in [BeLu], and let Pervg(U(G)) be its subcategory of G-
equivariant perverse sheaves.

By a P-resolution of an algebraic variety X we mean a variety ¥ endowed with a
free P-action and a smooth P-equivariant morphism ¥ — X.

Definition 4.2. The integration functor is the functor
% Dp(U(G)) — Dg(U(9)),
defined by
(BA)Y) = (ay ) A(Y)[2dim G/P],

for A any object of D%(U(G)) and Y a G-resolution of U(G), where gy : P\Y — G\Y
is the quotient functor and A(Y") is defined by regarding Y as a P-resolution of U(G).

Definition 4.3. Let P° = L°U be a parabolic subgroup of G°. Let
m: U(P°) — U(G°) and p: U(P°)— U(L)

denote inclusion and projection, respectively. The parabolic induction functor is the
functor

o

i%0 cpo 1= P 0 mu 0 p*: Pervo (U(L®)) — Pervge (U(G°)).

Remarks 4.4.
1) The functor i%, p. commutes with Verdier duality. It is left adjoint to
LeCP
r%icpo = p o m* and right adjoint to ’r%cho := p, o m'. These functors
are exchanged by Verdier duality.
2) If Fp, is a simple object in Pervzo(U(L?)), then 19 o (Fpo) is semisimple.
LOCP

Definition 4.5. A simple object F in Pervgo(U(G®)) is cuspidal if for any simple
oboject Fro in Pervpeo (UO(EO)), F does not occur in i%gcpo (Fro) (equivalently, if
r%"c??o (F) =0, resp, ’r%ocpo (F) = 0) for any proper parabolic subgroup P° of G°,
with Levi factor £°.

Remarks 4.6.
(1) Cuspidality is preserved by Verdier duality (see for instance [AHJR) Re-
mark 2.3]).
(2) The above definition of cuspidality is inspired by [Lus3| (see also [AHJR]).
It is equivalent to the original definition of cuspidality given by Lusztig in
1984 in [Lus2| (as shown in [Lus6l 23.2. (b)]).
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For u a given unipotent element in G°, let Ago(u) denote the component group
of its centralizer Zgo(u) of u in G°. Let O, = (u)ge be the G°-conjugacy class of u.
We set Ago(O,) := Age(u). We will denote by

(37) P &

the bijection between Irr(Age(u)) and the irreducible G°-equivariant local systems
&€ on O,. We denote by

(38) Er pE
the inverse bijection.

Definition 4.7.
(1) A character p € Irr(Ageo(u)) is cuspidal if the perverse sheaf IC(O,&,) is
cuspidal.
(2) An enhanced unipotent class (O, p) in G° is cuspidal if p is cuspidal.

Proposition 4.8. [Lus2, Proposition 2.8] If (O, p) is cuspidal, then u is a distin-
guished unipotent element in G° (i.e.,u does not meet U(L®) for any proper Levi
subgroup L of G°).

Remark 4.9. In general not every distinguished unipotent element supports a cus-
pidal representation.

Example 4.10. For G = SL,(C), the unipotent classes in G are in bijection with
the partitions A = (A1, Ag,..., A\;) of n: the corresponding G-conjugacy class Oy
consists of unipotent matrices with Jordan blocks of sizes A1, Ao, ... ,A.. We identify
the center Z(G) with the group u, of complex n-roots of unity. For u € O, the
natural homomorphism Z(G) — Ag(u) is surjective with kernel pi,/4cq(n), Where
ged(A) := ged(Aq, Ag, ..., Ar). Hence the irreducible G-equivariant local systems on
O, all have rank one, and they are distinguished by their central characters, which
range over those y € Irr(u,) such ged(A) is a multiple of the order of y. We denote
these local systems by £, . The unique distinguished unipotent class in G is the
regular unipotent class O(,), consisting of unipotent matrices with a single Jordan
block. The cuspidal irreducible G-equivariant local systems are supported on Oy,
(by Proposition and are of the form &y, ., with x € Irr(u,) of order n (see
[Lus2l (10.3.2)]).

7X’

We will now extend the above notion of cuspidality from G° to G:

Definition 4.11. An enhanced unipotent class (O, p) with O = (u)g and p €
Irr(Ag(u)) is cuspidal if the restriction of p to Age(u) is a direct sum of cuspidal
irreducible representations of Ago (u).

Notation 4.12. We set
Irreysp (Ag(u)) == {€ € Irr(Ag(u)) such that € is cuspidal} .

Definition 4.13. A quasi Levi subgroup of G is a subgroup M of the form M =
Zg(Z(L)°), with £ a Levi subgroup of G°. The group M is said to be cuspidal if
there exists a cuspidal enhanced unipotent pair in M.

Remark 4.14. A Levi subgroup of G is a quasi-Levi subgroup, and in the case when
G connected, both notions coincide.
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Notation 4.15. Let B(Uc(G)) be the set of G-conjugacy classes of pairs (M, (O, ¢€)),
where M is a cuspidal quasi-Levi subgroup of G, and (O, ¢) is a cuspidal enhanced
unipotent pair in M.

4.2. A partition of the enhancement of the unipotent variety of G°. The
purpose of this section is to describe a theory a la Harish-Chandra for Ug(G°), the
first step being to define a cuspidal support map for enhanced unipotent classes of
g.

The enhancement U (G°) of U(G®°) parametrizes the isomorphism classes of simple
objects of Pervge(U(G®)). Indeed, the simple objects in Pervgo(U(G®)) are the
IC(0, ), where O is a unipotent class in G° and &€ is an irreducible G°-equivariant
Qg-local system on O.

Let (O,p) € Ue(G°) be an arbitrary enhanced unipotent class, and set F, :=
IC(O,&,). Then F, occurs as a summand of izopo (IC(Oy, &)), for some quadruple
(P°, L°,00,&)), where P° is a parabolic subgroup of G° with Levi subgroup L°
and (Op, &) is a cuspidal enhanced unipotent class in £° (see [Lus2, § 6.2] and
[AHJR], Cor. 2.7]) and, moreover, (P°,L°, Op, &) is unique up to G°-conjugation
(see [Lus2, Prop. 6.3]). We set € := pg, using the bijection (38), and we denote
by t° := (L%, (Og,€))ge, the G°-conjugacy class of (L%, (Op,¢€)) and we call it the
cuspidal support of the enhanced unipotent class (O, p).

The center Z(G°) of G° maps naturally to Age(O) and to Azo(Op). By construc-
tion [Lus2, Theorem 6.5.a]

(39) p and € have the same Z(G°)-character.
Definition 4.16. The cuspidal support map for Us(G°) is the map
Pgeo: Ue(G°) = B(Ue(G%)),

where B(U.(G°)) is as in Notation which sends the G°-conjugacy class of (O, p)
to its cuspidal support t© = (£, (Op, €))ge.

By the map Wgo preserves the Z(G°)-characters of the involved representa-

tions.
Notation 4.17. Let t° € B(Uq(G°)).

(1) We denote by Ug(G°)" denotes the fiber of t under the map ¥geo.

(2) Let Wﬁo = Ngo (ﬁo)/ﬁo, and let Wto = Ngo (fo)/ﬁo.
Theorem 4.18. [Lus2]

(1) The group Wpe is a Weyl group and it coincides with Wi for every t° €

B(Ue(G°))-
(2) We have
V(@)= || 067",

teeB(Ue(G°))
and Us(G°)Y is in bijection with Trr(Weo).

The goal of the next two subsections is to generalize the previous notation and
terminology from G° to G.



LOCAL LANGLANDS AND SPRINGER CORRESPONDENCES 19

4.3. Twisted group algebras. Throughout this section I is a finite group and K
is an algebraically closed field whose characteristic does not divide the order of I'.
Suppose that x: I' x I' = K* is a 2-cocycle, that is,

(40) £(71,7273)6(72,13) = K(71,72) (7172, 793) - V71,792,793 € T

The k-twisted group algebra of I' is defined to be the K-vector space K|[I', k] with
basis {T% : v € I'} and multiplication rules

(41) Ty = /i(erV/)T'y’y’ 7,7 €T.

Its representations can be considered as projective I'-representations. Schur showed
(see [CuRe, Theorem 53.7]) that there exists a finite central extension I' of I", such
that

e char(K) does not divide |T,
e cvery irreducible projective I'-representation over K lifts to an irreducible
K-linear representation of I'.

Then KI', ] is a direct summand of K [[], namely the image of a minimal idempo-
tent in K [ker(I' — I')]. The condition on char(K) ensures that K[I'] is semisimple,
so K[I', k] is also semisimple.

4.4. A partition of the enhancement of the unipotent variety of G.
Notation 4.19. Let t = (M, (Op,€))g € B(Uc(G)). We set
Wi :=Ng(r)/M and W¢ :=Ngo(M°)/ M°.
Theorem 4.20. [AMSI] §4] Let (O, p) € Ue(G). There exists a 2-cocycle
ks Wy /WE x W /W — C*
and a map, called the cuspidal support map for Ue(G)
Ug: Ue(9) = B(Ue(9))

which coincides to the map o defined above in the case when G is connected),
hich coincides to th Wgo defined ab in th hen G 1 ted
such that

(42) Ue@) = || TUel9),
teB(Ue(G))
in which the fiber Ue(G)' of t under the map Vg is isomorphic to the k-twisted
version C[Wy, k¢] of the group algebra C(Wy| of the finite group W;.
Notation 4.21. Let ¥; denote the bijection
Ue(9)' — CIW, ]
mentioned in Theorem [4.20)

Remark 4.22. When G is connected, the cocycle k¢ is trivial. When G is discon-
nected, the cocycle k¢ is not always trivial.

An intuitive way of thinking of Theorem is to view the set B(Ues(G)) as a
“palette of colors” and the map Wg as a way to paint the elements of the fiber
Ue(G)! of t under Wg in the same color as t. Moreover, for each color, the subset
of elements of Ue(G) with that color has a nice structure (here, that of the twisted
group algebra).
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5. CUSPIDALITY FOR ENHANCED L-PARAMETERS: DEFINITION AND CONJECTURE

Definition 5.1. An enhanced L-parameter (¢, p) € ®(G). is called cuspidal if ¢ is
discrete and (ug, p) is a cuspidal enhanced unipotent class in Gy, in the terminology
of Definition 411l

Recall that an irreducible smooth complex representation of the group G is
called supercuspidal if it does not appear in any G-representation induced from
a proper Levi subgroup of G. Bernstein [BeDel §2] realized that an irreducible G-
representation is supercuspidal if and only if it is compact. Here compact means
that the representation behaves like one of a compact group, in the sense that all
its matrix coefficients have compact support modulo the centre of G.

Conjecture of cuspidality 5.2. [AMSI] § 6]
The cuspidal enhanced Langlands parameters correspond by the LLC to the irre-
ducible supercuspidal representations of G.

Conjecture [5.2] is known to be true in the following cases:

e for general linear groups and split classical groups (any representation), with
F of characteristic equal to 0: [Moul],

e for inner forms of linear groups and of special linear groups, quasi-split uni-
tary groups (any representation) with F' of characteristic equal to 0, and for
Deligne-Lusztig depth-zero representations: [AMSI] § 6],

e for the representations with unipotent reduction of the group G of the F-
rational points of a connected reductive algebraic group which splits over an
unramified extension of F: [FOS, Theorem 2| (when G is simple of adjoint
type it is a special case of [Lus4], [Lus5|).

6. A PARTITION OF THE SET OF ENHANCED LANGLANDS PARAMETERS

We shall define a similar partition of the set of enhanced Langlands parameters
by plugging the above construction into the framework of the Langlands correspon-
dence. Let (¢,p) € ®(*G). We take for G the group G, defined in and set

(43) (M, (O, €)g, = Vg, (ug, p) € B(Ue(Gyp)),

where the map Wg, is that of Theorem Hence My is a quasi Levi subgroup
of Gy and (O, €) is a cuspidal enhanced unipotent class in Mgy. For simplicity, we
will often refer to the unipotent class Op in Mg by a unipotent element v in it.

The idea is very similar as above: using the data defined in , we will construct
a set BY(G) which will play the role of the palette of colors for ®¢(*G), and we will
define a “way to paint” the elements in ®.(“G) with this set of colors (that is, we
will construct a cuspidal support map) such there is a decomposition

(44) q)e(LG) = |_| (I)e(LG)sva
sVEBY(G)

where, for each 5V in BY(G), the subset ®,(“G)*" of elements with color sV is related
to a finite collectionlﬂ of generalized affine Hecke algebras with possibly unequal
parameters.

IThis reflects the fact that we consider simultaneously all the inner twists of a given group G.
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Definition 6.1. Let TV C GY be a torus such that the projection Zr(T) — Wg
is surjective. Then we call Zrs(T) a Levi L-subgroup of “G.

Remark 6.2. In [Bor| such groups are called Levi subgroups of L@, however we
prefer to stick to the connectedness of Levi subgroups.

Remark 6.3. Choose a Wpg-stable pinning for GY. This defines the notion of
standard Levi subgroups of GY. An alternative characterization of the Levi L-
subgroups of G is as follows [AMSI], Lem|: Let Z.s(T) be a Levi L-subgroup of
L@. There exists a Wg-stable standard Levi subgroup LY of GV such that Z.q(T)
is GV-conjugate to LY x Wr =: 'L and Z.4(T) N GV is conjugate to L.
Conversely, every GV-conjugate of this L is a Levi L-subgroup of *G.

Notation 6.4. In the sequel, we will use the (slightly abusive) notation L for an
arbitrary L-Levi of G.

Definition 6.5. Let “L be a Levi L-subgroup of “G.
(1) A Langlands parameter for L is a group homomorphism ¢: Wi — LL
satisfying the requirements of Definition [2.12
(2) An enhancement of ¢ is an irreducible representation p of m(ZL, (¢)), where

LY. is the simply connected cover of the derived group of LY = ‘LY N GV,
The group LY acts on the collection of enhanced L-parameters for L by .

Definition 6.6. We say that an enhanced L-parameter (¢, p) for UL is cuspidal if
¢ is discrete for L and (u¢ = d)(l, (3 ),,0) is a cuspidal pair for Zjy (¢|w;).

Notation 6.7. We denote the set of LY-orbits by ®(*L) and the subset of cuspidal
LV-orbits by ®e cusp(“L).

Let LY be a Levi subgroup of GV, and let LY denote the pre-image of LY under
under Gy, — GY. The derived group of L is the simply connected cover of LY,
and we identify Ly, with the inverse image of LY, under G, — GV.

Definition 6.8. A cuspidal datum for G is a triple (“L, ¢, p) where 'L is a Levi
L-subgroup of *G, such that (¢, p) is cuspidal for “L. It is relevant for G if
e p=Con LY. NZ(GL)WF, where ¢ € Irr(Z(GY)"VF) parametrizes the inner
twist G of G* via the Kottwitz isomorphism (9):
e p=1on L) NZLY)°.

We will give now the technical details of the construction. Upon replacing (¢, p)
by a GY-conjugate, there exists a Levi subgroup L of G such that (Pwysvs€) s a
cuspidal enhanced Langlands parameter for L, and

(45) ML= 1LY x W = Z1(Z34,).
Then we set
(46) Lw(g, p) = ["L, (Bjwp, v, €)lav-

The group of unramified characters of L is naturally isomorphic to (Zyv IF)?/VF'
Denote the latter by X, (*L). Given (p,€) € ®(LY,F), and & € {(nr(LL), define
(&p,0) € Pe(LY, F) by £p := ¢ on Ir x SL2(C) and (§p)(Frr) := {p(Frp), where

£ e szxlp represents z.
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Definition 6.9. We denote by sV the GV-conjugacy class of (“L, X1 (L) - (i, €)),
where L is a Levi subgroup of G, and (¢, ¢€) is a cuspidal enhanced Langlands pa-
rameter for L. We write

5/ = 5é = [LLv (907 6)]GV
We call sV an inertial class for ®(GY, F') and denote by BY(G) the set of such s".

Then the subset y
("G = (P U)THLY % W, 5))
of ®.(*G) is in bijection with the simple modules of a finite collection of twisted
extended affine Hecke algebra H(s",Z)y with 9 € H'(F,G},): it is the object of
[AMS2] and [AMS3].

6.1. A generalized Springer correspondence for enhanced L-parameters.
Let (¢,p) be an enhanced L-parameter for G and write as above Vg, (ug,p) =:
[Mg,v,€lg,. Up to Gy-conjugacy there exists a unique 7, : SLo(C) — M3 adapted
to ¢. Moreover the cocharacter
Xowi 2 (1 (§.%) ) (%" 2)
has image in Z(M)°.
Fix a G-relevant cuspidal datum (“L, ¢, €) for G, and write
o ) G°NLY
(47) ts = [Gs N LY v,€lg,, 1§ = [G5 NL, 05 ™, Elge

The next result may be viewed as a version of the generalized Springer correspon-
dence for enhanced L-parameters instead of enhaced unipotent classes.
Proposition 6.10. [AMSI] Proposition 9.1]
(a) There is a bijection
I, LU NEL, ¢y qe) «— Dir(C[Wiy,, ky,))
(¢7p> = Z%(ud)vp)
(Gl T (B) E,
where 3, 1s the bijection defined in Notation .
(b) The canonical bijection Y between \Pgol(tgs) C Ue(G°) and Irre(Wie) relates to
part (a) by
L2t¢ (¢,p ’Wto GB Zto Ug, i),
where p = @, p; is a decomposztwn into irreducible Ag; (ug)-subrepresentations.
(¢) The GY-conjugacy class of (¢lwy, ue, pi) is determined by any irreducible C[Wt;]'
subrepresentation of L2t¢(¢, p).

7. A GALOIS VERSION OF THE ABPS CONJECTURE

7.1. Twisted extended quotients. Let I" be a group acting on a topological space
X, and let § be a given function which assigns to each z € X a 2-cocycle

fp: Te X Ty = C*, where I'y, = {y €T : yz = z}.
We assume that f,, and 7.4, define the same class in H*(I'.;, C*), where v,: I'; —

'y, sends a to yay™t. Let C[I'y, ;] be the corresponding twisted algebra as defined
in Section We set

Xh ={(z,F) : z€ X,E € IrrC[T's, 1]}
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and we topologize it by decreeing that a subset of )A(:u is open if and only if its
projection to the first coordinate is open in X.
We require, for every (v,z) € I' x X, a definite algebra isomorphism
$yat Cllg, fz] = Cyz, Byal

such that:

e if yz = x, then ¢, , is conjugation by an element of C[I';, i2]*;

® Dyt © Pyg = Py g forall v/, vy €Tz € X.
Then we can define a T-action on X q by

v (:E?E) = (’YZIJ,E © (rb';,lw)
We form the twisted extended quotient
(X//T)y = Xy /T

Remark 7.1. Furthermore we note that (X//T"); reduces to the extended quotient
of the second kind (X//I")2 from [ABPS6, §2] if 4, is trivial for all z € X and ¢ 5
is conjugation by ~.

The extended quotient of the second kind is an extension of the ordinary quotient
in the sense that it keeps track of the duals of the isotropy groups. Namely, in
(X//T')2 every point x € X/T" has been replaced by the set Irr(T';).

7.2. The Bernstein decomposition of the category of smooth representa-
tions.

Let Rep(G) denote the category of smooth representations of G. Let P be a
parabolic subgroup of G and let L be a Levi factor of P. Let ¢ be a supercuspidal
irreducible representation of L. We call (L, o) a cuspidal pair, and we consider such
pairs up to inertial equivalence: this is the equivalence relation generated by:

e unramified twists, (L,0) ~ (L,0 ® x) for x € Xy (L), where Xy, (L) is the
group of unramified (not necessarily unitary) characters L — C*;
e G-conjugation, (L,0) ~ (gLg~',g-0) for g € G.
We denote a typical inertial equivalence class by s = [L, o]g. In particular
sy = [Lolp={c@xelr(l) : x € Xu(L)}.

Bernstein attached to every s a block in the category Rep(G), in the following way.
Denote the normalized parabolic induction functor by Ig. We define

Irr(G)° = {7 € Irr(G) : = is a constituent of I%(c ® x) for some o € s},
Rep(G)® = {7 € Rep(G) : every irreducible constituent of 7w belongs to Irr(G)®}.
We denote the set of all inertial equivalence classes for G by B(G).

Theorem 7.2. [BeDel, Proposition 2.10]
The category Rep(G) decomposes as

— 5
Rep(G) = Hﬁe%@) Rep(G)°.
The space of irreducible G-representations is a disjoint union
— 5
Irr(G) = |—|se%(G) Irr(G)®.

Notation 7.3. Let Irrcusp(L) be the set of isomorphism classes of supercuspidal
irreducible smooth representations of L.
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For o € Irreysp(L) (and in fact for every irreducible L-representation) the group
Xp(Lyo):={x € Xn(L) : c@x =0}
is finite. Thus there is a bijection
(48) Xur(L)/ X (Lyo) = Irr(L)°F : x = 0,

which endows Irr(L)°s with the structure of a complex torus. Up to isomorphism
this torus depends only on s, and it is known as the Bernstein torus T attached to
5. We note that T; is only an algebraic variety, it is not endowed with a natural
multiplication map. In fact it does not even possess an unambigous “unit”, because
in general there is no preferred choice of an element o € sy,.

The group W(G, L) := Ng(L)/L acts on Irr(L) by

(49) w-m=[w-m : 1~ w(w lw)] for any lift w € Ng(L) of w € W(G, L).
Bernstein also associated to s the finite group
(50) Ws:={we W(G,L) : w-Irr(L)** =TIrr(L)*"}.

It acts naturally on T5, by automorphisms of algebraic varieties.

Closely related to the Bernstein decomposition is the theory of the Bernstein
center. By [BeDel Théoreme 2.13] the categorical centre of the Bernstein block
Rep®(G) is

(51) Z(Rep(G)*) = O(T:)"* = O(Ty/Ws).
Here O stands for the regular functions on an affine variety. Moreover the map
(52) sc: Irr(G)* — T,/ W

induced by is surjective and has finite fibers [BeDe| §3]. Theorem implies
that every m € Irr(G) is a constituent of IS (), where [L, o]¢ is uniquely determined.
By the supercuspidal L-representation o € T is in fact uniquely determined
up to W;. The map m — Wso is just sc, and for this reason it is called the cuspidal
support map. Via this map Irr®(G) can be regarded as a non-separated algebraic
variety lying over Ty /W.

7.3. The ABPS Conjecture. Let s = [L,0]c be an inertial equivalence class for
G. Let W;; be the stabilizer in W, of a point ¢ € T5.

The ABPS conjecture from [ABPS2| §15] and [ABPS7, Conjecture 2] in its rough-
est form asserts that there exists a family of 2-cocycles

fe: Wey X Wey — C* t e Ts,
and a bijection
(53) Irr(G)® «— (T5//Ws)y
such that:

e it restricts to a bijection between tempered representations and the unitary
part of the extended quotient (as explained below);

e it is canonical up to permutations within L-packets, that is, for any ¢ €
®(G), the image of I1,(G) NIrr®(G) is canonically defined (assuming a LLC
for G exists).
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The set Irreysp (L) of supercuspidal L-representations is stable under the W(G, L)-
action . The definitions of W, and of extended quotients imply that for a fixed
Levi subgroup L of G there is a natural bijection

(54) L,y 0/ = (It (£ (G, 1)

In view of Theorem [7.2] the ABPS-Conjecture can also be formulated in terms of a
bijection

(55) Irr(G) +— |_| (Irrcusp )//W (G, L))h

where L runs through a set of representatives for the G-conjugacy classes of Levi
subgroups of G. In this version, our conjecture asserts that Irr(G) is determined
by a much smaller set of data, namely the supercuspidal representations of Levi
subgroups L of G, and the actions of the Weyl groups W (G, L) on those.

It is expected that the group cohomology classes f; € H?(Ws4, C*) reflect the
character of Z(GY.)"F which via the Kottwitz isomorphism determines how G is an
inner twist of a quasi-split group. In particular fj should be trivial whenever G is
quasi-split. The simplest known example of a nontrivial cocycle involves a non-split
inner form of SLio(F') [ABPS5, Example 5.5]. That example also shows that it is
sometimes necessary to use twisted extended quotients in the ABPS Conjecture.

7.4. A version for enhanced L-parameters. The main goal of this section is to
state an analogue of and for enhanced Langlands parameters.

We will recall first the statement of [AMSI] Lemma. 7.4]. There exists a character
(e € TIrr(Z(GY.)) such that: CGlz(Gy, wr parametrizes the inner twist G via the
Kottwitz isomorphism (9)), and (¢ = 1 on Z(G.) NZ(LY)°, for every Levi subgroup
L of G. We set

(56) Do ¢ = De(G),

where ®.(G) is as in[3.6] Let L C G be a Levi subgroup and let ¢: WF x SLa(C) —
L[ be a Langlands parameter for L. There exists a natural injection R — Ry. We
extend the character (¢ to a character of Z(GY.)Z(L/)° which is tr1v1a1 on Z(LY)°,
and denote by (& the restriction of the latter character to Z(LyY,).

The following result is proved in [Mou2l, Theorem 3.3] for G a split classical group,
and in [AMSI), Theorem 9.3] for general G.

Theorem 7.4. [AMSI, Theorem 9.3]

(a) Letsy = [FL, ¢y, qelry, be an H-relevant inertial equivalence class for the Levi L-
subgroup VL of “H and recall the notations ([&7). The maps ©'S¢ from Proposition

[6-10.a combine to a bijection
o (LG)*” —  (De(FLYLY W)
(¢,p) = (PW(¢,p), Bi(ug, p))
(¢U|Wpa2t_1(7_)) A (LL7¢1)7677_)'

(b) The bijection from part (a) has the following properties:
o [t preserves boundedness of (enhanced) L-parameters.
o The restriction of T to Wie canonically determines the (non-enhanced) L-
parameter in “X(T).
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o Let 2,2 € Xp(PL) and let T C Wev 24, be a subgroup. Suppose that
I'=T/L=T./L., where
T c Nagv(*L)nZ& (2 ¢lw,)  with preimage T. C Zay (Z'p(Wr))°.

Then the 2-cocycle kgv 4, o 18 trivial on I'.

(¢) Let (g € Irr(Z(GY,)). We write
e (G, L) = {(¢,p) € Pe ¢ (G) : Sc(o,p) € Peusp(L)}
The bijections from part (a) give a bijection
Doo(GyL) = (s (L)//W(GLL))...

(d) Let £ev(G) be a set of representatives for the conjugacy classes of Levi subgroups
of G. The maps from part (c) combine to a bijection

De (o (G) +— UL@M((;) (Peusprcz(D)//W(G, L)),

(e) Assume that Z(LY,) is fived by Wr for every Levi subgroup L C G (for instance,
G is an inner twist of a split group). Recall that Gy is the inner twist of G
determined by 0 € H'(F, Gaa) = Irrc (Z2(Gy)VF). The union of part (d) for all
such 9 is a bijection

(I)e(LG) A |_| |_| ((I)CUSP(Lﬂ)//W(GﬁaLﬂ))K-
YeH!?! (F,Gad) Ly EQ?U(G@)

7.5. A conjectural diagram. The above result leads to the following conjecture
stated in [AMSI]:

Conjecture 7.5. There exists a commutative bijective diagram

Irr(G) De ¢ (G)

| |

Urecen(a) (Ireusp(L)//W(G, L)), === U Lcsen@) (Peusp.co (L) //W(G, L)) .

with the following maps:

e the right hand side is Theorem [T,

e the upper horizontal map is a local Langlands correspondence for G,

e the lower horizontal map is obtained from local Langlands correspondences
for Irreusp (L) by applying (-//W (G, L)),

e the left hand side is the bijection in the ABPS conjecture [ABPST, § 2].

With this conjecture one can reduce the problem of finding a LLC for G to that
of finding local Langlands correspondences for supercuspidal representations of its
Levi subgroups. Conjecture is currently known in the following cases:

e inner forms of GL, (F') [ABPS4] Theorem 5.3],
e inner forms of SL,,(F) [ABPS4, Theorem 5.6],

e split classical groups [Moull, §5.3],

e principal series representations of split groups [ABPS6, § 16].
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