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Abstract

This paper deals with the leader-following consensus problem of multi-agent systems with the consideration that each
agent can only transmit its position state to the neighbors at irregular discrete sampling times. In the proposed al-
gorithm, a continuous-discrete time observer is designed for the continuous estimation of both position and velocity
from the discrete position information of the neighbors. These estimated states are then used for designing a contin-
uous control law which solves the leader-following consensus problem. Moreover, the dynamics of the leader is not
fixed and can be controlled through an external input. The stability analysis has been carried out by employing the
Lyapunov approach which provides sufficient conditions to tune the parameters according to the maximum allowable
sampling period. The developed algorithm has been simulated and then tested on an actual multi-robot system con-
sisting of three differential drive wheeled robots. Both simulation and hardware results validate the effectiveness of
the control algorithm.

Keywords: Second-order multi-agent systems, Continuous-discrete time observer, Leader-following consensus,
Nonuniform and asynchronous sampling

1. Introduction

Development in technology has enabled advanced operations for autonomous robotic vehicles. The effectiveness
of these robots can be further improved by utilizing them in a cooperative manner to accomplish much more complex
tasks which cannot be realized by solo operation. Cooperative team work is not only limited to robotics but it also
finds applications in the field of sensor networks [1], interferometers [2], electric power systems [3], distributed
computation [4], synchronization [5] etc.

Cooperative control of multi-agent systems (MAS) is classified into two categories, namely, centralized control
and distributed control. In centralized control, all the agents communicate with a central control unit. On the other
hand, distributed control scheme does not have any common control unit. All the agents make decisions by exchanging
their information with neighbors. Study of distributed control of MAS has gained much popularity in the research
community during the last decade because of its advantages over centralized control such as efficiency, scalability,
flexibility, robustness and adaptability [6].

Consensus is considered as a fundamental problem in distributed control in which all agents are required to reach
an agreement on some value of interest [7]. For instance, in multi-robotics systems, it may require all robots to either
reach a common position or follow the trajectory of a leader. The former case is defined as leaderless consensus while
the latter is called leader-following consensus [8]. The topic of leader-following consensus has received significant
attention in the past years [9, 10, 11, 12, 13, 14].
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Various physical systems like robotic vehicles can be represented as linearized double integrator dynamic systems
where position and velocity are the information states [15, 16]. Though these dynamics are continuous in nature,
information exchange among the agents is in discrete time because of the digital means of communication [17].

Several control techniques, to achieve consensus in double integrator systems with sampled data, have been pro-
posed by the research community. For instance, Pan and Qiao proposed a discrete time consensus algorithm for double
integrator MAS in [18] where communication delay was considered and conditions for consensus under such delays
were derived using linear matrix inequalities. Several sufficient and necessary conditions on controller gain, com-
munication topology and sampling time were proposed in [19, 20] for the convergence of sampled-data coordination
protocols for agents with double integrator dynamics. In [21], average consensus was achieved asymptotically for a
dynamic network provided that there always exists a directed spanning tree. Integral sliding mode control based con-
sensus algorithm was proposed in [22] for both leaderless and leader tracking of second-order MAS with disturbance.
The authors in [23] investigated a discrete-time consensus algorithm for second-order MAS. It was shown that agents
achieve consensus in the presence of switching communication topology with non-uniform time delays and sampled
data. Eichler and Werner discussed the optimization of convergence speed for only fixed communication topology
[24]. A leader-following protocol for second-order MAS in a sampling setting with Markovian switching topology
has been presented in [25]. Wu et al. derived mean square consensus tracking with a virtual leader in [26]. In this
paper, the tracking error not only depends on the sampling period and delay but also on the velocity and acceleration
of the virtual leader. The problem of intermittent communication was addressed by Liu ef al. in [27]. The authors
proposed a consensus algorithm based on persistent-hold techniques for first order systems.

However, the above mentioned techniques require information of both position and velocity states of the neighbors.
In a practical scenario, the agents usually have limited on-board measurement resources that makes it difficult to
measure their velocity along with their position. That is why, it is more affordable to measure and transmit only
position information. To cope with this problem, available position information of the neighbors were used to estimate
the velocity for consensus tracking problem in [28]. Chen and Li have proposed an observer to estimate the velocity via
sampled data [29]. Second-order consensus was achieved by Yu et al. by using only current and previous sampled
position data [30]. It was shown that consensus can only be reached for specific sampling time intervals. Some
necessary and sufficient conditions for sampling time period were established in [31] for position based second-order
consensus algorithms.

In the above cited literature, position information is supposed to be transmitted at regular constant intervals.
However in practice, asynchronous and aperiodic transmission of data is inevitable. Furthermore, in many cases,
asynchronous and aperiodic transmission is desired in order to avoid unnecessary consumption of the communication
resources. For example, in event-triggered based consensus, local information is exchanged only when a specific
event occurs. In [32], Dimarogonas et al. proposed an event-triggering based distributed control for MAS. The
next triggering time is calculated when a particular event takes place. An event-triggering based algorithm with a
state-dependant triggering function was proposed in [33]. An observer based event-triggering consensus protocol was
proposed in [34, 35, 36] where the control law is updated using the estimated states. One drawback of such event-
triggering schemes is that it sometimes requires a continuous monitoring of the full state of the agents. Furthermore,
it needs pre-knowledge of the event-triggering function or mechanism which dictates the sampling times for the data
transmission.

In the current article, it is aimed at designing a leader-following consensus algorithm for second-order MAS which
guarantees that each agent tracks the leader when only position information is transmitted with asynchronous and ir-
regular sampling times. The proposed scheme is based on continuous-discrete time observers. Such observers estimate
both the available and unavailable states in continuous time from information received in discrete time. Continuous-
discrete time observers have been studied widely in recent years, for example in [37, 38, 39]. A leaderless consensus
protocol for second-order MAS with asynchronous sampling and partial measurements has been introduced in [40].
A continuous-discrete time observer has been proposed to reconstruct the position and velocity in continuous time
from the available discrete position data. In the current paper, using the basic idea of [40], a novel output-feedback
controller is proposed to solve the problem of leader-following consensus problem. The leader is not assumed to be
fixed. Its dynamics can be controlled by an external input that influences the stability of the whole system. Here, the
novelty of this article lies in the development of a leader-following consensus protocol with an active leader in the
presence of the following constraints: (i) an agent only transmits its position state to its neighbors (nor its velocity
nor its input), (ii) the agents transmit their data with irregular sampling times, (iii) the sampling instants for each
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agent are totally independent which means that no synchronization is required for the transmission, (iv) the leader
can communicate its position to only a small portion of the followers, (v) the communication topology among agents
is directed. The designed controller ensures the practical consensus of MAS for the general case with an ultimate
bound that can be made as small as desired by appropriately tuning the parameters. It is also shown that exponential
consensus is obtained if the leader input is equal to zero. It is important to mention that the results of [40] cannot
be directly applied to the leader-following case due to the presence of aperiodic and asynchronous sampling period
and the availability of position state only. Compared to [40], the addition of an active leader changes the dynamics of
overall system, resulting in new terms not only in the tracking error dynamics but also in the observer error dynamics.
Consequently, the stability analysis can no longer be carried out with the same Lyapunov function as used in [40].
Therefore, in this paper, a new stability proof is derived based on new Lyapunov functions. At last, another important
contribution in this paper compared to [40] is the experimental validation of the developed algorithm. Indeed, the
algorithm is tested on a group of mobile robots using Robot Operating System (ROS) for linear movement. Both
simulation and experiment results have validated the efficacy of this algorithm.

The remaining of the paper is organized as follows. Section 2 describes preliminary knowledge along with the
problem formulation. Main results are presented in Section 3. Simulation and experimental results are discussed in
Section 4 and 5 respectively while Section 6 concludes the article.

2. Preliminary knowledge and problem formulation

2.1. Notations

In this paper, the set of n x n real matrices is denoted R"*™. [,, € R"*" is the n—dimensional identity matrix.
For any symmetric matrix A, Amin(A) and Apax(A) represent minimum and maximum eigenvalue of A respectively.

The symbol 2 means equal by definition while ® represents the Kronecker product. DY denotes the N x N matrix
with all entries equal to zero except the i*" diagonal entry which is 1. ||.]|2 and ||.|| represent the Euclidean and
Frobenius norms respectively. If nothing is specified, then ||.|| denotes the Euclidean norm. diag(by,...,b,), with
b € R™*™ ¢ =1,...,q, ¢,m € N, is the diagonal by block matrix having b1, ..., b, on its diagonal. 15 € RN
represents the vector with all entries equal to 1.

2.2. Preliminary knowledge

A directed graph G is a pair (V, £), where V is a nonempty finite set of nodes and £ C V x V is a set of edges where
an edge is an ordered pair of distinct nodes. For an edge (4, j), node j, called child node, can receive information
from node ¢ which is the parent node and ¢ is a neighbor of j. A graph has a directed spanning tree if each node has
one parent node except for one node, called the root, which has a directed path to all other nodes in the graph. The
adjacency matrix A = (a;;) € RV*Y of G with N nodes is defined by a;; = 1if (j,4) € € and a;; = 0 otherwise.
The Laplacian matrix £ € RY*Y is defined as [;; = > i Gigs lig = —aij fori # j. L satisfies 1;; < 0,4 # j and

Sl =0i=1..N.

Lemma 1. [4]] Let M = (mij>1§i,j§n € R"*" be a non-singular M-matrix, such that m;; < 0, foralli # j, i,j =
1,...,n and all its eigenvalues have positive real parts. Then, there exists a diagonal matrix Q = diag(w1, . . . ,wy) >
0 such that QM + MTQ > 0.

2.3. Problem formulation

Consider a group of N followers labeled from 1 to N and one leader labeled 0. The followers have the following
second-order dynamics:

h(t):vi(t), iZl,...,N (1)
0 (t) = ui(t)

where r;, v;, u; € R™ represent respectively the position, velocity and control input of the i-th agent (m € N). The

dynamics of the leader is given by:
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where 7, v, ugp € R™ represent respectively the position, velocity and control input of the leader. It is assumed that
the control input ug is bounded, that is, there exists 0y > 0 such that ||ug(t)|| < dp for all £ > 0.

The communication connection between the followers is described by graph G and the corresponding adjacency
and Laplacian matrices are A and L, respectively. The position of the leader is considered to be transmitted to a
small portion of the followers. Let the diagonal matrix B = diag(by, ba, . .., by ) be the interconnection relationship
between the leader and followers, where b; = 1 if the information of the leader is accessible by the ith follower,
otherwise b; = 0. The communication graph including the followers and the leader is denoted G. Let us define the
following matrix

H=L+DB

Lemma 2. [42] Matrix H is a nonsingular M-matrix if and only if the pinning joint communication topology G has a
directed spanning tree.

Definition 1. The leader-following practical exponential consensus is achieved if

N
S el € ae Pt 4+, ¥tz 0
i=1
where e; = x; — xo with x; = [T;‘F, vIT] T, To = [rg, v(ﬂ T, a, B > 0 and v is a positive constant.

It is considered that each agent transmits only its position r; to its neighbor ¢ at times tfc’j with £ € N, but not its
velocity v; nor its input u;. The sampling instants ti’j are supposed to verify 0 = té’j < ti"j < e < tff’j < ...
Furthermore, one assumes that there exist constants 7,,,, Tas > 0, called respectively the minimum sampling period
and the maximum sampling period, such that 7,,, < tZ’il —ty) < Ty, forallk € Nandi = 1,...,N, j =
0,..., N. Figure 1 shows an example of sampling instants for data transmission between the neighbors. The problem
under investigation is to design a distributed control law to solve the leader-following consensus problem under these
communication constraints.

22
tk

Figure 1: Example of sampling instants for data transmission under a directed graph

3. Observer based leader-following consensus

In this paper, the basic idea is to use classical continuous linear consensus controller for double integrator MAS
with discrete position measurements only. In a classical consensus protocol, it is assumed that all states of the neigh-
bors are available in continuous time. Whereas, the current article considers that only position data is transmitted to
the neighbors at irregular and asynchronous time instants. The idea is to estimate the position and velocity states in



continuous time from the available discrete position data by using a continuous-discrete time observer (as discussed
in [40] for the leaderless consensus problem). The proposed observer-based consensus protocol is given for ¢ > 0 by

N N
wit) = —ex’ Z aij [Pi,i(t) = 745(1)] — €2A Z aij [0ii(t) — 0i5(t)]
—5)\2172‘ [fi,i(t) — ’/’Ai,o(t)] — C2)\b; [f]i,,‘(t) — f/i70(t)} , t=1,...,N 3)

where 7; ; and 9; ; are the estimated position and velocity of agent j by agent 4. Their dynamics are given by
Fut) = ug(0) = 200D (3 (17) — (1)) @
bslt) = 0% (ry () () ®
k+1 )
(i, 7)-th entry of the adjacency matrix .4 of the directed graph G while 6 and A > 0 are the observer and controller

tuning parameter respectively. The initial conditions 7; ;(0), 7; ;(0) € R™ of the observers can be chosen arbitrarily.
Before stating the main result, note that if G has a directed spanning tree, then according to Lemma 1, there exists a

fori =1,...,N,7=0,1,...,Nand t € {tz’j,ti’j ) k € N, where ¢ > 0 is the coupling strength, a;; is the

diagonal matrix Q = diag(ws, . . .,wx) such that HTQ + QH > 0. Furthermore, the following notations will be used
hereafter.

Wmax = max{wi,...,wn}, (6)

Wmin = min{ws,...,wN}, @)

p= Amin(H'Q+OQH). ®)

fonax = max M| ©)

Theorem 1. Consider the MAS (1)-(2) with the consensus protocol (3)-(5) and assume that the communication topol-
0gy G contains a directed spanning tree. If the control parameters 0, \ > 1 and ¢ > 0 satisfy the following

o

0 < (10)
TM™

g > Wmax )
p

A< €0 (12)

where g is a positive constant, €* € (0, 1), Wynae and p are given by (6) and (8), respectively, then the leader-following
practical consensus problem is solved in the sense of Definition 1.

Remark 1. The conditions provided in Theorem 1 to achieve the leader-following consensus are only sufficient since
they are obtained through Lyapunov based stability analysis which may lead to conservative bounds. Despite the
limitation of Lyapunov based approaches, it provides some useful hints about the choice of the gains. For instance, it
is clear from inequality (10) that the maximum sampling period directly influences the choice of 0. If the maximum
sampling time is high, then 0 must be chosen small enough and vice versa. It should be noted that 0 and ) dictate
the convergence speed of the observer and controller, respectively. In order to guarantee closed-loop stability, the
controller dynamics must be slower than the observer dynamics which is represented by the fact €* < 1. Therefore,
for large maximum sampling period, the system convergence rate will be slow.

Before the proof of Theorem 1, we need some important results which are presented below.



Lemma 3. Let vy (t) and vy(t) be real valued functions verifying

¢
% (vE(t) +v3(t)) < —avi(t) — bus(t) + c/ v3(s)ds + k, (13)
t—6

forallt > 0, where a,b,c,d > 0 and k > 0. There exists o > 0, independent of a, b, c, k, and & > 0 such that if
0 < pmin (b 1), then vy (t) and va(t) verify the following inequality

k
VI(t) +vi(t) <ae 7t + =, Vt>0 (14)
o
where o is given by
1 .
0 = 5 min (a,b) (15)
PROOF. Let v = min (%, %) &= 2%5 andk =1—&. Since d € (O, omin (%, %)) one has
0 b 1
0<22 <2%min (2,-) <2 = 1-2<1-€<1 (16)
b b c o ——
b
0 < vkd < vd < vomin <20 a7

Then o > 0 can be chosen, independently of a, b, ¢, k such that for all § € (0, pmin (2, 1))

C

1
keE|—1 18
(ﬁ ) 1o
e’ < 1 4+ 20ké (19)
Consider the following Lyapunov function
W (ve) =i () +v3(t) + / / D03 (1) dpads (20)
t—s

where v,(s) = [v1(t + 5), va(t + 5)]", s € [=6,0]. One has

Ww) = o (30) + 03(1)) + / 2 / K92 1) duds.

Applying Leibniz integration leads to
d t+s) 2 b VRS, 2 2
W) = pn (v1 (t) + v3(t)) — vke e s(p)duds +c¢ | e’ Pv5(t) — vs(t — s)ds
0

<—avl()—bv2()—|—c/

v3(s )ds—i—k:—vfic/ / eVt )02 (1) dpds
t—4§ t—s

5 s
+ c/ e’ 2 (t)ds — c/ vi(t — s)ds
0 0

61”@6 _
< —avi(t) —bvi(t) + k +c ( 1) vi(t) — vk (W(vt) —v2(t) — v%(t))

VK



vKS

Since % < 26 and given the definition of v, the following inequalities are achieved

W(vy) +veW (vy) < (—a+vk)vi(t) + (=b+ 2cd +vr)vi(t) + k

vf(t)—b(l—(l—n)—%)

W(v) +veW () < —a (1 - )
W(v) +veW () < —a <\/§_1> vi(t) — bk <\/§_1> va(t) +k
k

A

V2

IA A

In order to get an over-valuation of W, one uses the comparison Lemma 2.5 p85 [43]. The solution of the following
ODE
2(t) = —oz(t) + k

is given by

Taking & = (W (vg) — £) ends the proof. O

Remark 2. It is worth mentioning that the results of Lemma 2 of [40], which deal with the exponential stability
problem, cannot be directly applied to the current case where the problem of practical stability is considered. In the
case of practical stability, the error dynamics does not converge exactly toward zero but stays in a ball of arbitrary
small radius. Therefore, it is important to estimate the radius of this convergence ball and its dependency on the
control parameters. Lemma 2 of [40] does not provide such information. Therefore, Lemma 3 is needed in order to
get an insight on the effect of tuning parameters on the final error bounds.

3.1. Proof of Theorem 1

The proof of Theorem 1 is divided into several steps. In the first step, system (1) along with the control law (3) and
the observer (4)-(5) are re-written in a more compact form. Equations for tracking and observer errors are also derived
in this step. New coordinates for high-gain design are introduced in the second step, while, in step 3, variables of the
state of tracking and observer errors are combined in new variables. Candidate Lyapunov functions are introduced in
step 4 and inequalities involving their derivatives are derived. Then in step 3, it is shown that Lemma 3 can be applied
if the conditions given in Theorem 1 are satisfied. Finally in the last step, an inequality involving the tracking error in
original coordinates is obtained.

Step 1. The dynamics of the agents can be written as

r; = Cux;
Om Im Om - A T ~T \T
where A = o o) B=1; and C = (I, Op). Denoting &;; = (7];,0];)", system (4)-(5) can be

written as
Ti(t) = Ay j(t) — 00 P Koe 200 miO) (7, 4k, 1(8)) — 75(ki (), i=1...N,j=0...N

where ; ;(t) = maz {tfc’j | tfc’j <tke N} represents the last instant, among all the sampling times represented

I, O

by t;’j , when the measurements of agent j have been received by agent i, Ay = (O 1 }n ) K, = P710T =
m g-m



[ZIm Im] T, with P the symmetric positive definite matrix solution of the equation P + AT P + PA = CTC (see
[44] for more details).

Defining the estimation error Z; ; = &; ; — x; for j = 0,..., N and tracking error e; = x; —xg fori = 1,..., N
gives

Zij(t) = A& j(t) — 085 Koe 20050 (Ch; (ki () — Cj(ki () — Bu;(t)
= (A-0A;'K,0)i;;(t) — 00, Koz (t) — Buy(t)

Where Zi,j (t) — [e—QQ(t—Ki)j (t))ci‘i7j(lﬁ]i7j (t)) - Ci‘@j (t)} and

éi (t) = Aei (t) + Bui (t) — BUO (t)
N N
wi = —eKIaY Hiwer — eKIn Y Hidin + bicKDaZio
k=1 k=1

fori=1,...,Nand K. = BTQ = (I, 2I,,) with Q the symmetric positive definite matrix solution of Q + QA +
27

ATQ =QBBTQand Ty = (/\0 m )(\)}"’ ) (see [45] for more details).

Step 2. Consider the coordinates for high-gain design €; = I'xe; and z; ; = ApZ; ; using the equalities, AQAA;I =

0A,CA;' = C,T\AD' = MA, T»\B = A\B, A¢B = 5B and BTA; "' = 0BT yields

él(t) = )\Aéz(t> + ABu;(t) — ABuy(t)
. 1
ji,j(t) = 9(14 — KOC).f‘i)j (t) — HKOZi)j (t) — 5Buj (t)
N N
up = K.Y Hiper — KNGS Haon + bieKDaA; 70
k=1 k=1

Step 3. Denoting n° = [eT ...e )T, n? = [(z;1)T ... (@i n)T]", i =1...Nand n§ = [(Z10)T ... (Zn,0)7T], the
tracking error can be written in compact form as

N
i° = Iy ®Aln® — EA[H ® (BK,)n® —eX Y _[(DNH) @ (BE AN )]n?
=1

+eAIn ® (BKITAA;D[B @ Iomng — AN[1x @ Blug

Step 4. Let us consider the following Lyapunov functions

V) = )2 Qhn 22)
Vo(Zij) = (2iy) P(Tiy) (23)
B N N
Vo) = Zj: Vo(Zi 5) (24)
i=1 j=0
where s;; = 1 if agent ¢ receives information from agent j and 0 otherwise for¢ =1,...,N,j =0,..., N and n° is

the vector containing all the Z; ; such that s;; = 1.
Step 4.1. The derivative of the Lyapunov function (22) can be written as

Ven®) = Xn)T[Q@ (ATQ + QA)n® — eA(n)T[(HQ) ® ((BK.)"Q)In°
—eA(n C)T[(Q’H) ® (QBK)® +2eA(n°)T[Q @ (QBKLAAG ][B @ Lom]ng

—2¢\ Z TIOQDYH) ® (QBETAA; ]nf — 20(n°) T [(Q1x) @ (QB)]uo



One has the following inequalities, whose derivations are detailed in Appendix B:

2eA(n°)T1Q ® (QBEIAAG][B ® Tzm]ig

N
—2eA Y " ()T [(QDNH) @ (QBEIAAG g < 2k AITaAG M/ Ve(9)y/ Vo (n°) (25)
=1

—2X(n°)"[(Q1n) ® (QB)]uo < 2Xka80\/Ve(n°). (26)

with
b= oV TG |52 a1, ) I @n
k2 = VNVoma vV Amax(Q) (28)

furthermore, if € > wmax/p, then we have
M) T[22 (AQT +QA)n° —eA(n) T [(HT Q)@ (BK.)T Q)ln° —e(n) T [(QH)@(QBK )0 < —AVe (1) (29)
These inequalities lead to

Vo(n®) < =AVe(n®) + 2k MDA I Ve(0) 1/ Vo (1°) + 2kaAGor/ Ve ()

Step 4.2. For 1, j such that s;; = 1, the derivative of (23) is given by

Vo(Zij) = 0(xi)"[((A— K,C)"P+ P(A - K,C))|(Z:5)
—29(fi,j)TPKOZi7j — %(fi7j)TPBUj

One has the following inequalities, whose derivations are detailed in Appendix B:

—29(i‘i7j (t))TPKOZiJ‘ (t) < 292E31 / Vo(i‘i’j (t)) / A/ Vo(i‘i,j (8))d8 30)

—TM

2 E -
—é(fi’j)TPB’U,j < 2?4 Vo(‘fi,j) ‘/’C(nc) 31
T N
k _ _ _
+ 25”1“@0 M Vo(@ig) Y s/ Vol@s)
k=0
2 _ T ]_€6 _
—5(.%1'70) PB'LLO S 2?60 Vo(l'i’o) (32)
where
T )\max P)
- VB
)\min(P)
1%4 _ EHKcHhmax\/N\/ )\max(P)
V Amin(Q)\/ Wmin
o AR P (P)
s =
Amin(P))
EG = Amax(P)



Using inequalities (30), (31) and (32) together with the definition of P leads to

Vo(Zij) < —ﬂVK%J)+2¢RM/WK%J)Zim/VVX%J®»dS+QEW/VK%JM/ﬁXW)

T N
ks _ . .
2 IO I Vo(a1) X 53/ Volase)

IN

-0V, (Z;5,5) —|—26‘ ks\/V, (% /

t—Tnm

ks . - —
#2510 8 11 Vol @i )VN 1/ V()

forj =1,..., N, while

) - k
Vo@io) < —OVi(Zio) + 207\ [V, x”/ Vol ())ds + 272607 [Vo(0)

Step 4.3. Letting A = €6 with € € (0, 1), then |[Ty\A, || = A0 and using the above inequalities, one gets

V,(n°) < 1°)+20%k3\/ V, / Vo (1(s))ds+2Mks Vi, (1)

t—Tnm

where

k4
ks
ke

Moreover, we obtain

i (V) = sy

and similarly

Z(F)g gFH@,e?/ \/7ds+—\/7+k5)\\/1/7 fao

Step 5. We have

4 (\/7“292\/7) -7 (1—4k4ez) Ve(n©) =
fm63493m+k36394/;w \/Mds

ksVNVN +1
k4N

ksNVN +1
keV N

) < = DJVlr) + kX0 V) + BaAds

- €303

+h0e050 + kge2 05,

By choosing € < €* where €* = min {1, ﬁ

1

* (8k1)?? Bks

o () =2t -

1 } we obtain

t—Tm

10

mdsm%mm

(1 — 4]616% — 4k5e)

o i o]

(33)
(34)
(35)
(36)

Vo(1°)

293 _
=, +k36294/ Vo (0o (s))ds + kel



where

kQ = max{l_cg, ke} (37)
Applying Lemma 3 with
€d
- Y 38
a 1 (38)
3 -
€263
b = 39
1 (39)
= kye20* (40)
k= koeldy (41)

one obtains the existence of o > 0 and & > 0 such that if
b1
Ty < omin ( > 42)
c o

with 0 = £ min(a,b) = 4 since A > 1, then

- - kp e
Ve(n©) + €262\ [V (n°) < et 4 2220
g
Since b1 18 1 11 1
o (c’a) o (49k3’>\ = (4k3’ )mm <9’>\> = Iky0 “3)
then, if 6 verifies ~
T < g (44)

the following inequality holds true

Vo (1°) + €302/, (11°) < Ge™ 3 + 8kado 45)

Step 6. One now comes back to the original coordinates of both observer and tracking errors. Since A > 1 and 6 > 1,
one has

with g = &,

Ve(ne) > AhZHelll (46)

— N N
V Vo > gzz 13,511 7
i=1 j=0

where
_ )\min(Q)\/ Wmin
L = iy (48)
)\min(P)
— Viminh ) 4
b= NN T @)

The derivation of (46) and (47) is provided in Appendix B. Using these inequalities, one obtains

VVelr) + €262V () Azlznezn+e291222||w\

1=1 5=0
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Over-valuation of the tracking error e; is given by

N
VVele) + 0000 > Y el
i=1

by using inequality (45), it gives

N
0
Sledl < aedep 22 (50)
i=1
with
a
8k
B=7° (52)
This ends the proof. O

Remark 3. It is clear from inequality (50) that the error will gradually converge and will enter in a ball centered at
the origin. It means that practical consensus is achieved. The radius of the convergence ball of the tracking error
is directly proportional to the bound of the leader input/acceleration dg. The size of this ball can also be reduced
by increasing the controller gain )\ (while keeping in mind that the controller dynamics must remain slower than the
observer dynamics in order to guarantee stability of the closed-loop system). Furthermore, if the leader is moving
with constant velocity i.e. ug = 0, then the MAS achieves exponential consensus.

Remark 4. One can remark that the conditions on the control parameters given in Theorem 1 require some global
information like H and N. Hence, each agent must have some global knowledge about the communication topology
similarly to many existing works on consensus. Nevertheless, the tuning parameters 0, A and ¢ are chosen beforehand
and then they remain constant for all t > 0 as only fixed communication topology is considered. Once the gains are
set, only local information is needed to achieve leader-following consensus.

Remark 5. In [40], the problem of leaderless consensus has been discussed whereas the current paper deals with the
problem of leader-following consensus. It is important to mention that the results of [40] cannot be directly applied
to the leader-following case. Indeed, the addition of an active leader is not straightforward because of aperiodic
sampling periods and availability of partial data only. Both the tracking and estimation error dynamics are different
from [40] due to the presence of leader dynamics. Therefore, the stability analysis is different from the one presented
in [40].

4. Simulation results

Consider a multi-agent system with four followers, labeled from 1 to 4 and a leader denoted as 0. The communication

topology of the system is shown in Figure 2.

O ® ®

Figure 2: Communication topology.
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The adjacency and pinning matrices corresponding to this topology are

0 0 0 O 10 0 0
1 0 00 0 0 0O
A= 01 0 0" b= 0 0 0 O
1 010 0 0 0O

Based on Theorem 1 and Remark 1, the gains for simulation purpose are chosen as ¢ = 1, A = 1.0 and # = 10. Figure
3 depicts the estimation of both position and velocity of the leader by follower 1. Similarly, the state estimation
of follower 1 by follower 2 is also shown in Figure 4. It can be seen that the observer estimates both position and
velocity quite efficiently. The time intervals between transmission of position state information from follower 1 to
follower 2 is presented in Figure 5. Figures 6 and 7 show the leader-following consensus results for step and ramp
position trajectories of the leader respectively. In case of non-zero leader input, only practical stability is achieved
which is shown in Figure 8. It is worth noting that only position information is transmitted through the communication
network, given in Figure 2, at nonuniform and asynchronous sampling instants. Velocities and inputs are completely
unknown to the neighbors. Despite these constraints, the system achieved leader-following consensus.

15 ;
il
40 iy
i
[= 310; 1
2 T o
820 o \
a > 5L
| 7
J
0F —Actual i —Actual
— -Estimated by follower 1 — -Estimated by follower 1

0 2 4 6 8 10 0 2 4 6 8 10
Time (s) Time (s)

(a) position (b) velocity

Figure 3: Estimation of the leader’s states by follower 1.

Position
Velocity

—Actual —Actual
— -Estimated by follower 2 — -Estimated by follower 2

2 4 6 8 10 4 6 8 10
Time (s) Time (s)

(a) position (b) velocity

Figure 4: Estimation of follower 1’s states by follower 2.
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Figure 5: Sampling period for transmission of position information from follower 1 to follower 2.
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Figure 6: Consensus tracking when the leader trajectory is a step function.
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Figure 7: Consensus tracking when the leader trajectory is a ramp function.
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Figure 8: Consensus tracking when ug = 0.1.

5. Experimental results

The proposed algorithm has been implemented on a group of wheeled mobile robots. The group consists of 3
Mini-Lab robots by Enova ROBOTICS. Table 1 illustrates the specifications of Mini-Lab robot. It is equipped with
various sensors including a camera for depth images and an odometer for position measurements. The open source
control architecture of the robot allows the implementation of the developed algorithm using Robot Operating System
(ROS). ROS is a multi-lingual framework where modules can be written in various languages like C++, Python and
Lisp. Each process in ROS is separately designed and programmed and is referred to as a node. Nodes can be run
on different computers since ROS provides a distributed computation environment. Moreover, data among the nodes
can be shared by passing messages over a topic. A node can publish or subscribe to multiple topics at a time. A
ROS master manages the naming and registration of the nodes in an overall ROS system and tracks the publishers and
subscribers to the topics. All nodes can communicate to the ROS master for registration and then they can receive
information of other registered nodes. In the current experimental setup, the robots are connected over a wireless
network and each robot has its own ROS master. The ROS package rosmaster_fkie has been used to establish and
manage a ROS multi-master network that consists of three robots. The proposed consensus tracking algorithm has
been simulated for Mini-Lab using ROS Gazebo simulator prior to the actual implementation. ENOVA ROBOTICS
has provided URDF file of Mini-Lab which gives 3D visualization of the robot along with the kinematic and dynamic
properties.

In the following experiment, robot motion is restricted to 1—D space (i.e. a robot is allowed to move only in a
straight line), Hence, the nonholonomic constraints can be ignored and robots can be modelled as double integrator
systems with position and velocity as states. Therefore, the proposed algorithm is implemented with the consideration
that robots are moving only in the x—axis with some constant offset in their y—positions. The consensus is supposed
to be achieved for the z—axis positions and the x—axis velocities only. The experimental setup is shown in Figure
9 while the communication topology for the experiments is illustrated in Figure 10. Keeping in mind the hardware
limitation of the robots, the controller gains have been chosen in such a way that the maximum speed limit is never
crossed. Experimental results of the leader-following consensus, for both step and ramp position trajectories of the
leader, are shown in Figure 11. It is clear from these results that MAS achieved the leader-following consensus
efficiently in spite of the presence of uncertainties and disturbances inherent for a real application. An example of the
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time period between information transmission from one robot to the other is depicted in Figure 12. This nonuniform
transmission of data may be caused by multiple reasons including computation time and measurement delays.

I Follower 2

Figure 9: Experimental Setup.

Dimensions (W x L x H)

409 x 364 x 231 mm

Weight 11.5Kg
Mechanical Load Capacity 3Kg
Max Speed 1.5 m/s
Max Slope Angle 10 degree
Processor Atom N2800
Sensor Interface Ardino
Electronics Depth Camera Asus Xtion Live Pro
Sensors Ultrasonic (x5)
Infrared (x5)
Communication Wireless IEEE 802.11b/g/n-
Extension with USB, Ethernet
Battery 12V
Power Autonomy 4h
On-board Voltages 5V/12V

Table 1: Specifications of Mini-Lab robot

O,

®

®

Figure 10: Communication topology for hardware experiments
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Figure 11: Experimental results for leader-following consensus(a) step (b) ramp
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Figure 12: Sampling period for transmission from follower 1 to follower 2

6. Conclusion

In this article, an algorithm has been proposed to deal with the communication constraints in the leader-following

consensus problem. These communication constraints include nonuniform and asynchronous sampling periods and
availability of only the position state. An observer has been designed to estimate the states of the leader and followers
through discrete position information of neighbors which is available at irregular time intervals. The effectiveness of
the proposed law has been demonstrated through both simulation and implementation on a fleet of wheeled mobile
robots. The design of consensus algorithms to further cope with the nonlinear model of the robot is planned as a future
work.

References

(1]
[2]
[3]
[4]

(5]
[6]

(7]
[8]

S. Manfredi, E. Di Tucci, Decentralized control algorithm for fast monitoring and efficient energy consumption in energy harvesting wireless
sensor networks, IEEE Transactions on Industrial Informatics 13 (4) (2017) 1513-1520.

L. Chen, Y. Guo, C. Li, J. Huang, Satellite formation-containment flying control with collision avoidance, Journal of Aerospace Information
Systems (2018) 1-18.

P. Yang, Y. Xia, M. Yu, W. Wei, Y. Peng, A decentralized coordination control method for parallel bidirectional power converters in a hybrid
ac—dc microgrid, IEEE Transactions on Industrial Electronics 65 (8) (2018) 6217-6228.

E. Boutin, J. Ekanayake, W. Lin, B. Shi, J. Zhou, Z. Qian, M. Wu, L. Zhou, Apollo: Scalable and coordinated scheduling for cloud-scale
computing., in: OSDI, Vol. 14, 2014, pp. 285-300.

A. Jain, D. Ghose, Synchronization of multi-agent systems with heterogeneous controllers, Nonlinear Dynamics 89 (2) (2017) 1433-1451.
J. Ebegbulem, M. Guay, Distributed control of multi-agent systems over unknown communication networks using extremum seeking, Journal
of Process Control 59 (2017) 37-48.

L. Shan, C.-L. Liu, Average-consensus tracking of multi-agent systems with additional interconnecting agents, Journal of the Franklin Institute
(2018).

X. Ge, Q.-L. Han, F. Yang, Event-based set-membership leader-following consensus of networked multi-agent systems subject to limited
communication resources and unknown-but-bounded noise, IEEE Transactions on Industrial Electronics 64 (6) (2016) 5045-5054.

17



[9]
(10]
(11]
[12]
[13]
[14]
[15]

[16]
(17]

[18]
[19]
[20]
(21]
(22]
[23]
[24]
[25]
[26]
[27]
(28]
(29]
(30]
[31]
[32]
[33]
[34]
[35]
(36]
(371
(38]
[39]
[40]

[41]
[42]

C. Wang, H. Ji, Leader-following consensus of multi-agent systems under directed communication topology via distributed adaptive nonlinear
protocol, Systems & Control Letters 70 (2014) 23-29.

W. He, G. Chen, Q.-L. Han, F. Qian, Network-based leader-following consensus of nonlinear multi-agent systems via distributed impulsive
control, Information Sciences 380 (2017) 145-158.

B. Madhevan, M. Sreekumar, Tracking algorithm using leader follower approach for multi robots, Procedia Engineering 64 (2013) 1426—
1435.

W. Liu, J. Huang, Leader-following consensus for uncertain second-order nonlinear multi-agent systems, Control Theory and Technology
14 (4) (2016) 279-286.

W. Ni, D. Cheng, Leader-following consensus of multi-agent systems under fixed and switching topologies, Systems & Control Letters
59 (3-4) (2010) 209-217.

J. Wu, H. Li, X. Chen, Leader-following consensus of nonlinear discrete-time multi-agent systems with limited communication channel
capacity, Journal of the Franklin Institute 354 (10) (2017) 4179-4195.

S. Djaidja, Q. H. Wu, H. Fang, Leader-following consensus of double-integrator multi-agent systems with noisy measurements, International
Journal of Control, Automation and Systems 13 (1) (2015) 17-24.

W. Ren, R. W. Beard, Distributed consensus in multi-vehicle cooperative control, Springer, 2008.

X. Ge, Q.-L. Han, A brief survey of recent advances in consensus of sampled-data multi-agent systems, in: Industrial Electronics Society,
IECON 2016-42nd Annual Conference of the IEEE, IEEE, 2016, pp. 6758-6763.

H. Pan, W. Qiao, Consensus of double-integrator discrete-time multi-agent system based on second-order neighbors’ information, in: Control
and Decision Conference (2014 CCDC), The 26th Chinese, IEEE, 2014, pp. 1946-1951.

Y. Cao, W. Ren, Multi-vehicle coordination for double-integrator dynamics under fixed undirected/directed interaction in a sampled-data
setting, International Journal of Robust and Nonlinear Control 20 (9) (2010) 987-1000.

Y. Cao, W. Ren, Sampled-data discrete-time coordination algorithms for double-integrator dynamics under dynamic directed interaction,
International Journal of Control 83 (3) (2010) 506-515.

D. W. Casbeer, R. Beard, A. L. Swindlehurst, Discrete double integrator consensus, in: Decision and Control, 2008. CDC 2008. 47th IEEE
Conference on, IEEE, 2008, pp. 2264-2269.

G. Wang, X. Wang, S. Li, Sliding-mode consensus algorithms for disturbed second-order multi-agent systems, Journal of the Franklin Institute
355 (15) (2018) 7443-7465.

J. Qin, H. Gao, A sufficient condition for convergence of sampled-data consensus for double-integrator dynamics with nonuniform and
time-varying communication delays, IEEE Transactions on Automatic Control 57 (9) (2012) 2417-2422.

A. Eichler, H. Werner, Optimal convergence speed of consensus under constrained damping for multi-agent systems with discrete-time
double-integrator dynamics, Systems & Control Letters 108 (2017) 48-55.

D. Xie, Y. Cheng, Bounded consensus tracking for sampled-data second-order multi-agent systems with fixed and markovian switching
topology, International Journal of Robust and Nonlinear Control 25 (2) (2015) 252-268.

Z. Wu, L. Peng, L. Xie, J. Wen, Stochastic bounded consensus tracking of leader—follower multi-agent systems with measurement noises
based on sampled-data with small sampling delay, Physica A: Statistical Mechanics and its Applications 392 (4) (2013) 918-928.

C.-L. Liu, S. Liu, Y. Zhang, Y.-Y. Chen, Consensus seeking of multi-agent systems with intermittent communication: a persistent-hold control
strategy, International Journal of Control (2018) 1-7.

X. Xu, S. Chen, L. Gao, Observer-based consensus tracking for second-order leader-following nonlinear multi-agent systems with adaptive
coupling parameter design, Neurocomputing 156 (2015) 297-305.

W. Chen, X. Li, Observer-based consensus of second-order multi-agent system with fixed and stochastically switching topology via sampled
data, International Journal of Robust and Nonlinear Control 24 (3) (2014) 567-584.

W. Yu, W. X. Zheng, G. Chen, W. Ren, J. Cao, Second-order consensus in multi-agent dynamical systems with sampled position data,
Automatica 47 (7) (2011) 1496-1503.

N. Huang, Z. Duan, G. R. Chen, Some necessary and sufficient conditions for consensus of second-order multi-agent systems with sampled
position data, Automatica 63 (2016) 148-155.

D. V. Dimarogonas, E. Frazzoli, K. H. Johansson, Distributed event-triggered control for multi-agent systems, IEEE Transactions on Auto-
matic Control 57 (5) (2012) 1291-1297.

L.Li, D. W. Ho, S. Xu, A distributed event-triggered scheme for discrete-time multi-agent consensus with communication delays, IET Control
Theory & Applications 8 (10) (2014) 830-837.

H. Zhang, G. Feng, H. Yan, Q. Chen, Observer-based output feedback event-triggered control for consensus of multi-agent systems., IEEE
Trans. Industrial Electronics 61 (9) (2014) 4885-4894.

D. Ding, Z. Wang, D. W. Ho, G. Wei, Observer-based event-triggering consensus control for multiagent systems with lossy sensors and
cyber-attacks, IEEE transactions on cybernetics 47 (8) (2017) 1936-1947.

J. Hu, J. Geng, H. Zhu, An observer-based consensus tracking control and application to event-triggered tracking, Communications in
Nonlinear Science and Numerical Simulation 20 (2) (2015) 559-570.

M. Farza, M. M’Saad, M. L. Fall, E. Pigeon, O. Gehan, K. Busawon, Continuous-discrete time observers for a class of mimo nonlinear
systems, IEEE Transactions on Automatic Control 59 (4) (2014) 1060—1065.

O. Herndndez-Gonzdlez, M. Farza, T. Menard, B. Targui, M. MSaad, C.-M. Astorga-Zaragoza, A cascade observer for a class of mimo non
uniformly observable systems with delayed sampled outputs, Systems & Control Letters 98 (2016) 86-96.

I. Bouraoui, M. Farza, T. Ménard, R. B. Abdennour, M. MSaad, H. Mosrati, Observer design for a class of uncertain nonlinear systems with
sampled outputsapplication to the estimation of kinetic rates in bioreactors, Automatica 55 (2015) 78-87.

T. Menard, E. Moulay, P. Coirault, M. Defoort, Observer-based consensus for second-order multi-agent systems with arbitrary asynchronous
and aperiodic sampling periods, Automatica 99 (2019) 237-245.

H. Zhang, Z. Li, Z. Qu, F. L. Lewis, On constructing lyapunov functions for multi-agent systems, Automatica 58 (2015) 39-42.

Q. Song, F. Liu, J. Cao, W. Yu, Pinning-controllability analysis of complex networks: an m-matrix approach, IEEE Trans. on Circuits and

18



Systems 59 (11) (2012) 2692-2701.

[43] H. K. Khalil, Noninear systems, Prentice-Hall, New Jersey 2 (5) (1996) 5-1.

[44] J. Gauthier, H. Hammouri, S. Othman, A simple observer for nonlinear systems applications to bioreactors, IEEE Transactions on automatic
control 37 (6) (1992) 875-880.

[45] A. Bédoui, M. Farza, M. MSaad, M. Ksouri, Robust nonlinear controllers for bioprocesses, IFAC Proceedings Volumes 41 (2) (2008) 15541
15546.

[46] R.Horn, C. Johnson, Matrix analysis, Cambridge university press, 1990.

[47] A. Graham, Kronecker Products and Matrix Calculus: With Applications (Mathematics and its Applications) PDF, Courier Dover Publica-
tions, 1981.

Appendix A.

Lemma 4. We have the following results:

a) [Allz < [|Alr < V/nl|All for all A € R™";

b) |lzll2 < |zl < v/nlzlls for all z € R

¢) Yo VT < \/ﬁ\/mforallxi eER T withi=1,...,n;
d) S ()% < (00, @) forall z; € RY withi =1,...,n;

e) letp;,i=1,...,mandv;, j=1,...,n be respectively the eigenvalues of A € R™*™ and B € R"*", then the
eigenvalues of A® B are vy withi =1,... ., mandj=1,...,n;

) |A® Bll2 = ||All2 || Bll2 for all A € R™*™ and B € R™*™;
g) let A, B € R™ " be positive definite symmetric matrices, then
Amax(A® B) < Amax(A)Amax(B)
Anin(A® B) > Amin(A)Amin(B)
h) for any symmetric definite positive matrix M € R™*" and z,y € R", 27 My < \/ﬂm\/zm (Cauchy-
Schwarz inequality);
i) for any symmetric matrix M € R™"*" and x € R™, Apin(M)2Tx < 27 Mz < Apax (M)2T 2 (Rayleigh inequal-
ity);
j) let (ui)lgign a basis of R™ and (vj)lgjgm a basis of R™, then (u’ ® vj)lgign,lgjgm is a basis of R"™;

k) let A € R™*™ be a symmetric definite positive matrix and B € R*™ be a symmetric semi-definite matrix, then the
following inequality hold
Amin(A)], ® B < A® B < Apax(A)I, ® B.

PROOF. a) See [46, p.304], section 5.6.23
b) See [46, p.304], section 5.6.23

N

¢) Consider X = , then we have

N
X1 = Z\/E

X1z = Z(\/fi)z'): Zx

Applying Lemma 4-b) gives the result.
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d) The proof is straightforward and then not reported here.
e) See [47, p.27], property IX.
f) Denoting p(A) the spectral radius of matrix A, one has
lA® Bl = p((A®B) (A® B))
= p((ATA)® (B"B))
= p(ATA)p(BTB)) (by applying Lemma 4-¢)
= [AlZ 1Bl
g) The two inequalities are obtained directly from Lemma 4-e).
h) See [46, p.15], subsection 0.6.3.
i) See [46, p.234], Theorem 4.2.2.

j) From property X in [47, p. 27], one has det(A ® B) = (det(A))™(det(B))™ for any matrices A € R™"*™ and
B € R™ ™ Then taking A = (u!,...,u")and B = (v!,...,v™), one has det(A® B) = det([u*®@v!,... ,u'®
v @l ut @e™]) = (det(A))"(det(B))™ # 0 since (u?) and (v7) are basis of R™ and R™ respectively.

k) Let z be a non zero vector R™". Let (u?) (resp. (v7)) be a basis of orthogonal eigenvectors of A (resp. B) of R"
(resp. R™), that is Au’ = p'u?, with ' an eigenvalue of A (resp. Bv/ = Mo/, with M an eigenvalue of B).
Since, according to point j), (uZ ® Uj>1§i,1§j§m is a basis of R™™ , there exist reals «;; such that

n m
_E:E: i J
T = Qi ju Qv

i=1 j=1
One has
dTA@Be = Y Y 0,0 @0 (A B)(u”? @ 0”?)
t1,02=1j1,j2=1
= 3 Y angan(@) Au) @ () Bu)
t1,52=1 j1,j2=1
= Z Z afj((ui)TAui) ® ((v7)T Bu?) since (u") and (v7) are orthogonal basis,
i=1 j=1
= D> D ahu'N (W) u) @ (V) )
i=1 j=1
Then, since B is semidefinite positive symmetric, one has A7 > 0, j = 1,...,m. Furthermore ((u*)Tu’) ®
() T07) = ((w')Tu)((v7)T07) > 0, then
> afu' N (W) ') @ (W) T0?) < max{u’} YD el N (W) u’) @ (7))
i=1 j=1 i=1 j=1
= max{u'} Y D afi((w) ) @ (/) Bv)
i=1 j=1
= max{u'}zT (I, ® B)x
The same can be done for the other inequality. U
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Appendix B.

The detailed derivations of the inequalities, introduced in the proof of Theorem 1, are given in this Appendix.

a) Derivation of inequality (25)

Inequality (25) is derived in two steps. An over-valuation of the two terms in the left hand-side of (25) are first

obtained and then combined in order to obtain (25).
For the first term, using Lemma 4-h)-i)-g) yields

2eA ()" [Q @ (QBKLAAG B & Lo 1§ = 2eA(n)" (2 ® Q)(In ©@ BKLIAAGH[B & Iom]ng

< 2cA \/ VC(UC) V WmaxAmax (@) [ In ® BKCFAAgl l2[[[B @ Iam]ngll2

Moreover

1B @ Lom]gll3

I
4M2
&

=1

N b,
< ; )\minZ(P) ((fLO)TP:Ei,O) by using Lemma 4-1)
S ZSZOV 3710

By Lemma 4-f) and since || Iy |2 = 1, we obtain

2eA(n°)" [ ® (QBKCTAA?)][B ® Iam]ng

< 2EA|TAAG ||/ et Vonax(@) \BK I/ Ve(n©)

\/ mln

N
> sioVo(io)
i=0

< 2EA|TAAG ||/ Yt Vonax(Q) HKII Ve(ne)

\/ mm

since || B|| =1

N
> si0Vo(Zio)
i=0

For the second term, we have

—2@\2 "(QDYH) @ (QBKTAA, Y )ng

- —20)\2 T Qe QDN H) ® (BEIAA; )

(B.1)

(B.2)

(B.3)

< zazNj V VeV Amax(Q® Q)|(DNH) @ (BEIAA, Y] |2 Zsunan by Lemma 4-h) and i)
i=1 j=1
N | N
< 220 wimaAmax @I IEITAAT Iy Vene) D 4| D iyl
i=1 \ j=1
by using Lemma 4-¢) and | DY |, = 1, | B2 = 1
< 2eA\/Wmax Amax(Q )HHH K| ITAA, 1\ Ve Z Zs” (Z;;) by using Lemma 4-i) (B.4)

mln( )
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Finally, by using inequalities (B.3) and (B.4), one obtains

2eA(9)T[Q @ (QBKLAA, ][0 @ Lo 1§ — 2 Z [(QDNH) @ (QBK T\A,M)]n?

W oo f;f:(( fmax{l I 1 T2 /i Z\/ )

IN

< 2T A M EVN + 1y/Wmax max(( ))max{l IHI} 1Kl y/ Ve(ne)r/ V. by using Lemma 4-c).
=

b) Derivation of inequality (26)
One has

—2X(9) " [(1n) @ (@B)Juo = =2A(n°)" (2@ Q)(1n ® B)ug
<2 \/N\/m\/ Amax (@) Adoy/ Ve(n©) by using Lemma 4-g), h) and i)

Sk

c¢) Derivation of inequality (29)
Using the equality (BK°)TQ = QBK° = QBBT (@, one gets with point k) of Lemma 4

(H"Q) ® (BK.)"Q) + (OH) ® (QBK.) [(H"Q+ QH] ® [@BB" Q)]
p(Iy ® [QBBTQ))

P _0®[QBBTQ)

wmax

%

Y

Ifc > W"T“”‘, one then obtains
AT (ATQ+ QA)n® —eA(n)TI(HTQ) @ (BK.)TQ)In® —eA(n®)T[(QH) ® (QBK.)In® < —AV.(n°)

d) Derivation of inequality (30)

One has
—20(Zi )T PKozi j(t) < 207/ Amax (P)|| Koll\/ Vo Zi ;)| 2.5 (t)|| by using Lemma 4-i) (B.5)
Since
4ig(t) = =206 20 OICE (k; (1) — Cii j(t) = =B &4 (1)

and z; ;(k; ;(t)) = 0, V¢ > 0, then we have

¢ t
Zi.j (t) = _/ BT£i7j (S)ds = -0 BT.fi,j(s)ds
e () s (1)
t
lzigll =0 / B"'%; j(s)ds
ki, (t)
t
< 0/ ||Z; ;(s)||ds from the fact that t — &; ;(t) < Tas, V¢ > 0, and HBTH _1
t—Tr
< 0 /t \/((f (s))TP(x;i(s)))ds by using Lemma 4-i)
B Amin(P) t—Tn ©J
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Therefore, (B.5) becomes

=20(Z:,;)" PKozi5(t) < 207 =2 V() || Kol \/Vo(@i;(t / \ Vo(Tij(s))ds
\H_./

mm

=Y

e) Derivation of inequality (31)

One has
N N
lujl < ellKe]|max (Z ||€k||+||FAA9_1||ZSjk|$j,k||>
k=1 k=0
lex]] < \/7\/@ by using lemma 4-1)

_ VN
; ||ek|| o )\min(Q)\/ Wmin

[Zkll - < \/7 Vo(Zj.k)
mln

\/ Vo jij V )\max P ||uj||
E||—Kv ||hmax\/7\/ max / 37 /‘—/
/L)J
V mln \/ wmll’l
An
=kq

2 C K hIIl X m X
g Al el ) o a0y e ZJT

AN
=ks

A

V.(n¢) by using Lemma 4-c)

AN

by using Lemma 4-i)

So it leads to

2
—5(.’fi7j)TPB’LLj S

IO DI

IN

f) Derivation of inequality (32)
One has

2
] )\maX(P)\/(fi,O)TP(a_:i70)\/(BUO)T(BUO) by using Lemma 4-h)

2 /

550 V )\max(P) VO(i'i,O)
A=
Ske

by using Lemma 4-i) and the fact that || B|| = 1 and ||uo(¢)|| < dg, ¥t >0

2
75 (f}i7o)TPBUQ

IN

IN

g) Derivation of inequalities (46) and (47)
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One has

IN

AV Amin (Q) [ €4]] \ & Qe
1 /

A

el < %f ()
i=1 - )\ \/wmln
from the fact that Zwl TQe;) = V.(n°)) and Lemma 4-c)
i=1
V.re) > A“mi"(@v“’"‘mfj||e-|| (B.6)
C - \/N /L:1 (2
=
Similarly, we have
)\min(P) -
Vol gl <
N
S ollEll <
70 mln

by using Lemma 4-c)

Sl \F\/;
g;\lxi,jll < m Vo(n°)

) = gL min ZZH #1l (B.7)
7, 1 5=0

:12
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