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Stability and convergence analysis of artificial boundary conditions
for the Schrodinger equation on a rectangular domain

Gang PANG!, Yibo YANG?, Xavier ANTOINE?, Shaogiang TANG*

Abstract. Based on the semi-discrete artificial boundary condition introduced in [24] for the two-
dimensional free Schrédinger equation in a computational rectangular domain, we propose to analyze
the stability and convergence rate with respect to time of the resulting full scheme. We prove that the
global scheme is L?-stable and that the accuracy is second-order in time, confirming then the numerical
results reported in ”Ji S., Yang Y., Pang G., Antoine X., Computer Physics Communications, 2018”
[24].

Keywords: Schrodinger equation; artificial boundary condition; stability analysis; convergence anal-
ysis.
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1 Introduction

Time-dependent Schrodinger equations play a key role in many applications related to physics and
engineering [8, 21 B2 B3], including quantum physics, acoustics, electromagnetism and optics. In
many cases, the equation is set in the whole space R? (d > 1). Therefore, when one wants to simulate
the solution to the initial-value problem, we have to bound the computational domain to get a finite
number of spatial degrees of freedom. Doing this, one needs to fix a suitable boundary condition at
the fictitious interface of the domain that mimics the behavior of the wave field in the exterior do-
main. If the physical solution is confined within a finite domain [§], trivially a homogeneous Dirichlet
or Neumann boundary condition can be considered. Nevertheless, this is insufficient in some situa-
tions. A classical example is when the wave is outgoing, expanding then to infinity. More advanced
boundary conditions must be designed, considering transparent, artificial or absorbing boundary con-
ditions (ABC), according to the properties of the boundary condition. This usually requires a lot
of mathematical and numerical analysis to state well-suited boundary conditions that minimize the
spurious reflection at the boundary, but also to lead to accurate and stable numerical schemes. For
the Schrodinger equation, and over the past two decades, many contributions were done for the one-
and two-dimensional cases, for the linear or nonlinear Schrédinger equation, involving possibly some
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space and time variable potentials, with simple or complicate smooth convex fictitious boundaries.
We refer to [5l 6, O 17, 20, 27] for some examples, the list of references being non exhaustive. Avail-
able review papers on artificial boundary conditions are e.g. [18, 22l B34] for general PDEs, and [} 4]
more specifically for Schrodinger-type problems. Many approaches can be developed to build these
boundary conditions. Some methods are based on directly working with the continuous PDE, building
approximations to the Dirichlet-to-Neumann (DtN) operators, others include constructions of bound-
ary conditions for the semi-discretized equation (in time or space), and finally other techniques are
directly applied at the full discrete level. For completeness, let us also mention that Perfectly Matched
Layer (PML) [3], 14, [15] [16l B30, [35] can be used for truncating the computational domain.

Here, we consider the time-dependent linear free Schrodinger equation truncated in a rectangular
two-dimensional domain. When the fictitious boundary has some corners, like this is the case for
the rectangular domain, then the construction of artificial boundary conditions is known to be more
complicate since the existence of corners directly impacts the design of the boundary conditions.
For example, specific nontrivial compatibility boundary conditions at the corners need to be added
to the artificial boundary conditions to get an increased accuracy for time-domain wave equations
[7, 13, 19, 29] and time-harmonic wave scattering [2§]. In addition, the numerical analysis of such
problems remains difficult to conduct. For the PML problem, corners may lead to instabilities in the
time-domain [10] and require a careful choice of the discretization to stabilize the method. In addition,
tuning correctly the PML parameters is not so easy and strongly depends on the configuration, i.e.
the PDE under study and its discretization [3], 11, 12} 14l [15] 16l B0, 35].

In the present paper, we focus on the artificial boundary condition method proposed in [24] which
solves exactly the corner problem for the rectangular shaped domain, and is based on a second-
order spatial semi-discretization of the Schrédinger equation. Therefore, the corresponding boundary
condition falls into the framework of semi-discrete artificial boundary conditions. From some numerical
simulations, it was shown in [24] that, using a Crank-Nicolson scheme, the full approximation is
second-order in time. The aim of the present paper is to prove the stability of the fully discrete
scheme as well as the second-order error estimate in time, for fixed spatial discretization steps Ax
and Ay. However, the paper does not address the important and difficult question of designing an
accelerated numerical method for evaluating the integral operators arising in the definition of these
ABCs. This needs further numerical and computational studies which are out of the scope of the
present paper. Since this paper is already technical as well as [24], the authors strongly advise the
reader to first understand the derivation in [24] before entering into the details of the present paper,
even if the material to understand the paper is self-contained. Let us also remark that the method
for constructing ABCs [24] has recently been applied with success in [23] to design new artificial
boundary conditions for the 1D nonlocal Schrédinger equation. This later work, combined with the
design of ABCs on rectangular domains developed in [24], should offer the possibility to extend the
ABCs to the 2D nonlocal Schrédinger equation (as well as heat equation) and to some peridynamics
models. Therefore, the numerical analysis developed in the present paper for the 2D local Schrédinger
equation is valuable for understanding how to obtain the convergence and stability results for the more
complicate nonlocal case.

The plan of the paper is the following. After the introduction (Section 1), we develop in Section
the results related to the exact artificial boundary condition for the discrete spatial rectangular lattice.
We also proceed to the full discretization of the initial boundary-value problem. In Section [3] we prove
the L%-stability of the fully discrete scheme. Section is devoted to the convergence analysis. Finally,



we end by a conclusion in Section [5| and two Appendices.

2 Exact boundary conditions for the semi-discrete Schrodinger equa-
tion on a rectangular domain

Let us consider the two-dimensional linear Schrédinger equation with unknown v := ¢ (z,y,t)

(G 5%)

W=7 T o

(1)

where (z,y) € R? and t > 0 are the space and time variables, respectively. The time derivative is
denoted by 1) := dup. In addition, a compactly supported initial data U(x,y,t = 0) = YPo(x,y) is
added to equation . Finally, the complex-valued number ¢ is such that ¢ := /—1.

Let us now introduce the uniform spatial steps Az and Ay in the z- and y-directions, respectively.
By discretizing with a second-order five points stencil scheme for the Laplacian (assuming here
that Az = Ay) and after rescaling the time variable through ¢t = (Az?)~'t, we obtain the following
semi-discrete system for the exact (e) solution ¥ := (Y5, ) (mn)ez2 to

ngl,n - _(djfn+1,n + wfnfl,n + wren,n+1 + wfn,nfl - 4w1enm) - Awm no (2)

with compactly supported initial data ¥, ,,(0) = tho(mAz, nAz) for the uniform lattice (m, n) € Z>.
In the above equation, we define the discrete Laplacian as: A := A, + Ay, with A, := A;yA;y and
we denote by At (A, respectively) the forward (backward, respectively) finite-difference operator in
the z-direction, i.e.

+ - - -
Aac ¢$n,n T wfn-l—l,n - wfn,n’ Am wfn,n T - wm 1,n*

Similarly, the operators A; and A are given in the y-direction by
Afjwfn,n = wZ’L,n+1 - 7€n,n7 A;wﬁn,n = wfn,n - ¢7€n,n71'

Let us define the Laplace transform h of h as

_ / " h(t)etar (3)
0

and the convolution (f * g) of f and g as

(f * 9t /f ot — 7)dr. (4)

Therefore, the Laplace transform @Z)fnn(s) of 1y, , is given by

Uiy (s / Uy (B)e™ % dE. (5)



Before presenting the construction of boundary conditions for general compact initial data, we start
with a special case, i.e., the so-called point-source problem to compute the discrete Green’s functions
which is needed for the general case. We assume that the wave function ¢ satisfies Eq. and that
Ymn(0) =0, for (m,n) # (0,0). For a given function ¢ ,(t), from [24] we have, for (m,n) # (0,0),

t
Vinn(®) = Frunl0) 2 50 = [ S0t = D )

where the Green’s function £, ,,(t) comes from the expression
Imn () = Finn(t) * 95,0(1), (7)

with |
Imn (1) = (Lt)erne_M (mm—:_n:l) m + n\{El m+n %
ST 2m+n+11-w( )F( + 1)

2 2 (8)

o §(m+n+1),§(m+n)+17—4t '
m+1l,n+1l,m+n+1

In the above definition, I' is the Gamma function and the generalized hypergeometric function o F3
[25] is given by

ar,az; z o (a)k(a2)i

F: = z", 9

2 3( by, ba, b3 ) kz_ok!(b1)k(b2)k(b3)k ©)

with (a); = a(a+1)...(a+k — 1), for £ > 1 and (a)o = 1. The function oF3 is the inverse Laplace
transform of the function W ((m,n), _TLS), where
1 (m+mn)!

W((m,n), 2) = omtnymtntl  plnl
1 1 1 1 4 (10)
- 1), - 1), - 1,- 1;—
[ SOm D S 1), L) L ) 41 )
m+1l,n+lm+n+1

and z = (4 — vs)/2. The function 4F3 is the generalized hypergeometric function ,F; [25], with p =4
and ¢ = 3. In particular, we have f§(t) = d(t), where ¢ is the Dirac distribution.

Let us now come to the construction of the exact boundary conditions for general initial data. We
consider a finite rectangular computational domain and we assume that the initial data is zero outside
the selected rectangular box, including its boundary. To simplify the presentation, we suppose that
the domain is the square L x L (see Fig. . The nodes at the boundary are labelled counterclockwise,
with the interior layer set as Iy, for 1 < k < 4L — 4. More explicitly, we have I, = (1,¢) for
1<¢<L-1, Iy = (E,L) for 1 <0< L—-1, Ipyo1 0= (L,L+1*€) for1 </ < L-—1 and
Ipysp—3=(L+1—4¢,1) for 1 <¢ < L—1. The outer layer points are denoted by Ji for k =1,--- 4L,
with the same orientation. Deriving a numerical artificial boundary condition consists in writing 5, (t)
as a function of the values of the wave field in the interior layer, completing hence the semi-discrete
system to get a problem set in the finite computational region.
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Figure 1: Discrete computational lattice (for L = 4): the red bullets represent the outer layer points,
the black ones correspond to the interior layer points, the yellow ones are the interior points and the
green ones stands for the corner points.

From [24] and for any integers (m,n), the functions vy, ,(t) are proved to be analytic with respect

to t, and dNann(s) is analytic around co. Let us consider that 97, (t), for k =1,--- 4L — 4, are given
values. Following [24], we first decompose them as 4L — 4 unknown independent sources X1, (t) thanks
to the previous Green’s functions fr, ,, following

4L—4

ORI AN GEPAAGE (11)
(=1

4 —
For 1 <k <4L —4 and z = TLS, it can be proved [24] that the following relation holds in the

Laplace domain

4L—4
U0 = X o o), (12)
ezl b b

where X7,(s) denotes the Laplace transform of the function x§,(¢). From (10) and W((m,n),z) =
W((|m|, |n|), z) [31], one has the asymptotic estimates [25]

W ((m,n), z) m| 1
A\ L) O —\Iml+In|
W ((0,00,2) ~ Cmiel () f2l = e,
m . . . . . I - I ) . .
where C"lm‘l tin| 18 the binomial coefficient. Therefore, the matrix (W( A Z))W is diagonally

W ((0,0), z)
dominant for large values of the parameter s. Consequently, the matrix is invertible and the functions
X1,(s) exist and can be determined uniquely. Since ¢f, (s) are analytic near the infinity, then the
functions X7, (s) also share this property and x7,(t) are analytical functions. It can also be proved that



X1, (0) = 0. For a point (m,n) outside the inner boundary, we have the representation formula

4L—4

~ W ((m,n) —1Ip,z) _
mn(8) = 7,(s). (13)
’ ,; W((0,0),2) M

For any inner boundary point Iy, a direct computation shows that

(4—1s)W ((m,n) —Ip,z) =W ((m+1,n)—Ipz)+ W ((m—1,n) — Iy, 2)

+W (m,n+1)—Ip,2) + W ((m,n—1) — I, z). (14)

Injecting the above relation into gives
(4= 08)050(8) = V1,0 (8) + Dm1.0(8) + Vs (8) + U1 (5), (15)

meaning that for any point (m,n) outside the inner boundary, ¥y, ,,(t) satisfies (2)). It can also be
checked that ¢y, ,,(0) = 0. Once the sources x§,(¢) have been obtained, an exact boundary condition
reads as follows, for 1 < ¢ < 4L,

4L—4 4L—4

Y1, (1) Z fI,—1,(t) % x7,(t), ¥3,(t) Z f3,—1, () * X7, (1) (16)

For two sequences u = {u*} and v = {v*}, let us now define the discrete convolution

k
At At
k 1, k-1 1, k—l P2 k0
_E Aty : E At —
(u*v) liouv u'v —uv

through the trapezoidal quadrature rule, with At; = At/2 for | = 0,k and At; = At otherwise. For
a fixed time step At, (ffn’n)k, (wfn,n)k and (ann)"’ stand for the quantities f7, ,,(kAt), iy, ,(kAt)
and Xy, ,(kAt), respectively. In addition, the numerical approximation of fy, ,(kAt), ¥y, ,(kA?),
Xom.n (kKAL) is designated by f,’f%n, 1/1,’31,”, Xffmn, respectively. In the present paper, the unknowns 1/}12,”
(1 <m,n < L) are computed by applying the Crank-Nicolson scheme [2] to

w%n_@/’]nc;r%_lA k k—1y _ Lok k k k k
_LT — 5 (djm n + 1/) ) - 7(¢m71 n + merl,n + wm,nfl + ¢m,n+1 - 41/)m,n)

1 k-1
+2( m— 1n d}erln wmn 1 ¢mn+1 417[}m,n)’

for 1 < m,n < L. Concerning the boundary condition, sz and @Z)z (1 <€ <4L) are discretized from

relations as

(17)

4L—4 4L—4
UF, = > (Fren % x0)", W= (Freen+xa)"™ (18)
I=1 =1
Based on , the terms f,’f%n in relation can be numerically computed from
(gren,n)k = (fm,n *gg,o)kv (19)

where gg, (t) can be approximated accurately e.g. by a fourth-order Runge-Kutta scheme. Finally,
we can use the values wlfg to complete the fully discretized system given by , for 1 <m,n < L,
and then prove the stability of the whole system.



Remark 1. If the external potential outside the computational domain is a constant V' but not zero,
44V —us

5 ), and the resulting

then only the kernel function gy, ,(s) needs to be changed to W ((m,n),
boundary condition @ still holds.

3 L2’-stability analysis of the scheme
In this section, we prove the stability of the scheme —. Le us first introduce the norm
L
14 lla= (Y [bmal)? (20)
m,n=1

and the Z-transform 4 of a sequence u := {u*} as

X o u”
iz =% (21)
k=0
If wk = (u*v)¥, one directly gets
) Z ok 1 s o DAL oAt
w(z) = Z = Z o Zu VTN AL = (2)0(2) At — u 72}(2) —v ?u(z) (22)
k=0 =07 =0
From the relation (gfnn)k = (fmn *g&o)k and , one has
~e £ ~e ~e e At fe e At
gm,n(z) = fm,n(z)go,o(Z)At—go,o(z)fm,n(0)7 - m,n(z)go,0(0)77
leading to
~e ~e e At
~ gm,n(z) + gO,O(Z)fm,n(O)?
fm,n(z) = e (0 ) (23)
e 90,0( )
(96,0(2) — T)At
2 Go (kAL
where gy, ,(2) = Z Mk) If v% = (ux finn)¥, with u® = 0, we have
k=0 z
e mn(0)At
R “ R . R At gm,n(z) + 4 . .
0(2) = fmn(2)@(2)At = [, 1 (0)a(2) - = ey U2) = hma(2)az). (24)
2 e 90,0( )

From the definition of the terms gy, ,(t), the quantities hy, ,(z) can be uniformly written as

. 1 7
Gmn(2) — 550,0 + Eﬂt(;o,l
P (2) = - i ) (25)
98,0(2) -3




Here, 699 = 1 for (m,n) = (0,0), dopo = O for the other cases. Similarly, we set dp; = 1 for
(m,n) =(0,1), and dp.; = 0 otherwise.

Let us now introduce the index I, 1 < m < 4L, such that: I} = (1,m), I}, = (m,L),
Lo =L, L+1—m)and I} 5, = (L+1—m,1), for 1 <m < L. Therefore, I' and J have both
AL elements. Let us set § = e? > 1, with p > 0. We use this term below to act like a phase change
in the spectral space of Z-transformation. Doing this, we have some integrals later (e.g. like for
or ) which are not singular, simplifying the analysis. Taking @,’fmn = B—lkqﬁ’;wl in , we obtain

2k k—1 k k—1 k
v - = — 26
LAt ((pm,n (pm,n) A(Qom,n + Qom,n) + (/8 )(A + LAt)(pm,n ( )
and 5 )
e koo k=1y _ k k—1 B e k—l 27
g P Pmam = Pmn) = AP+ Pmn) + (L= B)(A =t )em (27)

Let us now multiply the conjugate of by goﬁm and by -8~ lgpﬁl% (z being the conjugate of
a complex number z), and sum over 1 < m,n < L. Then one gets

1 L L L L
b < -1-3) )D D AP = (B -1 D> ek

n=1m= 1 m=1n=1 m=1n=1

~

At — B - o
+ggtm Z [(w'&nl + Bk VAT (b + Bebn) —(05 1, + 8% 1 )AL (W + WLL”)}

Mh I

At = _ = — ke
+ 5gtm [(sﬁfn,ol + Bk, VAT (kg + Bho) — (O Ly + Bk, L )D, (Ph ]+ ﬁ@pfn,L—l-l)} :
m=1
(28)
Summing up all these inequalities from k£ = 1 to K and summing by parts yield

AL K

I 1<l & 1+ tm 30 S [ B e+ ek, - -] @)
m=1 k=1

where k = K is the index corresponding to the time of computation tx = KAt.
Let us now determine the sign of the second term appearing in the right-hand side of the above
inequality.

Lemma 1. Let us consider the scheme —(@. Let p be a (relatively large) given positive constant
and let us set § = e > 1. Then, there exists a time step At such that, for At < Atg, the following

inequality holds
4

~

M=

[(s@ﬁ;l + Bk Meon T+ Beh — @t = Beh )| <. (30)

3
Il
=
i

1

Proof. For hy,, defined by , we can introduce the three following matrices A, A! and B with
elements

A(z) =hp_p,(2), Ag(2) = hr—(2) and Byy(2) = hy,—p,(2). (31)



The matrices A and B are of size 4L x (4L — 4) while A' is a (4L —4) x (4L — 4) matrix. Let us now
define the vectors

1//}11 (Z) = [1&[%71&137 "'@I&LL]Z—E I;J(Z) = [1/31]171&&727 "'1//}J4L]T7 XI<2) = I:XII7XIQ7 "'XI4L74:|T7 (32)

where T denotes the transposition operation. Therefore, the Z-transform of the boundary conditions
can be written in the compact form

Yn(z) = A=), dr(z) = A2)R0(z),  Pa(z) = B(2)Ru(2)- (33)

Following these notations, we obtain

4, K
> ) Im [(wﬁfl + Beh ) (et + Bl — ot - /3’90’31)}

=1 k=1

2 _
= 55l [/ 1+ Be P (Be) (b (Be?) - mwe@))dcb] (34)

0

27
- L [ [ et (ﬁe”’)BT(ﬂe“")A(ﬁeb‘ﬁ))&(ﬁeL‘z’)dqﬁ] .
n 0

To conclude, we only need to prove that
Im [VTBT(ﬁeW)A(ﬁe@)V] <0, (35)

for any ¢ € [0,27] and V € C*~4, The analysis is stated by considering three cases for ¢.
By definition [24], we have

1 2w 27 )
Imn(t) = 471_2/ / cos(ma) cos(ny)e (=2 cos(@)=2cosW)t .y, (36)
0 0

and, by using the definition of Z- transform, we obtain

1 27 27 & ) )
an,n(ﬁew)) = (2r)? / / cos(max) cos(ny) Ze‘KO(m’y)]At/(e(”AHL"ﬁ))]dxdy
0 j=0 (37)
1 21 2 e(Ko(x,y)-i-p)At-i-qu
— 7(2@2 /0 /0 cos(mzx) cos(ny) o) r) BT 1dxdy,
with Ko(z,y) := 2¢(2 — cos(z) — cos(y)). We set a = p3 and z = fe'?.
Case 1: aAt < ¢ <7 —aAt or 1+ aAt < ¢ < 2m — aAt. Let us first write the following expansions

1
(ﬁS,o(Z) - *)A = Ag+ A1 At + RIAL,
~ % =T 5 T 5 T 2 3 (38)
<§8,0(Z) - 5)3 = B, At + By At" + Ry At°.

The four matrices Ag, A1, B_lT and .B_QT are computed explicitly below. The two residual terms R;
and Ry then must be estimated to be controlled. Therefore, one gets

112 _
3 .0(2) — 5( B'A = B,"AoAt + (BT Ay + BL Ag) At

+(RoAg + BTR1 + BTA1 At3 + BTR1 + Ry Ay At* + RgRlAts.
1 2 2

(39)

9



Now, because the coefficients of A and B are given through hy, ,(z) by expressions which are
related to gy, ,(2) by , we must derive an expansion of §g, ,,(e'?) thanks to At. To this end, let
us compute the Taylor’s expansion

e(Eo+p)At+ie L é At

1
NI —5 c0t(5) + 5 + (Ko +p)

-

(40)

+(Ko + p)%ﬁAtZ — (Ko + p)3WAt3(1 +0(2y).
8sin2(§) 4831114(5) “

Plugging into needs the computation of the following integrals

o
<

1 27 27
(277)2/ / cos(mz) cos(ny)(Ko(z,y) + p)dzdy = (p + 4¢)do,0 — td1,0 — L0o,1 (41)
o Jo

and
1

(27)?

2 P27
/ / cos(m) cos(ny) (Ko(x,y) + p)*dady = (p* + 8up — 20)do0 (42)
o Jo
—52’0 — 5072 + (8 — 2Lp)5071 + (8 — 2Lp)5170 — 251,1.
The matrices Ag, A1, By, By are given from expressions ({105 to (109) in Appendix Let us analyze
the expansion and its effect on stating the inequality for Case 1.

First, since BlTAO is given by a real-valued diagonal matrix, it does not contribute to . Next,
the diagonal elements of (BT A; + BI A) are given by

pcotQ(g) 3cot2(§) pcot2(§) 3cot2(§)
— L — — or — L— = )
851n2(§) 2 sinQ(g) 1651n2(§) ! sinz(g)

the off-diagonal elements consisting in terms cot*(¢/2)* and cot?(¢/2) sin"2(¢/2) multiplied by real-
valued constants. Therefore, only the imaginary part of the diagonal elements of (BT A; + BT Ay)
contribute to the inequality . Concerning (RyAg + BT Ry + BY A;)At3, an analysis shows that
its coefficients satisfy

cos ? cot? ? cot2 ?
) O(p*)At?| = t (2)@(,)3) AP | ' (2)0(/)3)At2_ (43)
Sil’l5 ( ?) sin2 (? ) Sln(¢) Sin2 ( ?) (0}
2 2 9

Finally, the order of the coefficients of | (B3 Ry + RT A1)At* | is at most

¢
ot*(3) 0(p)
2P«
sm2(§)

At?

10



while the order of the elements of | RT Ry A#® | is

C°t2(g) O(p°)
NI
35)

At

sin?(

From the above discussion, if p is large enough and At small enough, we have, for any vector
V € C*~*, the following inequalities

cot2(?)
Gio(z) — 5| [VTBTAV] < £ 2 A2 VP2
: :
in?(5)
(44)
cot2(2) 0 o p
+ . 2(¢)At2 <(’)() + (’)(—2) + 0(3)) \V\ <0.
S1n 5

Case 2: —aAt < ¢ < aAt. Any angle ¢ can be written as ¢ = ¢paAt, where —a < oy < a. When
At — 0, we can write

27 27
@2 / / cos(mzx) cos(ny) Ze Ko(@m)ist j(olption) AT Apdady — 750 oAt + 50 1At
)
7=0

2T 27
cos(mx) cos(ny) 9 1 p+ oAt 9
dxdy + O(At") = =W —— +2)+ O(At
(2m)2 / / P+ toar + Ko(z,y) zdy + O(AL) 20 ((m, n), 2 )+ O(Ar)
(45)
uniformly for —aAt < ¢ < aAt, with an error O(A#?).
Let us recall that p is assumed to be relatively large. From , we have [25]
1 i 1
WAk, 1), 2) ~ s Crn (L + 0(2))
when |z| — +o00. Therefore, for I}, — I,, = (k,{) and p large, we obtain
P+ Lpar IR 2 el 1 1
W(IL — I, "= +2) ~ C 1o — ).
( m % ) 9k+¢ k+£(ﬂ+5(¢At +4)) P+L(¢At +4)
From and At small enough, we have
g?l ( At — 50 oAt + 4At250 1
2 46)
cos(kx) cos(ly) 9 1 P+ oAt 9 (
dedy + O(At") = —W((k,l), ——— +2) + O(At").
P+ tdar + Ko(z,y) vy (A%7) 2t (k. 1) 2t ) (At7)
Let us define I as the (4L — 4) x (4L — 4) unitary matrix. Then we have
A (d60(2) ~ 5)A = I+ O(—— ) + O(AR) (47)
) Y R TCINE Y
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and

e 1 _ L 1
At(g0(=) — 5 )B = o T O ) + 0(Ar), (48)

Since I?Il = I, where I is given by (110} (see Appendix , then one gets

—ip + (4 + ¢At)

2
A = (e + D2 1 2

)) 4+ O(AL?), (49)

‘ BTA (T + O(

p+u(par+4)

and finally Im [VTBTAV] <0.
Case 3: m — aAt < ¢ < 7w+ aAt. Let us assume that: ¢ = 7w + Atpa;. If we take

Ki=Ko+p+upa and Ko=p+i(d+dar),

then we can write

2w 21 00 A
(@) = oy [ [ costma) cos(ng) 3 eI (el 05030 1)y
7T
7=0
2 2 1 2 ,
27-[- COS mx COS(TLy) 1 te — KAt dl‘dy = 550,0 + (T)(;0,0A'[; — 150’1At (50)
—151,0At — (K 0.0 — 3K280.2 — 3K269,0 + 130 + 1803 + ¢(9 — 3K3)d10

At?
+1(9 — 3K3)80.1 + 31612 + 31021 — 6Ka11 — 12K2)K + O(AtY),

which means that

<§]8’0(z) - %)A - At%ll +O(A?) (51)
and
(350(2) —5)B = At3(bﬁ2 I +0(1) + O(Ar), (52)

This leads to

1Ko

g 112
96.0(2) — B BTA = —AtY(p* + (44 dar)?)— o1

(12 +O(= )) +O(AP). (53)

In this case, for any small enough time step At, we have : Im [VTBTAV] <0.
Collecting the results from the three above cases, we conclude that

4L K

>N [T+ B (et + Buhy — o5 - Bue)] <o. (54)

=1 k=1

By using the previous inequality, we can state the following L2-stability result.

Theorem 1. For the scheme —@, if p is a given and large enough positive constant, then there
exists Aty such that, if At < Aty and Ty = KAt,

| fl2< e || 40 |z . (55)

12



Proof. From || o [3<|| ¢° |13, we have: e KA || K ||;<| 4O ||5 which gives (53). O

Remark 2. While the Crank-Nicolson scheme is usually unconditionally stable in || - ||2-norm, by the
current approach we only proved the discretization — to be conditionally stable in Theorem .
Further explorations are expected on unconditional stability.

4 Error analysis of the scheme

For two analytic functions u(t) and v(t), and by using iterated integration by parts, we have the
following equalities

kAL Atk 1
uxv)k = —8)ds — = (s s(s— s
(uxv) /0 u(s)o(kAL — 5)d / o(kAL— ) (s + 1A8)s(s — At)d
kAt
:/0 u(s)o (k:At—s)ds—4/o ( () (kA — ) (s)s(s — At)ds
At
= /0 (u(- Yo (kAL — )Y (kAL + 5)s(s — At)ds (56)
At kAt
—;/0 / (u(-)v(kAt — ))"(s+7‘)d7’s(s—At)dsAit

At kAt
+1/ (/0 (u()v(kAt — N (s +7)7(T — kAt)dT)s(s — At)dsAit

4 0
= (ux*v)(kAt) 4+ r(kAt, At) At
for k > 0, where

A = =50 [ ot =) (sAn)s <s—1>ds+% ot =)+ s)s(s = s

—/ / —))"(sAt + T)drs(s — 1)ds (57)
4 /0 /0 (u()v(t = ))"(sAt + 7)7(T — t)dT)s(s — 1)ds

has a series expansion thanks to At, with coefficients which are analytic functions with respect to t.
For any analytic functions uq(t),..., u,(t), by induction, one has

(ty * ... (3 * (g % u1))..)E = (wy * ... (uz * (ug * up))...) (KAL) 4+ 7o (kAL At)AL2. (58)

Let us now state the following lemma.

Lemma 2. If p is a given and large enough positive real-valued constant, then there exists Atg, such
that, for any At < Atg, for any angle ¢ and z = ePAHP one gets, for 1 < m,n < L, the representation

N "y Am n 7A
Foonl2) = F() + B 5y (59)
dol:) — 3

13



where T, 5 (t, At) is an analytic function such that there exists a constant Cp, , , with

Pmn( Atl) < Cronp. (60)
96.0(2) — B
We also have
[hinn(2)] < Crnn,p- (61)

Proof. By using the representation given by , we have
(KAL) = (fron * 95.0) (KAL) = (fi0 % 96,0)° + T (kAL At) AL,

gm,n

which leads to
At

. Imn(2) +360(2) frnn(0)— 5 A
() = MR R LEICEN
(96,0(2) — i)At 96.0(2) — B

which is nothing else than since we have the representation 1) for fmn (2).

Now, let u(t) be a real analytic function such that its Laplace transform u(s) is analytic at s = oo
and can be written as a(s) = Y o, ups *. Let us remark here that m,n(t) and 7, (¢, At) fullfil
these properties. Let us consider n and p as two large enough real-valued constants, with p > 7, and
z = ePATP . Then, we have

0 1 n+oo X skAt 0 1 n+ioo X 1 —(p—8)At—i
ﬂ(z)—wz— 11(3)6 ds—@:— up te ds
2 2mL 2k 2 dme f, skl _ o—(p—s)At—16
n—100 g n—1o0 p_g (62)
1 db (14 rnie 5
D) Z k! dSk 1— es—pAt—Ld) ukAt '
s=0
Some computations show that, for any [ > 1, we have
Atl 1 dl 1 +€s—pAt—Lq5 Atl l 6 —pAt—ip\ym 1
S () =52 e X o)
2 Ildst \ 1 = gs—PAt=9 (1 — e PAI—1Gym+1 ol
s=0 m:l la|=la;>1
setting |a| := > ", oy and al := oq!...ap,!, for a multi-index « := (a1, ..., ay,). In addition, one gets
1 1 1 1 22 m
> JSZQZ%HMM(“”J“?JF )mdz
lo|=l,0;>1 |ov|=l ) (64)
s
— L Lemzdzz 1/ eme O (- 1)0d9 < em
21 ‘z|:1 ZH_1 2 0

Case 1. m—aAt < ¢ < m+alt. Let us introduce ¢ = m+ ¢pa; At and take o = p? as in the previous
section. For At small enough and from the inequalities -, we have

Atl 1 dl 14+ es—pAt—uj) Atl l 6 —pAtym
e ( -~ Z Toe ) m < CyeAt). (65)
s=0 m=1

2 Ildst \ 1 — gs—PAt—1o —pAt— quAtAt|m+1

14



Now, taking @(z) := Fmn(z, At) in (62) (with z = elAH?) using — and noticing that

Tm.n(0, At) = 0 (by setting ¢t = 0 in (57))) leads to

[P (2, A <D Cr(eAt)or n (KAL, At) = O(AL). (66)
k=1

In addition, a direct computation yields

1 11— e—pAt—quAtAt ze—pAt—LqﬁAtAt

~e pAt+py _ 2
go,o(e ) 2 21 4 e—PAt—daAL (1+ e—pAt—quAtAt)Q At + O(At7) (67)
- (%@N - 1)At + O(AL)?,

giving then the inequality .
Case 2. —aAt < ¢ < aAt. We again set: ¢ = Atgpa;. For small enough At and by using —,

we obtain

l 1 s—pAt—ie ! —pAt\m
At ld (1 e™p 79y | At Z (™) v oL
2 Uldst \1—es—rit=e | 2 (1 — e—PAt—1g)m+1 al
= laf=t,a;>1 (68)
l
1 e
<C )AL < C ,

which means

1 1 1
— (#mn(0,AHO + 0 )
1 — epBt—i5 <’" 0 A0 T O e

We use 7, (2, At) to denote the first-order derivative of ry, ,,(z, At) with respective to z.
We also have

1 1 (1 4 e=PAt=19) 1
e pAttipy L —
g(),o(e ) 9 1— e—pAt—L¢ < 2 + O(p + ‘(bAt‘)

'Fm,n (epAt+L¢a At) =

leading to (60)).
Case 3. aAt < ¢ <7 — alt or m+ aAt < ¢ < 27 — aAt. From the inequality (with o = p?)

At At e~ (1 — e=PA\ 7! 1 p C
‘ 1 — e—PAL—L - ‘ 1 — e o <1 - 1 —et® ) < Ca(l + O(a)) < o’ (69)
we deduce that
Atl 1 dl 1 +es—pAt—L¢ At l 6 pAt—L¢)m 1
i (). \—22 N Y
=0 =1 loo|=l,00;>1 (70)

1 cC
l—-m l
C|1_e pAt— L¢| ZiAt |1_e PAL=19| ol
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which means

P, (P20 At) =

1 T (0, At)e"PAITO AL 1
1 — ePAI=0 2(1 — ePAL=19) a?’)’

Furthermore, we also have

—pAt—1¢
P ((”e )+0<1>),

21— e PAt—p 2 o

finally leading to .
Concerning the inequality , a similar proof can be adapted, starting from the definition of hy, ;,

given by .

O

Let now us introduce the following indices: Nﬁw = I, — I, and N,%W = Jm — I,. We also define
If 1%, . I 11_5 as the ordered indices Iy, I ... I41—4 excluding the k-th one (1 < k < 4L —4). Finally,
let us set N%lknl = 1% — I'. From the boundary condition , we have by Laplace transform

4L—4

d}lm Zf]m_fn n() 1§m§4L—4,

4L—-4

05, (s Z F5e1, (X5, (5), 1<m<A4L.

(71)

We define A€ as the (4L — 4) x (4L — 4) matrix such that the (m,n)-th matrix element of A is
fi1 - In asimilar way, B¢ is a 4L x (4L — 4) matrix such that its (m, n)-th element is equal to f{.

m,n

As a consequence, system leads to
05 = BY(AL)THf = Feyf. (72)

(The inversion of the matrix A can be obtained from the expression @) Let us denote by o415
the set of all permutations of the indices from 1 to 4L — 5, an element of the set being written as
i:= (i1,%2,...,945—5) € 041—5. Following Cramer’s rule, for 1 <1 < 4L, one can write that

"/;51 = Z (Be)l,m((‘&17e)_1)m,n@/~}§n
1<m,n<4L—4
4L—5 (73)

. 1
- Y gl 20 e

1<m,n<4L—4 i€o4r,—5 mw

where ' is the signature of the permutation for a given index i € o47_5. Let us now define UEL_ 4 as
the set o414 excluding (1,2, ...,4L —4). Multiplying by det(Al’e) on both sides of (73)), then inverting
by Laplace transform, one has

e j re .
le + . ; 6 fh%,jl * ( (fNiL Liala * le))
JE€T4L 4 (74)
= Frz, (1™ (D 0 nmm * ol fSmm  #1F)))
1<m,n<4L—4 icour_s M )11 Nyp2s 4L _5
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From and by using , one gets
(W5)" + D2 Fiq, *ox (i x15,).- )"

AL—4,5471,_4

j€odr_4
= > Uk, GO DD e xS x5 Hi(kAL ADAP,
1<mn<4L—4 icour_s N Nt 2si4p s

(75)
where H;(t, At) is an analytic function of ¢ and At which can be expanded thanks to At, the coefficients
being some analytic functions of t. From the relation

. 0 0

(ux0)(2) = a(2)(2) At — ﬂ(z)%At - @(z)%m,

and applying a Z-transform on both sides of leads to

4L—4
V() +95,(2) Y & ] <fh; ()t - fg;y.p(omtm)
JEU4L 4 p=1
= > UG (f @A fE (0)AL2) (-1 (76)
1<m,n<4L—4 ' '
4L—5
Z 5 H (felnm( )At—felnm( )At/2> + Hy(z, At) AL,
i€o4r—5 p=1 P plp
Now, thanks to , one has
) 4L—4 )
e ise ol (fig, 180 15y @ney2)
j€odr 4
- Y e (fh;mumt ~ fiz (0)At/2) (1)
1<m,n<4L—4 , (77)

4L—5
| <fh1nm( )AL — fh;:?ém(omm)

. pytp
i€oyp-5 p=1
H( > Grimm(z A (2) A + Gay(z, A, (2) AL + Hy(z, At) A2,

1<m,n<4L—4

where G 1 m n(z, At) and Go (2, At) are some analytic functions equal to linear combinations of prod-

ucts of the functions hy 4
,'/’;pvq(z7 At)

§0,0(2) — 90,0(0)/2°
Next, by using Lemma and (Lemma {4, Appendix , we can prove the following bounds

‘Gl,l,m,n(zv At)‘ S Cl,l,m,n,,m ‘GZ,I(Zy At)‘ S CQ,l,pa (78)

for some well-chosen positive real-valued constants C1 5, and Ca;, which depend on the bounds
of ¥y, ,(t) and of its derivatives.
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Now, by using , is

05 = Y Blm(A) madf, (2) + Ri(z, A AL
1<mmn<4L—4 . (79)
= Z (F)int§, (2) + Rz, At AL,
1<n<4L—4
where F(z) is defined by
hs(2) = F(2)¢r(2) == B(2)(A(2)) "4 (2) (80)
and
(81)

Ri(z,At) = det(lAl) Y Grima(z At (2) + Gou(z, At)5, (2) + Hy(z, At)

1<mn<4L—-4

Let us also remark that, if p is a given large enough positive constant, then there exists Atg, such

that, for At < Atp, F being given by , for any vector V of size 4L — 4 and angle ¢, we have
Im [VTFT(epAt“d’)IlV} <0. (82)

Let us now prove the following error estimate.

Theorem 2. Let us consider the scheme —@. Let p be a large enough given positive constant
following Theorem [1. Then there exists Aty, such that, for any At < Aty and tx = KAt < T, we

have the following estimate
(83)

1% = ve(tx) l2< C(L, T, 9°(0) AL,

where the positive constant C' depends on the length L, the mazimal time T and the initial data 1)¢(0)
Proof. Let us fix p1 > p, where p is given in Theorem |1l We define the local error efn’n =( fnn)k -

¢5¢,n- Then one can see that

2 e k=1, k
At( - mﬁ) - A(emﬁ + em,n) + Tm,n,k—%’ (84)
where r, .1 is the local residual. From , the Z-transform of the boundary conditions leads to
4L—4
¢In ) Z At Atz Z an wln )
(85)

In( ) + Rm(Z7 At)At27
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where 1 < m < 4L —4. If we define nm n = =p* m ns With 8 = eP12% and after some long calculations,
one obtains the following expression for the discrete L2-norm of the error

L L
At 1o
H 77K ||%— F H2 +Z ?Z Z(Wﬁz,gﬁ k‘rmnk——| +77m nB k+1|rmnk——‘)]
= n=1m=1
"X (86)
B2 Z S 10+ B it By =t = Bl )l
k=1m=1

Now, based on , one gets

K 4L
fm Y S (5t + Bl )+ By — bt = Bnl)]
k=1m=1
1 o 9 4L
=T / [ Be?]” S @, (Be) ey (Be®) — g, (5) | do
21 0 —1 (87)
2
= oot [ 14 8] E (BT (5T — F(Be))ér (Be)do
1 2t 9 4L B
+ 5 -Im /O 1+ Be'® g:‘l Ry (Be'?, At)ép (Be'?) | dpAt®.

The first integral of the above last equality does not contribute to the computation since it is less than
zero. This then leads to

K 4L
Attm > S5+ B, )+ By — bt = Bl
k=1m=1 (88)
< At3 \1 + B Z Rn(Be'®, At)ep (Be')dg)| .

From relations , and (Lemma {4l Appendix , we conclude that
12 k
o = 2l
L CAPR . B -

(ﬁZ 1 1<mI%i)iL—4 | (det F1(5€L¢)) lGl,l,m,n(5€L¢,At) HL°°[0,27r]

+ || (det 1 (Be'?)) "' Gau(Be'?, At) || rco2n) + || (F1(8) ™ || L2(0,24]) (89)

2 K k2
+AtZ‘Hl ‘ )
k=0

At? 1+ Be'?

Rl(ﬁe‘q5 At)e]1(56‘¢ dd)‘

x( max At
1<m<4L

9 K
e,k ek
Pl 4+ max At '
vy, 1<nsin vy

A1, .

k|2 4
< 452 + At°C(L, T, v*(0)),

3|
0

k=
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which provides
K 4L

Aﬂmz Z 77Jm + BWJm)(ﬁlZ; + /BU]frln - 77?: - ,6’77"37”)]
k=1m=1 (90)
g -1 = k 2 4
< g 2 It 1B +AEC(L T, v (0).
k=0

To get from (89), we use the following estimate for three sequences {a,}, {b,} and {c,}, where
their Z- transforms are a(z), b(z) and ¢é(z), respectively,

1 2

Al TONT (TP Al LT 1 YR 7/ 1 X!
|a(e)b(e*?)é(e™?)|dp < o— || a(e™) || Loopo,2m | B(€™) I L2p0,27 I €(€™) [[1200,27)

1 A/ d PN X
= 5 [1a(e™) lzpaml b el e le< e [l e [z +C)(I| @) llpo2mll b lli2)?,

setting || a [|%= Zszo lak|?. The terms with indices I} belong to the computational domain, 1 <
m,n < L, and so they can be controlled by || n* |l2. The indices 7, are not in the computational
domain. However, the terms which contain an index 7, are negative in , so they do not need to be
estimated in L2-norm [31]. By using , we obtain: |rm7n7k+%| < C(¥°(0))At%. Then, by combining

with , one gets

o =S LR IR 4
™ [3< 12 + %2 Z 0" [lz +C(L, %°(0)) At
k=0
+27622H77k 15 + Z Z ’mnkz—f
k=0 k 11<m,n<L
Finally, we have
10" 13< C(L, T, %(0)At?, (93)
yielding
19" = (KAL) [l2< O(L, T, 4°(0)) At?, (94)
ending hence the proof. O

5 Discussion and Conclusion

In this paper, we proved the L?-stability of the Crank-Nicolson discretization of the semi-discrete
Schrodinger equation with the artificial boundary condition derived in [24]. In addition, the full scheme
is proved to be second-order in time. These results confirm the numerical simulations presented in
[24].

Nevertheless, to fully analyze the scheme, some points remain to prospect. For example, the
presented convergence analysis of the scheme does not include yet the spatial convergence analysis
which will be studied in a forthcoming paper. Furthermore, fast evaluation schemes for integral
operators should be used in conjunction with the ABC method to have an efficient scheme. This needs
to be further prospected from the point of view of the design of the algorithm but also concerning
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the effect of these additional approximations on the numerical analysis of the full scheme. Finally,
the extension to the nonlinear case can be obtained thanks to time-splitting schemes [3], 26] and the
methodology should also yield the construction of ABCs for 2D nonlocal Schrodinger equations in
rectangular domains, combined with the recent results in [23].

A  Proof of Lemma {4

Since the initial condition is compactly supported, then it is square integrable, i.e. || 1¢(0) ||« 2< oo,
where the L?-norm on the infinite lattice is defined by
19 2= D [al?
(m,n)eZ?
Lemma 3. The behavior of the ezact solution vy, . of @) at infinity is such that
1
o oa(t NO(i) or |m| + |n| — oo.
|97 ()] T 17 Jor |m| + |n|
. ~6 X?k (S) o .
Proof. Setting )‘Ik (5) = = ) for 1 < k < 4L — 4, and from (|16)), the boundary conditions can be
90,0
written as
4L—4
Vi) =D g, () x A5, (t), 1<k <AL—A4. (95)
=1
Then, for any term vy, ,, (t) outside the computational domain, one has from (13)
AL—4
Vi) = D Ginmy—1, * A7, (1) (96)
(=1
By integration by parts for and for fixed ¢, we have
9]~ O ) ~ O (o7)
’ max(|m/, [n|) Im| +[n]
and
4L—4 1
< ()] = ‘ Xg, (O] ~ O ) — o0,
’¢m,n< )‘ ‘ éz:; g(m,n)flg * Ig( )’ ’m‘ ¥ ‘n‘ or ‘m’ + |TL’ o0
leading to
[V ()] — 0 for |m|+ [n| — oo. (98)
0
If we define @bfﬁfﬁ) (t) as the k-th order time derivative of ¢y, ,(¢), then, we can also prove that
e, (k) ( 1 >
t)| ~ O ———— ) when |m| + |n| — oo.

Let us now prove the following Lemma.
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Lemma 4. We have the following L*>-norm (mass) conservation property

V>0, || () [l«2=] ©%(0) |ls2 -

Furthermore, the following inequality holds

| 950 ezl 50) o2 10% | 9(0) |1z, (99)

and V¢ : Ry — (2(Z*) is an analytic function.

Proof. By multiplying by ¢, ,(t), taking the complex conjugate of and multiplying it by

—p n(t), then summing up the two equations for (m,n) such that —N < m,n < N, and summing

by parts the resulting equation, one gets

Z Z ([5mn @ =[5 (0)7) =
—Nm=—N

N

i ) [CRMORSTIMO)SICSMORIIIMG)

—(Rn0) + U5 D) (51,0(0) + U5, (0)] (100)

+Im Z [ 0) + ¥, N ()25 (5, N (0) + 95, N (1))

~ e (0) + 05, N (D)2 (W5, (0) + i (1)

When N — oo, from Lemma the left side of (100)) behaves like 8N x O(1/N?) = O(8/N), and thus
we obtain

vE>0, [ 9°@) [lv2=l ¥°(0) [l+2 -
In addition, taking the k-th derivative of the semi-discrete equation , we have

war’L(,Tlirl) = _(wfn(k + wm n+1 =+ 1/} +1 n + wm 1,n 41#2157]2));

which means that

W]mﬁJrl)‘ < W}mn 1’ + W}mn+1’ + W}m+l n’ + W}m 1n’ +4W}mn |

This leads to

k)
[ < Sl P Bl P Sl Sl + 80l

Summing up over all the indices m and n, we have

Zwe J(k+1) ‘2 < 1OOZW€ (k
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We conclude that
| =50 (0) [lh2< 10 || =R (0) |2 (101)

and

| 9B () [l o=l 6°0(0) [lo2< 10 | $5(0) 1z - (102)

The following inequality also holds: |¢fn(ﬁ)(0)| < 10% || 9(0) ||+,2, meaning that each function ¢¢, ,(t)
is analytic.
O

Finally, let us remark that the results above extend to the case of the Schrodinger equation with
a compactly supported potential term given by V, i.e.

. 0? 0?

where each function V(mAz,nAz,t) is analytic with respect to t.

B DMatrices expressions

The matrix Iy can be written as

-1 -

I

1, , (104)
I. 2
1o
I, 2

1

where I 5 is the identity matrix of order (L — 2), 13 = [I 1], and all other entries are zero. In
addition, some computations show that

LCOt(%) LCOt2(§)
I, By =—-—"+*1
2 4

(105)
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and

A

with

al = —

and the (L — 2) x L matrix C; is given by

Cy

al bl

C,

b1

b1

al bl

p+ 4

0P

4sin?(=

sin (2
C b

ay
b1

b1
ap

b1

by

ai

We also can prove that the matrix By is such that

i a9 2b2

Cs
2b2 as
by a9

By =
L a9 b2

with 5
(2p + 8t) cot(=)
ag = — ¢ 2

8sin?(~

2
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ai

b1

a2

L cot(

b1
b1
b1
C
b1 al bl
bl al bl
C
b1
Lcot?(
b=-——7p
b1 al b1
by
bo
2by
C,
2b2 a9 b2
b2 a9 2b2
Co
2by
by = —

8 sin?(

; (106)

(107)

: (108)

LeotG)

)



The (L —2) x L matrix Cq has the following form

[ 2b2 ag 2()2 T
2b2 a9 2b2
2()2 a9 252
Cy = . . (109)

L 20y az 2by |

It is finally easy to get I7I; = I5. The matrix I can be written as

o -

I, = L . (110)
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