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Abstract

We discuss the Casimir effect in heterotic string theory. This is done by con-
sidering a Z, twist acting on one external compact direction and three internal
coordinates. The hyperplanes fixed by the orbifold generator G realize the two
infinite parallel plates. For the latter to behave as “conducting material”, we
implement in a modular invariant way the projection (1 — G)/2 on the spectrum
running in the vacuum-to-vacuum amplitude at one-loop. Hence, the relevant
projector to account for the Casimir effect is orthogonal to that commonly used
in string orbifold models, which is (1 + G)/2. We find that this setup yields
the same net force acting on the plates in the context of quantum field theory
and string theory. However, when supersymmetry is not present from the on-
set, finiteness of the resultant force in field theory is reached by adding formally
infinite forces acting on either side of each plate, while in string theory both
contributions are finite. On the contrary, when supersymmetry is spontaneously
broken a la Scherk-Schwarz, finiteness of each contribution is fulfilled in field and
string theory.

Keywords: Vacuum Energy, Casimir Force, Partition Function, Supersymmetry, Supersym-
metry Breaking.
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1 Introduction

The prototypical form of the Casimir force is the attraction felt by two flat, closely spaced,
parallel mirrors originating from the vacuum energy of the electromagnetic field between the
plates [1,2]. Precise measurements of the Casimir force become technically possible only
about twenty years ago thanks to the pioneering experimental work of Lamoreaux [3]. Tt is
also interesting to notice that it took almost half a century for the first prediction of this
force to be measured at the level of per cent accuracy. The force F' exerted between two

parallel conducting plates of area A and at a distance L turns out to satisfy

F her?

F 1~ 2100t (1.1)

This force arises due to the structure of the electromagnetic modes (with zero-point energy
hw /2 each) between the two plates, as compared to free space without the plates. The reason
is that in quantum field theory, in the absence of gravity, only differences in energy have a
physical meaning. Therefore, one should compare the energy of the two-plates configuration
with some reference background, which is flat empty Minkowski space here. Of course,
things are quite different when gravity is turned on. In this case, vacuum energy contributes
to the energy-momentum tensor as a cosmological constant and therefore to the spacetime
curvature through Einstein equations. In other words, vacuum energy gravitates as all forms
of energy. However, the cosmological constant turns out to be infinite in quantum field theory
and some regularization is needed, which shifts the cosmological constant to the cutoff scale.
In string theory, on the other hand, there are no infinities in the calculation of the vacuum
energy and therefore no need for regularization. The cosmological constant is of the order

of the supersymmetry breaking scale, however in conflict with observations.

Nevertheless, the Casimir effect is a remarkable result as it was the first indication of
the vacuum energy, although it can be formulated and computed with no reference to any
zero-point energy. In the latter approach, the Casimir force is regarded as the retarded
relativistic van der Waals force between the metal plates [4]. In other words, this point of
view suggests that the Casimir effect does not really support the existence of vacuum energy
of quantum fields more than any other one-loop effect in quantum field theory. In that case,
the Casimir force should vanish as the fine structure constant goes to zero, as all one-loop

effects in quantum electrodynamics [4]. However, here we will follow the traditional route



and calculate the Casimir force by summing up zero-point energies in field and string theory

in spacetime dimension d.

To describe a universe comprised between two hyperplanes, we consider spacetime to
be RM=1 x SY(Ry_1)/Zsy, where the Z, generator G acts as a twist 27! — —297! on the

circle of radius R4 ;. As a result, infinite parallel plates are located at the fixed points

l‘d_l d—1

=0 and 2" = mR4_1. However, this setup is not quite what we are interested in for
describing the Casimir effect. The reason is that the plates should be “conducting”, which
means that all modes propagating between the hyperplanes should have nodes at %' = 0
and 297! = 7wR;_;. However, all degrees of freedom in the background above are even
rather than odd under the twist. If the orbifold projector (1 + G)/2 is common (at least in
string theory) to project the spectrum on even modes, it turns out that the correct orbifold

projector for restricting to odd modes is the orthogonal one, (1 — G)/2.

The above result is shown in quantum field theory in Sect. 2l Actually, the force acting
on the plates is equal, whether even or odd modes are selected, as the vacuum amplitude

4=1 and thus not contributing

with G inserted projects on modes non-propagating along x
to the transverse force. We analyse the case where supersymmetry is not present from the
onset and recover the fact that the Casimir force can eventually be interpreted as the finite
resultant of two formally infinite forces exerted on either side of each plate: One derived from
the vacuum between the hyperplanes, and one derived from the vacuum in an infinite half
space. However, we show that when supersymmetry is present in a spontaneously broken

phase, these forces are individually finite.

In Sect. [3] we generalize the orbifold prescription to the heterotic string theory. For
consistency arising from modular invariance, G also acts on three internal directions we take
toroidal. Moreover, a twisted sector arises, which has no counterpart in field theory. However,
the twisted spectrum being localized on the fixed hyperplanes, it does not contribute to
the transverse force. Therefore, string theory reproduces in great details the field theory
derivation of the forces acting of either side of each plate, which are individually finite when
supersymmetry is spontaneously broken. The outcomes in both frameworks match up to
contributions arising from heavy string modes, which turn out to be irrelevant as they are

exponentially suppressed.

In Sect [4 we consider the SO(16) x SO(16) heterotic string [5], which is known to be



explicitly non-supersymmetric. In this case, finiteness of each individual force remains valid,
due to the natural regularization of the vacuum amplitude arising from the infinite spectrum
with unbounded masses. In other words, when supersymmetry is broken in a hard way,
not only the heavy states contribute significantly, since they are even rendering the vacuum
energy finite in every case, whether the plates are at finite or infinite distance. This is the
great advantage of string theory over field theory where differences of energies can only be
considered, for the infinite sums over zero-point energies to cancel out. However, considering
the energy gap between the configurations where the plates are either at finite distance, or
infinite distance, the field theory and string theory outcomes are in perfect agreement, up

to exponentially suppressed corrections arising from heavy string states.

Our conclusion can be found in Sect. |5, and we mention that throughout this work, we

use string units, o’ = 1, and the notations of Ref. [6].

2 Casimir effect in quantum field theory

In this section, our aim is to review and then develop different approaches for computing the
Casimir force in field theory, when supersymmetry is not present from the onset, or when
it is realized in a spontaneously broken phase. In particular, we will introduce an orbifold
point of view suitable for later generalization in the framework of string theory. The field
theory analysis will be presented in d dimensions for a real scalar field, or for a single degree

of freedom, fermionic or bosonic.

2.1 Second quantized formalism

Our basic consideration is the path integral computation of the partition function of a real

bosonic free field. In dimension d and for a mass Mg, the partition function is

= /ch e—ifddm 3 (0up0" ¢+ MEH?)

(2.1)

_ /ng oS den L 6(-0,0,412)6
The former expression uses Lorentzian metric (—1,1,...,1), while the latter is obtained by
Wick rotation 29, = —iz®. We use a compact version E¢ of the Euclidean spacetime, with



finite volume V. 41,

d—1 d—1
E =[S Ry, Vo.a—1 =] 27R,. (2.2)
u=0 pn=0

where all directions are circles of radii R,. Imposing the field to have periodic boundary

conditions, its mode expansion in orthonormal modes satisfies

Bag) = =D O BE o= (2.3)

V V0d=1 o cga

By using the above expression, the path integral can be written as
Ip = /D¢€_% ZmeZd [(%)2 + M]_%)} ’¢m’2
d dRi dl (M2 4 pg2 2 a1 (24)
¢>o e bvEe T ecbm mqu [(F2)? + ME][(Re 6.2 +(tm,n)?]
=

Y

mezd

where Zi is the set of non-vanishing d-tuples whose first nonzero entry is positive. The
integration over the real and imaginary parts of the modes ¢,, being Gaussian, we find the

well know result

InZg =—- Z 1n[<%> + MB} (2.5)

mGZd

Splitting even and odd modes: In Minkowski spacetime, Casimir effect arises between

d—1 d—1

two parallel, infinite hyperplanes, we choose to be located at " = 0 and 2% = 7R;_1.
A field between the hyperplanes has nodes on the “conducting” boundary plates. To make

contact with the unconstrained field ¢ periodic along %!, we define

Vip e R Vit e R, ¢°(p, 0 = D (6(Em, 0 + $lEp, —2"T)),

1
% (2.6)
3 (6(2g, 27" — p(3p, —2'")),

d—1

so that ¢ = ¢° + ¢°, where ¢°, ¢° are respectively even and odd under 29! — —z9! and

21 Ry_1-periodic. Actually, ¢° contains all modes cos(mg_ 12971 /Ry 1), mq_1 > 0, while ¢°

contains all modes sin(mg_ 12971/ Ry_1), mg_1 > 1.

We can now define path integrals Z5, Z3 for only even and odd fields, respectively as
78 = /D¢e e—fdda&E%¢e(—8H8M+M§)¢e7 73 = /D¢o e—fdde%¢°(—8u8u+Mé)¢°’ (2.7)
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where the integrals in the actions cover the whole circleﬂ —mR; 1 < 2% ' < 7R,;_y. In these

notations, the partition function in Eq.(2.4) can be written as
2 = / DD ¢ dire 4 (640 01+ _ ge 70 (2.8)

where the contributions of the cross products in the action vanish due to the distinct parities

of the fields. In fact, it is straightforward to verify that

mzg=—p 3 Y 1n[(%>2+M§}

meZi—1t mg_120

an]%:—% S % 1n[(7;:)2+M§]

meZd—1mg_1>1

Several problems can then be analyzed:

e We can keep the whole set of modes m € Z9, in order to describe a universe circular

along 471,

e We can also restrict to the cosine modes my_; > 0, to describe a universe with an
orbifolded direction S'(R4_1)/Zs, where the Z, generator G acts as x4 1 — —z? ! and

where all fields are even.

e Finally, we can restrict to the sine modes my_1; > 1, in order to describe a “Casimir-like
universe”, i.e. with orbifolded direction but with all fields odd under the generator G, i.e.

with nodes on the hyperplanes.

To express these remarks in a more formal way, we can associate to the modes used in
the expansion (2.3) the orthonormal basis of “bra” |m) = |mq,...,mq_1), m € Z%, which
satisfy

G|mo, ..., mg-1) = [mo,...,—ma-1). (2.10)

In these notations, it is convenient to define a second orthonormal basis, where m € Z¢ but

with mg_1 > 1:

|m07 sy Mg—2, O>7

1

2.11
|m0, . amd—Qamd—l;i> = ﬁ<|mo, cee 7md—27md—1> + |mo7 ceeyMg—2, _md—1>>- ( )

'We may choose to integrate only over 0 < 2%~ < 7R4_;. This is a matter of convention, since this may
be compensated by a rescaling of the fields and path integral measure.



Because this new basis diagonalizes G,

G|m07 ceey, Mg—2, O> = |m07 <oy, Mg—2, 0>a
(2.12)
Glmo, ..., ma—2,Mma-1;£) = E[mo, ..., mg_2,mg1; £),
we may translate Eq. (2.9) into
InZg =InZ5 + In 73,
. 1 1+G my,\ 2
where InZp = —3 Tr 5 ln[(R—:> —|—M§}, (2.13)
o 1. 1-G my\ 2
InZ3 = —3 Tr 5 ln[<R—::> + Mé},

which will turn out to be a suitable form for comparison with the string theory analysis to
be presented in Sects [3] and

Statistical physics interpretation: To present shortly a usual derivation of the Casimir
effect, we can interpret the above results from a statistical physics viewpoint. We are inter-

d—2

ested in the large volume limit along the directions 2!, ..., 2972, where the discrete modes

become continuous. In this case, the path integral expression (2.5 reads

InZg = —% Z }gﬂ)j; /dd_gk Z 1n[<%§>2 + wi}
mo

— . v (2.14)
where wy = ;kﬁ—%— <Rd1> + M3.
To make contact with thermodynamics, we write
Zan@)Q +w§} —21n [2 sinh(wROwk)] + 2ln[ ! 11 (ﬂ)g] (2.15)
o L\ o 21Ro 13\ Ro

by employing the identity
x
inh(z) = (1 —) 2.16
sinh(z) = x H + 2 (2.16)

Using the (-regularisation formulas

1 1 :
I1 == Ro, [T mo=e*=vor, (2.17)

2 2000)
mo>1 Ry Ry mo>1



the second logarithm in the r.h.s. of Eq. (2.15]) vanishes and we obtain

In Zp Vi d2/ d—2

— = Ak

S el o= >
mg—1

1 W, *Row
+27TR0( /dd kaln[ —27Ro k:|.

mq—1

(2.18)

This result is nothing but the Helmholtz free energy of a perfect gas at finite temperature
T = 1/(2rRp). Note that the corresponding expression for a fermionic degree of freedom
could have been obtained similarly if we had imposed an antiperiodic boundary condition
along S'(Ry). Thus, the zero-temperature limit we are interested in is attained by taking
Ry — oco. In this limit, the second line vanishes and we are left with the vacuum energy F,

whose density reads

FE In ZB 1 dd_2k Wie
- =" = —. 2.19
Y Vi a1 Vo 2T Ry / (2mr)d—2 Z 92 ( )

peeyd—1
mq—1

For the orbifold cases, we may restrict to the cosine or sine modes and consider the
length of the direction 29~! to be mR4_;. Defining ‘/11?.3.1.1,fd—1 = Vi..4-1/2, the respective
energy densities are

Ve _ Ee _ ln Z]% _ 1 / dd72k: Z %
‘/11,1?.1,fd—1 B Vol,lﬂfd—l TRi (2m)d=2 2’

mq—12>0

Ve — E° . In Z]% . 1 / dd_Qk Z Wk
vt Ve mRa ) (2m)4 2’

7d71 md,121

(2.20)

which obviously satisfy 2 = V°+ V°. Moreover, using the expression of In Z§ in Eq. (2.13]),

we have

1 TrGn[(F* )+Mﬂ

e _ . wh =1 2.21
VE=VY+V where V), 5 Vo,...,d—1 (2.21)

However, evaluating the trace in the original orthonormal basis |m), m € Z4, all contributions
with mg_1 # 0 cancel out of Vi, implying Vi, to be inversely proportional to R;_;. In total,

we obtain the final result

Mw oy :lT“n[ZZ%(’"“) +MB}
Ryt Ry, "™ 2 21 Vo...a_

(2.22)



Alternative form: The result (2.19) is clearly infinite if no cutoff is introduced. To
extract the divergent part and simplify the computation of the Casimir force, we can present
an alternative formulation of the energy density. Our starting point is Eq. (2.14)) where we

exchange the roles of the Euclidean time z%, and coordinate z%~!,

1 Vi, d—2 d—2 mg—1\2 2
mZp=—2 Y 2/d kZanRdl) + 63,
mo

2 (2m)d
mq—1
o , (2.23)
myo
where  Qp, = Zki + (R_()) + M3.
pn=1
Following identical steps, we obtain the counterpart of Eq. (2.18)),
In Zp Vi,..d—2 / d2 U,
- = = kY —2
2TRg—1  (2m)42 Z 2
mo
I 1 ‘/l ,,,,, d—2 /dd_Qk‘ Z In |:1 o 6_27er—IQkE:| (224)
2Ry (2m)d—2 o '
In the continuous limit i.e. Ry — 400, the density ([2.19)) takes the new form
d— d—
V - _ ln ZB _ / d 1dk;El QkE + ]. / d 1(5{]31 ln |:1 . 6727er719kE:|’
Vo,...d—1 (2m)d-1 2 27Rq—1 J (2m)% (2.25)

where Qg = /K& + M2, kg = (kgo, ..., ki)

Notice that the second integral, which encodes the dependence on R4_1, is convergent. Hence,
the ill-defined part of V is the first integral, which is somehow an “infinite constant”. As an
example, we find for a vanishing mass,

d kg ||k d) T(4
Mg=0: V= / (27T)dEl ! QEH - de ,  Wwhere v, = ¢(d) (2) (2.26)
d—1

Casimir force: Let us now consider the odd modes between the hyperplanes and compute
the Casimir force in a usual way [7]. This can be done by considering the energy density

between the plates when R, ; is finite, and when R, is very large (continuous limit). Using

Eq. (2.20)), they are respectively

1 A2k 1 Mg 1\ 2
Sk ()
% 7TRd—1 / (27T)d_2 mz>l 2 ; u + Rd_1 + B
e (2.27)
. 1 442k 400 1 d—2
Vi = i / R /0 Aoy 3 \| D K7+ K3y + M3,
pn=1



Clearly, both are ill-defined due to the discrete sum and integrations over infinitely large

momenta. However, we may consider their difference,

1 =2k
7TRd_1VO — (WRd_lvo)oo = 5 / W

(2.28)

d—2 +oo d—2
mg—1\?
{3 E:k%(Rdl) +M§—Rd_1/0 dhary| S k2 + k3, + M3},
p=1 p=1

mg—12>1

which can be evaluated by introducing a UV cutoff, and then sending the latter to infinity,
which yields a finite result [7].

However, the final answer can be obtained more easily by using our previous results.

From Eq. (2.22)), we may write either

/\tw
Ry

Ve — Vgo =) - - Voo or 7TRd71VO - (ﬂ'Rdflvo)oo = 7TRd71V - (WRd,1V)OO, (229)

depending on which quantity, V° or mR;_1V°, we choose to take the R; 1 — 400 limit.
However, the second expression is more suitable, since A, is actually infinite. Hence, we

obtain for vanishing mass from Eq. ([2.26]),

Mg=0: 7Ry 1V — (TRy V) = — o) (2.30)
Ry
which yields the force per unit area of the plates, i.e. a pressure,
8(Rd_1V° - (Rd_lVO)oo) (]
F=- =—(d-1 . 2.31
aRd_l ( ) Rg_l ( )

This outcome is the Casimir force per unit area acting on each plate. In particular, it
reproduces Eq. after it is multiplied by 2 to account for the 2 degrees of freedom of the
electromagnetic field in d = 4, and for L = mR;_;. To understand why, let us note that on
the hyperplane located at %' = mRy_1, there is a force arising from the vacuum comprised
in the range 0 < 297! < TR4_1, to which we must add a force induced by the vacuum in the
infinite half space x9~! > wRy_;. Altogether, the resulting force per unit area acting on the

plate is therefore

I(Rq—1V°)  O(R4-1V3,)
OR4 ORq

-F.int + Fext = - =F. (232)

Hence, the Casimir force in field theory is the resultant of two formally infinite forces

acting on each side of the plate, leaving a finite result. As we have just seen, this is equivalent

9



to saying that the total force acting on a plate follows from the difference between the
vacuum energies of two configurations, one in the presence of the plates at finite distance,
and one with the second plate sent to infinity. This has the effect of removing the infinities
encountered in the calculation of each configuration individually and is totally meaningful,
as only differences in energies have a physical meaning when gravity is turned off. However,
in presence of gravity, the situation is different, as the vacuum energy is nothing but the

cosmological constant, and the latter cannot be infinite in a UV-complete theory.

2.2 First quantized formalism with spontaneous or explicit super-
symmetry breaking

To get closer to the string derivations to be given in the next sections, we may translate the

above results in first quantized formalism. From Eq. (2.5)), and inspired by the following

equality
1 +oo dTQ
—~InC = — (™Y — ™) VC >0 2.33
sinC= [ o) , (2.33)
we may define the regularized quantity
oo mu 2 2
In 758 = o~ [ () ] (2.34)
B € 27'2
€Z4

In the above definition, the C-independent term of the integrand in Eq is not included,
because empty of any information about the physical system. The dummy variable 7 is the
Schwinger parameter, which is the proper time of the particle along its trajectory, whose
topology is that of a circle. In order to regulate the UV region 5 — 0, a cutoff € > 0 is
introduced, and should be sent to 0 only at the end of any sensible computation. Notice
that in this formulation, the discrete sum appearing in In Zg* can be taken over infinitely
large momenta. Of course, the counterpart of € in second quantized formalism, Eq. ,
is a cutoff A2 > ZZ;E(mM /R,)?. As mentioned in the computation of the Casimir force
in Eq. , the latter should also be sent to infinity at the final step of a derivation.
Hence, whether the first or second quantized formalism is used, only differences between two
regulated energies associated with different configurations should be considered, in order to

get finite (and equal) answers once the limits € — 0 or A, — +oco are taken.

However, compared to what we have discussed so far in field theory, the string theory case

discussed shortly will be different in two respects: It involves bosonic and fermionic degrees

10



of freedom, and full towers of KK modes arising from a Scherk-Schwarz mechanism [8-14].
For these reasons, we will not make use of the definition (2.34]) and will follow another route,

in our presentation of the first quantized formalism in quantum field theory.

Scherk-Schwarz breaking of supersymmetry: By considering the framework used in
Sect. with one more circle denoted S'(Ry), and along which the quantum field has

periodic or antiperiodic boundary conditions [8,|9)],
Veg € RY, V2 €R, o¢(xp,x9) = (—1)%¢(2p, 2° + 27Ry), where &=0or1, (2.35)

the partition function Eq. (2.5)) in the massless case is generalized to

=3 3 Son[(m) (")) 2:36)

mEZ mg

In fact, we can also see the above formula as resulting from an infinite tower of KK modes

Imo+5|
Ry

consider a massless fermionic free field with reversed boundary conditions along S*(Ry). The

with masses Mp = . To achieve the Scherk-Schwarz mechanism along S'(Ry), we can

logarithm of the associated path integral is dressed with an overall minus sign,

InZp =+ ZZIH[( )+<%9175)2]. (2.37)

mGZ mg

‘9+2|

7o so that the mass splitting

Note that the masses of the fermionic KK states are My =

between bosons and fermions at each level mg is identified to be

1
M=— 2.38

which can be interpreted as a scale of supersymmetry breaking.
Using Eq. (2.33)) for the couple of such bosonic and fermionic fields, we obtain

V.. dr:
In Zx = 350 =2 [ty / 2 2
2

mat (2.39)

(e ) (8)] ol Ge) ()] )

where we have considered the continuous limit in the Euclidean directions 2%, ..., 292, Note

that the C-independent term in the integrand of Eq. (2.33) drops by itself. Integrating over

11



the continuous momenta, and applying Poisson resummations over the momenta mg_1, my,
we obtain

Vo dr:
1DZB+F— ( 0. 7d 2Rd 1R9 Z/ 1+2(1+1

mq—1 mg (240)

T R

?

where the last bracket imposes g to be odd, in order to contribute. As a result, the integral
over T, is convergent, even in presence of the dangerous UV regime 7, — 0, because of the
exponential factor in the integrand. There is no need to introduce a cutoff of any kind, and

the result can be written as

In ZB+F 1
Vpirp = ————— = —(=1)¢ f (fa=2 2.41
B+F %,...,dfl ( ) f( )Rgﬂ ( )
where we have defined the function?
D) !

f(u) = 1 d+1 * (2'42)

PRzt = N d+1
(2m)dm g e (2K +1)2 4+ m3_ju?]
Of course the fact that we find a finite result without having to subtract anything to the
energy is a consequence of the fact that we have considered the spontaneous breaking of
a supersymmetric theory. In the decompactification limit Ry — +o00, supersymmetry is

restored in d + 1 dimensions.

Notice that by integrating over the continuous momenta, Eq. (2.39) can be formally

written as

2

0 N2
InZpyp=Ro... Rz / i ﬂd_lsw () *Mz], (2.43)

mq—1
where the supertrace is over the bosonic and fermionic KK towers of states propagating
along S*(Ry), and M is the associated KK mass operator. In this form, it is straightforward
to split the set of modes my_1 € Z relevant for a circular universe into those surviving the

orbifold projection S'(Ry_1)/Z,, and those involved in a Casimir-like universe, as explained

2Such functions have already appeared in the literature in the expression of the effective potential at
finite temperature derived in string theory models [15]. The latter describe cosmological evolutions which
are attractors of the dynamics [17H20].

12



below Eq. (2.9). In terms of projector and orthogonal projector, we obtain respectively

+oo ma 12
In ZIeBJrF = RO Rd 2 Z / Cllj_—? Sty 1+ G 6771'7'2 [(Rz,ll) +M2]

g 2 bl
myq_1
(2.44)
+oo dT 1—G I mg_1 2 M2
an§+F:RO...RdZZ/O : T st [(it) e
mMd—1 Ty

which are the analog of what will be computed in string theory. Proceeding as in the

derivation of Eq. (2.22)) in second quantized formalism, we obtain

)\tW,B-‘rF

M
Ry

)\tW,B—i-F

)
Rg_y

Viir = VBir + Viir = Vbir —

(2.45)

1 T dr
where Ay Bir = —/ % Str e m2M*
» (271.)d 0 27_1—}-7
These quantities are all finite, and so are the forces per unit area Fi,; and Fo exerted on
either side of the plate located at %! = 7Ry_1,
a(Rcl—1V](3)+1«“) Lo = _8(Rd—1V§+F)oo
aRd_l ) ext aRd_l )

those resultant F = Fi; + Fext Characterizes the Casimir effect. We will come back to its

Jrint:_

(2.46)

explicit expression when we discuss the string theory point of view.

Hard breaking of supersymmetry: In order to construct a model realizing a “hard
breaking” of supersymmetry, we are going to take the limit Rg — 0, which sends M — +ooc.
This is an arbitrary approach from the field theory point of view, which is efficient in the
context of string theory, for further comparison. Starting from Eq. , we integrate as
before over the continuous momenta and Poisson resum over my_;. However, we Poisson

resum over mg only when mgy_; = 0, and keep the sum over my as it is when mg_1 # 0. As

a result, the contribution m4_1 = 0 is as in Eqgs (2.41)), (2.42)) and we obtain

§a 1 T RZ w2,
e - A D 76 B

Z (e—ﬂ“l'g(m%;%)g _ e—WTQ(mgg;})2>’

where

(27r)d7r 2 ’2]€9 + 1‘d+1

- L) Z L (2.18)
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Clearly, the first term in Eq. (2.47), which is independent of R, i, is singular in the limit
Rg — 0. On the contrary, in the R;_;-dependent part, the only contribution surviving the
limit is that associated to the KK mode mg + g =0 or mg+ 1—56 = 0, and it is finite. Hence,

we may write, by abuse of notations,

I'(4) 1
¢ U h _ ! : (249
oL e DI e

mq_170

ww=44%%—ew

and where it is understood that Ry is formally vanishing, making Vg, and —(—1)5¢,;/ RS
individually infinite. Alternatively, we can write both diverging quantities in the 1.h.s. for

their difference to be finite in the Rg — 0 limit,

v
Veir — VBirFoo = Vair + (1) f—dd = —(-1)f dd - (2.50)
Ry Ry
Note that v4 encodes the contributions of the KK excitations along z¢~!. Since the dis-

crete sum appearing in vy is 2¢(d), the result (2.49) matches with Eq. (2.26]), where the

interpretation of v; was obscure.

In fact, in the limit Ry — 0, all massive KK modes propagating along S'(Rg) decouple
and we are left with a single massless boson (for £ = 0) or fermion (for £ = 1), with associated

KK excitations along 2%~

, contributing to the energy density, however in an infinite way in
Vgir. There is no left notion of superpartner, thus realizing a hard, or explicit breaking of
supersymmetry. Thus, the index B + F is no more justified and should be replaced by either
B of F. Notice that the L.h.s. of Eq. amounts precisely to subtract the energy density
at infinite R4_1 to the result at finite Ry_1, to obtain a finite answer. Moreover, notice that
for a bosonic tower of KK modes, the “infinite constant” in Eq. is positive, while in
Eq. it is negative (¢ = 0). This is another occasion to stress that these equations are
understood to make sense only when they are applied to evaluate the energy gap between two
configurations. Under no circumstances, any of these equations should be used to evaluate
some absolute energy, even in presence of a cutoff. As we will see in Sect. [ this is where
string theory is useful.

Having discussed the case of a hard breaking of supersymmetry in a universe circular

d—1

along %7, we can deduce the result once the circular direction is modded by Z,, and the

modes are imposed to have nodes on the hyperplanes. From Eq. (2.45)), we can evaluate

14



Atw,B+F i the limit Ry — 0, which yields an infinite result (as in Eq. (2.22) for A\y),

—1)¢ [T dr
Atw,B+F = ((27T))d/0 ; sz;l. (2.51)

2

Therefore, applying to V3, the second of the prescriptions given in Eq. (2.29), we obtain

TRi-1Visr — (TR Vi ip)eo = —(~1f 200, (2.52)
Ry
which yields the force per unit area
8(Rd_1V§+F - (Rd—lvlcs)JrF)OO) Vg
F=- = —(-1)%d -1 : 2.53
e (-1 1) - (253)

in agreement with Eq (2.31]), for £ =0

3 Casimir effect in string theory

The discussion of the Casimir effect in string theory we will present below, follows the logic
we have developed in field theory, in first quantized formalism. In this section, we consider
the case of a theory where supersymmetry is spontaneously broken a la Scherk-Schwarz,

while the analysis where supersymmetry is explicitly broken will be presented in Sect. [4]

3.1 Orbifold realization and Scherk-Schwarz mechanism

An appropriate framework for describing the case of a universe with one orbifolded direction
SY(Rq_1)/Zs, where the modding acts as 24! — —29=! while all degrees of freedom are
imposed to the even under the transformation, is provided by the following background in

heterotic string,
Sl<Rd,1) X T3
Ly

In order for the vacuum energy not to be trivial, we implement a coordinate-dependent

RY472 x x T4 x S'(Ry). (3.1)

compactification along S'(Ryg), which is nothing but a stringy version [10H14] of the Scherk-
Schwarz mechanism [8]9] responsible for the total spontaneous breaking of supersymmetry.

In string theory, the Z, orbifold generator G' acts as a twist on S*(Rq_1) x T?, namely

G - (del Xd Xd+1 Xd+2) N _(del Xd Xd+1 Xd+2) (32)
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where the X'’s are the worldsheet bosonic fields realizing spatial directions. Unless specified,
all formulas to come are valid for arbitrary radii Rq_;, Ry, and arbitrary T3 x 799 torii

moduli, provided

V2 +1 R<\/§—1 1
or = ,
\/5 ’ \/§ 2Ry

for Hagedorn-like tachyonic instabilities not to occur. In practice, the directions of T3 x
T6-9 x S'(Ry) should be seen as internal, while R»¥~2 x S1(R,_;) should be interpreted as

spacetime. However, due to the Zs-twist, the 10-dimensional background cannot be seen

Ry > Ry = (33)

as a Cartesian product of internal and external spaces. The (d — 1)-dimensional external
space is anisotropic, being restricted to sit between the hyperplanes invariant under G, i.e.

located at X4 ' =0 and X% ! = 7R, ;.

Putting the non-compact directions of R»¥~2 in a “box”, the regularized volume of space-
time is

Vo) = (27 Rg) -+ (2mRy_2) X mRy_1. (3.4)

Following the prescription as shown in the first line of Eq. , the one-loop effective

potential V¢ can be expressed in terms of the partition function in light-cone gauge, integrated

over the fundamental domain F' of the modular group,

2
TRy

dridry RoRi Ry -+ Rg_2 1 I6—d6— R _ p 2
_yhalt e :/ 1dTy RoRy Ry a2 15~ Le-d6-a) 9 B3 ling+nor]
V= | o e 2 g Pl e i 2
a a a— n n nlv— Ay 18
L5 e SO 0] 1 M 15 00
a,b ¥,0 ~',0’

(—1)moatnobimong (_1)E(Roytnodtimons) (_ 1)5’(Th97'+n95'+m9"9) ) (3.5)

ng,my

Our notations are as follows [6]:

e 7 = 71 + iy is the Teichmiiller parameter of the genus-1 Riemann surface, while (1)

and 0[3](7) are the Dedekind and Jacobi modular forms.

e The spin structures a,b on the worldsheet, as well as the indices v,d and +/, 9" take

values 0 or 1.

e The lattice of zero modes associated to S'(Ry) is presented in Lagrangian form, with

ng, My € Z, while that for a torus 7™ is denoted I'(;, ).
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e The conformal block associated to the twisted coordinates of (S'(Ry_1) x T?)/Zy is

R S e—”%”lm—ﬁ"d—”' Loa g (H,G) = (0,0)
H \/FQ nd—1,Md—1 7747_74 | o
Zy 4[@} = (3.6)

| 24 iy’ .
if (H,G
oi-8)" o[- (H,G) # (0,0),

where H, G take values 0 or 1. In particular, string theory contains a twisted sector H = 1

which has no counterpart in field theory. In the sector (H,G) = (0,0), the lattice of zero

modes associated to S'(R4_1) is presented in Lagrangian form, with ng_1,mq 1 € Z.

e In the last line of Eq. , the first sign depends on the spin structures a, b and induces
the super-Higgs mechanism [14]. The mass M of the gravitini is as given in Eq. (2.38),
which is the scale of spontaneous supersymmetry breaking. In the second and third signs,
we have introduced discrete parameters & and & equal to 0 or 1, which implement a Higgs
mechanism of the Fg x Fg gauge symmetry when they are not both vanishing. Choosing & =1
(& = 1) enforces the Fg — SO(16) spontaneous breaking of the first (second) Eg gauge group
factor. Together, super-Higgs and Higgs mechanisms combine to yield 4 different patterns
of breakings: For & = & = 0, all initially massless fermions of the parent supersymmetric
model (obtained when the sign (—1)moatnobtmone jg omitted) acquire a mass 1/(2Ry), while
their bosonic superpartners remain massless. However, a non-trivial £ and/or &' results in
reversing the roles of bosons and fermions in supermultiplets, thus giving a mass to some

bosons while maintaining their fermionic partners massless [15,21,22].

By noticing that in V¢, the sectors (H,G) # (0, 0) are inversely proportional to Ry_1, we
may split the potential energy density as

Atw
Ve =V(Ry 1) + 2. (3.7)
R
The first contribution,
V _ R9 / dTldTQ Z 6_ WRT%_I |md71+nd717'
d 1491
2(27?) F 7_2+ ® nasiamg
_ng |79 +ngT|? 1 a+b+abprald mga-+ngb+mgng

Y e 52(—1) 0[;]°(—1) (3.8)

ng,'rhg a,b

- Z 9 mg’y+n95+m9n9) ]' Z 6 6/ _ )5/(7h9'y’+n95’+ﬁL9n9) F(373)F(67d767d)’

127724
l 6/ T] n
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is actually the effective potential arising in the model when no orbifold twist is implemented.

Its expression is that found in the d-dimensional background periodic along 2%,

RY2 5 SY(Ry_1) x T? x T~ x SY(Ry), (3.9)

with Scherk-Schwarz mechanism implemented along S'(Rg). The second term in Eq. (3.7)

is given by

Rg /dTldTg 1 btab _”R§2)|m +n T|2 ~ b
)\tw — - (_1)a+ +a e 91TNg9 (_1)mga+n9 +mgng
PR e 7 2% % (3,10
1 EGmotngd ringng) L € (o o8 +rigno) T Havy/1
52(—1) 5 Z(—l) (6-d,6—d) Z wley 5]
7,0 v'56! (H,G)#(0,0)

where we have defined

. 1 2’
w[gbjsjs'] T 8720 4T1_H 27]—77141 2
et N )

e A L R A= 1 R E A EY

To describe the case of a universe with one orbifolded direction S'(Ry_1)/Z,, while all
degrees of freedom are imposed to the odd under the Zs transformation, we may consider the
string theory orbifold model based on the orthogonal projector, as compared to the above

described case,
1-G 1+G
2 2
exactly as developed in the quantum field theory framework, Eq. (2.44). To write the

(3.12)

associated effective potential V°, notice that the flipped sign in front of G implies the sector
(H,G) = (0,1) to appear with an opposite sign, as compared to the case discussed so far.
Given that the sectors (H, G) # (0,0) realize a modular orbit of SL(2,Z), we conclude that

all of them show up with an opposite sign. As a result, we obtain

)\tw
Ra-y’

which can also be seen as a direct consequence of the equality in Eq. (3.12)).

V= V(Ryy) - (3.13)

The remaining contribution (H,G) = (0,0) being modular invariant by itself, we may
“unfold” in the expression of V' the domain of integration F' into the “upper-half strip”, by
using the following result [23,24]: For any set of functions v, m)(7, 7) satisfying

ar+b at+b
ct+d et +d

a b _
VM = (C d) € SL(27 Z)a U(n,?ﬁ)( ) = ’U(mm)M(T, T)’ (314>
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the sum ) - v(mm) is modular invariant and, provided the discrete series are absolutely

convergent, for the exchange of the discrete sum and integration to be legitimate, we have

drdr: 27 +o0 g
/F 12 : Zv(nﬁw)(ﬂ?) = FT_U(OO T, T) /1 dT1/ 2 Vo) (7, 7). (3.15)
2 3

72 5 120

n,m

In our case at hand, this equality turns out to be valid for the series of functions labeled

d—1

by (ng_1,mMq_1) when R; 1 > 1, which we know is satisfied since z is an external space

direction. As result, we obtain

)‘tw

Ve =V + Vu(Ry_1) — R (3.16)
d—1
where the first contribution is independent of Ry 1,
Ry drdr —flﬂw-&-nwl2 1 a+b+abpard Moatngb+mgn
Vo=~ g | e e 22(—1) Ol (—1aesrobians
To ng,mog a,b (3 17)
1 718 m ngd+rmgn (m ngd’' +mon F(3=3)F(6*d»6*d) .
_ZQB} (_1)5( 97+n9d+1M9n9) 29 ) 07 +ngd’+1hgng) o
/ 6/ TI TI
whereas the second depends non-trivially on Ry 1,
+o0 dry 7WR§71m2
Vo= 27r /1 dTl/ 1+d+1 e o
2 Mg 1#0
*WRg [Tg+ngT|? 1 a+b+abpral4 mga-+ngb-+mon
doe 5 > (=1 O] (—1)mearrerone (3.18)
ng,rhg a,b
- Z 9 E(moy+ngd+mong) = Z 9 )f (oY 4196’ +19ng) F(3,3)F(6—d,6—d)
224 :
/ 6/

Due to the integration over 71, V, involves only the level-matched spectrum of the string.
Notice that it is also finite, due to the presence of the factor exp(—mwR2_m2_,/72), which

allows the integration even in the dangerous UV region 7, — 0.

As a result, the force per unit area arising from the vacuum comprised in the range

0 < 297! < 7R4_; and acting on the boundary hyperplane located at %' = 7R;_; is
O(R4-1V°) O(Ri-1Vs)
* OR4_1 0 OR4_1 (3.19)

This is the end of the story if we want to truly interpret the hyperplanes as the boundaries

of the universe. However, applying the result to describe the Casimir effect, we need to add
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the force per unit area arising from the infinite half space 297! > 7R;_;. Up to a sign, it
is equal to Fiy evaluated in the limit R; ; — 400, as the second plate is sent to infinity.

Since V, vanishes in this limit, we have
Jrext = VO> (320)

and the Casimir force per unit area is

a(Rdflv*)

fE«Ent"’«Fext:_ @Rd
—1

(3.21)

It is independent of the twisted sector, H = 1, of the string spectrum. This is not a surprise
since the latter is restricted to live on the hyperplanes fixed by the orbifold projection.
Having no modes propagating in the transverse direction z?~!, they cannot contribute to

the force.

Comparing the result with that found for a single degree of freedom in field theory,

Eqgs (2.32) or (2.53)), we see that in the string theory framework, the Casimir force is not

derived by subtracting two infinite quantities to end up with a finite result. Actually, both
V. and V) are finite, where 1 is the analogue of what was denoted V3, (or Vg, ) in field
theory. However, one may think that the finiteness of V), arises only because we considered
a string theory model where supersymmetry is spontaneously broken a la Scherk-Schwarz,
since we have shown in Eq. that finiteness is also encountered in field theory for each
pair of non-degenerate superpartners with gap M between their masses. To clarify this
issue, we now compare in details the two frameworks when they both realize a spontaneous
breaking of supersymmetry, and will show in Sect. [] that finiteness survives in string theory

even when supersymmetry is explicitly broken.

3.2 String theory versus quantum field theory

Our aim is to figure out the differences between the finite field theory result Vg, g given
in Eq. , and that found in string theory, Vy + V., which are both associated with
configurations where supersymmetry breaking is spontaneously broken via a Scherk-Schwarz
mechanism. To be specific, for the notion of spontaneous breaking to be valid in the string
theory model, let us assume in this subsection Ry > Ry in Eq. , in order for Ry to be

allowed to take very large values and possibly restore supersymmetry (in d + 1 dimensions).
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Let us first consider V, on which we can apply the unfolding formula, Eq. , for
the series of functions labeled by (ng,mg). This can be done since absolute convergence
is valid for Ry > Ry. The contribution for (ng,mg) = (0,0), which is integrated over the
fundamental domain F'; vanishes due to the exact supersymmetry of the integrand. For the
same reason, the contributions (ng,mg) = (0, 2]2:9), ko € Z*, which are integrated over the

upper-half strip, vanish as well. Thus, we obtain

e dTQ ﬁ@k +1)2 1 a+b+abpra a
Vo= = s / dn / e L e )
. ¢ (3.22)
= 1ot 1(3,3)L (6—d,6—d)
529[57} (-1 ZQ & E 12724 ’
oy s nen

which reduces to an expression involving the level-matched spectrum only, due to the inte-

gration over Ty.

The field theory we have considered in Sect. involves one massless boson (fermion)
and one fermion (boson) of mass M, together with their KK towers of states propagating
along the internal circle S'(Ry). However, beside such KK towers, the physical spectrum
contributing to V, also contains states that cannot be organized as pure KK towers of modes
associated to S*(Ry). The latter involve momentum and/or winding modes along all internal
directions and/or from string oscillators. To make contact with the field theory result, we
thus restrict from now on to the case where M is much lower than all other mass scales
present in the model. In particular, we have Rg > 1, for the string scale to be much heavier
than M. In practice, the lightest states of the model are therefore nothing but the KK modes

propagating along S'(Ry) and they will dominate in the expression of V,. To see this, we

expand 4
% > (_1)a+b+ab9n[i$(_1)a _ 97[7(1)1]2 =16(1+ O(q)),
% 3 5[3]8<_1)£w =1+ 112G+ (—1)°128G + O(F*), (3.23)
= = 3_(1 + 247+ O()),

Fiale-a6-a) =1+ denq + Ofe —me? ™),
where ¢ = €%, In the last line, we take into account the possibility that the internal metric

and antisymmetric tensor appearing in the I'33) and I'6_gq6_q) lattices sit at an enhanced
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symmetry point in moduli space, thus yielding d., additional massless vector multiplets in
the supersymmetric parent theory. Moreover, a moduli-dependent constant ¢ is introduced
to account for the fact that the mass scales introduced by the lattices are heavier than the
supersymmetry breaking scale, i.e. that 1 > ¢ > 1/Ry. By using the following result, valid
for K, M >0,

400 d T 2 3
J I T SR R #)
0 7'21+T K
we obtain d
fd 2 _9rceR
Vo = (nr — 1) 27 RY +0 <R9> c ') (3:25)

where &; is defined in Eq. (2.48]). In the above expression, ng and np are the numbers

massless fermionic and bosonic degrees of freedom, and they satisfy
ng —np = 8((—1)5128 + (—1)¥ 11128 — 248 — d.,). (3.26)

Notice that the dressing coefficient &; in Eq. reflects the fact that their entire KK towers
of states associated to the large circle S'(Ry) contribute significantly. On the contrary, all
other string states yield exponentially suppressed contributions to V. Note that the sign of
Vy can be positive or negative: (£,£') # (1,1) implies ngp — ng < 0, while (£,¢') = (1,1),
den < 8 yields ng — ng > 0.

The expression of V, in Eq. can also be simplified. Applying a Poisson resummation

over my, the lattice of zero modes associated to the Scherk-Schwarz circle can be written in

Hamiltonian form,

2 2
9 g +noT|* o [a+Ey+E"y +no(1+Ey+£'Y) 9+"9R9 %(%*”939)
E _1)™e E
1
where My = mg + 5 l[a+&y+ &9 +ny(1+ £+ ). (3.27)

Applying Eq. 1) for K = Ry_1|mg4_1| and any mass M = /(ngRy)% + - - -, where the
ellipses are positive, one concludes that since Ry > 1, the contributions for ng # 0 are

exponentially suppressed, as compared to those arising for ng = 0. In that case, we may
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write

+oo dT Ter 1 ~2 Rg ’
T ICTAE S D Vi
T2 mq_1#0
1 Z(_ a+b+ab0 Z 0 Z 9—[7'} (_1)5/7/ F(3,3)F(6—d,6—d)
2 & 122t
a,b 7/75/

+ O (e flatio) (3.28)

where we have used the fact that only odd values of mg = kg + 1 contribute, due to

supersymmetry. In fact, Vy given in Eq. (3.22) is nothing but the “missing” my_; = 0 term
of the above dominant contribution of V,. By proceeding exactly as we did for evaluating

Vo, we find

V.= (e — o) £(%52) g + 0(( R)V) (3.20)

where we have defined

a1 1
g > - o (3.30)

Firg_ 1740, o [(2k9 +1)2 + md—1u2] :

Combining Eqgs (3.25) and (3.29)), the final expression in string theory of the energy density
in a universe circular along %~! turns out to be in agreement with the field theory analysis,
when supersymmetry is spontaneously broken by the Scherk-Schwarz mechanism at a low

scale. The finite result isf

1 a

Vo + V* = (np — nB) f(Rd 1) ﬁ + O((R ) ZG—QWCV R3+R31> s (331)
9

which matches with Eq. (2.41)) for ng and np massless bosonic and fermionic degrees of

freedom and their KK towers of modes, up to exponentially suppressed contributions arising

from heavy string states not present in field theory. Hence, the Casimir force can be derived
in both frameworks from Egs. ) and -

4 Casimir effect and hard breaking of supersymmetry

So far, we have analyzed the Casimir effect in the case of a spontaneous breaking of super-

symmetry. We observed that in string and field theory, the force acting on the hyperplane

3Such expressions also appear in the context of cosmological solutions [15H17] or in models with vanishing
effective potential at one-loop [21}22].
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=1 — (0 and generated by the vacuum energy between the two plates is finite,

located at x
and so is the force induced by the vacuum in the infinite space 297! < 0. In the limit of low
supersymmetry breaking scale, as compared to the other scales arising in the string model
(Higgs-like or string scale), the two frameworks yield identical results. Therefore, string
theory is of limited interest in this case, since the field theory approach is technically sim-
pler. However, the situation may be drastically different in models where supersymmetry is
explicitly broken, due to the illness of the definition of the energy density in field theory in

these conditions. As seen in Eq. (2.29) (or in Eqgs (2.30) and (2.50) for the massless case) a

prescription consisting in subtracting the energies associated to two configurations, though

individually divergent, is required to make sense.

To analyse the string theory picture when supersymmetry breaking is hard, we note
that Eq. is valid for both ranges defined in Eq. , which are related by T-duality
Ry — 1/(2Rg). Thus, instead of considering the model of the previous section at large
Ry (and even recovering exact supersymmetry in d 4+ 1 dimensions as Ry — +00), we may
consider the opposite limit, Rg — 0, where the scale of supersymmetry breaking and actually
the mass of the gravitinos are sent to infinity. The gravitini being decoupled from the rest
of the spectrum, explicit and consistent models in d + 1 spacetime dimensions with hard
breaking of supersymmetry may be found this way, provided no tachyons are generated in

taking the limit [5].

In the expressions of Vg, V. and A, given in Eqs (3.17)), (3.18) and (3.10]), let us redefine

My = 2ko + ¢ and ng = 21y + h, where ¢, h € {0,1}, and perform Poisson resummations over
ko and . Including the signs responsible for super-Higgs and the Higgs mechanisms, the

relevant terms are

‘irR2 ~
Rg E 6*?9‘”“3*”97\2(_1>m9a+n9b+ﬁ19n9 (_1)5(m97+n95+m9n9) (_1)5/(m97/+n95/+m9n9)

ng,mo
1 _M kot 2 hy. Il 151 ’
=5 Z 2R, Z o~ Iket S+ (lo+3) \2(_1)g(a+£v+£ V) (1) POHEHEN) (_)gh(IHE+E) (4 1)
h,g lg, kg
_ L N e ke 1 Z(_1)9k9+hig(_1)g(a+5v+£'v')(_1)h(b+55+5'6’>(_1)gh<1+§+s')'
2Ry “— 2
ko,lg h,g

In the limit Ry — 0, the only surviving contribution is for (kg,ly) = (0,0), which yield
1 /

1 h(b+E5+€'8") _ a7,
2_R9 ;5a+§’7+§/7'+h(1+5+5/)70m0d2(_1) (b+e0+E70) = Q—RQCD&I[@}’},}, (42)
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where ®¢¢ satisfies

(1)10[ ] 26a'y5b57

)b (48 (4.3)
¢§€ |:b 5 6,i| = (_1)ab(_1)$[a(5+6 Vb4 )+ (546") (v+ )]

Hence, the total energy in the universe is better understood from a d + 1-dimensional point

d o d Vo= d+1,.70
/d zV R9—>0/d x27r2R9V /d xV°, (4.4)

where we have defined

of view, since

)\tw

Ve =V + Vu(Ra_1) — e
-1

(4.5)

In our notations, the first contribution in Ve is independent of R;_1, while the second does

not,
Y 1 drdm 1 .
Vo = _2(27T)d+1 /F 1+d+1 L'z 6—d6—a) W Z,
4.6)
) e dTQ @ 72 1 . (
V*: 27T d+1/1dT1/ 1+d+1 Z e £ 1F(33)F(6 16-d) ——= Z
2 mq_170 77 77
where we have denoted
n 8 — /18
. 0 1~ 0] 1§~ 0] ,
a+b+ab ) s an
T2 Z n* 2 Z s 92 Z 7 q)fi’[b, s, 5/] . (4.7)
a,b ¥,0 y 8!

Notice that without ®¢¢ included, the above conformal block appears in the partition func-
tion of the parent supersymmetric Eg x Eg heterotic string. Finally, the third contribution

involves

R 1 drdmy
Aw = — I 6—d,6-
t 2(27T)d+1/F 7'21+% (6—d,6—d)

) ,
52;(— yatbtab Z Z Z Gb55’ ‘I)ggf[;’}:g/]-

v (H,G)#(0,0)

(4.8)

To describe the particle content of the conformal block Z which appears in Vo + ]}*, we

introduce the O(2n) affine characters,

B i S At
2mnm 277n ; 2n 277" )
6 O+ ol SN ) 21 A

2nn
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e For £ =& =0, the only effect of ®y is to reverse spacetime chirality, Sg <+ Cg, so that
Z = (Vs = Cs)(Os6 + S16) (O + Si), (4.10)

where “primed” characters refer to those arising from the sums over 7/, ¢’. In fact, this shows
that the model based on background is supersymmetric in both T-dual decompactifi-
cations limits, Ry — +oo and 1/(2Ry) — +oo, with Eg x E{ gauge symmetry. While the
light gravitinos present at large Ry become infinitely massive and decouple in the 2Rg — 0
limit, other gravitinos arising from states winding S*(Ry) are becoming light. As a result,

this case does not yield the hard breaking of supersymmetry we are looking for.

e For £ = 1,¢ = 0, the presence of &y breaks supersymmetry and preserves an SO(16) x Ej

gauge symmetry,
7 = (OgVi6 + VsOi — SsS16 — CsCl6) (Ol + Sie)- (4.11)

However, it also has a dramatic consequence, due to the following sector which contains a
level-matched tachyon, o
Og Vi O 1
e s (4.12)
"ot 0t g
As a result, the model does not define a true vacuum, and the integral form of the energy

density VO is divergent, which does not meet our objectives.
e For £ = ¢ = 1, supersymmetry is broken and the gauge symmetry is SO(16) x SO(16),
Z = Vs(016045 + S16515) — Ss(016S16 + S1604)
+ Os(VisCig + Ci6Vis) — Cs(VigVig + Ci6Cl)-

Moreover, the potentially tachyonic left- and right-moving characters Og and Os¢ being

(4.13)

nowhere multiplied, there are no level-matched tachyon and Ve is finite. Hence, we can
proceed with this consistent model in d 4+ 1 dimensions, where supersymmetry is explicitly
broken [5].

It turns out that Vy is of order 1 and positive when so are the internal moduli (¢ = O(1)

in Eq. 1’ [5,22]. Moreover, expanding in ¢, ¢ the integrand of V., we find that when the

d—1

compact (though external) direction x*~! is large, namely ¢ > 1/R,;_1, the contributions of

the KK towers of modes propagating along %! dominate over all other string states, which

are heavier. To be specific, we find

d

Y, = (np — ng) Jdl + O<Cd—2+1 6_2’“3‘1‘1> , where np —np=8(264 — den), (4.14)
d—1
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and where vy was defined in field theory in Eq. (2.49)). In the above expressions, ng, ng
denote the numbers of massless fermionic and bosonic degrees of freedom, while vy, captures
the contributions of their KK towers of states propagating in the (Z;-modded) spacetime

direction z41.

Notice that V = Vy+ V., reproduces the field theory answer, which is written in Eq. 1}
for a single bosonic degree of freedom, or in Eq. (2.49) for a single bosonic or fermionic degree

of freedom, but with three differences:

e The string theory answer contains exponentially suppressed contributions arising from

the heavy string modes which are not included in field theory.

e The string model with hard breaking we have constructed is in d+ 1 dimensions, rather
than d dimensions in field theory. Actually, starting from a d-dimensional model and then
sending to zero the radius Ry of an internal direction, we end up in string theory with d + 1
spacetime coordinates because of the reconstruction of an external direction from the towers
of winding modes becoming massless. On the contrary, taking Ry — 0 in field theory makes

completely disappear an internal direction already invisible at small but finite Ry.

eV, replaces (in d + 1 dimensions) the divergent integral over the Euclidean momentum
in Eq. (2.26)) (derived in second quantized formalism), or equivalently the term proportional
to &/ R¢ which diverges when Ry — 0 in Eq. (2.49) (derived in first quantized formalism).

In the Casimir effect, as shown in Eqgs (3.19) and (3.20)), the forces per unit area exerted

on the plate at 2! = 7R,;_; from the vacuum located on each sides are
. A(Ry_1V°) - 9(Ry V) . )

Fp =l = )y - Fext = Vo, 4.15

¢ DR, 0 IR, =W (4.15)

and they add to give the final answer

. . . d 241
F =Fint + Fext = (np — nB) Ud;liil + O ¢ 2 6727TCRd71 . (416)
Rd_l Rgfl

This is the analogue of the field theory result, Eqs , , where the forces per unit area
acting on either side of the plate were infinite, albeit with finite sum. Therefore, string theory
provides a more rigorous derivation of the resulting Casimir force when supersymmetry is
not present at all (explicit breaking), to the extent that the forces on either side of each

plate are individually finite.
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5 Conclusion

We have shown that at weak coupling, string theory and quantum field theory yield similar
results for the net force exerted on parallel plates on which all degrees of freedom in the
bulk are imposed vanishing boundary conditions (Dirichlet boundary conditions). To be
specific, the answers are equal, up to exponentially suppressed corrections arising in the
string computation from the heavy string states, which are absent in field theory. The
net force can be derived by subtracting the energies associated with the vacuum comprised

between the two plates, when they are at finite or infinite distance.

In configurations where supersymmetry is spontaneously broken a la Scherk-Schwarz,
both frameworks yield a finite energy density between the two plates, whatever is their dis-
tance. There is no need to subtract energies associated with two configurations to obtain
consistent results. Moreover, if this fact turns out to remain true in string theory when su-
persymmetry is explicitly broken, it is not valid anymore in quantum field theory. Therefore,
it is in this case that the infinite spectrum of the string, with unbounded masses, plays a
major role, as it provides the necessary UV regularization responsible for an absolute energy
to make sense. Thus, it is in this case that string theory provides a more robust derivation

of the Casimir effect, as compared to the usual quantum field theory analysis.

We have derived these results by using a non-standard orbifold action. Whereas Z,
twists of four internal directions are very common in string theory for reducing the number
of supersymmetries, we have considered a Zsy generator G that twists one external compact
direction and three internal coordinates. Moreover, for the two hyperplanes of the external
space fixed by G to behave as “conductive plates”, we have implemented in a way consistent
with modular invariance the projection (1 — G)/2 on the spectrum running in the vacuum-

to-vacuum amplitude at one-loop, which is orthogonal to the usual projector.
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