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Abstract.

Plasma transport in magnetized discharges is a long-standing problem because

it strongly depends on instabilities whose properties and influence on the plasma

transport are difficult to predict. A magnetized plasma column is investigated with 2D

PIC simulations in the plane transverse to the magnetic field, at gas pressures between

3 and 12 mTorr and magnetic field intensities between 0 and 40 mT. At high magnetic

field, instabilities develop and rotate in the diamagnetic drift direction. It is shown

theoretically and by simulation that the magnetic field confinement is destroyed by

the instability. Predictive formulas of the main parameters of the instability-enhanced

plasma transport such as the edge-to-center plasma density ratio (or h factor), and

the effective collision frequency are provided and successfully compared with the PIC

simulations.

Keywords: edge-to-center plasma density ratio, low-temperature plasma discharge,

magnetized plasma transport, electron drift instability

Submitted to: Plasma Sources Sci. Technol.

1. Introduction

In low-temperature plasmas, the quasineutral bulk plasma is separated from an

electropositive space charge sheath by a boundary called the pre-sheath region at which

the ions reach the Bohm speed

uB = (kBTe/mi)
1/2 (1)

‡ Email: romain.lucken@lpp.polytechnique.fr
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Saturation of the magnetic confinement in weakly ionized plasma 2

where Te is the electron temperature and mi is the ion mass. This is valid for plasmas

with one ion species, carrying one positive charge [1, 2] and holds even when the plasma

is magnetized, as was reported by experimental and theoretical studies [3, 4]. The

Bohm criterion however needs to be modified when doubly charged ions and negative

ions are taken into account [5]. In an isothermal plasma, the electron temperature at

steady-state is driven by the particle balance equation

ngKiz(Te)

˚
V

ndV =

‹
S

ΓidS (2)

where ng is the neutral gas density, assumed uniform, Kiz is the ionization rate, Γi is

the local ion flux, and S and V are the discharge surface and volume respectively. By

neglecting ionization in the sheath region, which is valid due to the low electron density,

and neglecting the sheath thickness, the ion flux leaving the plasma is the same as the

ion flux at the sheath edge, such that

Γi = nsuBn (3)

where ns is the local plasma density at the sheath edge and n is the unit surface vector

of the wall, pointing outwards. Introducing the maximum plasma density n0, that is

usually located at the discharge center, the mean normalized plasma density

ñ =
1

V

˚
V

n

n0

dV (4)

and the quantity

h =
1

n0S

‹
S

nsdS =

‚
S

Γi · dS

Sn0uB
(5)

that is the edge-to-center plasma density ratio, or pre-sheath drop, the particle balance

equation (2) is

ñνizV = huBS (6)

where the ionization frequency

νiz = ngKiz (7)

is introduced. If the ionization rate Kiz is well characterized as a function of the electron

energy and if the h factor dependency is known with the discharge parameters such as

the dimensions, the pressure, and the magnetic field, then the electron temperature,

which can be seen as an eigen value of the system, is determined by the numerical

solution of Eq. (6). In a weakly ionized plasma, if the h factor does not depend on

the maximum plasma density n0, the particle balance equation becomes completely

decoupled from the power balance equation. Therefore, for many applications, such as

microelectronics, thin films and gridded ion thrusters [6, 7], all the transport physics

is contained in a correct prediction of the h factor. The non-magnetized theory was

investigated historically by Tonks and Langmuir [8] at low pressure, Schottky at high

pressure [9] and by Godyak in the 1980’s for the intermediate pressure regime. Analytical
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Saturation of the magnetic confinement in weakly ionized plasma 3

expressions of the h factor were determined for each regime of pressure [10], such that

general heuristic formulas can now be used for industrial applications and experiments

[11, 12]. Recently, the authors have proposed a heuristic formula for the h factor in

two-dimensional (2D) non-magnetized plasma [13]

h0 = 0.55

[
3 + 0.5

L

λi
+ 0.2

Ti
Te

(
L

λi

)2
]−1/2

. (8)

When double charge ions or negative ions are included, this formula needs to be revisited

[14], and it also needs to be adapted for high density plasmas where gas pressure

inhomogeneity becomes important [15, 16].

The theory of magnetized transport in low temperature plasmas was revisited by

Fruchtman et al. [17], Curreli and Chen [18], and Sternberg and Godyak [19]. Only the

paper by Sternberg and Godyak has proposed an expression of the h factor in magnetized

plasmas in cylindrical coordinates, with a formula that branches heuristically the non-

magnetized case to the highly magnetized situation. However, the fluid model used

in this paper does not allow to account for the unstable behavior of the plasma such

that the applicability of the analysis is limited to low to intermediate magnetic field

intensities.

The 2D particle-in-cell / Monte Carlo (PIC / MCC) simulations presented in this

paper have revealed strong instabilities that play a crucial role in the plasma transport

in a two-dimensional (2D) magnetized plasma column. The transition from the classical

regime to the Bohm regime and beyond is investigated, and general formulas of the

effective collision frequency and h factor are proposed. Investigating the instability-

enhanced plasma transport can also provide the fluid simulation community with plasma

transport coefficients that are more correct and more physically grounded than classical

or Bohm transport coefficients for simulations on longer time scales.

In Section 2, the PIC simulation model of a magnetized plasma column is described

in detail. The simulation results of a parametric study with the magnetic field and the

pressure will be presented in Section 3. Section 4 focuses on a theory of instability

enhanced plasma transport that is compared to the simulation results.

2. PIC model of a magnetized plasma column

The simulation code used here is an electrostatic PIC code called LPPic developed

internally since 2014 for the simulation of low-temperature, low-pressure plasma

discharges with noble gases, in particular for plasma propulsion applications [20, 21, 22].

The grid is structured with square cells, the statistical weight of super-particles is

fixed, and the neutral gas is treated as a uniform background of constant temperature.

Poisson’s equation is solved using the Hypre solver with the potential fixed to 0 at the

walls, which corresponds to ideal conducting walls. The particle pusher uses the classical

leap-frog Boris scheme [23].
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Saturation of the magnetic confinement in weakly ionized plasma 4

We have used a realistic kinetic scheme of an argon discharge with cross sections

coming from the LXCat database. Elastic scattering as well as three excitation reactions

between electrons and neutrals are included. Moreover, ions react with neutrals through

elastic scattering and charge-exchange collisions, and the discharge is sustained by self-

consistent electron-impact ionization. All electron-neutral processes (elasic scattering,

excitations, ionization) use the Biagi database [24], while ion-neutral processes come

from the Phelps database [25, 26]. The simulation is initialized with a uniform

quasineutral plasma. The gas density and temperature are assumed to be uniform

in space and constant in time, which is a reasonable assumption for weakly-ionized

plasmas. The gas temperature is always fixed to 300 K and the gas density is controlled

by the pressure. All the reactions between the background gas and the charged particles

are computed in an MCC subroutine at each simulation time-step [27].

As illustrated in Figure 1, we simulate a 2D cut of a magnetized plasma column

with a square cross section. The coupling to external power sources is simplified and

we assume that the heating electric field has a uniform amplitude across the discharge

[28, 13]. The amplitude of the electric field Eheating is such that the power density

absorbed by the electrons is equal to the input parameter Pabs:

fRF
lxly

t+TRFˆ

t

¨
Eheating · je dx dy dt = Pabs (9)

with

Eheating = E0 cos(2πfRF t) ez (10)

where fRF = 1/TRF = 13.56 MHz is the angular frequency of the antenna. Hence, while

the x and y components of the electric field result from the solution of the Poisson’s

equation in the simulation plane, the z component of the electric field only represents

the sinusoidal heating electric field that accelerates the electrons at radio-frequency

(RF). The magnetic field is also along the z direction and its amplitude is uniform, such

that the coupling between the external circuit that generates the magnetic field and the

plasma is neglected.

Most simulations were performed with between 50 and 150 super-particles per cell

at the discharge center and one simulation was performed with 600 particles per cell in

the discharge center, with a discrepancy of less than 3% on all the macroscopic discharge

properties (ne, Te, and the h factor) compared to the case with 4 times fewer super-

particles. The main simulation parameters are summarized in Table 1, and the typical

length and time scales are presented in Tables 2 and 3 respectively. The time-step is

3.3×10−11 s and the cell size is 75 µm, such that the Debye length and the electron plasma

frequency are correctly resolved, and the Courant-Friedrichs-Lewy (CFL) condition is

satisfied for 98% of the electrons for a temperature of 5 eV.

A steady-state is reached for the mean electron energy and plasma density in 15 to

30 µs. At steady-state, the amplitude of the heating electric field remains constant and

Page 4 of 27AUTHOR SUBMITTED MANUSCRIPT - PSST-102990.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Saturation of the magnetic confinement in weakly ionized plasma 5

  

Figure 1: Sketch of the simulated system: a square magnetized column in the plane

perpendicular to the magnetic field with an axial heating electric field.

Neutral gas pressure pn 3.0, 6.0, 12.0 mTorr

Absorbed power Pabs 9.6 kW/m3

Discharge size lx = ly 30 mm

Ion temperature at reinjection Ti 300 K

Neutral gas temperature Tg 300 K

Transverse magnetic field B 0− 40 mT

Frequency of the heating E field fRF 13.56 MHz

Cell size dX 75 µm

Time step dT 3.3× 10−11 s

Mean number of particles per cell Npart/cell 50− 400

Simulation time for 1 run Tsimu 12− 24 h

Physical time Tphys 27 - 98 µs

Number of CPUs NCPU 220

Table 1: Main physical and numerical input parameters of the 2D PIC simulation.
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Saturation of the magnetic confinement in weakly ionized plasma 6

[mm]

Typical wavelength , λ 0.6− 3

Ion Debye length , λDi 7− 14× 10−3

Ion mean free path , λi 6− 24

Thermal ion Larmor radius , ρi 5−∞
Electron Debye length , λDe 0.08− 0.2

Electron mean free path (elastic) , λe 30− 120

Thermal electron Larmor radius , ρe 0.4−∞
Discharge sizes , lx = ly 30

Cell size , dX 0.075

Table 2: Characteristic lengths of the system, in mm.

Frequencies [Hz]

Drift wave , ω/2π 1− 10× 106

Electron impact ionization , νiz 1− 7× 104

Ion collision , νi 1− 4× 104

Ion cyclotron , ωci/2π 0− 8× 103

Ion plasma , ωpi/2π 0.5− 1× 107

Electron elastic collision , νe 0.5− 2× 107

Electron cyclotron , ωce/2π 0− 1× 109

Electron plasma , ωpe/2π 1− 2× 109

RF heating antenna , fRF 1.356× 107

Sampling frequency , 1/(NAdT ) 0.3− 1× 107

Time resolution , 1/dT 3× 1010

Table 3: Characteristic frequencies of the system, in Hz.

is between 100 and 700 V/m. The convergence time and the steady-state electric field

amplitude depend on the pressure and the magnetic field.

3. Magnetic field effects on plasma equilibrium

3.1. Theoretical background

The first thorough study of the effect of the magnetic field on a plasma discharge was

performed by Bohm in the 1940’s [1]. When the Larmor radius of the electrons is smaller

than the size of the plasma chamber, the electrons are trapped with a gyration motion

around the magnetic field lines. Typically, in an argon discharge with a magnetic field

of a few tens of milli-Tesla, the electron Larmor radius is a fraction of a millimeter. On

the contrary, the ions are only weakly magnetized for this range of magnetic fields and

for a discharge chamber of a few centimeters. At low magnetic field, due to their higher
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Saturation of the magnetic confinement in weakly ionized plasma 7

mobility, the electrons tend to leave the plasma faster than the ions, which creates a

positive space charge, that in turns generates a space charge electric field E that prevents

the electrons from leaving the plasma and accelerates the ions towards the walls. As

will be seen, this feature remains at high magnetic field.

We assume quasineutrality in the plasma bulk. The momentum conservation

equations for electrons and ions are respectively

− kBTe
∇n
n
− eE− eve ×B−meνeve = 0 (11)

and

− kBTi
∇n
n

+ eE + evi ×B−miνivi = mivi · ∇vi (12)

where νe,i are the momentum transfer collision frequencies and ve,i are the fluid

velocities, for electrons and ions. the inertia of the electrons is neglected because their

fluid velocity is always smaller than their thermal velocity in the plasma bulk. The

particle conservation equations are

∇ · (nve) = ∇ · (nve) = nνiz (13)

In general, this equation does not imply that the electron and ion fluid velocities

are equal, especially at low magnetic field where the electrons tend to go to higher

electrostatic potential regions whereas the ions accelerate to the walls. At high magnetic

field, the electrons cannot go freely to higher potential regions. Experimental and

numerical studies [29, 30] have shown that the plasma behavior is mainly ambipolar

when the electrons are strongly magnetized, which means that ion and electron fluxes

towards the walls are locally equal.

The analytical description of a magnetized plasma in 2D is quite challenging, even

in an ideal situation where the plasma is stable. We propose here a 1D model that can

capture the main variables of the problem (except of course the aspect ratio). Let us

assume that the potential and the density depend only on the variable x, and that ion

and electron species can both drift in the y direction. In this case Eq. (13) implies that

the x component of the fluid velocities of ions and electrons are equal.

ve,x = vi,x = v (14)

and the electric field is only in the x direction

E = E(x)ex (15)

The projections of Eqs. (11) and (12) become respectively

− kBTe
n′

n
− eE −meνe(1 + η2

e)v = 0 (16)

and

− kBTi
n′

n
+ eE −miνi(1 + η2

i )v = mivv
′ (17)
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Saturation of the magnetic confinement in weakly ionized plasma 8

where the primes denote the derivative with respect to space and

ηi,e =
eB

mi,eνi,e
(18)

are the Hall parameters for ions and electrons. Summing Eqs. (16) and (17),

− n′

n
− v

D
=
vv′

u2
B

(19)

where

D =
kB(Te + Ti)

meνe(1 + η2
e) +miνi(1 + η2

i )
(20)

is the ambipolar diffusion coefficient of magnetized plasma, and the Bohm speed takes

the general expression uB = [kB(Te + Ti)/mi]
1/2. Usually,

miνi � meνe (21)

such that the ions ”dominate” the transport at low magnetic field and the electrons

”dominate” the transport at high magnetic field, even when the ions are magnetized.

Moreover, the 1D continuity equation (13) is

n′

n
+
v′

v
=
νiz
v

(22)

which leads to the simple differential equation(
1− v2

u2
B

)
v′ = νiz +

v2

D
(23)

In general, the ionization and collision frequencies depend on the location inside

the discharge. However, we have assumed a uniform electron temperature and an

electron thermal velocity larger than the fluid velocity (which is lower than the Bohm

velocity), so the electron momentum transfer collision frequency and the electron impact

ionization frequency can indeed be assumed uniform. Assuming a constant cross section

(σi ≈ 1 × 10−18 m2 for argon), the ion momentum transfer frequency depends on the

mean absolute velocity of the ions. At high pressure or close to the discharge center, this

velocity is of the order of the ion thermal velocity but as the pressure decreases or when

the position treated is close to the sheath edge, the typical ion velocity is close to the

fluid velocity, typically of the order of the Bohm speed, that is much higher. The case

where the ion collision frequency is driven by the fluid velocity was treated by Godyak

[10]. It was shown in a former publication that a constant ion velocity depending both

on ion and electron temperatures can account correctly for the transport phenomena,

at least in the non-magnetized case [13]. Therefore, the assumption is also made that

the ion collision frequency is constant throughout the discharge, and Eq. (23) can be

integrated (
1 +

νizD

u2
B

)
arctan

[
v

(νizD)1/2

]
− (νizD)1/2

u2
B

v =
(νiz
D

)1/2

x (24)
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Saturation of the magnetic confinement in weakly ionized plasma 9

It was also shown [13] that equations of the form of Eqs. (22) and (23) lead to

h =

(
1 +

u2
B

νizD

) 1
2

(
1+

νizD

u2
B

)
(25)

that only depends on the quantity
u2B
νizD

. However, this quantity depends on the ionization

frequency which is very sensitive to the electron temperature, which makes Eq. (25) not

so useful. Using Eq. (24) at the sheath edge x = l/2

f

(
uB

[νizD]1/2

)
=
uBl

2D
(26)

where

f(x) =

(
1 +

1

x

)
arctan(x)− 1 (27)

Equation (26) is the equation for the electron temperature and can be inverted

numerically. As illustrated in Figure 2, this yields an estimate of the h factor as a

function of uBl/D. We have shown that the h factor depends only on the parameter

uBl/D. Moreover, the solid black curve of Figure 2(b) can be fitted by

h =

[
exp(1) +

uBl

D
+

(
uBl

πD

)2
]−1/2

(28)

with a relative mean square error of 1.3%. This expression is much more general than

the heuristic formulas provided in former publications [11, 12], since it contains the

effects of the magnetic field, the ion temperature, and ion and electron collisions. If the

magnetic field is absent, the low pressure and high pressure limits that are well known

in the literature are satisfied. They are identical to the asymptotes plotted in Figure 2.

However, the second term of Eq. (28) is not to be confused with the intermediate pressure

regime of Godyak, since this term comes from a fit of the numerical solution of Eq. (26),

with a constant ion collision frequency.

At high magnetic field, D is very small and so is the h factor. This means that the

particle losses to the walls should be very small and the electron temperature should

drop.

3.2. Simulation results

Already earlier than Bohm, it was found that collisions were not the right mechanism

to describe the transport of the electrons away from the magnetic field lines where they

are trapped. The high frequency oscillations in random directions are responsible for

local electric fields that generate drifts pushing the electrons to the discharge walls. This

effect was first described qualitatively by experimentalists [1]. In a paper by Yoshikawa

and Rose [31] it is assumed that the direction of plasma oscillations is random and that

the relative density fluctuations do not depend on the magnetic field at strong magnetic
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Saturation of the magnetic confinement in weakly ionized plasma 10
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Figure 2: (a) Numerical solution of Eq. (26). (b) Curve of the h factor using Eq. (25).

field. Under these conditions, the diffusion coefficient is inversely proportional to the

magnetic field, which seemed in reasonable agreement with experimental observations.

The conclusion of these former works is that the effective Hall parameter for the elec-

trons should saturate at a value that is of the order of 10 or 100. The value of 16 is

often used in the literature [31, 12].

In Figure 3(a, b, c), the time averaged (such that the effect of the instability is

not visible) electron density is shown as a function of x, in the middle of the discharge

(y = l/2 = 1.5 cm) for many values of the magnetic field and the pressure. At low

magnetic field, the electron density increases with the magnetic field, and then seems to

saturate. Moreover, the shape of the profile is not much affected, and the typical cosine

profile seems to be a reasonable solution. The electron temperature profiles are shown

in Figure 3(d, e, f). The assumption that the electron temperature is uniform in the

bulk plasma seems to be satisfied. The electron temperature first decreases with the

magnetic field, which is in agreement with the classical theory presented above, and then

saturates to a certain value that weakly depends on the pressure. When the magnetic

field is above 30 mT, fluctuations are visible in the electron temperature. According to
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Saturation of the magnetic confinement in weakly ionized plasma 11

Eq. (6), the fact that the electron temperature saturates at high magnetic field is a hint

that the h factor, and therefore the diffusion coefficient have minimum values, whatever

the magnetic field.

Figure 4 shows the electric currents collected along the bottom wall of the simulation

domain due to electrons (negative currents) and ions (positive currents) for various

simulation runs at 6 mTorr. The ion current features a cosine shape that recalls the

density profiles of Figure 3. The ion current is remarkably constant with the magnetic

field. The magnetic confinement tends both to increase the plasma density and to reduce

the ion speed at the sheath edge because the electron temperature decreases. These two

effects seem to cancel out in the ion flux. This unexpected feature could be subject to

further investigations. The profiles of electron currents are much more complex. First,

the mean electron current on one wall is always exactly opposite to the ion current,

which ensures that the plasma has reached a steady-state. At low magnetic field, we

could find the same patterns as in previous works [30, 13]. In the high pressure limit

with no magnetic field, one could show that the electron flux should be uniform along

the wall, except near the corner where the sheath is distorted. At high magnetic field,

the electrons rotate in the azimuthal direction. The mean motion of the particles is in

the E×B direction, while the electron fluid current is in the direction of the diamagnetic

drift. It can be shown that the electron flux at the wall is locally equal to the ion flux,

which is equivalent to the ambipolar condition found in former publications [30, 29]. In

between these two asymptotic regimes, the electrons are magnetized but they do not yet

dominate the transport process, such that the electron flux is distorted with surprising

patterns that look like stationary waves.

The 2D maps of the normalized density are plotted in Figure 5 for various values

of the pressure and the magnetic field. The instability seems to play an important role

in the discharge aspect only when the magnetic field is higher than a certain threshold

that depends on the pressure. Once the threshold is passed, the 2D density profiles

are more and more distorted by the magnetic field, with more complex structures that

develop mainly in the azimuthal direction.

4. Theory of instability-enhanced transport

4.1. Electron drift instability

It was shown in a previous publication [32] that the instability observed in the present

simulations is a resistive drift instability [33, 34] that propagates in the direction of the

electron drift, and is destabilized by collisions when the electron drifts satisfy

vd
‖vd‖

· (vd + vE×B) > uB (29)

where vd and vE×B are the diamagnetic and the E ×B drifts. The diamagnetic drift

vd =
∇p×B

enB2
(30)
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Figure 3: Curves of the time-averaged electron density (a, b, c) and the electron

temperature (d, e, f) at y = 1.5 cm. The density is averaged over at least 5 µs of

simulation while the electron temperature is only averaged over NA dT ≈ 0.1 µs.

is the contribution of the pressure gradient, and the E ×B drift is

vE×B =
E×B

B2
. (31)

The instability is close to an ion acoustic mode when the wavelength is greater than

the thermal electron Larmor radius, and saturates to the ion plasma frequency for high

wavenumbers. We note here that the ions are accelerated from zero velocity at the

center to the Bohm speed at the sheath edge. The magnetized electrons follow the ions

to the walls to keep the space charge limited. The transport is ambipolar in 1D, but not

necessarily in a 2D discharge. However, the averaged electron flux to the wall is equal
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Figure 4: Currents of electrons (bottom, negative) and ions (top, positive) collected

at the bottom wall of the simulation (y = 0 cm) and averaged over at least 5 µs of

simulation.

to the Bohm flux

ΓB = nsuB (32)

where ns is the mean plasma density at the sheath edge. Since the bulk plasma is

quasineutral, this implies that the electron velocity at the sheath edge is of the order of

the Bohm speed. The drift velocity at the sheath edge is of the order of ηeuB, such that

instability critrerion (29) is satisfied as soon as ηe > 1. The plasma unstable behavior

leads to an effective collision frequency νeff in the direction of the instability [32].

When the electrons are magnetized but the electric field is not too strong, the

plasma is unstable only in the pre-sheath region. As the magnetic field increases, the
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Saturation of the magnetic confinement in weakly ionized plasma 14
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Figure 5: Normalized density map for 21 LPPic simulation runs after instability

saturation for various values of the pressure (vertical axis) and the magnetic field

(horizontal axis).

drift velocity of the electrons also increases at any point of the discharge, and the

instability penetrates inside the plasma bulk. The instability can be studied using the

azimuthal component of the electric field in polar coordinates, as illustrated in Figure 7.

The instability pattern is very clearly visible and the wave amplitude increases with the

magnetic field.

Let us assume that the pressure gradient and the electric field are collinear, which

is observed in the PIC simulations with a good level of accuracy

vd = − p′

enB
ey (33)

vE×B = −Eey/B (34)

with E > 0 the local electric field and p′ < 0 the pressure gradient. The drift velocity

vy is related to the axial velocity through the Hall parameter ηe

vey = ηevex. (35)

Since

veyey = vd + vE×B, (36)

ηevex = − p′

enB
− E

B
(37)

which implies

E = − p
′

en
− meω

2
cevex

eνeff

(38)
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Saturation of the magnetic confinement in weakly ionized plasma 15

where ωce = eB/me is the electron cyclotron frequency.

Since the electron pressure is

p = nkBTe (39)

for an isothermal system,

− p′

en
=

Te[V]

L
(40)

where L = ns/n
′
s is the density gradient length, which is of the order of the system size.

L can vary with the magnetic field but as illustrated in Figure 3(a, b, c), the shape of the

curve remains close to a cosine shape at high magnetic field, such that these variations

can be neglected as a first approximation.

Figure 6 shows the curves of the temporal average of the x component of the

electric field at y = 0 for magnetic fields varying from 0 to 30 mT. We observe three

characteristics:

• The electric field always points towards the wall ;

• it decreases with the magnetic field in the plasma bulk ;

• and it becomes one order of magnitude lower than the pressure term at high

magnetic field.

At the sheath edge, vex = vix = uB, and the electric field satisfies

E ≈ Te[V]

L
− meω

2
ceuB

eνeff

> 0 (41)

When the magnetic field initially increases from zero, the instability does not play

a great role in the plasma transport and the effective collision frequency is of the order

of the classical electron momentum transfer collision frequency νe. The electric field

decreases until it becomes much smaller than each of the two terms of the right-hand

side (RHS) of Eq. (38). To ensure that the space charge electric field remains positive

at high magnetic field, the effective collision frequency has the following asymptote

νeff ∼
ωce→∞

νB = L(me/mi)
1/2ω2

ce/vTe (42)

where vTe = (kBTe/me)
1/2 is the electron thermal velocity.

Since the gradient length and the electron temperature seem quite stable with the

magnetic field according to the PIC simulation, νB should scale as ω2
ce, for given pressure

and geometry.

4.2. Upper bound for the effective Hall parameter

It was shown that the electron drift velocity in the y direction is always in the direction

of the diamagnetic drift and smaller than the diamagnetic drift velocity. Moreover, at

high magnetic field, the electric field is neglected and the drift velocity is approximately
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Figure 6: Time-averaged profiles of the x component of the electric field at y = 0 for

various values of the magnetic field, at 3 mTorr (a) and 12 mTorr (b).
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Figure 7: Snapshots of the azimuthal electric field in polar coordinates. Simulations

were run at 3 mTorr of gas pressure.
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Saturation of the magnetic confinement in weakly ionized plasma 17

equal to the diamagnetic drift. We found in the PIC simulation that the diamagnetic

drift was always smaller than the electron thermal velocity.

ηevex < vTe (43)

In the sheath, the ion flux remains equal to the electron flux, at least on average, and

the electron density drops more rapidly than the ion density. The electron fluid velocity

is therefore typically higher than the ion velocity in the sheath.

vix < vex (44)

Therefore,

ηe <
vTe
vix

(45)

As illustrated in Figure 8(a), the electron drift velocity is indeed always smaller than

the electron thermal velocity, and gets very close to it at the wall, and for high values

of the magnetic field. At moderate magnetic field, the density gradient and the space

charge electric field terms are so strong in the sheath that electrons can be described

with a Boltzmann factor. Using an isothermal sheath model, the electrostatic potential

drop in the sheath is then [12]

φs =
kBTe

2
ln

(
mi

2πme

)
(46)

The ions enter the sheath at the Bohm speed and are then accelerated by the sheath

potential φs such that their velocity at the wall is

vix,w = uB

[
1 + ln

(
mi

2πme

)]1/2

(47)

This yields

ηe < ηc1 =

 mi

me

[
1 + ln

(
mi

2πme

)]


1/2

(48)

For argon,

ηc1 ≈ 84 (49)

At a given pressure and with a given geometry, the effective Hall parameter has hence

a finite upper bound ηc when varying the magnetic field such that

ηc < ηc1. (50)

Figure 8(b) shows the Hall parameter measured in polar coordinates in the PIC

simulations at 3 mTorr for various magnetic field strengths:

ηe =
〈Γeθ〉
〈Γer〉

(51)
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Figure 8: (a) Profiles of the y component of the time-averaged electron fluid velocity vy
along x for y = 0. (b) Effective Hall parameter measured with Eq. (51) as a function of

the radial coordinate. The simulations are performed at 3 mTorr

where Γer and Γeθ are respectively the radial and azimuthal electron fluxes in polar

coordinates, and 〈·〉 denotes the average in time and along the θ coordinate. At low

magnetic fields, the Hall parameter is almost constant across the discharge, except near

the sheath edge, where it decreases due to corner effects. It reaches a maximum for a

magnetic field of about 10 mT and then decreases. At strong magnetic field, the Hall

parameter features a minimum for a distance from the center r between 6 and 10 mm.

It is 3 to 4 times higher at the sheath edge than at the minimum. For values of r

between 3 mm and 12 mm, the variations of the hall parameter with respect to its mean

value are within 62%. The instability penetrates inside the plasma as the magnetic field

increases, such that the Hall parameter near the center actually keeps increasing up to

20 mT. At 40 mT, the Hall parameter has become flatter because almost all the domain

is affected by the instability. In the following, we will neglect the spatial variations of

the Hall parameter and for each value of the pressure and the magnetic field, the mean

Hall parameter is measured as the spatial average between r = 3 mm and r = 12 mm.

When the magnetic field is varied, it reaches a maximum ηc of approximately 0.72 ηc1 in

the 3 mTorr case and 0.37 ηc1 in the 12 mTorr case, such that inequality (48) is always

satisfied.
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Saturation of the magnetic confinement in weakly ionized plasma 19

4.3. Theory of the magnetized plasma transport in the high magnetic field limit

In this subsection, a 2D model of the magnetized plasma transport is proposed

with distinct transport coefficients in the directions parallel and perpendicular to the

instability wavevector. Although a general solution of the 2D transport of a magnetized

quasineutral plasma is difficult and theoretical considerations are often limited to the

1D case, the highly magnetized case where the electric field is negligible and where

the electrons completely ”dominate” the plasma transport does have a solution. This

situation was already investigated by Sternberg et al. [19] in the stable 1D axisymmetric

case. In 2D, the steady-state electron momentum conservation equations are

−ωceΓey − v2
Te∂xn− νxΓex = 0 (52)

ωceΓex − v2
Te∂yn− νyΓey = 0 (53)

where Γe = nve is the electron flux, ωce = eB/me is the electron cyclotron frequency,

and νx/y are the effective collision frequencies in the x and y directions. The latter

represent both the electron-neutral collisions and the influence of the instability in the

electron momentum conservation equation, in particular through the correlation term

〈n1E1〉 [35]. Similarly to the Hall parameter, νx and νy are assumed constant in space.

Equations (52) and (53) yield:

Γex = − v2
Te

ω2
ce + νxνy

(νy∂xn− ωce∂yn) (54)

Γey = − v2
Te

ω2
ce + νxνy

(νx∂yn+ ωce∂xn) (55)

The steady-state continuity equation ∇ · Γe = nνiz leads to

νy∂
2
xn+ νx∂

2
yn = −(ω2

ce + νxνy)
νiz
v2
Te

n. (56)

Using Schottky’s boundary condition (n = 0 at the walls) [9], we obtain

n = n0 cos (πx/lx) cos (πy/ly) (57)

where n0 is the plasma density at the discharge center. The electron temperature

equation is found from Eq. (56) to be

π2v2
Te(νy/l

2
x + νx/l

2
y) = νiz(ω

2
ce + νxνy). (58)

Therefore, the electron flux at the walls is

Γex(x = ± lx
2
, y) =

πn0v
2
Teνy

(ω2
ce + νxνy)lx

cos

(
πy

ly

)
(59)

Γey(x, y = ± ly
2

) =
πn0v

2
Teνx

(ω2
ce + νxνy)ly

cos

(
πx

lx

)
. (60)
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Saturation of the magnetic confinement in weakly ionized plasma 20

The local electric fields created by the instability are expected to push the electron in

the E ×B direction [1]. In order to take into account the instability-enhanced collision

frequency, we propose the heuristic formula

νeff = (ν2
e + ν2

B)1/2 (61)

For each section of the wall, the anisotropic collision frequency is either νeff (Eq. (61))

when the instability is parallel to the wall, or νe when it is perpendicular to it. Since at

steady-state, the total current leaving the plasma is null (
‚
S

Γi · dS =
‚
S

Γe · dS), the

h factor of the discharge defined by Eq. (5) is

hB =
(mi/me)

1/2vTe(νe + νeff)

(ω2
ce + νeνeff)(lx + ly)

(
ly
lx

+
lx
ly

)
(62)

which reduces to

hB =
vTe(νe + νeff)

(ω2
ce + νeνeff)l

(
mi

me

)1/2

(63)

for a square (lx = ly = l). The minimum h factor is therefore

hm =
vTeνB
ω2
cel

(
mi

me

)1/2

(64)

which corresponds to the high magnetic field limit of Eq. (63).

4.4. Classical ion-electron transport transition at h0 = hB

At high magnetic field, the global particle balance equation is

ñνiz = 4hBuB/l (65)

where ñ = (2/π)2 is the 2D mean normalized electron density. Replacing νiz in the

electron temperature equation (58),

lω2
chB(me/mi)

1/2 = vTe(νe + νeff) > 2vTeνe (66)

Hence,

ω2
ce >

2νevTem
1/2
i

lh0m
1/2
e

(67)

where h0 is the non-magnetized h factor (given for example by Eq. (8)) and where we

have used the fact that h0 > hB (the magnetic field does not enhance the transport

in any case). The RHS of this inequality (67) represents the magnetic field at the

transition from the low magnetic field regime dominated by the ions to the high magnetic

field regime where the electrons drive the plasma transport, whatever the role of the

instability. In terms of electron Larmor radius, this transition translates into

ρ2
L,ion/elec =

h0

2
(me/mi)

1/2lλe (68)

where λe is the electron mean free path.
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Saturation of the magnetic confinement in weakly ionized plasma 21

4.5. Classical / instability-enhanced transport transition at νe = νB

According to Eq. (61), the effective Hall parameter ηe satisfies

1

η2
e

=
ν2
e

ω2
ce

+
ν2
B

ω2
ce

(69)

Using the definition of hm (Eq. (64))

1

η2
e

=
ν2
e

ω2
ce

+
h2
ml

2meω
2
ce

miv2
Te

(70)

We have seen in the simulation that the electron temperature does not vary much

with the magnetic field, especially when the transport is dominated by the instability.

Since 1/ηe has a lower bound 1/ηc that is strictly positive, hm is in turn strictly positive.

Consequently, the derivative of Eq. (69) with respect to the magnetic field, with constant

vTe and νe, is:
d

dωce

(
1

η2
e

)
= −2ν2

e

ω3
ce

+
2h2

ml
2meωce

miv2
Te

(71)

The maximum Hall parameter is hence reached for a magnetic field corresponding to

ω2
c0 =

νevTem
1/2
i

hmlm
1/2
e

(72)

which yields a critical electron Larmor radius

ρ2
L,stable/unstable = hm(me/mi)

1/2lλe. (73)

and corresponds to the transition between the classical regime and the instability-

enhanced regime for the electrons. Moreover, this estimate of the critical magnetic field

weakly depends on the type of heuristic branching chosen in Eq. (61) (it corresponds to

evaluating νe = νB). Using Eq. (48), we find a lower bound for the minimum h factor

hm

hm >
λe
l

(
me

mi

)1/2 [
1 + ln

(
mi

2πme

)]
(74)

At low magnetic fields, a significant fraction of the plasma is theoretically unstable

but the transport is still driven by the ions. Increasing the magnetic field strength,

soon after the electrons start driving the transport, the unstable nature of the plasma

becomes important and the Hall parameter starts decreasing. Conversely, the instability

affects mainly the electron motion, so the transport cannot be instability-driven without

being electron-driven. Hence

ρL,stable/unstable < ρL,ion/elec (75)

which implies

hm < h0/2. (76)
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Figure 9: Effective collision frequency as a function of the instability-enhanced collision

frequency (Eq. (78), with hm = 0.32h0), normalized by the classical collision frequency

νe. Error bars correspond to data extracted at distances between 3 and 12 mm from the

discharge center.

4.6. Model validation

It was found in the PIC simulations that

0.32 < hm/h0 < 0.42 (77)

for the range of pressure investigated, from 3 to 12 mTorr, such that inequalities (76) and

(74) are always satisfied. Moreover, the ratio hm/h0 is quite close to 0.5 and depends

weakly on pressure. In the following, it will be assumed that the instability-dominated

transport leads to a minimum h factor hm ≈ 0.32h0. According to Eq. (64),

νB =
lhmω

2
ce

vTe

(
me

mi

)1/2

. (78)

Figure 9 shows the effective collision frequency mesured from the PIC simulation

(νeff = ωce/ηe, where ηe is estimated by Eq. (51)). The asymptote νB is verified and the

heuristic formula of Eq. (61) is satisfactory.

When the electrons are magnetized but the influence of the instability is still

growing, the transport is dominated by the electron transport and the h factor can

be estimated by Eq. (63) with the effective collision frequency provided by Eq. (61).

As we did for the effective collision frequency, the regime where electrons are strongly
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10 3 10 2 10 1 100 101

G( e)

0.0

0.2

0.4

0.6

0.8

1.0
h 2

D
/h

0

(a)

3 mTorr
6 mTorr
12 mTorr
(1 + G + G2) 1/2

10 3 10 2 10 1 100 101

G( eff)

(b)

Figure 10: Edge-to-center plasma density ratio (h factor) plotted against the parameter

G = h0/hB. In (a), only the classical collision frequency is taken into account in the

computation of hB. In (b), the effective collision frequency is computed by Eqs. (61)

and (78), with hm = 0.32h0.

magnetized can be bridged heuristically to the non-magnetized case where the ions

dominate the transport

h = h0(1 +G+G2)−1/2 (79)

where

G = h0/hB (80)

The heuristic formula of Eq. (79) was first proposed by Sternberg et al. [19] as a fit to

fluid simulations in the 1D case. This formulation was compared to the PIC simulation

data in Figure 10. The classical theory where νeff = νe is depicted in Figure 10(a). In

the classical approximation, Eq. (79) correctly predicts the plasma transport up to the

regime where the instability strongly develops. In Figure 10(b), the effective collision

frequency includes the effects of the instabilty and the h factor is correctly predicted by

Eq. (79) for all ranges of pressure and magnetic field.

5. Conclusions

It was shown via PIC simulation that electron drift resistive instabilities develop mainly

in the drift direction in low-temperature low-density plasma discharges, which makes

the plasma transport fundamentally three-dimensional: the magnetic field direction,
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the drift direction and the direction that is mutually perpendicular should each be

described with different transport coefficients. This instability completely destroys the

confinement such that the electron temperature cannot be arbitrarily low.

Because the diamagnetic drift cannot be higher than the electron thermal velocity,

the effective Hall parameter must have an upper bound, which is in agreement with the

theory of Bohm [1]. Nevertheless, due to the persistence of the sheath in the unstable

regime, the effective Hall parameter decreases with the magnetic field, such that the

effective diffusion coefficient becomes constant and does not scale as 1/B anymore.

A heuristic formula of the h factor coming from the literature was generalized to a

2D system with an anisotropic collision operator and successfully compared to the PIC

simulations. It was demonstrated that the h factor should reach a lower bound hm such

that
λe
2l

(
me

mi

)1/2 [
1 + ln

(
mi

2πme

)]
< hm <

h0

2
(81)

For usual pressures of a few mTorr, hm is of the order of h0/2, which means that the

instability begins driving the transport as soon as the plasma transport is limited by the

electron motion. The pressure where the two bounds of this inequality are equal might

characterize a minimum pressure at which a discharge can be sustained, whatever the

magnetic field, but this would require more careful investigation.

Experimental verification may not be hard to perform because the argon plasma

described in this work is generated at relatively low power density, with moderate

pressure and magnetic field. At higher plasma density, it was shown experimentally

that the plasma potential is reversed [36], but these properties are difficult to reach via

PIC simulation. Future work could also involve magnetic field gradients and negative

ions.
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Appendix A. More data for model validation

The models developed in this work were based on data analysis of 51 2D PIC

simulation runs. The analysis of the steady-state regimes was performed using time-

averaged quantities over several instability periods while instantaneous quantities

provide information about the instability properties. Some of the data is made available
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on the LPP web server§, and the reader can contact the authors for more raw simulation

data.

§ https://ao.lpp.polytechnique.fr/index.php/s/kXL3HGoYFTMxost
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[36] V. Désangles. Forçage à grande échelle d’une colonne de plasma faiblement magnétisé : influence
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