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ABSTRACT

NOMENCLATURE

A new probabilistic approach is developed to study structures made of spheroidal
graphite cast iron and subjected to very high-cycle fatigue. Until now, the probabilistic
approach was based on S-N curves obtained from experiments carried out only until
107 cycles. To validate this approach, failure predictions relating to the safety of
components are computed and compared to experimental results. In addition to this
development, an extension is proposed in order to improve the very long life assessment
of complex structures. An extrapolation of the previous fatigue results to 10°-10'!
cycles illustrates the error made on cumulative failure probabilities. Finally, the
respective influence of the casting flaw distribution, volume and stress field heterogeneity
within specimens and industrial components is studied.

Keywords very high-cycle fatigue, probabilistic approach, casting flaw distribution,
volume effect, stress heterogeneity effect, surface effect.

4, apg = current and maximum flaw size
A., A, A, = critical, initial critical or threshold flaw size
ag, an = flaw size after 0 or N cycles
B,; = Euler function of the first kind
C, n, m = parameters of the crack propagation law
fo» fv =Initial and current flaw size distributions
g = function modelling the effect of the load ratio
Hf 1, Hg | = stress heterogeneity factors
K., Ky, = critical and threshold stress intensity factors
K iy Kipax = minimum and maximum stress intensity factors
N, N = number of cycles and cycles to failure, respectively
Py, Pg = cumulative failure probability of an element and a structure
R =load ratio
S, = threshold stress
Vs, V =volume of an element and a structure
V% = effective volume
W = positive dimensionless parameter
x., = dimensionless stress
Y = geometric dimensionless parameter
o, f = parameters of a beta function
AK, = effective stress intensity range
o = equivalent stress (e.g. maximum principal stress)
0y = scale parameter
oy = maximum and failure stresses
¢ = function
® = diameter
Qy, Q =volume element, structure
{+» = positive part of

a

maxs



INTRODUCTION

This study is directly related to the efforts made by car
manufacturers to improve the life assessment for safe
components, e.g. suspension arms, which are made of
spheroidal graphite (SG) cast iron and subjected to very
high-cycle fatigue (VHCEF) loadings. The industrial chal-
lenge consists of designing better components that are
also cheaper and manufactured faster. To reach this goal
in the case of safe cast safety components, the lifing
procedures must integrate a fatigue analysis that is
reliable enough to avoid tests and the rejection of
components, i.e. to reduce the time for design, develop-
ment and non-destructive testing after the manufacturing
process. Structural reliability analyses' could be used to
evaluate the fatigue life of cast components. However,
most of the analyses do not account for the actual cause
of failure. In this paper, it is proposed to introduce a
mechanism-based probabilistic model.

This study is a first attempt to justify the use of a
probabilistic approach for the design of such components
up to the gigacycle regime. The fatigue strength of cast
parts is generally reduced by the presence of initial
casting flaws that are more or less randomly distributed
within the material. Under cyclic loading conditions,
microcracks propagate from these initial flaws. Finally,
macrocrack propagation usually takes place first in a
stable and then in an unstable way. However, macrocrack
propagation represents only a negligible fraction of the
life of components subjected to high- or very high-cycle
fatigue loadings. It follows therefore that any approach
used to predict very high-cycle fatigue failure should be
supported by the weakest link theory.? Hence, it is
assumed that the components remain macroscopically
elastic, and that the microscopic evolution of the initial
flaws can be described up to failure by a modified Paris’
law. The observation of scattered results on Wohler
diagrams of SG cast iron confirms the need for a
probabilistic approach.

In this paper, the material properties are first listed
and the framework of the probabilistic approach is then
recalled. Secondly, the failure probabilities depending
upon stress level and initial flaw size distributions within
the components are defined. Thirdly, predictions based
on this probabilistic model are analysed and an extrapol-
ation of this approach to the gigacycle regime is pro-
posed. Finally, so-called DVH effects (where D stands
for flaw size distribution, V for volume and H for stress
heterogeneity)’ are shown.

THE STUDIED MATERIAL

The %wt composition of the ferritic SG cast iron studied
here was: 3.8C, 3.21Si, 0.01Mg, 0.04S and 0.007P with

the remainder ferrite. This material contains less than
5% of pearlite. The main microstructural characteristics
are: mean graphite nodule diameter=17 um, ferritic
grain size = 15-22 pm, mean distance between nod-
ules = 80 um [Fig. 1(2)]. For as-cast components, the
tensile properties are: yield stress =360 MPa, ultimate
strength =490 MPa, elongation = 4%, Young’s modu-
lus = 150 GPa. Figure 1(b) shows typical casting flaws
leading to failure. If these flaws are modelled by cracks
that experience stable propagation, the corresponding

stress intensity factor can be defined by K= Yo Va and

the propagation law by a modified Paris’ law™*

da - . Knnx (R) —K

m =CA <ff with AchfZ githth (1)
¢ g®)

300 pm

Fig. 1 Typical microstructures of SG cast iron. (a) Graphite
nodules in the vicinity of an as-cast surface. (b) A microshrinkage
cavity observed on the fatigue fracture surface of a suspension arm.
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In the case of VHCE, K, . g(R) is close to the threshold
stress intensity factor Ky,, for which the non-propagation
condition is given by K. g(R) < K. "The criterion for
local failure considers that K, = K., and the effective
stress intensity range AKg is positive. By using this
criterion, one can determine a critical faw size a,
associated to a stress level 6y, By integrating Eq. (1),
the number of cycles to failure Ny: is found to be a
function of the initial faw size 4.9, the maximum faw
size sy, the load ratio R, the fatigue limit for a volume
clement with the largest flaw size S, and a function ¢
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When 7 = 2, the function ¢ is expressed as’
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The fatigue behaviour of this material shows scattered
results on Wohler S-N diagrams. For a given load
ratio (R=0.1) and a similar number of cycles to
failure, the failure stress Ievel may vary by a factor of
1.6 for different specimens subjected to  tension
(Fig. 2). Two kinds of flaws can be distinguished by
SEM analysis, viz. degencerated graphite nodules that
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Fig. 2 Tatigue experiments and predicted cumulative failure
probahilities in cyclic tension (R =0.1),

are present at the as-cast free surface [Fig. [(a)], and
microshrinkage cavities that exist within the bulk
material as well as close to the as-cast free surface
[Fig. 1(b)]. Thesc observations justify the use of a
probability density function fy to describe the flaw size
distribution modelled by a beta density”

* Y | 1
ﬁ,(ﬂ)=% with B, = j e—D"de  (5)
Bpaxy 0
where o and f§ arc adjustable parameters, and 4y is the
maximum flaw size 0 € a < ay).

By performing systematic SEM observations of 50
fractured surfaces, the parameters of the flaw size distri-
400 pum,
with 17, = 340 mm*. Conscquently, the microshrinkage
cavitics can be associated with physically short cracks.”
Secondly, the material paramecters of the propagation
law can be identified: C/ay = 5.9 x 1077, Ky /K, = 0.33,

material paramecters were used to evaluate the tension—
compression data obtained on SG cast iron up to 107
cycles to failare. A good agreement was found for test

parameters will be used throughout the present paper,
although it is worth noting that corrosive environments
could lead to other crack propagation parameters in the
vicinity of a free surface® and under complex multiaxial
stress states.” 1n particular, it is well known that a salt-
water cnvironment that cxists in off-shore and near-
shore structures can scriously affect the fatigue resistance
of materials, components and structures, Ilowever, this
aspect of our work will involve a further study that takes
account of the complex loading pattern to which suspen-
sion arms arc subjected.

T'he next scetion is devoted to the definition of the
cumulative failure probability associated with the stable
propagation of initial cracks under cyclic loading con-
ditions. The initial flaws are modelled as penny-shaped
cracks, whose normal is perpendicular to the direction
of the local maximum principal stress.

APROBABILISTICTREATMENT OF FATIGUE
FAILURE

[For the sake of simplicity, only the case of constant load
levels is discussed. T'he stress o, represents the maxi-
mum of an cquivalent stress (e.g. maximum principal
stress) over one loading cycle. We consider an element
Qq of volume V. It contains initial flaws modelled by
penny-shaped cracks of size 24, and randomly distributed
(the initial flaw size distribution is fy). Under cyclic
lvading, the initial density f cevolves with the number
of cycles N to become equal to fy. The cumulative
failure probability P, depends upon fy, and is the



probability of finding flaws greater than 4, after N cycles

oo ] ‘ K‘ 2
P o= _f',\', (/l) da  with a.= (6)
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It is assumed that there is no nucleation ol flaws during
the whole load history: the probability of finding a flaw
size equal to an afrer N cycles is the same as the
probability of finding an inidal flaw ay. By introducing
the initial crack size a,, that becomes critical after N
cycles [see Thq. (3)], Prg can be rewritten as®

M 4o

p[;() = j fE) (//) da (7)
el

Stating that Ny increases is equivalent to saying that the

£ I

eritical flaw size 4. decreases: more and more critical

flaws appear when Np increases. By noting that crack
Pl I £

propagation only occurs when K,,,«g(R) > K., a lower

bound to the cumulative failure probability is given by

[ . . ‘r(lll ‘
Py = J fol@) de with  ny, = [V_} ®)

@il K(R)“m:m
This case corresponds to the limiting condition
Np-— ++oc. lfor a given stress level a,,,,, the value of 4,
denotes the smallest flaw size that is able to propagate.
"T'his allows onc to compute the fatigue limits associated
with the crack propagation law given in the previous
scetion, [Lquations (7) and (8) show that the mostimport-
ant aspect related to failure is the dimension of the right-
hand side tail of the flaw size distribution.

The generalization of the reliability analysis of the
volumne clement © to a complex structure Q of voluine
V' can e obtained by assuming that only flaws initially
present within the material cause the filore of the
structure. In addition, the interactions between flaws arc
neglected. In the framework of the weakest link the.ory,2
the cumulative failure probability P of a structure Q,
for any loading conditions, is related to P by

rp

»]'0 | f In(l = Py ¥ )

Q

Pp=1—uxp

To be eritical, a defect needs to be in the propagation
} and so the weakest link is not

-

> [&Lh
neeessarily the largest defect in the structure, Therefore,

regime (.. K pax
the knowledge of the whole distribution 15 fmport-
ant, especially its right-hand side tail. In  tension—
compression, Llg. (9) becomes

Pr=1—(1—Prg)""® (10)

Thus, according to ligs (7) and (10), a constant cumu-
lative failure probability Py is equivalent to considering
a constant value 4., for a given flaw size distribution

fir. 'This result shows that the crack propagation param-

eters can be identified from the study of one constant
cumulative failure probability (e.g. 50%) in tension—

C()Iﬂ]')]'CSSi() l’\.(l

PREDICTIONS ON SUSPENSION ARMS

Fatigue tests were carvied out on suspension arms with
a mechanical system which allows one to preseribe biaxial
in-plane loading, along two axes X and Y at point C
(Fig. 3). These tests were performed for Renaulc by
CE'TIM, The analysis of the fatigue results again shows
important scatter an the =N diagram (Fig. 4). According
to the obscrvations of failure locations, the initiation
sites are mainly located in the region indicated in Fig, 3,
that is close to the knee joint. By SIEM analysis, the
same classes of flaws were observed as those in as-cast
samples.® As a first approximation, we consider that the

Fig. 3 Contours of maximum principal stress and failure locarion
on suspension arms observed in tests and computations.
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Fig. 4 Predicted constant camulative failure probabilities compared
to experiments carried out on a suspension arm with R=0,1.



relevant flaw size distribution is identical in both cases,
Noting that as-cast and double shot-peened suspension
arms can be mounted on cars, a physical layer at the
frec surface is induced by shot-pecning. During this
process, the degenerated nodules are crushed [Iig. 1(a)]
so that the original nocch effect they induce disappears.

‘1o assess the predictive capacity of the probabilistic
approach, a comparison between fatigue tests carried out
on double shot-pecned suspension arms and results
predicted by the model are now performed. A pro-
gramme, ASTAR, was developed to evaluate the
reliability of components subjected to cyclic loading.
"I'his programme allows one to predict the local failare
probabilities and the global failure probability of a
structure, and integrates the cffects of component
volume, stress ficld heterogencity and flaw size distri-
bution which will be discussed later.

T'he programme ASTAR is used as a postprocessor of
an elastic FE analysis to determine the stress field in
structures: at cach incegration point, the cquivalent stress
is computed (c.g. maximum principal stress). 1o this
cquivalent stress corresponds an initial flaw size 2. for
a given nuinber of cycles to failure Ny, This flaw size is
computed by integration of Eq. (1) through a Newton
method.!’ T'he failure probability Pf., of a finite clement
7 can be caleulated by using a Gauss integration of local
failure probabilitics Pfy, so that Pl depends on the
clement volume F7, the number My ol integration points
for this element and the weight @, associated to cach
Integration point

_ | 7 .
(0 = Pl)=77 3 IIn(l = Pro)*w;] (11)
o o |
where Pl denotes the cumulative failure probability at
point i, computed by using L£q. (7). The failure prob-
ability of the whole structare P is then computed as

Pp=1 —cx])|: S In(t — Pl (12)

j=1

where #, is the number of elements of the structure.
The parameters identified for the flaw distribution
and the propagation law constitute the only information
needed to run ASTAR. TFor a given flaw size distribution,
the constant cumulative failure probabilities of 10 and
90% are drawn on an J/4—Np: plot with £ =0.1 (I'ig. 4).
The experimental fatigue data are reasonably close to
the predicted failure probabilities. By inspection of the
contours of local cumulative failure probabilities, the
most likely sites of failure correspond to those observed
experimentally (sce Iig. 3). These results confirm that
the Aaw location with respect to the stress field is of
utmost importance. T'his means that to be critical a
defect needs to be subjected to a minunum stress level

(such that AK,;>0). Moreover, this calculation rep-
resents a first pessimistic but reasonable approach for
two main reasons: the residual compressive stresses due
to the double shot-peening are not taken into account
and a single flaw size distibution in the suspension arm
(identical to that observed on samples) is considered. In
the next section, an cndurance limit is defined thanks to
an extrapolation to the gigacycle regime by analysing
the evolutions of cumulative failure probabilitics.

EXTRAPOLATION TO THE GIGACYCLE REGIME

Most fatigue tests performed on specimens to identify
Waohler diagrams are designed to reach failure at a number
of cycles close to a maximum of 10 or 20 million. For
components, ¢.g. suspension arms, cxperiments are often
stopped after two million cycles. Hence, the entire endur-
ance limit range is not really well defined.

Extrapolation to 10°-10"" cycles of the results
obtained up to 107 cycles allows onc to determine the
crror made on the fatigue life in the casc of SG cast
iron components, The S-N curves that are plotred
correspond to different small values of cumulative failure
probabilitics and arc extrapolated from the results given
in Ref. [6] and bricfly recalled in the previous scections.
For a given applicd stress @y, the larger Pryg, the larger
the number of cycles to failure. To quantify the error
for cach given Py (0, 0.01, 0.1, 1 and 10%), the
conventional fatigue limit (defined at 107 cycles) normal-
ised by the applied stress is plotted versus the number
of cycles to failure normalised by 107 cycles (Fig. 5).
Considering that for the smallest Py (0%) the error is
as small as 3%, it could be rapidly concluded that in the
casc of the SG cast iron components, performing expens-
ive tests up to 10°=10"! eycles is not necessary. However,
it is worth noticing that crack propagation in the
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Tig. 5 Change in narmalized failure stress with normalized
number of cycles to failure for different cumulative failure
probabilities.



10°-10" cycles regime is very close to the non-propa-
gation threshold. The study of the propagation law in
this regime shows that the stress intensity factor range
is close to zero and that the initial crack size a4 is close
to the non-propagation size a4, [see Eq. (8)].

The effects on the cumulative failure probability £
of the flaw size distribution, the volume of the structure
and the stress heterogeneity within the structure, respect-
ively (or DVI cffects) are discussed in detail in the
following section by considering Egs (8) and (9) in the
VHCF regime.

DVH EFFECTS

The Raw size distribution is very important for specimens

and also for complex structures in VITCE The value of

the parameters of the flaw size distribution really depends
upon the manufacturing process. Fndurance maps will
show how to treat this problem. Besides, in VHCE SG
cast fron behaves like a brittle material. Tor such a
condition, the volume of the structure is also an import-
ant parameter, Lastly, for a complex stucture, some
volume clements are subjected to more or less high
tension while others are subjected to compression, It
follows that a study of the stress ficld heterogencity is
also necessary.

The D effect

For tested specimens, one couple (2,f8) (i.c. one flaw size
distribution) was determined. ITowever, it is most likely
that more than one flaw size distribution is needed to
describe the initial state of a complex component, e.g.
suspension arm, The present probabilistic model allows
one to take account of such a situation.

For a given number of eycles to failure (here N — + a0),
and a constant cumulative failure
0.01%), it is possible to associate a stress level to a
couple (%,f) when the load
endurance maps correspond to constant values of the

probability Pry (e.g.

ratio £ 15 chosen. These
ratio a,,,/Sy, for a given value of Ppy. I'or cach stress
level, a safety boundary can be deawn, Below a curve
representing a given ratio o, /Sy, there is no failure;
above it, there is failure when 3y is equal to 0.01%
(Fig, 6), as the assumed crack propagation law is deter-
ministic, Ilence, the results obtained from fatigue tests
on specimens can he extrapolated to industrial compo-
nents characterized by various flaw size distributions,
"To draw this endurance map, an important coeflicient
is needed: the endurance limit Sy, for a failure prohability
Prg=0%."

old stress intensity Factor Ky, and a threshold flaw size

Uhis last value is directly linked to the thresh-

- Tlie value of S, depends on the material microstrue-
ture. 1t is worth noting that for small flaw sizes (.e.
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Fig. 6 Lndurance map giving different contours of the normalised
SEIEss 7,/ S when Prg = 0.01%. T'he symbol Bl denotes an
experiment.

< 500 pm) the value of Ky, is independent of
> 500 pun),
the value of Kjj, increases with flaw sizes up to a constant
value. ™ Howecever, all cases the Paris’ regime s
obtained” (Fig. 7). Thercfore, the normalizing stress Sy,
will vary with #y; in general situations.

typically #y <
the initial flaw size.! For larger sizes (i.c. ay; 2

4.n

The V effect

In the VHCE regime, the material has a brittle fracturc
appearance. We can suppose that it is governed by the
weakest link assumption.” “Therefore, the higher the
volume, the higher the probability of finding large Maws

stress. This effeet is well
-3

and the lower the mean failure
known for concrete and ceramic materials,'' ™" and can
be gencralised to VIICE of materials whose failure is
due to randomly distributed defects.

This result can be shown by considering a crack
embedded in a semi-infinite space and subjected to
aniaxial cyclic loading. For different diameters of samples

(@) and a given stress level (g, = 350 MPa), [ig. 8
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shows that the higher the volume, the higher the failure
probabilitics for a given number of cycles to failure.
"I'herefore, the geometry, and in particular the volume,
arc very important features for the fatigue behaviour of
complex structures.

The H effect

"The cffect of the loading pattern on the failure prob-
ability is now discusscd. Under the condition that Ppy, « 1
and the flaw size is bounded by ayy, the beta flaw size
distribution can be approximated by

. W ay — ) ,
Jola) = A+l (13)
LAY

The cumulative failure probability of a volume element
becomes

w ‘k;lll Gk
Il"U = /TH [l B (ﬂ':u:n) :| (14)

When the stress level o, 18 close to Sy, Tg. (14) can
be rewritten as

P = ((“umt — x\h>T”+ I
o=

Ty

Sll\ W’ LA+ 1)
o= \g+1

Equation (15) corresponds to a three-parameter Weibull
law, The parameter ff gives the tendency of the initial
flaw distribution for large flaws (i.c. @ = uy). By using
Fg. (13), the failure probability of a structure Q can be
written as

- g o RSN
szl_cxp[_”ﬂ |'|I ((fﬁv 3m>) ' ]’
Fo Oy (16)

O = MaX {(7111;1x ("/[)}
MeQ

(15)

with

with

% 1 <ﬂ.n|\|x(ﬂ‘4) - Sl >ﬂ £
Hiar= G ”[ (o — Sy )ﬁh"l &=

if ap > S.h

a

(17)
where Hj,, is a swess heterogeneity factor which
depends upon the load type and load level. The corre-
sponding elfective volume Vi is given by

Vig=Hy. .V (18)

The effective volume P2y is also dependent on the load
level. In simple cases, c.g. pure tension, this volume is
equal to zero, when gy < Sy, and is equal to V' when
o> Sy The previous results will be applied to rotary
bending (R= —1) of eylindrical samples. In this case,
when oy > Sy, the parameter Hji can be expressed by

Hyy=Hg., |1 ﬂ) o
A S R AR

with ., =

(19)
43
T'he stress heterogeneity factor is a unique parameter
characterizing the effect of loading patterns on the
failure probability. IFor a given volume and defect distri-
bution, the more heterogencous the stress field is, the
lower the probability of finding a eritical defect in the
most loaded area, hence, the lower the stress hetero-
geneity factor |18, (17)) and the failure  probability
[Eq. (16)].

The suspension arm

"The previous results are applied to a suspension arm by
using ASTAR (Ifig. §). In Tig, 6, the grey surface rep-
resents a schematic of the domain of possible flaw
distribution in this structure. By computing the stress
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Fig. 9 Change in normalized effective volume V/T7, with the
failure stress - {or a suspension arm with R=0.1.
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Tig. 10 Comparison of the change in the comulative failure
probability with the failure stress for a suspension arm and a

specimen subjected 1o cyclic tension when K = 0.1,

level at cach integration point of a FI caleulation, it can

be checked whether the endurance limits are reached or
not, In Fig. 9, the combined V and TT effects are raken
into account by computing the cffeetive volume for the

suspension arm. The value of the effective volume

remains close to the volume V4, of specimens tested in
cyclic purc tension (R =0.1). This resalt explains why,
in the VHCF regime, the values of the failure stresses

arce almmost identical in both cases (INig. 10).

CONCLUSIONS AND PERSPECTIVES

From this study, the main results are:

1

TFor the case of suspension arms, predictions are
conservative. "The main reasons for the discrepancies
arve the following: different Aaw populations can be
present in the suspension arms when compared to the
samples; the vesidual stresses are not modelled; the
effeet of the free surface is not accounted for in the
vicinity of the as-cast surface where the graphite
microstructure is  degenerated. When  considering
shot-peening, the /=N curves will be displaced in the
right way hecause the peening effeet allows one to
induce compressive residual stresses which delay erack
propagation,

The extrapolation of lifetimes to 10°=10" cycles based
on results obtained from tests up to 107 cycles shows
that any crror will not be significant even for very
small values of the cumulative failure probability.
The flaw size distribution, volume and stress hetero-
geneity (DVH) effects at very high number of cycles
to failure (VITCF) arc just as significant as in the
HCEFE regime.

1o conclude, endurance maps should be cstablished

for automatic use in the automotive industry. These

maps will help to interpret non-destructive tests, to

improve the manufacturing process and the design pro-

c

ess itself. Therefore, such a lifing procedure could

provide some guidelines on whether to reject or aceept

a

cast component,
Towever, according to microscopic observations, laws

close to the free surface generally lead to failure. The

introduction of microstructural parameters (including

shot-peening parameters) in the propagation law appears

a natural development to the above-presented probabilis-
tic approach for the prediction of the VHCE and HCF
behaviour of cast components.
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