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Derivation of a two-phase flow model with two-scale kinematics, geometric variables and surface tension using variational calculus

The present paper proposes a two-phase flow model that is able to account for two-scale kinematics and two-scale surface tension effects based on geometric variables at small scale. At large scale, the flow and the full geometry of the interface may be retrieved thanks to the bulk variables, while at small scale the interface is accurately described by volume fraction, interfacial area density and mean curvature, called the geometric variables. Our work mainly relies on the Least Action Principle. The resulting system is an extension of a previous work modeling small scale pulsation in which surface tension was not taken into account at large or small scale. Whereas the original derivation assumes a cloud of monodispersed spherical bubbles, the present context allows for polydispersed, non-spherical bubbles. The resulting system of equations solely involves small scale geometric variables, thus contributing in the construction of a unified model describing both large and small scales.

Introduction

We consider, in this work, the simulation of two-phase flows involving potentially very different interface topologies in various areas of the flow. Such situations may occur in various industrial contexts including multiple stages, such as during the atomization of a liquid jet ranging from the deformation of the interface at the mouth of the injector, to the formation of a polydisperse spray of droplets downstream, through a mixed zone where the geometry of the interface may be complex.

The first step to pave the way to an unified Eulerian modeling of such complex flows was initiated in [START_REF] Drui | Small-scale kinematics of two-phase flows: identifying relaxation processes in separated-and disperse-phase flow models[END_REF] by making a first connection between models for separate phase flows and subscale modeling, aiming at also describing disperse flows such a bubbly flows. The starting ideas were to design a model that was able to account for two-scale kinematics and to close the model and identify small parameters in the case of bubbly flows, even if the final model was valid without any assumption on the structure of the subscale geometry of the interface. Our goal here is two-fold: first, we propose to include more geometrical information on the subscale description than in [START_REF] Drui | Small-scale kinematics of two-phase flows: identifying relaxation processes in separated-and disperse-phase flow models[END_REF], relying on the fact that this information allows the description of a cloud of droplets in [START_REF] Essadki | Adaptative Mesh Refinement and High Order Geometrical Moment Method for the Simulation of Polydisperse Evaporating Sprays[END_REF][START_REF] Essadki | Statistical modeling of the gas-liquid interface using geometrical variables: toward a unified description of the disperse and separated phase flows[END_REF] and second, we aim not only to account for two-scale kinematics but also for two-scale surface tension effects at both large scale and subscale. This paper is structured as follows. First we present a careful choice of the variables that shall describe the evolution of the system. More precisely, an argument similar to the Tube Formula of Weyl [START_REF] Weyl | On the Volume of Tubes[END_REF][START_REF] Gray | An Introduction to Weyl's Tube Formula[END_REF] will allow us to consider gas inclusions whose shape is diffeomorph to a sphere. This analysis will also allow us to draw connections between the density of interfacial area, the mean curvature and the volume fraction that will be considered as parameters of the flow. We will then design a Lagrangian energy that accounts for two-scale effects for both kinematics and capillarity effects. Finally we will use the Least Action Principle [START_REF] Serrin | Mathematical Principles of Classical Fluid Mechanics[END_REF][START_REF] Bedford | A variational theory of immiscible mixtures[END_REF][START_REF] Bedford | Hamilton's principle in continuum mechanics[END_REF][START_REF] Gavrilyuk | A variational principle for two-fluid models[END_REF][START_REF] Gavrilyuk | A new form of governing equations of fluids arising from Hamilton's principle[END_REF] that will provide us with a set of governing equations for our two-phase medium.

2 Description of the two-phase medium: two-scale structure

We consider two compressible materials k = 1, 2 that are both equipped with a barotropic equation of state (EOS) ρ k → f k , where f k and ρ k are respectively the specific free energy and the density of the fluid. The partial pressure p k and the sound velocity c k of the component k are defined by

p k = ρ 2 k df k /dρ k , c 2 k = dp k /dρ k .
We assume that there is a velocity equilibrium between both components and we note u as their common velocity. We assume our two-phase medium to be an immiscible mixture where, for each component, Y k and α k denote the mass and volume fractions respectively. If ρ is the density of the medium, we have

ρ = αρ 1 + (1 -α)ρ 2 , ρY k = α k ρ k , with α = α 1 = 1 -α 2 , Y = Y 1 = 1 -Y 2 .
We now need to describe the properties of the interface that separates both materials and distribute these properties over two different scales. let us first underline that we assume both scales to be always simultaneously present at each time-position (t, x). In our approach, we assume that the preponderant scale dominates the interface effects in the model (see Figure 1). Let us now detail the interface assumption we shall use for both scales.

large scale large & small scales small scale Fig. 1: Interface dynamics at large and small scales Concerning the large scale, we adopt a classic interface capturing approach (see for example [START_REF] Chanteperdrix | A compressible model for separated two-phase flows computations[END_REF]): we suppose that the interface position is captured within a narrow region where α rapidly varies from α 0 to α 1.

When the large scale is dominant, we postulate that the outward unit normal to the interface is accurately given by ∇α/|∇α| as originally done in [START_REF] Brackbill | A continuum method for modeling surface tension[END_REF].

When the small scale is predominant, we acknowledge that the properties of the interface are only available through the fields (t, x) → Σ and (t, x) → H that respectively provide a measure of the interfacial density area and the mean curvature in the vicinity of x at instant t. Let us now specify how these fields are related to the other variables of the flow. First, we assume that the topology of the small scale is consistent with a population of small gas inclusions whose shape is diffeomorph to a sphere in such way that we can apply Weyl's Tube Formula [START_REF] Weyl | On the Volume of Tubes[END_REF][START_REF] Gray | An Introduction to Weyl's Tube Formula[END_REF].

We now suppose that the shape of the bubbles whose position is x at instant t is altered by a small scale perturbation that is normal to their surface and with a (signed) length magnitude (oriented with respect to the outward unit normal) h(t, x) as depicted in Figure 2. In other words, (t, x) → h can be interpreted as a first-order estimate of the deformation length for the bubbles located in the vicinity of x at instant t. For such perturbations, the normal variation of the surface and the volume of the inclusions can be connected to the mean curvature and the surface of the inclusions as detailed in Appendix A. Consequently we postulate that the fields α, Σ, H, h are connected through the following relations:

dΣ dh = -2HΣ, dα dh = Σ. (1) 
Hypotheses (1) express the fact that a reminiscence of relation ( 30) is valid for each small-scale gas inclusion through the fields α, Σ, H, h. In the sequel we make the strong assumption that (t, x) → H is given a priori and is not altered by the flow. This assumption can be lifted, but requires a more involved modeling at the subscale level.

We conclude this section by stating the following constraints on the flow

∂ρ ∂t + ∇ • (ρu) = 0, ∂ρY ∂t + ∇ • (ρY u) = 0, (2a) 
D t Σ + 2HΣD t h = 0, D t α -ΣD t h = 0 (2b)
that respectively pertain to total mass conservation, partial mass conservation and the constrained evolution of α, Σ and h through the topological requirement (1).

Remark 1: The small scale perturbation encompasses purely normal variation of the inclusion interface. One could also account for volume stretching generated by a tangential variation of the normal as proposed in [START_REF] Lhuillier | Phenomenology of inertia effects in a dispersed solid-fluid mixture[END_REF]. However this situation is out of the scope of the present study since it requires an additional potential fluctuation of velocity at the subscale level, which we have not taken into account.

Two-scale Lagrangian energy

In order to derive a system of equations for our two-phase flow we exploit the Least Action Principle following [START_REF] Serrin | Mathematical Principles of Classical Fluid Mechanics[END_REF][START_REF] Bedford | A variational theory of immiscible mixtures[END_REF][START_REF] Bedford | Hamilton's principle in continuum mechanics[END_REF][START_REF] Gavrilyuk | A variational principle for two-fluid models[END_REF][START_REF] Gavrilyuk | A new form of governing equations of fluids arising from Hamilton's principle[END_REF]. The first step consists in providing the medium with a Lagrangian energy L. Following classic lines, we define L to be the difference between the kinetic energy and the potential energy of the system. In order to account for both large and small scale phenomena we will suppose that the kinetic energy of the system is defined by K small + K large where K small and K large refer respectively to the small scale and the large scale kinetic energy. In the same way, we assume that the potential energy of the system is

U bulk + U large int + U small int
where U bulk , denotes the bulk potential energy of the system, U large int and U small int are interfacial energies associated with large and small scale interface descriptions respectively.

The large scale kinetic energy is defined by setting

K large = 1 2 ρ|u| 2 . ( 3 
)
We leverage the small scale variations of the inclusions h in order to define K small as follows

K small = 1 2 m(α, Σ)|D t h| 2 (4) 
where

D t • = ∂ t • +u t ∇
• and m has the same dimensions as a density. The energy contribution (4) can be thought to be related to the virtual mass energy associated to the volume deformation of a gas inclusion at small scale. For the sake of simplicity we shall assume in the following sections that m is a constant.

We now turn to the definition of the potential energy of the system. We make the standard assumption that the bulk potential energy can be expressed as a bulk free energy as follows

U bulk = ρf (ρ, Y, α). (5) 
For the large scale interface energy we postulate that

U large int = 1 2 σ|∇α| 2 , (6) 
where σ > 0 is a coefficient pertaining to the large-scale capillarity. We define the interface energy associated with the small scale by

U small int = γΣ, (7) 
where γ > 0 is a coefficient related to small scale capillarity. For the sake of simplicity we shall assume in the sequel that both σ and γ are constant.

Finally, the resulting Lagrangian L can be expressed as a function of ρ, Y , u, D t h, α, Σ and ∇α as follows

L(ρ, Y, u, D t h, α, Σ, ∇α) = ρ 2 |u| 2 + m(α, Σ) 2 |D t h| 2 -ρf (ρ, Y, α) - σ 2 |∇α| 2 -γΣ. (8) 
Remark 2: It is important to emphasize that we do not provide here any mechanism for distributing the information carried by the variables of the system between small and large scales, which is crucial but out of the scope of the present work.

Extremization of the Action

We now follow classic lines of the Least Action Principle. Consider B(t) ⊂ R 3 the volume occupied by the fluid for t ∈ [t 0 , t 1 ]. Let X ∈ B(t 0 ) be the Lagrangian coordinates associated with the reference frame at instant t = t 0 , then we note (t, X) → ϕ L the position of the fluid particle whose position is X at t = t 0 . If (t, x) → b is any Eulerian field, it can be associated with the Lagrangian field (t, X) → b L by setting b(ϕ L (X, t), t) = b L (X, t). As h can be deduced from α and Σ by ( 2), then the flow can be fully characterized by (t, x) → (ρ, u, Y, α, Σ) or equivalently by x → (Y, α, Σ) and (t, X) → ϕ L if ϕ L complies with the mass conservation equation.

For a given transformation of the medium x → (Y, α, Σ) and (t, X) → ϕ L let (t, x, λ) → ( Y , α, Σ) and (t, X, λ) → ϕ L be a family of medium transformations parametrized by λ ∈ [0, 1]. We note Ω(λ) = (t, ϕ L (t, X, λ))|X ∈ B(t 0 ), t ∈ [t 0 , t 1 ] and we require these fields to satisfy constraints pertaining to mass conservation

∂ ρ ∂t + ∇ • ( ρ u) = 0, ∂ ρ Y ∂t + ∇ • ( ρ Y u) = 0, ( 9a 
)
supplemented by constraints regarding the topology evolution

D t Σ = -2H Σ D t h, D t α = Σ D t h, (9b) 
and finally classic boundary constraints

( Y , α, Σ)(t, x, λ = 0, 1) = (Y, α, Σ)(t, x), ϕ L (X, t, λ = 0, 1) = ϕ L (X, t), (10) 
( Y , α, Σ)(t, x, λ) = g(Y, α, Σ)(t, x), (t, x) ∈ ∂ Ω(λ), (11) 
ϕ L (X, t, λ) = ϕ L (X, t), (t, X) ∈ ∂([t 0 , t 1 ] × B(t 0 )). ( 12 
)
Following standard lines, this family of transformation yields a family of infinitesimal transformations defined as follows

δ λ ϕ(t, ϕ L (t, X)) = ∂ϕ L ∂λ X,t (t, X, λ = 0), δ λ b(t, x) = ∂ b ∂λ t,x (t, x, λ = 0), ( 13 
)
for b ∈ {ρ, Y, α, Σ, u}. Let us now define the Hamiltonian action A associated with Ω for the family of transformations (t, x, λ) → ( Y , α, Σ) and (t,

X, λ) → ϕ L A (λ) = Ω(λ) L( ρ, Y , u, D t h, α, Σ, ∇ α) dxdt. ( 14 
)
The Least Action Principle states that a physical transformation of the system verifies dA dλ (0) = 0. (

Relation [START_REF] Cordesse | Supplementary conservative law for non-linear systems of PDEs with non-conservative terms: application to the modelling and analysis of complex fluid flows using computer algebra[END_REF] will provide the motion equations of the flow. In order to obtain a set of partial differential equations, we need to express dA /dλ . Using definition [START_REF] Lhuillier | Phenomenology of inertia effects in a dispersed solid-fluid mixture[END_REF] we can write

dA dλ (0) = Ω(0) ∂L ∂ρ δ λ ρ + ∂L ∂Y δ λ Y + ∂L ∂u δ λ u + ∂L ∂(D t h) δ λ (D t h) + ∂L ∂α δ λ α + ∂L ∂Σ δ λ Σ + ∂L ∂(∇α)
δ λ (∇α) dxdt. ( 16)

Applying [START_REF] Lhuillier | Phenomenology of inertia effects in a dispersed solid-fluid mixture[END_REF] with the constraints (9) allows to express following relations between the infinitesimal variations

δ λ ρ = -∇ • (ρδ λ ϕ) , (17a) 
δ λ Y = -∇Y T δ λ ϕ, (17b) 
δ λ u = D t (δ λ ϕ) -δ λ ϕ T ∇ u, (17c) 
δ λ (D t h) = 1 Σ δ λ (D t α) - D t h Σ δ λ Σ. (17d) 
Recasting relations (17) into [START_REF] Cordesse | Coupling a hierarchy of diffuse interface model with kineticbased moment methods for spray atomization simulations in cryogenic rocket engines[END_REF] provides

Ω(0) [A T δϕ + B δα + C δΣ] dxdt = 0, (18) 
A T = ∂ t ∂L ∂u + ∇ • [( ∂L ∂u T u T + (∇u) T ∂L ∂u T + ∂ t 1 Σ ∂L ∂D t h ∇α +∇ • 1 Σ ∂L ∂D t h ∇α u + 1 Σ ∂L ∂D t h (∇u) T ∇α -ρ ∇ ∂L ∂ρ T + ∂L ∂Y ∇Y, (19) 
B= ∂L ∂α -∇ • ∂L ∂∇α -∂ t 1 Σ ∂L ∂D t h -∇ • 1 Σ ∂L ∂D t h u , (20) 
C= ∂L ∂Σ - 1 Σ ∂L ∂D t h D t h. (21) 
We can conclude that the Least Action Principles applied to the Lagrangian energy defined by (8) yields the following equations of motion

A = 0, B = 0, C = 0. ( 22a 
)
Let us further express the equations of motions into a more familiar form. With the definition (8) of L one then has

∂L ∂ρ = |u| 2 2 -f -ρ ∂f ∂ρ , ∂L ∂Y = -ρ ∂f ∂Y , ∂L ∂u = ρu, (23a) 
∂L ∂ (D t h) = mD t h, ∂L ∂Σ = -γ, ∂L ∂α = -ρ ∂f ∂α , ∂L ∂ (∇α) = σ∇α. (23b) 
We obtain

A= ∂ t (ρu) + ∇ • ρuu T + ρ∇u • u + ∂ t m Σ D t h∇α + ∇ • m Σ D t h∇α u + m Σ D t h(∇u) T ∇α -ρ∇ 1 2 |u| 2 -f -ρ∂ ρ f -ρ∂ Y f ∇Y, (24) 
B = ∂ t m Σ D t h + ∇ • m Σ D t h u + ρ∂ α f + ∇ • [σ∇α] , (25) 
C = -γ - m Σ (D t h) 2 . ( 26 
)
5 Final form of the system

We define the pressure p of the two-phase medium and the partial pressures p k of each phase and introduce a new variable w by setting

p = ρ 2 ∂f ∂ρ , p k = ρ 2 k ∂f ∂ρ k , w = D t α ρY Σ 2 , (27) 
then by injecting relations (23) into ( 22) one obtains the system

                                       ∂ρ ∂t + ∇ • [ρu] = 0, ∂ρY ∂t + ∇ • [ρY u] = 0, ∂ρu ∂t + ∇ • (ρuu T ) + p + 1 2 m Σ 2 (D t α) 2 I d + σ∇α∇α T -σ |∇α| 2 2 I d = 0, D t α -ρY wΣ 2 = 0, D t w + 1 ρY m (p 2 -p 1 + ∇ • [σ∇α]) = 0, D t (ρΣ) - 2ρY wΣ γ (p 2 -p 1 + ∇ • [σ∇α]) = 0. (28a) (28b) (28c) (28d) (28e) (28f) 
Remark 3: System (28) is a generalization of the system found in [START_REF] Drui | Small-scale kinematics of two-phase flows: identifying relaxation processes in separated-and disperse-phase flow models[END_REF] and degenerates towards it when considering the interfacial area density as a function of the volume fraction only and using the notation of the author one identifies ν = m/Σ. However the variable w is not the defined as the pulsation w found in [START_REF] Drui | Small-scale kinematics of two-phase flows: identifying relaxation processes in separated-and disperse-phase flow models[END_REF] Remark 4: System (28) is valid for any flow topology.

In the large scale momentum equation (28c), the terms function of the volume fraction gradient are common terms found in the literature [START_REF] Blanchard | A large scale multi-fluid/dispersed phase approach for spray generation in aeronautical fuel injectors. proceeeding[END_REF].

Equation (28e) is a small scale momentum equation on the variable w which can be interpreted as the small scale pulsation of any structures.

Neglecting second order terms and capillarity at large scale (σ = 0), the spectrum of System (28) yields (u, u, u, u, u

± ∂ ρ Π + Σ/ρ∂ Σ Π) with Π = p + 1/2mρ 2 Y 2 w 2 Σ 2 .
The sound speed is impacted by the small scale effects.

Conclusion

In the present contribution, we have designed a two-phase flow model that is able to account for two-scale kinematics and two-scale surface tension effects as well as subscale pulsation momentum using the Least Action Principle. The system obtained is an extension of the work of [START_REF] Drui | Small-scale kinematics of two-phase flows: identifying relaxation processes in separated-and disperse-phase flow models[END_REF] and degenerates naturally towards the system proposed in it. This is solid foundation on which to build a dissipative structure for the present model by using an entropy evolution equation as in [START_REF] Drui | Small-scale kinematics of two-phase flows: identifying relaxation processes in separated-and disperse-phase flow models[END_REF] and relying also on the recent work [START_REF] Cordesse | Supplementary conservative law for non-linear systems of PDEs with non-conservative terms: application to the modelling and analysis of complex fluid flows using computer algebra[END_REF]. We are also investigating the possibility of extending the degree at which the system is out of equilibrium, in particular as far as velocity of the phases are concerned [START_REF] Cordesse | Coupling a hierarchy of diffuse interface model with kineticbased moment methods for spray atomization simulations in cryogenic rocket engines[END_REF]. Including a more detailed description of the subscale geometry and topology in order to be consistent with [START_REF] Essadki | Adaptative Mesh Refinement and High Order Geometrical Moment Method for the Simulation of Polydisperse Evaporating Sprays[END_REF][START_REF] Essadki | Statistical modeling of the gas-liquid interface using geometrical variables: toward a unified description of the disperse and separated phase flows[END_REF] and providing a clear mechanism for distributing the information carried by the variables of the system over small and large scales are still a key issue and the subject of our current research.
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From ( 29 )

 29 one deduces that d dh (meas[S(h)]) = -2H loc S meas[S]. (30)
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