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Abstract9

This work investigates the capacity of a particular class of flows, namely drag and pressure10

driven flows, to propagate and distorts a transient sinusoidal temperature disturbance occur-11

ring at the inlet of the metering zone of a polymer processing screw channel. The integral12

transform method is applied to the forced convection heat transfer problem in a parallel plate13

channel with a general drag and pressure driven flow velocity profile for a Newtonian fluid,14

with the pressure gradient as an adjustable flow parameter. We follow closely the procedure15

outlined by Cotta and Özişik in their seminal paper [5]. We found that the knowledge of the16

lowest eigenvalue in the solution is sufficient to characterise the dampening efficiency of an17

inlet temperature fluctuation by the flow and that a higher level of positive pressure difference18

is indeed improving the thermal homogeneity in the flow. Moreover, we found that for any19

given flow, the higher frequency disturbances are dispersed more efficiently than the lower20

frequency disturbances.21

Keywords: periodic inlet temperature, integral transform method, drag and pressure driven22

flow23

1. Introduction24

Single-screw plastication, used in extrusion and in injection moulding, is a major way of25

processing commodity thermoplastics. In these polymer shaping processes, a high level of26

reliability is usually achieved which makes this process ideally suited to mass market produc-27

tion. Nonetheless, process fluctuations still appear that make part quality control an everyday28

issue. Among the possible processes fluctuations, thermal fluctuations occurring at the plas-29

tication stage, which is early on in the polymer shaping process, could well be the cause for30

a temperature perturbation that will be carried to the part all the way through the die in31

extrusion or through the mould in injection moulding.32

During the plastication phase, the polymeric material is melted by the combined effects of33

shear-induced self heating (viscous dissipation) and heat conduction coming from the barrel.34

Once the polymer is completely melted, a combined drag and pressure difference flow is35

imparted onto the molten polymer along the last zone of the screw channel, the so-called36

metering zone. The very high viscosity of molten polymers insure that the flow must be37

laminar and that the Reynolds number is negligible. The low thermal diffusion coefficient of38
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molten polymers implies that convection is dominant over diffusion and leads to large Peclet39

numbers. However, the screw channel length is large enough for the flow to present significant40

diffusion effects. Indeed, calculations for frequently encountered single screw show that the41

residence time is one tenth of the thermal diffusion time, owing to the very low thermal42

diffusion of polymers.43

Therefore, the main objective of this work is to study the capacity of this particular class44

of flows to dampen any transient inlet temperature disturbances occurring at the beginning45

of the metering zone of the screw channel. In particular, in this class of flows, the level of46

backpressure is a process parameter that can be set to a chosen value, in order to change the47

flow configuration. It is well known in polymer processing that a higher level of backpressure,48

i.e. a positive pressure difference, will increase the level of shear rate inside the flow, thus49

enhancing the mechanical mixing capacity of the flow. However, if it is relatively easy to scale50

this improvement for a purely mechanical mixing, there is nothing in the polymer processing51

literature on the consequences of a change in a drag and pressure driven flow configuration52

when combined convection and diffusion physics are taking place.53

Recognising that the flow profile is central to the laminar dispersion problem, which is close54

to the subject studied here, we envisage that changing the screw channel flow configuration55

will have profound repercussions also on the heat transfer taking place in this channel and56

that it is a matter of interest to investigate the forced convection heat transfer for a drag and57

pressure driven flow, in the same fashion as the forced convection heat transfer with pressure58

driven flows (Poiseuille flows) of Newtonian fluids [3, 5, 7, 14, 17] or non-Newtonian materials59

[4, 13, 18, 20] have been studied before.60

In the first section, the flow features and relevant dimensionless numbers are established61

to set the framework for the forced convection heat transfer problem in a drag and pressure62

driven flow between parallel plates.63

Polymer melts are shear-thinning fluids (power-law fluids) by opposition to constant vis-64

cosity fluids (Newtonian fluids). The major consequence of shear-thinning is on the pressure65

gradient which could be an order of magnitude smaller than its constant viscosity counterpart66

at the same flow rate. Nonetheless, this does not translate to the velocity profile. Indeed,67

when a drag driven flow velocity component is present, there are only minute differences be-68

tween a shear thinning fluid drag and pressure driven flow profile and the equivalent constant69

viscosity flow profile, if an identical flow rate is prescribed [12, p. 118-122]. But both the ana-70

lytic expression of the velocity profile and the search for the eigenvalues would be considerably71

more complex in the case of a drag and pressure driven power-law fluid flow.72

As we are chiefly concerned with the influence of the velocity profile in this particular73

laminar dispersion problem, we set aside the simplifying hypothesis of a slug flow as in [2, 3,74

6, 16], though slug flows will provide useful comparisons with our results.75

Furthermore, owing to the large thermal capacitance of the metallic barrel wall operating76

at a steady regulated temperature we attempt no treatment of the conjugate heat transfer77

problem between the flow and its wall boundary [7] and will be only considering the isothermal78

case here.79

Finally, for the purpose of clarity, we do not take into account the heat generation by80

viscous dissipation in the transient heat transfer part of this work. Instead, we limit ourselves81

to the study of viscous heating in the steady state heat transfer, because viscous heating82

acts as a non-homogeneous steady state heat source in the energy conservation equation.83

Nevertheless, the development presented here could be extended to the case where viscous84
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dissipation is present.85

In the second section, the integral transform method used throughout this work is re-86

viewed. The integral transform method is a well established analytic method in the field87

of forced convection heat transfer and has found numerous applications in steady state and88

transient heat transfer, particularly for heat exchangers [5, 6, 7, 8, 10, 14, 13, 16, 20] and89

recently in microfluidics [15, 17].90

Integral transform gives a much clearer view on the structure of the solution in one or two91

dimensional convection-diffusion flows than any of the classical numerical methods like finite92

element, finite difference, or finite volume methods. A most appealing feature of this method93

is that it computes a very limited set of eigenvalues and associated eigenfunctions, unique to94

a given problem and does not require any space or time discretization procedure.95

These eigenvalues reveal how the temperature, subject to convection and diffusion, prop-96

agates and dampen along the flow direction. Moreover, and most importantly, because these97

eigenvalues are tensorial scalars, they are invariant under coordinate transformations, hence98

they can be readily used to compare different types of flow unambiguously, and to establish99

objective mixing or dispersion criteria.100

The integral transform method is applied to the transient energy conservation equation101

with the laminar velocity profile obtained for drag and pressure driven flows of a Newtonian102

fluid. First, the steady laminar forced convection heat transfer problem is solved and extended103

next to the transient case with a periodic single frequency transient inlet temperature. In104

this later part, we follow exactly the procedure established by Cotta and Özişik [5], in that105

we search for the periodic part of the transient problem solution.106

In their seminal work [5] Cotta and Özişik did not solve the complex eigenvalue problem,107

this at the cost of producing a infinite system of coupled ordinary differential equations that108

has to be truncated to a finite number. Nevertheless, their procedure is extremely efficient and109

requires only a very limited number of complex eigenvalues to get entirely sufficient accuracy,110

as our validation with a Finite Element Method code will abundantly show in section four111

of this article. Moreover, the efficiency of their procedure is not limited to small transient112

frequency, but persists well above the low value investigated in their earlier work [5, 7]. We113

are able to report specific dampening effect of the inlet temperature disturbance at higher114

frequencies.115

2. Heat transfer in a screw channel metering zone116

2.1. Characteristic lengths, times and dimensionless numbers117

A standard extrusion single screw metering channel is described in Tab. 1 together with118

the typical processing range and relevant polymer properties. It can be noticed that the screw119

channel in the metering zone is shallow, hence its curvature is small and its width is fifteen120

time larger than its depth. Therefore, the helical screw channel can be viewed as a rectangular121

duct of infinite width, hence as a parallel plate channel. Moreover, standard screws have a122

pitch equal to their diameter, implying that the screw angle is low and the unwound length123

is quite large as shown in Tab. 1.124

The Brinkman number Br is defined by the ratio between viscous heating and a char-125

acteristic temperature difference set by the process. When the polymer is expected to be126

completely molten such as in the metering zone of the screw channel, or in a extrusion die, no127

such prescribed temperature difference exists, and only viscous heating can be the source of a128
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Polymer properties

Type High Density Polyethylene
Thermal diffusivity D ≈ 10−7 m2/s

Density ρ ≈ 750 kg/m3

Thermal conductivity k ≈ 0.2 W/m/K
Viscosity η ≈ 500 Pas

Screw geometry

Diameter Db 36 mm
Pitch P 36 mm Angle 17◦

Channel depth H 2 mm metering zone
Channel length L 83 cm unwound
Channel width W 3cm cross-channel

Curvature 2H/Db 0.11

Processing parameters

Barrel Temperature Tb 190◦C

Screw frequency ṙ 30 rpm 100 rpm
Peripheral velocity Vbz = Dbṙ/2 5.4 cms−1 18 cms−1

Shear rate level γ̇ = Vbz/H 28 s−1 94 s−1

Viscous heating ∆T = ηV 2
b /k 7 ◦C 80 ◦C

Dimensionless numbers

Reynolds Re = ρVbH/η < 10−3 < 10−3

Peclet Pe = HVb/D 1080 3600
Graetz Gr = PeH/L 2.6 8.6

Brinkman Br = ηV 2
b /(k∆T ) 1 1

Dimensionless screw frequency Ω 125 420

Table 1: Typical polymer properties, screw channel geometry and processing parameters, together with the
relevant dimensionless numbers encountered in polymer processing.

temperature difference. Therefore, we chose viscous heating as the characteristic temperature129

scale in Tab. 1 and consequently set the Brinkman number to one.130

2.2. Drag and pressure driven velocity profile131

The standard screw channel in the metering zone, as described in Tab. 1, can be modelled132

as a shallow rectangular duct of infinite width, with the barrel wall moving relative to the133

screw wall, hence reducing the complexity of a three-dimensional transient flow to a two134

dimensional parallel plate steady state flow [11], [12, p. 250]. Moreover, the Reynolds number135

should be very low for polymer melt flows, as shown in Tab. 1, with the consequence that136

the flow is laminar.137

Selecting the channel depth in the metering zone as reference length H and the circum-138

ferential screw velocity Vbz as reference velocity, we have the drag and pressure driven dimen-139

sionless velocity profile :140

u(y) = pg(y2 − y) + y (1)

pg =
∆P

L

H2

2η0Vbz
(2)
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Figure 1: Velocity profiles u(y) for different levels of pressure gradient pg : −1, 0, 1 in drag and pressure driven
flows

y =
Y

H
(3)

where y is the dimensionless depth and pg is a dimensionless pressure gradient which value141

can be selected at will, and which changes the flow configuration as seen in Fig. 1, η0 a142

viscosity and ∆P a pressure difference. This dimensionless pressure gradient is built on the143

ratio between the actual pressure gradient and the shear stress in the channel.144

We will limit ourselves in this study to pressure gradients not too large (pg ≤ +1) as to145

create a backflow, which would, in all rigour, require a three-dimensional flow analysis.146

The advection-diffusion equation is used to describe the temperature evolution in the147

screw channel, as outlined in Eq. 4 the left term refers to the thermal advection in the flow148

direction z and the right term represents the thermal diffusion in the depth direction y :149

∂θ

∂τ
+ u(y)

∂θ

∂z
=

∂2θ

∂y2
(4)

with :150

z =
DZ

H2Vbz
, τ =

Dt

H2
, (5)

and homogeneous wall boundary conditions :151

θ(0, z, τ) = 0

θ(1, z, τ) = 0

In the preceding equations D is the thermal diffusion coefficient, z the dimensionless space152

variable in the flow direction and τ the dimensionless time. The Peclet number Pe usually153
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reaches value of 1000 or more, making the case for a convection dominated problem analysis,154

hence with the axial conduction term excluded from Eq. 4.155

The inlet boundary condition at z = 0 is to be specified whether the problem is steady156

state in §3.1 or periodic in §3.3.157

3. Integral transform method for forced convection heat transfer in parallel plate158

channels159

3.1. Steady-state solution160

The steady-state forced convection problem with homogeneous boundary conditions is161

viewed as a class I problem in the classification given by Mikhailov [9].162

u(y)
∂θ

∂z
=

∂2θ

∂y2
(6)

µ2ku(y)Yk +
d2Yk
dy2

= 0 (7)

Yk = 0 at y = 0 and y = 1 (8)

where finding the temperature field θ(y, z) is the main problem and finding the eigenvalues163

µk and the corresponding eigenfunctions Yk(y) with homogeneous boundary conditions is the164

auxiliary problem. The customary integral transform pair is therefore defined as :165

θ̄k(z) =

∫ 1

0

1

Nk
u(y)θ(y, z)Yk(y)dy (9)

θ(y, z) =
∞∑
k=1

1

Nk
θ̄kYk(y) (10)

N2
k =

∫ 1

0
u(y)Yk(y)Yk(y)dy (11)

where Nk is the norm of the eigenfunction.166

The inlet boundary condition at z = 0 could be be any function of y :167

θ(y, 0) = f(y) (12)

The integral transform of the temperature field obeys the ordinary differential equation :168

dθ̄k
dz

+ µ2kθ̄k = 0 (13)

which readily admits the solution :169

θ̄k = f̄k exp
(
−µ2kz

)
(14)

where f̄k is the integral transform of the inlet boundary condition Eq. 12.170

Compounding calculations above, we can express the temperature field solution as171

θ(y, z) =
∞∑
k=1

1

Nk
f̄k exp

(
−µ2kz

)
Yk(y) (15)
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3.2. Viscous dissipation172

In the case of shear flows, the viscous dissipation will act as a steady state non-homogeneous173

heat source to be added to the RHS of Eq. 6:174

Br

(
∂u

∂y

)2

(16)

where Br is the Brinkman number scaling the viscous heating and ∂u
∂y is the steady state175

shear rate field. A fully developed developed temperature θ∞ can then be computed from the176

balance between heat conduction and viscous dissipation in Eq. 6 as:177

θ∞(y) = Br

(
p2g
3

(y − y4)− 2

3
pg(pg − 1)(y − y3) +

1

2
(pg − 1)2(y2 − y)

)
(17)

Next, a split of the temperature field θvh(y, z) between the steady state part θ(y, z) and178

the fully developed part θ∞(y)179

θvh(y, z) = θ(y, z) + θ∞(y) (18)

will lead to the inlet boundary condition at z = 0 :180

f(y) = −θ∞(y) (19)

The integral transform can then be performed as described in §3.1 to solve for the θ(y, z)181

part.182

3.3. Transient solution183

The transient heat transfer problem is defined in Eq. 20.184

∂θ

∂τ
+ u(y)

∂θ

∂z
=

∂2θ

∂y2
(20)

θ(0, z, τ) = 0 (21)

θ(1, z, τ) = 0 (22)

θ(y, 0, τ) = cos(Ωτ) (23)

where the same thermal boundary conditions apply as before except for the inlet temperature185

which is now periodic. Cotta’s work states that a periodic solution is to be found as the real186

part of the following complex solution :187

θ(y, z, τ) = Re
(
θ̃(y, z) exp(iΩτ)

)
(24)

The unknown temperature field θ̃ is put into the previous differential equation Eq. 20 to form188

a new set of problems :189

iΩθ̃ + u(y)
∂θ̃

∂z
=

∂2θ̃

∂y2
(25)

while keeping the same auxiliary problem given in Eq. 7. This departs from the classic190

Integral Transform Method, but avoids having to solve a eigenvalue problem in the complex191

space.192
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The integral transform pair is now defined as :193

¯̃
θj(z) =

∫ 1

0

1

Nj
u(y)Yj(y)θ̃(y, z)dy (26)

θ̃(y, z) =
∞∑
j=1

1

Nj
Yj(y)

¯̃
θj(z) (27)

Following the integral transform method, the integral of the partial differential equations194

Eq. 25 and Eq. 7 are performed over the interval y = [0, 1]. Integrating by part the second195

derivatives in each equations, an infinite linear set of coupled ordinary differentials equations196

is obtained :197

d
¯̃
θk
dz

= −µ2k
¯̃
θk − iΩ

∞∑
j=1

bkj
¯̃
θj (28)

bkj =
1

NkNj

∫ 1

0
YjYkdy (29)

This system of coupled differential equations has to be truncated to the same number of198

computed eigenvalues in order to be solved in practice. Introducing the vector X of unknown199

transformed temperature200

X(z) =
(
¯̃
θ1(z), . . . ,

¯̃
θk(z), . . . ,

¯̃
θN (z)

)
(30)

The vector X is now the solution of a symmetric finite linear set of differential equations :201

Ẋ = −A ·X (31)

= −
(
µ2 · 1 + iΩB

)
(32)

Akj = µ2kδkj + iΩBkj (33)

with the real positive eigenvalues µ2k positioned on the diagonal of the complex matrix A.202

Cotta and Özişik [5] chose to solve this system by computing the eigenvalues λk and eigen-203

vectors vk of A. Hence, the solutions vector X is expressed in the eigenvectors basis as :204

X(z) =
N∑
k=1

Ck exp (−λkz) vk (34)

where the coefficient Ck can be found by expressing the initial condition vector x(0) in the205

eigenvectors basis also.206

4. Results and discussion207

4.1. Eigenvalues and eigenfunctions calculation208

The eigenvalue problem described in Eq. 7 and Eq. 8 is solved in a straightforward fashion209

following the procedure described by [1]. The unknown eigenfunction is expanded in a series210

of increasing power of the variable y :211

Yk(y) =
i=251∑
i=1

bkiy
i (35)
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drag and pressure driven flow slug flow

pg -1 0 1 π/
√
〈u〉

〈u〉 2/3 1/2 1/3 2/3 1/2 1/3

µ1 3.6723 4.35388 5.5618 3.8476 4.4429 5.4414
µ2 7.6688 9.04912 11.8123 7.6953 8.8858 10.8828
µ3 11.6679 13.7558 18.0848 11.5429 13.3286 16.3342
µ4 15.6675 18.4653 24.3627 15.3906 17.7715 21.7756
µ5 19.6673 23.1760 30.6427 19.2382 22.2144 27.2270
µ6 23.6671 27.8872 36.9239 23.0853 26.6573 32.6484
µ7 27.6670 32.5988 43.2056 26.9335 31.1002 38.0898

∆µk,k+1 4 4.71 6.28 3.85 4.44 5.44

Table 2: First seven eigenvalues computed for the three different cases of pressure gradient pg and corresponding
average dimensionless velocity 〈u〉. Comparison with the slug flow with same average velocity 〈u〉.

where bki are unknown coefficients to be determined by a recurrence relation. This recurrence212

relation is readily established by applying the differential equation to the polynomial expres-213

sion of Yk in Eq. 35. The choice to express the eigenfunctions as polynomials is apt because214

the velocity profile u(y) is itself a polynomial. Finally, the homogeneous boundary condition215

at y = 1 is used as a non linear equation of which the eigenvalues µk are the roots of.216

It is worth recalling that a particular eigenvalue problem is attached to a velocity profile217

defined in Eq. 1 by the chosen value of the parameter pg. In this work, three different values218

of pg are chosen to be representative of the different flow configurations : pg = 0 for pure219

drag flow, pg = −1 for pressure loss and drag flow, and pg = 1 for backpressure flow as seen220

in Fig.1.221

In Tab. 2 the first seven eigenvalues are given : It can be seen that these eigenvalues tend222

to be evenly spaced, with the average difference between two consecutive eigenvalues given in223

the last line of Tab. 2. Checking the accuracy of the procedure can be performed by inserting224

the computed eigenfunctions back into the auxiliary problem Eq. 7 and plotting the residual225

along the variable y in Fig. 2, right. It can be seen that the error remains below 10−6 at226

most, for the largest computed eigenvalue. The corresponding eigenfunctions are drawn in227

Fig. 2 for a pressure gradient pg = +1.228

4.2. Steady state temperature solution229

The increasing temperature due to viscous heating along the flow direction is displayed230

Fig. 3 for the three different pressure gradients pg = −1, 0,+1. Although the amount of231

self heating is similar across the cases, the temperature is much closer to the fully developed232

temperature profile when a positive pressure gradient is applied (pg = +1). The comparison233

between the model computed with seven eigenvalues and the FEM simulation results is very234

good, even at short length (z = 0.01).235

4.3. Periodic temperature solution236

The most important question this model was built to answer is how an inlet temperature237

fluctuation with a given frequency Ω is transported at the other end of the screw channel,238

how this signal is distorted and to what extent its amplitude and phase lag are affected by239

the particular velocity profile in use. A straightforward mean to assess this is to follow the240
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temperature over time at a given location downstream from the inlet boundary. This is also241

called a breakthrough curve when one refers to a mass transfer problem. Therefore, we define242

the mixing cup average temperature and the length average temperature over the channel243

depth as :244

θmxcp(z, τ) =
1

q

∫ 1

0
u(y)θ(y, z, τ)dy (36)

θlav(z, τ) =

∫ 1

0
θ(y, z, τ)dy (37)

where q is the dimensionless flow rate.245

4.3.1. Model validation246

Comparisons between the mixing cup average temperature computed from the model and247

from Finite Element Method (FEM) simulation results are shown in Fig. 5 at two different248

locations z = 0.05, 0.1 for the three different levels of pressure difference pg = −1, 0,+1 and249

three different dimensionless frequencies Ω = 5, 10, 50. The fully transient FEM simulations250

were carried out with Pe = 1000 and with axial conduction taken into account in the energy251

conservation equation.252

The mesh used was 48X400 quadrilateral elements, equally spaced along the channel depth253

and length for all cases. Calculations at the largest inlet temperature frequency Ω = 50 where254

performed once more with a refined mesh 96X800. This led to a maximum relative variation255

of 0.11% between the results, but at a prohibitive computational cost. The Crank Nicolson’s256

time marching scheme was chosen with a maximum time step dτ = 8.10−4.257

4.3.2. Model convergence258

Although the accuracy of the model computed will look very good in Fig. 5, we need to259

assess more precisely the precision level reached by the integral transform method solution260

with the number of eigenvalues employed, by comparing this solution to the FEM simulation261

results.262

Tab. 3 displays the values of the mixing cup average temperature at two different locations,263

for three inlet frequencies and three pressure gradients. For all cases, with the exception of264

the positive pressure gradient pg = +1 at the highest dimensionless inlet frequency Ω = 50,265

the absolute error between the FEM results and the model is at most 6.0e-4, this amounts to266

being in agreement to at least three digits in value.267

Plotting the relative error between the model and the FEM simulation results against the268

number N of eigenvalues used to compute the model gives a clearer sense of the convergence269

across the cases Fig. 4. It emerges that the precision degrades with increasing pressure270

gradient pg and increasing inlet frequency Ω. The lowest relative error is obtained for pg = −1271

and Ω = 5, whereas the largest relative error is encountered for pg = +1 and Ω = 50. It should272

be pointed out that in this particular case the amplitude of the inlet temperature perturbation273

has been divided by one thousand. This doubtless explains why the mismatch between the274

model and the FEM simulation results is at its largest there. Moreover, for the lower relative275

error cases there is no much improvement when using more eigenvalues, whereas for the276

highest error case there is a two decades improvement in accuracy from computations with277

one eigenvalue to seven eigenvalues.278
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pg Ω τ z
θmxcp(z, τ) ∆θmxcp

N = 1 N = 3 N = 5 N = 7 FEM N7− FEM

−1 5 2.0 0.05 -0.4184 -0.4178 -0.4178 -0.4178 -0.4172 -6.2e-04
−1 5 2.0 0.10 -0.2185 -0.2175 -0.2175 -0.2174 -0.2171 -3.2e-04
−1 10 1.5 0.05 -0.08237 -0.08368 -0.08361 -0.08358 -0.08345 -1.3e-04
−1 10 1.5 0.10 0.1009 0.09788 0.09778 0.09776 0.0976 1.6e-04
−1 50 0.5 0.05 -0.4056 -0.3417 -0.3417 -0.3418 -0.3414 -3.8e-04
−1 50 0.5 0.10 0.1867 0.1286 0.1302 0.1305 0.1305 3.3e-05

0 5 2.0 0.05 -0.3197 -0.3178 -0.3177 -0.3177 -0.3175 -1.6e-04
0 5 2.0 0.10 -0.1172 -0.1159 -0.1159 -0.1159 -0.1158 -5.0e-05
0 10 1.5 0.05 0.01973 0.01438 0.01424 0.01423 0.01419 3.5e-05
0 10 1.5 0.10 0.104 0.09711 0.09686 0.09682 0.09674 7.6e-05
0 50 0.5 0.05 0.0133 -0.04501 -0.05033 -0.05101 -0.05132 3.1e-04
0 50 0.5 0.10 -0.1246 -0.0264 -0.02711 -0.02724 -0.02728 3.6e-05

+1 5 2.0 0.05 -0.172 -0.1681 -0.1678 -0.1677 -0.1675 -2.3e-04
+1 5 2.0 0.10 -0.02499 -0.02421 -0.02417 -0.02416 -0.02413 -2.4e-05
+1 10 1.5 0.05 0.08904 0.07349 0.07229 0.07201 0.07168 3.3e-04
+1 10 1.5 0.10 0.03441 0.02821 0.02798 0.02793 0.02787 5.7e-05
+1 50 0.75 0.05 0.104 0.02854 0.03292 0.03382 0.03434 7.0e-02
+1 50 0.75 0.10 -0.003112 -0.0004224 -0.0002405 -0.0001793 -0.0001326 -3.0e-03

Table 3: Mixing cup average temperature values θmxcp(z, τ) computed from integral transform model with
varying number of eigenvalues N = 1, 3, 5, 7, and FEM results for the three different pressure gradients pg =
−1, 0,+1 and three different inlet disturbance frequencies Ω = 5, 10, 50, at two different locations z = 0.05, 0.10.
Last column: Absolute error between mixing cup average temperature at N = 7 and FEM simulation results.
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Figure 4: Relative error of mixing cup average temperature θmxcp(z, τ) between the integral transform model
and FEM simulations results along number of eigenvalues N , for the three different pressure gradients (pg =
−1, 0,+1 and three different inlet disturbance frequencies Ω = 5, 10, 50, at two different locations z = 0.05, 0.10
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Figure 5: Mixing cup average temperature along dimensionless time τ for the three different value of dimen-
sionless pressure gradient : pg = −1 left column ; pg = 0, centre column; pg = +1, right column. Inlet
temperature frequency Ω = 5, top row; Ω = 10, centre row, Ω = 50, bottom row. Comparison between model
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Figure 6: Length average (”lav”) and mixing cup (”mxc”) average temperatures along dimensionless time τ at
locations z = 0.025 and z = 0.05 for the three different values of dimensionless pressure gradient : pg = −1
left; pg = 0, centre; pg = +1, right. Comparison between model predictions and FEM simulation results at
Pe = 1000. Inlet temperature frequency Ω = 10.

4.3.3. Breakthrough curves of average temperature279

A number of insights can be obtained from the results Fig.5 and Fig.6. First, once the280

temperature wave has reached the chosen location in the screw channel, it can be seen that the281

match between the periodic solution given by the model and the fully transient FEM solution282

is perfect, at longer time, whether for the amplitude or the phase, for all inlet temperature283

frequencies (Ω = 5, 10, 50) and for all pressure gradients (pg = −1, 0, +1). Let us remind284

that the model gives the periodic solution, valid at the longer timescale, whereas the FEM285

simulation is fully transient and gives both the transient and the periodic solution.286

The case of the backpressure flow pg = +1 with inlet temperature frequency Ω = 50 in287

Fig. 5 is particularly interesting: In the FEM simulation results, once the temperature wave288

has reached the location at z = 0.1, the transient temperature exhibits first an amplitude289

undershoot, followed by an overshoot and then matches the periodic solution at longer time.290

The accuracy of the temperature solution given by the integral transform model is on291

display again in Fig. 6 where the comparison between the mixing cup, length averaged292

temperature and FEM simulation results are plotted. Because the velocity profiles differs from293

a slug flow, there are differences between the mixing cup and the length averaged temperatures,294

though they are quite small. Nevertheless, there is still a perfect match between each type of295

average temperature and the corresponding FEM calculations.296

This validates completely Cotta and Özişik’s approach but here for a larger dimensionless297

frequency Ω and for a different velocity profile from the pressure driven flow they considered298

in [5] for instance.299

Second, we can clearly see in Fig. 5 the extent of the dampening of the inlet temperature300

signal when a higher backpressure is employed. The higher the backpressure pg, the higher301

the amplitude dampening of the inlet temperature.302

Turning now to the effect of the inlet disturbance frequency on the temperature field, it is303

of interest to notice in Fig. 5 that a larger dampening of the temperature signal is observed304

when a higher frequency Ω is considered.305

This has, to our best knowledge, never been reported in the literature [5, 2, 7, 3, 10] before,306
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Figure 7: Amplitude of mixing cup average temperature (solid line) along dimensionless space z, at dimen-
sionless pressure gradient pg = −1 left; pg = 0, centre; pg = +1, right, at dimensionless frequency Ω = 10
(blue colour) and Ω = 50 (red colour). Comparison between model (solid blue or red lines) and exponential
dampening with µ2

1 (solid gray line) and Re(λ1) (dashed blue or red line) factors, and FEM simulation results
at Pe = 1000 (circle).

because the frequencies these authors considered where smaller than those we considered here.307

4.3.4. Amplitude and phase lag308

We recast the mixing cup average of the complex temperature solution θ̃mxcp as :309

θ̃mxcp = A(z) exp (iΩτ + φ(z)) (38)

where A(z) and φ(z) stand for the amplitude and the phase lag of the periodic temperature310

solution.311

The evolution of the mixing cup average temperature amplitude along z, given both by312

the model and the FEM simulation results, are displayed in Fig. 7. The temperature decay313

is very well predicted by the model, up to nearly three decades in magnitude in the case of314

pg = +1 and Ω = 50, as proved by the match with the FEM simulation results. Only seven315

eigenvalues were needed to get to this level of accuracy.316

Inspection of the differential equations system in matrix form Eq. 32 and Eq. 34 suggests317

that the amplitudeA(z) should scale with the real part of the lowest complex matrix eigenvalue318

λ1, whereas the phase lag φ(z) should scale with its imaginary part. This is indeed the case319

for the amplitude plotted on Fig. 7 where the exponential dampening is obvious in the semi-320

logarithmic plot scale. Also undoubtedly clear is the fact that the long range behaviour of321

the amplitude is given by the real part of eigenvalue λ1s and follows the relation:322

A(z) = A0 exp (−Re(λ1)z) (39)

When the frequency Ω is small, the eigenvalue λ1 does not differ much from its steady-state323

real counterpart µ21, because the complex part of the solution scales with Ω.324

The evolution of the phase lag normalised by the frequency Ω along the flow direction325

z is plotted on Fig. 8 for the three different pressure gradients pg = −1, 0,+1 and for two326

different dimensionless frequencies Ω = 5, 50. The phase lag evolution is linear with z, showing327

a continuously increasing delay between the inlet temperature signal and its measurement at328

any point z.329
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and linear relation (solid lines) Eq. 40.

The phase lag is much larger when a positive pressure difference (backpressure) is used as330

evidenced by the results for pg = +1 in Fig. 8.331

Moreover, in all cases this linear evolution is well captured by the linear relation :332

φ(z) = −Im(λ1)Ωz (40)

However, the imaginary part of the lowest eigenvalue λ1 depends itself on Ω as indicated333

by the difference of slopes between the cases at Ω = 5 and Ω = 50 for the flow with pressure334

gradient pg = +1.335

4.3.5. Effect of velocity profile336

We have previously stated that by increasing the pressure gradient towards positive values337

(backpressure), while keeping the drag velocity constant, the dispersion of the inlet tempera-338

ture disturbance will be much more efficient. Changing the backpressure setting while keeping339

the same screw frequency is indeed common practice in the polymer processing industry. How-340

ever, this is at the cost of lowering the average velocity of the flow, or equivalently increasing341

the residence time and allowing more time for diffusion. Thus the better dispersion of the inlet342

temperature disturbance when increasing the backpressure should not come as a surprise.343

If we wish to close in on the effect of velocity profile solely, we should compare the tem-344

perature solution at the same average velocity for different pressure gradients.345

In the steady state heat transfer case, the solution Eq. 14 implies that the evolution of346

temperature is governed by the exponential of the successive eigenvalues µ2k. Precisely, if we347

convert the variable z from a Peclet number Pe based on drag velocity to a Peclet number348

Pem based on average velocity 〈V 〉 we have :349

−µ2kz = −µ2k
1

Pe

Z

H
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drag and pressure driven flow slug flow

pg -1 0 +1
〈u〉 2/3 1/2 1/3
µ1 3.67 4.35 5.56 µ1 = π/

√
〈u〉

µ21〈u〉 9 9.47 10.31 9.87

Table 4: Comparison between the lowest eigenvalues for the three different pressure gradients pg and the slug
flow at the same average velocity 〈u〉

= −µ2k
Pem

Pe

1

Pem

Z

H

= −µ2k
〈V 〉
Vbz

1

Pem

Z

H

= −µ2k〈u〉
Z

H

where 〈u〉 is the dimensionless average velocity.350

Thus, a valid comparison can be made between different velocity profiles at the same351

residence time by keeping constant both the Peclet number Pem and the location Z/H, hence352

computing the product µ21〈u〉. This results now Tab. 4 in a much more narrow distribution of353

values between a pressure drop, a drag and a backpressure flow. Still, the backpressure flow354

is characterised by a higher first eigenvalue, resulting in a better dispersing capacity than the355

other two flow configurations and to the equivalent slug flow.356

For the periodic heat transfer case, we can compare the drag and pressure driven flow357

temperature solution to the slug flow temperature solution at the same average velocity (same358

residence time) in Fig. 9. Interestingly enough, at low frequency Ω, the pressure drop and drag359

flow are not really better at dispersing the inlet temperature disturbance than the equivalent360

slug flow, whereas the backpressure is improving upon the slug flow. However, at higher361

frequencies only the drag and backpressure flow show better dispersing capabilities than the362

slug flow. Indeed, slug flow dampening does not change with frequency Ω. This finding363

casts doubts on the relevance of the slug flow assumption to represent forced convection heat364

transfer in ducts [2, 3, 6, 16].365

5. Conclusions366

The integral transform method has been successfully used for forced convective heat trans-367

fer with transient inlet temperature for the drag and pressure driven flow in a single screw368

parallel plate channel.369

The periodic temperature solution has been entirely checked against FEM simulation re-370

sults for three different inlet temperature frequencies and three different values of the pressure371

gradient in the drag and pressure driven velocity profile that characterises the laminar flow372

in the metering zone of a polymer processing single screw.373

The calculation procedure outlined by Cotta and Özişik [5] is fast and requires only a very374

limited number of eigenvalues to reach a very good accuracy, both in the case of low and high375

inlet temperature frequency.376

Furthermore, the lowest eigenvalue contains all necessary information to characterise the377

long range evolution of the periodic temperature solution. This eigenvalue allows to compare378
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Figure 9: Mixing cup average temperature along dimensionless time τ at two different frequencies Ω = 5, 50, at
z = 0.1. Comparison between model predictions for drag and pressure driven flows (”d+p”) for three different
values of dimensionless pressure gradient pg = −1, 0,+1 with the corresponding slug flow 〈u〉 = 2/3, 1/2, 1/3.

unambiguously between drag and pressure driven flows with different pressure gradients, and379

also with slug flows at the same average velocities. Both the amplitude and the phase lag have380

been quantitatively related to the lowest complex matrix eigenvalue of the integral transform381

problem. Moreover, there is a large influence of the inlet temperature frequency on the382

amplitude dampening of the temperature wave and a linear dependence on its phase lag.383

We conjecture that the systematic inclusion of a parameterised velocity profile into the384

auxiliary problem, though it forces to solve numerically a specific eigenvalue problem for each385

value of the parameter, is key to the fast convergence of the integral transform method in so386

few eigenvalues.387

From the polymer processing stand point, the most important result is that a higher level388

of backpressure (positive pressure gradient) in the flow will result in a much more efficient389

dampening of the inlet temperature fluctuation, at the cost of a longer residence time or390

longer cycle time. If a constant cycle time is required, a higher backpressure is still improving391

on the dispersion of the inlet temperature disturbance but the improvement is lesser.392

As far as the process stability is concerned, which was our prior motivation, this study393

demonstrates that only low frequency inlet temperature disturbances are to be scrutinised394

because higher frequency disturbances will be dampened very efficiently if some level of back-395

pressure is applied to the screw channel flow.396

Lower frequency disturbances could come from the operation of the barrel heater band,397

upstream of the region of interest. It is customary that this system is allowed to vary around398

the prescribed temperature within a margin of ±5◦C. For higher frequencies, one would399

speculate that the rotating screw could present a region of higher temperature, at the top400

of one flight for instance, perhaps because of lower clearance between the flight top and the401

barrel. In this case, the disturbance frequencies will be the dimensionless screw frequencies402

Tab. 1, which are even larger than those envisaged here. In any case, these very large403

frequency disturbances would have been wiped out by the end of the metering zone screw404

channel.405

To further advance this study in the scope of polymer processing, we plan to include into406

the periodic solution both wall temperature disturbance and variations of the channel depth407
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that feature in the compression zone of a single screw.408

Finally, it did occur to us that complex eigenvalues computed by the integral transform409

method for this periodic heat transfer problem could be linked to the complex eigenvalues410

sought for in a linear stability of an arbitrary transient perturbation. In further work we411

would like to see if the integral transform method could provide a more efficient tool than412

pseudo-spectral methods to solve for the eigenspectrum in the viscoelastic linear stability413

problem [19].414
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