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A New Framework for Dealing with Input Constraints on Parallel
Interconnection of Buck Converters

Jérémie Kreiss!, Jean-Francois Trégouét!, Romain Delpoux', Jean-Yves Gauthier' and Xuefang Lin-Shi'

Abstract— This paper tackles the current sharing problem
for interconnected power converters. Specifically, it considers a
single load, fed by parallel buck converters via a common DC
bus. In such a case, it has been recently shown that dynam-
ics related to current distribution can be controlled without
impacting voltage regulation. Such a decoupling is performed
without resorting to frequency separation argument, which
inevitably lowers achievable performance. This decoupling can
be destroyed by input constraints, though. In this context,
this paper shows that a mere unilateral coupling can still be
achieved: Using a novel control structure, foremost control
goal of voltage regulation can be made independent of current
distribution control. Controller design example exploiting the
control scheme is provided together with numerical simulations.

I. INTRODUCTION

Nowadays, connecting several power converters in parallel
to a single load becomes more and more common. Indeed, in
many applications such as simplified Microgrids (see [1] for
example) or Low-voltage/High-current power supplies, this
kind of parallel interconnection of converters is used. Despite
a larger number of electrical components, this intercon-
nection benefits from several advantages such as increased
reliability, ease of maintenance and repair, improved thermal
management, reduced output ripple by interleaving phase of
Pulse Width Modulation (PWM), etc. Each of them being a
consequence of the possibility to freely distribute the load
current on each converter.

Several solutions for controlling such a system have been
proposed in the literature (see e.g. [2], [3], [4]). The main
challenge is to separately regulate output voltage, which is
the main control objective, as well as current distribution,
the secondary control objective. Those two dynamics are
coupled, though. To cope with this difficulty, most of ex-
isting solutions resort to control design procedure relying on
several SISO transfer functions shaping. However, deriving
conditions for closed-loop stability in this framework seems
rather involved, so that frequency separation is often ulti-
mately used as the key argument, which inevitably lowers
achievable performance by imposing a slow current distribu-
tion dynamics, see e.g. [5], [6], [7], [1]. Furthermore input
constraints are seldom taken into account. It is a point of
main interest though, knowing that duty cycles must belong
to [0,1].

In stark contrast with this approach, new solution has
been recently proposed in [8], [9], resorting to both state
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and input change of coordinates rather than frequency sep-
aration to completely separate voltage and current distribu-
tion dynamics, hence offering tractability without sacrificing
performance. Such an approach is applicable for arbitrary
number of DC/DC buck converters, possibly having distinct
characteristics. As shown in [9], roots of this solution can
be tracked back to early work on geometric control theory
(see [10], [11], [12]).

Building on [8], [9], a step further is made in this paper
by explicitly take input constraints into account. It is shown
that the naive solution consisting in saturating duty cycles
restores a bilateral coupling between voltage and current
distribution dynamics. Yet, deeper investigations reveal that
voltage regulation can still be made independent from current
distribution dynamics. To clarify this point, one should
distinguish between two different kind of saturations:

(i) the one occurring when input component related to
output voltage dynamics (roughly the sum of duty
cycles of all converters) reaches its limit,

(ii) the one happening when input limitations merely im-
poses reconfiguration without modifying input compo-
nent mentioned above.

The intuition is that the latter is somehow less “concerning”
than the former, in the sense that experiencing (ii) without
(1) leaves input corresponding to output voltage, and in
turn voltage trajectory itself, unaffected by input limits if
properly treated, i.e. simple input reconfiguration is required.
Our main contribution in this paper is to provide a control
scheme performing post-treatment of the desired input vector
(the one computed in an unsaturated context) in such a
way that input direction related to main control objectives
is preserved from input limitations, as much as possible.
Simulation results show that such a strategy allows to use
full capacity of the system subjected to input limitations.

Notation: The symbol I, stands for the identity matrix of
dimensions m x m. The null matrix of size m x n is denoted
by 0,,x,. The vector (column matrix) of size m for which
every entry is 1 (0) is denoted by 1, (0,,). The notation
xi refers to the k-th element of the vector x, with 1 being
the index of the first element. The operator "diag" builds
diagonal matrix from entries of the input vector argument.
Let y,z € R? two vectors of size p. Relation y < z (resp.
y < z) must be read as the following p inequalities y; <
7k (resp. yx < z¢) for all k € {1,...,p}. The inverse of any
vector y € R? for which y;, #0, (k € {1,...,p}) corresponds
to component-wise inversion, i.e.

y = diag{y}fl 1, =[1/y1,....,1/y,]".



II. PROBLEM STATEMENT
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Fig. 1. Electrical schematic

We consider the electrical circuit depicted by Fig. 1 where
m DC/DC buck converters are connected in a parallel way to
a resistive load R through a single capacitor C. Converters are
controlled via PWM signals where dj, refers to duty-cycle of
the k-th converter. Index k belongs to the set & :={1,...,m}
and duty cycles are constrained by the following relationship

del0,1]". )

Voltage of DC bus is denoted by v whereas current in k-th
inductor Ly is referred to as i;. Gather all those state variables
to obtain the following state vector: R"” 3 x == [iTv]T where
i=lit, s im] T and n:=m+ 1. Magnitude of voltage sources
E} are supposed to be known and constant.

Throughout this paper, we assume that (i) switching
frequency fy is sufficiently large for the dynamics to be
approximated by an average continuous time model, (ii)
converters remain in continuous conduction mode and (iii)
electrical components and switches are ideals, i.e. parasitic
elements (resistances, losses) can be neglected.

From Kirchoff’s laws, one can easily verify (see [8]) that

dynamics reads
[diag{L} 0} . {0 —lm}x +{diag{E}}d )

0 cl” [1h —1/R 0,
Main control objective of system (2) is to regulate output
voltage v.

However, controlling (2) with the only goal of regulating
the output voltage does not address all degrees of freedom.
For this reason, a second control objective is considered:
Distribute the total current on each converters according
to a given reference. This reference might come from the
minimization of a cost function. Note that this formulation
encompasses the objective of minimization power losses,
as considered in [13] where the power losses model is
different from the control model and takes internal resistors
into account. Since goal of power converters is to regulate
output voltage, priority is given to this objective in the case
where the two control goals are competing. In light of this
observation, problem tackles in the paper is now defined.

Problem 1: For system (2) with duty cycles constrained as
in (1), define a state-feedback addressing the two following
control objectives:

(a) regulate the output voltage v to v,;
(b) regulate the current repartition to a reference value 6,

Objective (a) always has priority over objective (b).

III. THE UNCONSTRAINED CONTEXT

Geometric control theory provides important tools for
dealing with distinct control objectives. Indeed, in [11], [14]
we find a useful decomposition based on the existence of
invariant subspaces. In fact, this decomposition relies on:

(i) change the coordinates isolating smallest part of both
input and state variables that act on objective (a) from
the remaining variables which will be used for objec-
tive (b);

(ii) performing a controllers in two parts, the first one for
objective (a) and the second one for objective (b).
Based on this approach, [8] proposes a control framework
which can be used for solving Problem 1 in the unconstrained
context. The interested reader is referred to [9] for more de-
tails about the origin of the change of coordinates introduced

in this section.

A. A useful decomposition

Select new state variables (§,0,v) € R" ! x R xR via

5 F)I’l Om—l
o|l=T""xwithT'=1|1}, 0 | eR”" (3)
% o, |

where I',,, € Rm*(m=1) s defined as follows
Ly = [Im—l Om—l]T - [Om—l Im—l}T- 4

Note that T is indeed invertible and it can be easily verified
that this matrix reads

— Iﬁm(l—‘;;ll—‘m)_l llm 0m
=1 "0, o 1 )

Regarding the input, perform following change of coordi-
nates

d= [G)L—nl Gu—)d] |:ﬁ:| (6)

with
R™ "1 5 Gy g =diag{E}"" diag {L} T,n(CLT) 'E5L5"
and

1, E
R™! 5 Gy g = diag {E} ' diag {L} —1,,~2
m " Leg

which decomposes d into A € R~ and u € R. Here, the
following notations have been used:

Ls = diag{A*(L‘l)Y1 :

R™ 3 Egq = mkin EL,

Es :=diag{A*E},
RY 3 1/Leq =) 1/L4,
k



and operator A reads R” 5y — Ay :=I'}y, whereas LA s
such that:

RP 3y (A*y) = { (AV)ks (V& # Yit1)

1, (otherwise.)

Resulting dynamics of the open-loop in the new coordi-
nates can be decomposed into a cascaded form where upper

subsystem X,, defined by
0—-L
5, 4 M = [1 i [G] + [Eeq(/)Leq] u, (D
vl |¢ —re] LY
feeds a lower one, denoted by X5 and governs by
Y5 §=—A(L")W+EsLg'A. (8)

Remark (Physical interpretation and ordered objectives).

It is worth mentioning that the new state variable ©
corresponds to the total current and that the new sub
state vector 0 admits a physical interpretation as it holds
6 = [(i1—i2),(ia—1i3),...,(im—1 —im)]T so that this vector
reflects the current distribution. a

B. Control design with respect to the decomposition

Y, and X5 are Linear systems. The purpose being to
illustrate the paper results, we assume here that the load
R is known such as in [9] and we consider the following
state-feedback controllers

. _ c vr/R Vr
a wen(-[0) e o
Cs - A =Ks(8—8)+LsE5'A(L . (10)

where K, € R'*2 and K5 € R"=1)*("=1) are chosen to make
the closed-loops Hurwitz. Thus equilibrium verify v = v, and
8§ =68, ¢ R" ! and solve Problem 1 in the unconstrained
case.

Note that we can apply any methodology from the litera-
ture to control it, including when R is unknown. Development
of this paper can be straightforwardly derived to any other
control structure.

IV. A FIRST NAIVE SOLUTION

In previous section, design of a controller that solve
Problem 1 in the unconstrained case has been proposed.
This controller might deliver infeasible duty-cycles, though.
This happens when d = G, _,;A + G411 does not belong
to [0,1]™. A naive solution is to simply saturate the duty-
cycles d as a post-treatment of the signal delivered by
controller constructed in Sec. III. This means that entries
of the “desired” duty-cycle vector Gj_,4Aq + Gu—alla are
individually saturated to be in [0, 1]. This solution is depicted
on Fig. 2. Vis-a-vis previous section, only a saturation block
is inserted after input change of coordinates matrix G and
before system model.

In such a case, there is no guaranty that controller of
Sec. IIT will still gives a hierarchical treatment to the control

'Because diag {A*(L‘l)}diag {A*E} is always invertible, the use of A*
instead of A in (6) ensure that d — (A, it) is a bijection whatever are system
parameters.

el
d 1 |ds
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Fig. 2. A first naive solution

objectives. Even more than that, closed-loop might not
exhibit appropriate answer at all of the two objectives due to
so-called “plant windup” phenomenon which can occur even
if static controller is implemented (see [15, Section 1.3]).

V. SOLUTION TO PROBLEM 1

Solution exposed in previous section should be regarded
as a straightforward adaptation of controller of Sec. III,
yet leading as to an a posteriori blind treatment of input
constraint. Main results of this paper is now exposed and
can be conceived as an improvement of solution of Sec. III.
Philosophy behind the new approach is to anticipated satu-
ration on d by modifying desired input vector delivered by
¢s and 6, directly in the new coordinates (A, ). Indeed,
the latter being directly related to control goal, hierarchy
between objectives can be more easily taken into account
when saturating input vector. Thus, this control strategy can
be regarded as a post-treatment of desired input complying
with ordering of control objectives.

A. First insights for m =2

As a preliminary discussion, let us consider the two
converters case (m = 2). The (d;,d>)-plan is displayed on
Fig. 3. Directions of gt and A are depicted by the grey arrows.
Input constraints [0, 1] are delimited by the red dashed lines.

(dy, do)/x —x
// | (Aa> ma)

Npa)t

Fig. 3. Saturation principle

Referring to control scheme presented in Sec. III, desired
controller output is made of two components: Controller 4,
defined as (9) delivers U, to achieve objective (a) whereas
%5 defined as (10) provides A; and deals with objective (b).
Suppose duty cycles corresponding to (tg,A;) are outside
red square as on Fig. 3, i.e. desired control input is unfeasi-
ble. Direct saturation of duty cycles as proposed by the naive



solution leads to point (Jl,Jg) where d; = 1. Observe that
component along p of this point is no longer t,;. As a result,
saturation impacts input direction related to the objective (a),
which might compromises performance and stability related
to this foremost goal.

The key point is that this input direction p could have
been preserved by selecting the feasible input in a different
way. Indeed, the set of input vector whose u coordinate is
equal to u, has a non empty intersection with the red square.
This intersection actually corresponds to the continuous blue
segment. Hence, there exists feasible input sharing with
(Ag,4g) the same coordinate p. Then, it seems natural to
eventually select among this set the closest point to (A4, lg),
that is (A(lg), iy in this case. Here, A (11y) and 4 (uy) refers
bounds of admissible A coordinate for a given coordinate
Ugq, see Fig. 3. It is worth mentioning that selected point
(A(Ug), 1q) induces larger differences on the A coordinate
than when the naive solution is retained, i.e. coordinate A
corresponding to (dy,d>) is closer to A% than A(uy). Yet,
this complies with the hierarchy of the control objectives:
Objective (a) is pursued as the foremost goal, possibly at the
price of sacrificing objective (b).

Clearly, the above strategy is applicable as soon as contin-
uous blue segment is non empty. From Fig. 3, this happens
whenever U, belongs to [u,f] where p is actually equal
to zero. In this interval, there exists feasible control input
preserving coordinate u;. On the contrary when py ¢ [U, ]
holds, it seems natural to select duty cycles whose p coordi-
nate is either u or u, depending whether u; >t or gy <
hold. This, in turn, leads to a unique A coordinate, since
A(H,) = A(H,) and 2(t,) = (i) = 0 hold.

Let us now relate this strategy with the typology in-
troduced in the introduction. Recall that (i) refers to the
case where input constraints limits input direction related to
voltage control. This situation has been distinguished from
(ii) input reconfiguration can be performed to make input
constraints invisible from input direction mentioned above
and, in turn, from voltage control itself. Previous discussion
can be summarized by identifying (ii) with the case where
(Ag,1a) belongs to R x [u, ] and (i) when this inclusion
does not hold. Indeed, for all (A4,uy) in R x [u,H], there
exists A such that (A, tty) corresponds to a duty cycles vector
in [0,1]¢.

B. The general case where m is arbitrary

Previous discussion, conducted in the context where m
equal 2, can be generalized for higher dimension. The
proposed strategy which aims defining map (A4, lty) — d,
under the constraints that d = G;_,4As + G, _,qpt belongs to
[0,1]™, reads as follows:

« Disregarding the value of A, U, is first chosen as close
as possible to the desired value p;, and hence possibly
equal to p, if the latter belongs to some set [u, ] to
be defined; B o

o Admissible set [A (i), A(1s)] in which A; must belong,
is computed. Coordinate A, is then selected in this set

as the closest point to A, i.e.j,s results from saturation
of Ay with respect to [A(u), A (u)].

Fig. 4 provides a graphical illustration of this principle.

CKS ﬁ’ _3& As
5 —»l |2 (1) L
d,
T*l e G —L Z X
Cgv | Hd,] ﬁ/— s
Vr — —

Fig. 4. Control design that solve Problem 1

Remark (A mere unilateral coupling). By saturating input
direction in the original coordinate, solution exposed in
Sec. IV makes dynamics related (a) dependent of the one
corresponding to (b), so that a bilateral coupling is restored,
when a mere unilateral coupling was achieved in the un-
constrained context of Sec. IIl. Indeed, back propagation of
feasible input set [0, 1]™ into (4, 1) coordinates, one ends up
with bounds on u which are dependent on A. This implies
that desired u component of input vector (related to (a))
could not be feasible due to desired A component which
is supposed to defined trajectory related to (b). In a way,
the proposed strategy settles this conflict by complying with
hierarchy of control objectives. By doing so, t component
is made independent of direction A so that dynamics related
to (b) does not impact the one of (a): Coupling still exists
(selection of A depends on pt) but merely in the direction
which does not contradicts control hierarchy. a

1) Constraints on |: The genuine bounds of L is the
frontier of the following set

{neR:3IA, Gy qA +Gysapt € [0,1]}.

This set is actually related to the projection of [0, 1]
on the axis corresponding to coordinate u along the axis
corresponding to coordinate A (A and u are not orthogonal in
general). Since both G,,_,4 and [0, 1] belong to nonnegative
orthant of R” and since every line of G,_,, belongs to
either the second or third orthant (depending on the sign of
components of E3Lg1), 1 (resp. W) corresponds to coordinate
u of 1 (0). By computing the application d — (A, i), namely
G~! which reads

1T
G — [Gd—mj| _ [L5E8 L

. 1 -
Gy Iéﬂ 1 diag{L} " diag{E},
eq

one can compute bounds of p as
Leg Ex

Eeq 5, Li

H = Gd—)uom =0, u= Gd—)ulm =
Note that Im { Gy, } =Ker{G; 4} because Gy_,, Gy 4 =
0 so that G4, is related to the projection on the axis
corresponding to coordinate u along axis corresponding to
coordinates A.



As a conclusion, U derives from L, as follows:

M Ha < H
s =1 Ma Ma € [U, 1] (11)
u Ha > [

2) Constraints on A: Coordinate A, is selected as the
closest value to A; under the constraints of feasible duty
cycles, i.e. such that

Guoalls +GyaA €0,1]"

~ *Gu—>d.us < Gl—>dl <1n,-— Gp—>dﬂs (12)

Thus A, is computed via the following optimization problem

As € argmin||A — A4]|2
A
_ 13)
subject to |: Gl*)d :| l S [lm Gp—)dl’,'s:|
=Gy a Guadﬂs

Remark (About computational aspects). In (13), value of A
is only defined implicitly. However, a closed-form solution
of this problem can be given in the case of two converters
(m = 2), by relying on Fig. 3. Indeed, in this case A is a
scalar and inequality constraints of (13) can be reformulated
as follows

(-
max [ —m— +
L,

@l < min <mE1 - %us, Eal/.l,x) ,

Ls L1 Leg"  Leg

bearing in mind that those inequalities characterized the blue
continuous segment depicted on Fig. 3.

Giving an explicit solution of (13) when the number of
converters m increase seems rather involved in the general
case, though. One way is to use the Fourier-Motzkin elimina-
tion algorithm (see [16, Section 2.8]). This algorithm consists
in eliminating one by one every input variables from the least
important to the most important. Thus we are able to project
the projection of the constraint polytopes on the direction
of the most important variable and to express constraints
of each variables witch depends on all the most important
variables. As a result, using this algorithm in our case leads
to the expression of bounds of the following constraints

E E E
—eq equ‘> < 761 and

Leq“ Y Leg ~ Ls

p<p<m and R"'3A(u)<A<A(n)eR™,
where the least important variables A saturations depends on
the value of u whereas the opposite is false.

VI. SIMULATIONS

In order to illustrate benefits of a strategy dealing with
input constraints in a way that control objective hierarchy
is preserved, simulations on the system (2) have been per-
formed on Matlab/Simulink in the case of two converters.

A. Model parameters and reference definition

We consider two parallel converters (m = 2) where input
voltage are E1 = E, =24 V and inductor values are L; =0.05
mH and L, = 2.5 mH. Capacitor and resistor numerical
values are respectively C =47 uF and R =5 Q. Output
voltage has to be regulated to v, = 12 V whereas current
repartition has to be regulated to 6, = —3 A so that when it
is possible, converter 2 conveys more current than converter
1 with a difference of 3 A. Recall that 6 = i; — i, and
o =i +1ip for m =2. Simulations have been performed for
the two following controllers:

« controller (A) depicted in Fig. 2 and corresponding to
the naive solution of section IV;

« controller (B) represented by Fig. 4 which is controller
of section V.

B. Simulation results

Following guidelines provided by subsection III-B, con-
troller gains are selected as follows:

K,=-1[0.12 0.03], Ks =—2.2x10%. (14)
Fig. 5 (resp. Fig. 7) depicts resulting input and state
trajectories with controller (A) (resp .controller (B)). Fig. 6
(resp. Fig. 8) depicts resulting input trajectories in (d,d>)-
plan for controller (A) (resp .controller (B)). On top of
both Fig. 5 and 7, current trajectories passing through each
inductors are depicted. Below, the blue line corresponds to
output voltage trajectories whereas the red dash-line depicts
the voltage reference v,. Finally at the bottom, blue and cyan
lines represent trajectories of duty cycles d; and d, and the
red line corresponds to the virtual input p,. On both Fig. 6
and 8 the magenta curve is the desired input d trajectory,
reading d = G[A4, |7 whereas the blue line depicts the
real input d; applied to the system. Finally the red dash-line
represents bounds of possible value for d; and d.

Voltage trajectory v for controller (B) gives better results
than for controller (A). Indeed, on Fig. 7 we clearly see that
v reaches its reference value faster than on Fig. 5. This is
due to the fact that, at the beginning, controller (B) puts
d; = 1 whereas controller (A) leaves d; close to 0.5. Indeed,
for those first points, only the value of desired d; is greater
than 1. In order to be as closed to ; as possible, d; is
increased by controller (B) to compensate the fact that d»
reaches its upper bound. This is depicted in the (d;,d,)-plan
where, for controller (B) projects magenta curve in such a
way that the value of L, is preserved, whenever it is possible.
Here, projection is actually performed in an oblique way.
On the contrary, for controller (A), projection is vertical. In
fact, because only d, reach the upper bound, this signal is
saturated to one and d; is not modified.

VII. CONCLUSION

Further work will focus on considering an unknown re-
sistive load leading to integral action and consequently anti-
windup control is also an interesting point to be studied.
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