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Abstract

A non-Markovian counting process, the ‘generalized fractional Poisson process’ (GFPP) in-
troduced by Cahoy and Polito in 2013 is analyzed. The GFPP contains two index parameters
0< <1, a>0and a time scale parameter. Generalizations to Laskin’s fractional Poisson dis-
tribution and to the fractional Kolmogorov-Feller equation are derived. We develop a continuous
time random walk subordinated to a GFPP in the infinite integer lattice Z¢. For this stochastic
motion, we deduce a ‘generalized fractional diffusion equation’. In a well-scaled diffusion limit
this motion is governed by the same type of fractional diffusion equation as with the fractional
Poisson process exhibiting subdiffusive t?-power law for the mean-square displacement. In the
special cases @ = 1 with 0 < 8 < 1 the equations of the Laskin fractional Poisson process and for
a = 1 with 8 =1 the classical equations of the standard Poisson process are recovered. The re-
markably rich dynamics introduced by the GFPP opens a wide field of applications in anomalous
transport and in the dynamics of complex systems.
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1 Introduction

In many complex systems, one has empirically observed asymptotic power laws instead of the classical
exponential patterns. One finds such characteristic behavior for instance in anomalous transport and
diffusion [1, 2, 3, 4, 5, 6, 7]. In the description of these phenomena the celebrated Montroll-Weiss
continuous time random walk (CTRW) model [2, 8, 9, 10] has become a major approach where the
empirical power laws lead to descriptions that involve fractional calculus.

Meanwhile, the CTRW of Montroll and Weiss has been applied to a vast number of problems
in various contexts especially to model anomalous diffusion and transport phenomena [2, 10, 11]
including stochastic processes in protein folding [12], the dynamics of chemical reactions [13], transport
phenomena in low dimensional chaotic systems [14], ‘Aging Continuous Time Random Walks’ [15, 16],
CTRW with correlated memory kernels have been introduced [17], and many further applications of the
CTRW exist. In the classical picture, CTRWs are random walks subordinated to a Poisson renewal
process with exponentially decaying waiting time densities and the Markovian property [5, 6, 18].
However, one has found that many complex systems are rather governed by non-Markovian fat-tailed
waiting time densities not compatible with the classical Poisson process picture [3, 5, 19, 20].

Based on a renewal process to our present knowledge first introduced by Repin and Saichev [21],
Laskin developed a non-Markovian fractional generalization of the Markovian Poisson process. He
called this process ‘fractional Poisson process’ [19] and demonstrated various important applications
[22]. The fractional Poisson process is of utmost importance as it produces power-law patterns as ob-
served in anomalous subdiffusion due to fat-tailed waiting time densities. Meanwhile, a large literature
exists that analyze fractional Poisson processes and related random motions [4, 6, 23, 24, 25, 26, 27].

In the present paper, our aim is the development of a stochastic motion based on a generalization of
the Laskin’s fractional Poisson process. This process was introduced by Cahoy and Polito in 2013 [28]
and several features were analyzed in that paper. In the present paper, our goal is to complement that
analysis and to investigate related stochastic motions. We call this renewal process ‘generalized frac-
tional Poisson process’ (GFPP). Both the GFPP like the fractional Poisson process are non-Markovian
and introduce long-memory effects. We will come back to this issue subsequently.

The present paper is organized as follows. In the first part (Section 2) we briefly outline general
concepts of renewal theory and the CTRW approach by Montroll and Weiss [8, 9]. In Section 3 we
briefly discuss essential features of Laskin’s fractional Poisson counting process and of the fractional
Poisson distribution. In Section 4 we generalize the Laskin process and define the ‘generalized fractional
Poisson process’ (GFPP). We derive its waiting time density and related distributions. In Section 5 the
probability distribution of n arrivals in a GFPP is deduced. We refer this distribution to as ‘generalized
fractional Poisson distribution’ (GFPD).

We derive in Section 6 the expected number of arrivals in a GFPP and analyze its asymptotic power
law features. The GFPP contains two index parameters 0 < § < 1 and a > 0 and one additional
parameter (& 7%) that defines a characteristic time scale of the process. The Laskin fractional Poisson
process is a special case for a =1 and 0 < § < 1 of the GFPP, as well as the standard Poisson process
(recovered for &« = 1 and 8 = 1). Further the case § = 1 and a > 0 produces an Erlang type process.

As an application, in Sections 7-9, we consider a random walk subordinated to a GFPP on undi-
rected networks and multidimensional infinite lattices in the framework of Montroll-Weiss CTRW.
We derive ‘generalized fractional Kolmogorov-Feller equations’ and for the resulting diffusion process
a ‘generalized fractional diffusion equation’. We show explicitly that for « = 1 (0 < § < 1) these
equations reproduce their fractional counterparts [3] of the Laskin fractional Poisson process and for
a =1, f =1 the classical equations of standard Poisson. Finally we analyze the ‘well-scaled’ diffusion
limit and obtain the same type of fractional diffusion equation as in walks subordinated to Laskin’s
fractional Poisson process.



As a major analytical tool in this paper, we utilize Laplace transforms where we deal with causal
non-negative probability distributions (non-negative probability measures) in the distributional sense
of Gelfand and Shilov generalized functions [29]. The Laplace transform f(s) of a causal function

f(t) = O()f(t) is defined by, e.g. [29]*

CLFY = f(s) :/ HTOMFBdL,  s—o4iw, o> o (1)
where ©(t) indicates the Heaviside step function defined by ©(¢) =1 for ¢ > 0 and ©(t) = 0 for ¢ < 0,
especially ©(0) = 1. However, we emphasize that ©(0_) = lim._,0; O(—¢) = 0 (¢ > 0) is vanishing as
the lower integration limit since 0_ = —e (¢ — 0+) is infinitesimally negative. The essential point is
that the Laplace transform captures the entire nonzero contributions of a causal distribution f(¢). We
utilize throughout this paper definition (1) for Laplace transforms since it especially convenient when
dealing with causal probability measures and causal operators. The Laplace inversion is performed by

B 1 o—+100
1) = F0)O(t) = £7{f(s)} = / et f(s)ds,  R(s) =0 > o,

2mi s

(2)
_ 60'75 > zwtf( + )
= o g w)dw

with suitably chosen R(s) = 0. We only mention here the important property for causal functions
qm m—1
r m—1— k:
f)O(t
c{ gmemrn} = 9=y uwen]

J/

0 (3)

L)) = oWy, men
i.e. Laplace inversion of s™ f (s) captures in the derivatives the Heaviside step function?. This allows
covering causal distributions that exhibit discontinuities especially when they are ‘switched on’ at
= 0. We emphasize property (3) as it allows us later to determine the appropriate fractional
derivative kernels (See especially Appendix A). In our demonstration when no derivatives are involved
we often skip the Heaviside ©(t) step function in expressions of causal distributions. However, for
clarity, we include the notation “O(t)” in all cases such as (3) where time derivatives are involved.
We mention further with the above definition of Laplace transform (1), that the Dirac’s é-function is
entirely captured. This is expressed by £{d(¢)} = 1. Further properties are discussed in Appendix
A. We avoided in the present paper too extensive mathematical derivations which can be found in a
complementary paper [30].
Contrary to the version of the present paper to appear in Physica A, in the present version we have
analyzed in Section 9 a ‘well-scaled’ diffusion limit which yields the time fractional diffusion equation

(87.B).

'We denote as [, (...) =lime,o4 [ (...).
2We notice the dlstrlbutlonal representatlon (See Appendix A):
dm— k

L {smf(s)} = & (FHO(1) = Ot) o F(1) + Xy g0V (1) o (1), where is denoted 60)(t) = &4(1).




2 Renewal process and CTRW

Let us briefly outline some basic features of renewal processes and waiting time distributions (See e.g.
[4]) as a basis of the CTRW approach of Montroll and Weiss [8]. We assume that a walker makes
jumps at random times 0 < ty,t,...%,,...00. The non-negative random times when jumps occur we
also refer to as ‘arrival times’ t,. We start the observation of the walk at time ¢ = 0 where the walker is
sitting on his initial position until making the first jump at ¢t = ¢; (arrival of the first jump event) and
so forth. The waiting times Aty = tx —tx_1 > 0 between two successive (jump-) events are assumed to
be drawn for each jump from the same probability density distribution (PDF) x(¢) which we refer to as
‘waiting time density’ or ‘jump density’. The waiting times At then are independent and identically
distributed (IID) random variables. y(7)dr indicates the probability that the first jump event (first
arrival) happens exactly at time 7. The probability that the walker at least has jumped once within
the time interval [0,¢] is given by the cumulative probability distribution

t
prob(At <t) =V(t) = / x(r)dr, t>0, tlim U(t)=1-0 (4)
0 —00
with initial condition W(¢ = 0) = 0. The probability that the walker within [0, ¢] still is waiting on its
departure site is given by

prob(At > t) = dO(t) =1 — U(¢) = / T ()dr. (5)

The cumulative probability distribution (5) that the walker during [0, ¢] still is waiting on its initial site
also is called ‘survival probability’ and indicates the probability that the waiting time At > t. We notice
that the jump densities® such as x(¢) have dimension [time] ! whereas the cumulative distributions (4),
(5) are dimensionless probabilities. In addition, the waiting time density x(7) is normalized (see (4))
which is reflected by the property X(s)|s—o = 1 of its Laplace transform. It follows that the survival
probability (5) tends to zero as time approaches infinity lim;_,o, ®©(¢) — 0. The PDF x(™(¢) that the
walker makes its nth jump ezactly at time t then is*

x™(t) = /000 . ”/000 X(11) ... x(Tn)0 (t - ZT]) dr ...d7m, (6)

having the Laplace transform

>z<n>(s):/Ooodﬁ.../OoodTnX(n)...X(Tn) /Oodte_“d (t—zi}]),

= /Ooo.../ooo X(11) . x(m)dm .. dre s Xi=m T = (/Ooo x(r)e‘”d7>n = (X(s))"

which by putting s = 0 yields the normalization condition fooo X" (t)dt = 1 as a consequence of the
normalization of the one-jump density x(s)|s=o = 1.

The probability that a walker within the time interval [0,¢] has made n = 0,1,2,... steps then is
related with (6) by the convolution

(7)

o) (t) = /Ot (1—=Y(t—r1)) X(") (r)dr = /Ot (D(O)(t - T)X(n)(T)dT (8)

3We abbreviate probability density functions or short ‘densities’ by ‘PDF"’.
4We refer this density also to as n-jump density.



where we account for that the walker makes its nth jump at a time 7 < t with probability x™ (7)dr
and waits during t — 7 with probability ®©(¢) = 1 — U(t — 7) where over all combinations from 7 = 0
to t is integrated. The probabilities (8) are dimensionless distributions whereas the n-jump densities
(7) have dimension [time]~'. We mention the normalization condition shown later

o0

> M) =1. (9)

n=0

We observe then the recursive relations

(1) = / DX - O = 8()

(10)
t
> (t) = / OV (1) x (¢ — 7)dr, PO(t) =1 - W(t).
0
We then get for the Laplace transform of (8)
T (n 1 - 56 S) /- n 1, n ~(n
() = X g = L) -0 m=01200, ()

recovering ®y(s) = %(S) when we account for xo(t) = §(t) with Y(¥(s) = £{§(t)} = 1. Introducing a
generating function in the Laplace domain as®

ié () _ 1= X() — ! o] < 1 (12)

where G(s,1) = s~! proving then normalization condition (9). A quantity of great interest in the
following analysis is the (dimensionless) expected number of arrivals n(t) (expected number of jumps)
that happen within the time interval [0, ¢]. This quantity is obtained by

S ) R

For further discussions of renewal processes we refer to the references [25, 26, 31].
With these general remarks on renewal processes, let us briefly discuss in the following section
Laskin’s fractional Poisson process in order to generalize this process in Section 4.

Zn@ dG(t v)

3 Fractional Poisson distribution

The fractional Poisson process was introduced by Laskin and several aspects of this process were
thoroughly analyzed in several papers [3, 19, 20, 22]. The Laskin fractional Poisson process is defined

SThis series is converging for [v| < 1 when s # 0 and for |v| < 1 when s = 0 as consequence of |Y(s)| < 1 (equality
for s = 0).



by a renewal process with a Mittag-Leffler waiting time density®

> tnﬁ 1
X,B(t) — ( )n 1€n
2
~ oo —1)”€ntn’8 B (14>
‘ nz; CBntp) ° 5.8(—¢t")
=241 - E(—&t?)], €>0 0<pB<U, £>0
where we introduced the Mittag-Leffler function of order /5 [4, 19, 25, 32]
Es(z) = 3 < (15)
e L(Bn+1)

and the generalized Mittag-Leffler function

where Ej1(z) = Es(z). Since the argument ftﬁ of the Mittag-Leffler function is dimensionless, &
is a characteristic parameter of physical dimension [time]™”. It is straight-forward to show that the
Mittag-Leffler jump density (14) has the Laplace transform

~ o C n—1¢n > —st tnﬂ_l _ S n—1¢n —npB
Xs(s) = ;(—1) § /0 e mdt = ;(—1) §"s
(17)
:é%’ s =0+ 1w, 0>§%

converging for o > f’% For 3 = 1, (14) recovers the exponential jump density xi(t) = e~ of the
standard Poisson process. The survival probability in the fractional Poisson process is then of the form
of a Mittag-Leffler function

(0) L f s 8
o) =1- w0 = { S = B, 0<ps (1s)

where for 3 = 1 the standard Poisson process with survival probability E;(—&t) = et is recovered.

The fractional Poisson distribution is defined as the probability (ID(BTL) (t) of exactly n arrivals within
time interval [0, ¢] for a renewal process with jump density (14) and is obtained as [19]

o™ (t) = (gtﬁ) E 5(7)

n! drn T=—(th
5 5 (19)
(&t°)" o~ (mAn)l (=€)
= 0<p<1 =0,1,2,...
nl mzo . TBm+ny 1) C<Psh n=012
For f = 1 the fractional Poisson distribution and o« = 1, § = 1 recovers the standard Poisson
distribution s
" (1) = @(t)@e@, n=0,1,2,... (20)
n!

6We employ throughout this paper as equivalent notations ¢! = I'(¢ + 1) for the I-function.
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4 Generalization of the fractional Poisson process

We now analyze a counting process that generalizes the fractional Poisson process. The waiting time
density of this generalized process has the Laplace transform

N
Xp,0(8) (

—_— 0<p<1 >0 >0 21
85+£)a7 5— b OK M) g ( )

and was introduced by Cahoy and Polito [28]. The goal of the remaining parts is to complement their
analysis of the process and to develop a CTRW that is governed by this process to derive generalizations
of the fractional Kolmogorov- and diffusion equations. We see that (21) generalizes (17) of the Laskin
fractional Poisson process where any non-negative power o € R, is admissible in (21). We call the
renewal process with waiting time density defined by (21) the generalized fractional Poisson process
(GFPP). The characteristic dimensional constant ¢ in (21) has physical dimension [time] ~# and defines
a characteristic time scale. Per construction Xga(s)s—0 = [ xg.a(t)dt = 1 reflecting normalization
of the waiting time density. The GFPP recovers for a« =1, 0 < § < 1 the fractional Poisson process,
for « > 0, 5 = 1 an Erlang type process (See [26]) allowing also fractional powers a, and for a = 1,
[ =1 the standard Poisson process.

We observe in (21) that the jump density has for 0 < § < 1 and for all @ > 0 diverging mean
(diverging expected time for first arrival), namely —%f{,@,a(s)’s:o = fooo tXp,a(t) = +00, and a finite
mean first arrival time in the Erlang regime aé~! for a > 0 with 8 = 1.

Beforehand we observe two limiting cases of ‘extreme’ behaviors: For infinitesimally small o we
have lim, 01 Xg.o($) = 1 and hence lim, 0. xp.a(t) = L7{1} = §(¢), i.e. the smaller o the more the
jump density becomes localized around ¢ = 0+ and taking for &« — 0+ the shape of a §(¢)-peak. In
this limiting case the first arrival happens ‘immediately’ when the observation starts at ¢ = 0+ with
an extremely fast jump dynamics (Eqgs. (29)). On the other hand in the limit & — oo the Laplace
transform of the jump density (1 + £ 1s%)7® is equal to one at s = 0 and nonzero extremely localized
around s ~ 0 dropping to zero immediately at s # 0. As a consequence in this limit the jump density
becomes extremely delocalized with quasi-equally distributed waiting times xs,(t) ~ € — 0+ for
all £ > 0 thus extremely long waiting times may occur (shown subsequently by Eq. (35)). In order
to determine the time domain representation of (21) it is convenient to introduce the Pochhammer
symbol which is defined as [33]

L(c+m) L m=0
(ehm= o) )
F(C) c(c+1)(c+m—1), m:1727"'

Despite I'(c) is singular at ¢ = 0 the Pochhammer symbol can be defined also for ¢ = 0 by the limit
(0)y, = limg—04(¢)m = dmo which is also fulfilled by the right hand side of (22). Then (c¢),, is defined
for all ¢ € C. The jump density defined by (21) can be evaluated by accounting for

o0

Npals) = €271 4 &s7F) ™ = ¢@ Z(—1)m%gm5—ﬁ<m+a>, o=R(s)>Er. (23)

m=0

The time domain representation of the jump density of the GFPP is then obtained by using Laplace



inversion (106), namely (See also [28])
e §a _ i't OO iwt 50‘
vl = e ) = 5 L e

:faZ<—1>’”(fn—)7€mﬁl{s“mm>}, >0, 0 =R{s}> €7, 0<F<L a>0 (o)

m=0

o . 6 m
= £atﬁa71 Z ((:rz'm F((ﬁﬁft—i_)aﬁ) _ fatﬁaflE;aB(_étﬂ)_
m=0

In expression (24) appears a generalization of the Mittag-Leffler function which was introduced by
Prabhakar [34] defined by

RO
Eqe(z) = Z m! T(am +b)’

R{a} >0, R{b} >0, ¢ z€C (25)

m=0
where with (0),, = ;0 We have EJ,(2) = 1. The generalized Mittag-Leffler function (25) was analyzed
by several authors [33, 35, 36, 37]. "This series converges absolutely in the entire complex z-plane. For
t small the jump density behaves as

0, af > 1,
o fa af—1 1
A T A -
o0 af < 1.

The power-law asymptotic behavior ~ t*~! occurring for ¢ small is different from the fractional Pois-
son process which has ~ t#~1 and is reproduced for a = 1 (See the order n = 0 in the Mittag-Leffler
density (14)). The GFPP jump density allows exponents o5 > 1 where the jump density approaches
zero for t — 0+. This behavior does not exist in the case o = 1 of the fractional Poisson process.

We see in the Figures 1 and 2 that limy oy Xg.a(t) ~ t*?~1 — 400 occurs in the regime af < 1.
The jump density in this regime is extremely high at short observation times, where this tendency
is amplified for o — 0+ with §(¢)-peak localized jump densities. Further we observe in Figure 1 the
‘phase transition’ at a8 = 1 separating the behaviors of Eq. (26) for ¢ — 0+. On the other hand for
a — oo the jump density exhibits an extremely broad distribution of waiting times. For o = 1 the
density (24) recovers the Mittag-Leffler type jump density of the fractional Poisson process (14), and
for 5 =1, @ > 0 is an Erlang type density where non-integer o > 0 are allowed (See Eq. (33)). For
a =1, 8 =1 the jump density x11(t)) = &% of the standard Poisson process is reproduced. For
a = 1 the expression of the jump density (24) recovers the jump density (14) of the fractional Poisson
process. Integrating (24) yields the cumulated distribution (4) of first arrivals

! = m — tﬁ " g
Vi) = [ Xpalrir =g 32 O o = 0B (6. 20

The probability distribution (27) is plotted for different values of 0 < 5 < 1, and @ = 2 in Figure 1

and for different values > 0 in Figure 2 for § = 0.5. For small & %zz this distribution is dominated
by order n = 0, namely

o8 s :
Vo)~ st S0 (28)

8
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Figure 1: (a) Jump density xz.(t) and (b) cumulated probability Vg ,(t) as a function of ¢. We explore
the case @ = 2.0 for different values 0 < 8 < 1 codified in the colorbar. The results were obtained
numerically using ¢ = 1 and Eqgs. (24) and (27). We depict with dashed lines the results for 5 = 0.5

(af =1).
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Figure 2: (a) Jump density xs..(t) and (b) cumulated probability Ws,(t) as a function of t. We
explore the results for § = 0.5 and different values 0 < a < 2 codified in the colorbar. The results
were obtained numerically using £ = 1 and Eqs. (24) and (27). We represent with dashed lines the
results for the particular case af = 1.

We see in this relation that in the admissible range 0 < 8 <1, @ > 0 the initial condition ¥z ,(0) =0
is always fulfilled. We hence observe the following distributional properties

. L gataﬂ B
i Pealt) =l sy = 90,
(29)
I @ = Low = s
oty NPt = GO =



and similar relations are obtained in the limit a8 — 0+. This behavior is consistent with the obser-
vation that in the Laplace domain Wg ,(s) = s 'Xg.4(s) for @ — 0 behaves as s~!. The t*’-power-law
behavior can be observed in the Figures 1 and 2. The smaller o — 0 the more (28) approaches a
Heaviside step function shape where for small observation times an extremely high jump frequency
occurs so that ¥, (t) rapidly approaches maximum value one. The survival probability then is given
by o

B0 = [ Xl )T = 1= Vaalt) =1 = €47 0 (61" (30

t

with lim; o <I>/(30 (t) = 0. For a =1 (30) becomes

OV (1) =1 &t°BL 5,1 (—Et7)

N - (31)
= B _1\m m ( §tﬁ . gtﬁ b
— 14t mz:o( D e Eeey _mz::OFﬁm+1 = Ey(—¢&t?)

reproducing the Mittag-Leffler survival probability (18) of the fractional Poisson process Mittag-Leffler

jump density ;
X (t) = Xs(t) = &7 Eg p(=€t") = (1 — Es(=¢t7)) (32)

coinciding with the known results [19]. On the other hand let us consider § = 1 and o > 0 which gives

a—1 ai - ft tail —&t
Xl,a( ) g t E ( E , ml F(O_/)e (33)
m=0

ie. for § = 1 the jump density is light-tailed with exponentially evanescent behavior for ¢ — oo,
but for ¢ — 0 we get power-law behavior x;,(t) ~ t*!. The density (33) is the so-called Erlang
density and the renewal process generated with this density is referred to as Erlang process [26]. For
« = 1 the Erlang density (33) again recovers the density x; 1(t) = e~ of the standard Poisson process.

Let us now consider the behavior for large times ¢ — oo. Expanding (21) for |s| small yields’

)Z@a(s) = (1 -+ %) h - i (T - m)smﬁ = 1 — %Sﬂ + ... (34)

which yields for large observation times for 0 < 3 < 1, a > 0 fat-tailed behavior®

Xp.alt) = — fF(OiB) $=B-1

0<fB<1l, a>0, t— o (35)

where the exponent does not depend on a.

5 Generalized fractional Poisson distribution

In this section we derive the generalized counterpart (P(ﬁni(t) to Laskin’s fractional Poisson distribution
(19), i.e. the probabilities for n arrivals’ within [0,¢] in a GFPP. For the evaluation we utilize the

"The large time behavior emerges for & — oo (or equivalently for small |s| — 0) in (21).
8Where —T'(—) = 371I'(1 — B) > 0.
9See Eq. (8).
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general relation (11) together with (21), namely

n — 1 on on — 1 Y Y
q),(é’,()x(t) =L ! {g (Xﬁ,a(s) - X,B:Zl(s))} =L ! {g (Xﬁ,na(*S) - Xﬁ,(n-ﬁ-l)a(s))} ) n=0,1,2...
(36)
where X} ,(s) = (gf sy We then obtain by using Eq. (24)
-1 1 ~ nao = m(na)m m p—1f _ —Bm—naf—1) 1
Wsalt) = £ Rl } = £ 3 (-1 EDmem b o=R{s) >
m=0 ’
oo )mfmth—HWB 5
= e A t? =0,1,2,...
mZ: mﬁ‘i‘naﬁ‘i‘l) 5 ,Bna,B—i-l( 5 ) n ) Ly 4y
(37)
With this result, from (36) we obtain the probability of ezactly n arrivals within [0, ¢] as
(n) nono no apo (n+1l)e
D5 (1) = £rete? <E 5 tnapiny (—E7) — P E ((n+1)a5+1)(—§t6)) ; (38)

= ‘Ifg,na(f;) — \I,ﬂ,(n—l—l)a(t)a 0< 5 < 1, o > 0, n = O, 1,2, ..

where E ,(2) denotes the generalized Mittag-Leffler function defined in Eq. (25). This expression was

also obtained in Ref. [28] (Eq. (2.8) in that paper). We call the distribution q)(ﬁnzy(t) in Eq. (38) the
generalized fractional Poisson distribution (GFPD) In the second line of Eq. (38) we have taken into
account that cumulated probabilities ¥z, ( fo Xswa(t)dt indicate the probability for at least v
arrivals within [0,¢]. The Wz ,,(t) are determlned by Eq. (27) by replacing there « — va. The case

n = 0 is also covered in relation (38) and yields q)g?)a(t) =1—Vg,(t) of Eq. (30). We can then write
distribution (38) in the following compact form

o) () = (&%) {w + Z AT (7€) (- ftﬁ)m} (39)

with

amngy = (@) N+ Da)s
o m!l'(naf + m+1)  (m—DIT'(naf+ m+ (a— 1)+ 1)
form=1,2,...and n=0,1,2,.... The GFPD is a dimensionless probability distribution depending

(40)

only on the dimensionless time t£ 5 where 13 ~% has dimension of time and defines a characteristic time
scale in the GFPP. It follows that for small (dimensionless) times the GFPD behaves as

thyna 1

o) (1)~ ™ &5 — 0 =0,1,2,... 41
57(1( ) F(no&ﬁ—i‘l)’ 5 ’ n [ b ( )
which is the inverse Laplace transform of £"*s~"*#=1 je. of the order m = 0 in the expansion (37).

It follows that the general relation

BEAE)| = (42)

t=0

is fulfilled, i.e. at t = 0 per construction the walker is on his departure site. Further of interest is
1

the asymptotic behavior for large (dimensionless) times t£#. To this end, let us expand the Laplace

transform for small s — 0 in (36) up to the lowest non-vanishing order in % to arrive at
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1

-8B
tﬁﬁ) ; t§%—>oo, 0<B<1l, a>0, n=0,1,...,00
(43)

where this inverse power law holds universally for all & > 0 for 0 < $ < 1 and is independent of the

n O _
Pa(t) = gL =

r(1a— B) (

number of arrivals n and contains the Laskin case a = 1. That is all ‘states’ n exhibit for t£ 5 the
same (universal) ¢t inverse power-law decay. We conjecture that the asymptotic equal-distribution
(43) in a wider sense can be interpreted as quasi-ergodic property of the GFPP.

Now let us consider the important limit a = 1 for the GFPD in more details. Then the functions (40)
become time independent coefficients, namely

Ay = L(B(m+n)+1) (m!(n— 1)! * (m — 1)!n!) — nlm! T(B(m+n)+1) (44)

and for the oder m = 0 we have (ntm)! L ) ‘m:O thus we get for the GFPP (39) for

1 —
T(nB+1) < nlm! T'(B(m+n)+1)
()" g~ (mtm)t (=)
! ml D(B(m+n)+1)

m=0

a = 1 the expression

(1) =

(45)

which we identify with Laskin’s fractional Poisson distribution of Eq. (19) [19, 22].

6 Expected number of arrivals in a GFPP

Here we analyze the asymptotic behavior of the average number of arrivals 72(¢) within the interval of
observation [0, ¢]. To this end we consider the generating function

o ~ SB (07
Gl ) = Y v @) = el LETERZL ) oy (46)
o s(l=vXpals)  S(1+ L) —v
with L 20a(8)
7 (n — XB,alS) -
B (5) = =2 () (5). (47)

s
The expected number 7ig,(t) the walker makes in [0,¢] is obtained from 7ig o (t) = £Gga(v,t)]om1 =
Yoo n@(ﬁn()l(t) with the Laplace transform [28]

d - )25 a(S) 1

ng.a(s) = %Q,g,a(v, s) TN ;Zﬁ,a(s)) = S[(% FE— (48)

The Laplace transform behaves as igq(s) ~ 5771 for |s| — 0. We obtain hence the asymptotic
behavior for t£ 5 = 00 large

_ § 8 1
1)~ ————t <1 tEB . 4
nga(t) T 0<pB <1, a >0, £F — 00 (49)

This result includes the Erlang regime ﬁ 1 where for all @ > 0 the average number of arrivals
N1a(t) ~ gt increases linearly for large t£5 5 and a = 1 recovers the well-known result of the standard

12



Poisson process, e.g. [26]. On the other hand, we obtain the asymptotic behavior for ¢£ 5 = 0 small
when we expand 7, (s) with for |s| — oo and obtain

1
(55 + 1) = 1]

ﬁ @ 1
Ngalt) = L7 {S } ~ LT = F((gt—) t&% — 0. (50)

af+1)’

It is important to note that both asymptotic expressions (49) and (50) coincide for o = 1 recovering
the known expression of the fractional Poisson process.

7 Montroll-Weiss CTRW on undirected networks

As an application we consider a random walk on an undirected network subordinated to a GFPP and
derive the generalization of the fractional Kolmogorov-Feller equation. Then in subsequent Section
8 we develop this process for the infinite d-dimensional integer lattice Z? and analyze the resulting
‘generalized fractional diffusion’. To this end let us briefly outline the Montroll-Weiss CTRW on
undirected networks. We assume an undirected connected network with /N nodes which we denote with
p=1,...,N. For our convenience we employ Dirac’s |bra)(ket| notation. In an undirected network
the positive-semidefinite N x N Laplacian matrix L = (L,,) characterizes the network topology and
is defined by [38, 39, 40]

Lypq = Kpopg — Apq (51)

where A = (A,,) denotes the adjacency matrix having elements one if a pair of nodes is connected
and zero otherwise. Further we forbid that nodes are connected with themselves thus A,, = 0. In an
undirected network adjacency and Laplacian matrices are symmetric. The diagonal elements L,, = K,
of the Laplacian matrix are referred to as the degrees of the nodes p counting the number of neighbor
nodes of a node p with K, = Zévzl A,,. The one-step transition matrix W = (W,,) relating the
network topology with the random walk then is defined by [38, 39]

W, ! A ) ! L 52

e g, P T O T g e (52)

which generally is a non-symmetric matrix for networks with variable degrees K; # K; (i # j). The
one-step transition matrix W), defines the conditional probability that the walker which is on node p
jumps in one step to node g where in one step only neighbor nodes with equal probability KL,, can be
reached.
We consider now a random walker that performs a CTRW with IID random steps at random times
0 <ty,tg,...t,,...00 on the network where the observation starts at ¢t = 0. Each step of the walker
from one to another node is associated with a jump event or arrival in a CTRW with identical transition
probability (W,,) for a step from node p to node q. We introduce the transition matriz P(t) = (P;(t))
indicating the probability to find the walker at time ¢ on node j under the condition that the walker
was sitting at node 7 at time t = 0 when the observation starts.

The transition matrix fulfills the normalization condition Zjvzl P;;(t) = 1 and stochasticity of the
transition matrix implies that 0 < P (t) < 1. We restrict us on connected undirected networks and
allow variable degrees. In such networks the transition matrix is non-symmetric P;;(t) # Pj;(t) (See
[38] for a detailed analysis). Assuming the initial condition P(¢ = 0), then the probability to find the
walker on node j at time ¢ is given by a series of the form [25, 26, 31]

P(t) = P(0) i M (HW" (53)
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where the ®™(¢) indicate the probabilities of n arrivals, i.e. that the walker made n steps within
interval [0,¢] of relation (8). It is straight-forward to see in (53) that the normalization condition
Zé\f:l Py(t) =520, @™ (¢t) = 1 is fulfilled during the entire observation time ¢ > 0. The convergence
of this series is proved by using that W has uniquely eigenvalues |\,,| < 1 [38] together with |y(s)] <1
for the Laplace transforms of the jump density. Let us assume that at ¢ = 0 the walker is sitting on
its departure node P;;(0) = (6;;), then the Laplace transform of (53) writes

p(s) = 1 =X ()){1 L)W (54)

Let us take into account the canonic representation of the one-step transition matrix [38]
N

where we have always a unique eigenvalue A\; = 1'% |\,,| < 1 (m = 2,...,N) [38]''. In Eq. (55) we
have introduced the right- and left right eigenvectors |®;) and (®,| of W, respectively. The first term
that corresponds to A\; = 1 in |®;)(®;| indicates the stationary distribution. We can then write the
canonic representation of (54) in the form

P(s) =) P(m,s)|®n) (D] (56)

where P(s) has the eigenvalues

s (1=Anx(s))

This expression is the celebrated Montroll-Weiss formula [8]. Since A\; = 1 we see that P(1,s) = 2
thus the stationary amplitude always is of the form P(1,¢) = L7 {1} = O(¢).

8 Generalized fractional Kolmogorov-Feller equation

With the general remarks on CTRWs of the previous section we now analyze a random walk on
an undirected network which is subordinated to a GFPP. For this diffusional process we derive a
generalization of the fractional Kolmogorov-Feller equation [3, 19]. To this end let us first consider the

Laplace transforms of the GFPD (Pé”;(t) (See Eq. (36))
gnoé

5 (o) — $O _
<I>5:01(S) _(I)B’Q(S)W’ a >0, O<6§ 1, n=20,1,2,... (58)
where gno
CHOESEINIOE £ (59)
and especially for n = 0 we have
- 1 —Xpals) _ (8" +8*— ¢
oY) Bl = . 60
Ba() s 8(854—5)0‘ ( )

Oreflecting row-normalization Zé\;l Wpe =1
Tn this demonstration we ignore the cases of bipartite graphs where a unique eigenvalue —1 occurs.
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These Laplace transforms fulfill

(s° +€)°df) (s) = 2df" V(s), n=1,2,..., (61)
and for n = 0 we have (5 e ¢
o - S + o (0%
(57 + ) ®L(s) = R (62)
In the time domain these equations write
DD () = g2V (1), n=12..., (63)
" (" + &) —¢
o _ S + [ 2 (6% o
o <s><1>g?L<t> o {EEEE k) - o) (69
where OD,? ‘Dt fo 7)DP<(t — 7)dr has to be read as a convolution.

Now the goal is to derive the generalized counterpart to the fractional Kolmogorov-Feller equation
[3, 19]. A major role is played by the kernel

DP(t) = L7 (s’ + )} . (65)
This kernel has the explicit representation [30] (and see also Appendix A)!?

Do) =LH{(s" + )} = ﬂ {o(t)d”(t)}
dteB]

dles] a a— &ehym
dtlaB] {@(t) [ B1-6 1Zm -0 (a m) lml F(ﬂm(-ﬁ-fﬂé)m ﬁa)} Oéﬁ §é N

(7 o0 ol Bym 66
£ {500+ 04 Sy b} aBeN )
_g((ﬂ' {O)tIP1=Pe=1E, 5 (fag1—ap)(E°) } af ¢ N
2 (0() +O) LB, p.(E7), aBeN.

In this expression we introduced the ceiling function [+] indicating the smallest integer greater or
equal to 7. In (66) occurs a generalized Mittag-Leffler type function E.,;(z) which is related with the
generalized Prabhakar Mittag-Leffler function (25) and given by

00 0o C . )m -
B, — E¢(—2), R 0, R{b} > 0.
ol n;) 'm'Fam+b Zo m! Fam—i—b) 0b(=2) {a} > {o}>
(67)
The second kernel K éoi(t) of equation (64) is then explicitly obtained as [30]
Ot P E, 1_ap(ELP),, 0<af <1
(0) L[ (P o) dlas1-1 [af]—Ba—1 8
Kyo(t) =L s () a@ler e {@ )t Ea.8,(1a81-ap) (€1 )} af>1, af¢N
o O + 0§ Bapa(€t”),  aB>1, afeN. o
68

12Where we introduce d?“(t) = £~ {s_(a/ﬂ (s® + &)}
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The transition probability matrix (53) of the GFPP walk then writes

Ps.(t) = P(0)2Y)(t) + P(0) f: o) (W™ (69)

Then we obtain with relations (63), (64) the convolution equation'?

DI Paalt) = P(0) (KA1 ~ €°0(1)) +EPaa()W,
t (70)
/0 DAt — )Py o(r)dr = P(0) (KLL(0) — €°0(1)) + € P ()W,

We call equation (70) the generalized fractional Kolmogorov-Feller equation where K () — €2O(t)
can be conceived as memory kernel. Eq. (70) has for a5 ¢ N the explicit representatlon

dlesl  rt B Ba
G [ =D (6 = TV Paalr)r, €N
(1)

— P(0) (Kg?g(t) - ga@@)) FEPL (W, 0<f<1, a>0.

Let us next consider the cases o = 1 of Laskin’s fractional Poisson process, and of « = 1, § =1
representing the standard Poisson process.

We first consider (71) in the fractional Poisson process limit &« = 1 and 0 < § < 1. Then we get for
the kernel (68)
=B

K @(t)m

51(t) =t By g1 _(Et7) = +£O(1) (72)

with

LR &fo 1
P=p) T Td-p)
Only the orders m = 0 and m = 1 in £° are nonzero. Then with [a3] = [B] = 1 we get for (71)

Eipap(&t°) = + &P, (73)

d t

G [, =D Buas€t = 1) )Psa(r)dr = P(O) (K1) - €0(0)) +€Psa(0W  (74)

which takes with (72) and (73) the form (¢ > 0)

t -B
% i (t—71)F <ﬁ +&(t — 7')'8> Ps(r)dr = ﬁP(O) +EPs 1 (H)W. (75)

On the left hand side we identify ﬁ% fg(t—T)_ﬁP@l (7)dr =¢ D/P 4, (t) with the Riemann-Liouville

fractional derivative of order 3. The second term on the left hand side yields &4 fg Psi(r)dr =
¢Pp1(t). Hence we can write (75) in the form

=8
,’?Pg’l(t) = WP(O) —EPsa(t) +EPs1(1)W, 0<p<l1. (76)
BRead on “Pgal f DAt — 1P o(T)dT =: %J&g Otdﬂ"’(t —7)Pgq(7)dr.
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We identify this equation with the fractional Kolmogorov-Feller equation [3, 19]. In this way we have
proved that the generalized fractional Kolmogorov-Feller equation (70) for o = 1 recovers the fractional
Kolmogorov-Feller equation introduced in [3] and see also the references [25, 26, 27, 41].

In the fractional Kolmogorov-Feller equation (76) occurs the ‘memory term’ F(tl;_BBP(O) which
reflects the slow power-law decay of the influence of the initial condition. Generally for the GFPP the
long-time memory (non-markovianity) is a consequence that the jump density is fat-tailed ~ ¢=17%,
see Eq. (35). Let us demonstrate briefly that the same memory effect occurs in walks subordinated to
GFPPs for any o > 0. To this end it is instructive to consider the generalized fractional Kolmogorov-

Feller equation (70) in the Laplace domain

(57 4+ 9 Pya(s) = T = ) eow, (o) (77)

For |s| — 0 small this equation takes the representation

§ §

55155’&(5) = s'B’lP(O) — EPB,Q<S> + anslgya(s), 0<p<l. (78)

Transforming Eq. (78) into the time domain yields fractional Kolmogorov-Feller equation (76) as the

the asymptotic limit for & it — 0o of the generalized fractional fractional Kolmogorov-Feller equation
(70) (with & — & = §) It follows that the GFPP generates asymptotically the same memory effect as
the fractional Poisson process with the memory term %P(O) (0 < 8 < 1) which is independent of
a. The memory effect becomes especially pronounced when g — 0+ with extremely slow decay. On
the other hand in the limit § — 1 — 0 the memory term takes 0 (¢)-representation thus the walk then

becomes memoryless.

Finally we consider the limit & = 1 and 8 = 1 of standard Poisson. Then Eqgs. (61) and (62) take
in the time domain the form

(5 +€) ol = ol V) (79)

and
(% + g) o (t) = 8(1) (80)

where these relations define the standard Poisson process and are easily confirmed to be fulfilled by
the Poisson distribution (20). Plugging the last two equations into (70) for § = 1 and a = 1 yields
relation

SR = PO)3(1) — Py (1) + EPL(OW (81)

which is known as the Kolmogorov-Feller equation of the standard Poisson process [19, 25, 26]. One
can also recover the Kolmogorov Feller equation (81) from Eq. (76) in the limit 8 — 1 — 0.

9 Generalized fractional diffusion in Z¢

In this section we analyze the features of a random walk subordinated to a GFPP in the infinite
d-dimensional integer lattice Z¢. We refer the resulting diffusion process to as ‘generalized fractional
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diffusion’. The eigenvalues of the one-step transition matrix (55) for the d-dimensional infinite lattice
are given by the Fourier transforms [38, 42]

d
AF) =1 %M(E), () = 24— 2" cos(ly)
- (82)
AF) = 6—112003(/{]), <k <

-

Here u(k) denote the eigenvalues of the Laplacian matrix (51) of the lattice. In this walk the walker in
one jump can reach only connected neighbor nodes. Such walk refers to as ‘normal walk’ [39]. In the
present section we subordinate a normal walk on the Z¢ to a GFPP. In this lattice the eigenvectors
become Bloch-waves |®,,) = |k). The Laplace transform (56) of the transition matrix is then obtained

as
B 1—x(s) 1 [T ™ i)
P(s,p—q):< X(5)) d/ dkl.../ dkq S (83)
s (@2m) ) - (L= Ak)x(s))
The cigenvalues (82) for k — 0 (where k = |k|) then take the form

- 1
ME)~1— ﬁk? (84)

The Laplace transformed eigenvalues of the transition matrix then are obtained from canonic repre-
sentation (83). For k small with (84) the Montroll-Weiss equation takes the form

: G-%s) 1
P(k,s) = v h X 0y~ O 2 -
s (1 =x(s)A(K)) (1 + (11‘;5()8)) @) (1 + (1555()5)) %)

We employ now the Montroll-Weiss equation (85) as point of departure to derive a diffusional equation
governing a CTRW subordinated to a GFPP with the waiting time density described by Laplace
transform (21). After some elementary manipulations we can rewrite the Montroll-Weiss Eq. (85) in
the Fourier-Laplace domain in the form

—g—:lu(%'ﬂ%,a(k, s) = (s" +€)° (ﬁﬁ,aug, 5) — &»gf;(s>) Py (k. s)
——_2 D 2 ~ - 6 o D, 7. - o - ﬂ a
Qdk Ps o (hk, s) ~ ((1 + 58 ) 1) Ps o(hk,s) + . (1 (1+ §S ) ) , h—0

The first line is an exact equation which leads to the second line holding asymptotically for small
k = kh. We introduced in the second line a new wave vector k = (K1, .., kg). Then for any finite k we
can choose h sufficiently small that (k) ~ k% = (kh)2 — 0 thus the left-hand side of the second line
tends to zero when h — 0. To maintain the second line of relation (86) ‘small’ requires that £(h) — oo
for h — 0. Hence we can expand (1 + %sﬁ)a ~1+ %S’B to arrive at

I L
—ﬁkﬂpﬂ,&(hk, s) ~ 87 Py o(hk, s) — "7, (36.B).

Assuming that h%¢ is kept constant when h — 0 leads to the scaling £(h) ~ h™2 — co. Eq. (86.B)
describes the diffusion limit and reflects the asymptotic GFPP behavior for large dimensionless times
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13 %(h)t — oo discussed previously (See Eq. (78)). The constant 2°€ has physical dimension cm?sec™?
and can be interpreted as a generalized fractional diffusion constant (recovering for 5 = 1 the units
cm?sec! of normal diffusion). We observe that the index « enters in Eq. (86.B) only as a scaling
parameter.

Transforming the first line of Eq. (86) into the causal space-time domain yields (See also general

relation (54))

£ a o a
—3-L- Py (t) =0D)" - Paa(t) = €Ppalt) + 1{e"0(t) — KL} (87)
This relation is written in matrix form where L denotes the Laplacian and I the unit matrix in Z¢
indicating the initial condition that the walker at ¢ = 0 is sitting in the origin ¢ = 0. Eq. (87)
describes generalized fractional diffusion in Z9. Its diffusion limit (h — 0 and &(h) ~ h™2) is given by
the space-time representation of relation (86.B) and yields*

h2¢

B , N
Qdaﬁpm(%t) =0 D} - P(g,a)(@,1) — 6D () T

(1-8)

where §(9) () denotes Dirac’s d-function in R? and # = hq € R? are the rescaled quasi-continuous coor-
dinates. (DY - P31(q,t) indicates the Riemann-Liouville fractional derivative of order 5 (See Appendix
A). We refer the exact Eq. (87) to as generalized fractional diffusion equation having Eq. (87.B) as
‘well-scaled” diffusion limit. Rewriting Eq. (87) in the Fourier-time domain yields

(87.B)

oD a N(E> > a
P Pralk,t) = ¢ <-§;>Hm(k0 + 055 (KSA0) - €0)) (88)
showing equivalence with the generahzed fractional Kolmogorov-Feller equation (70) by accounting for
the eigenvalues A(k) = 1 — “%) of W where we used initial condition (6;5) = P(t = 0) that the walker
sits on the origin at ¢ = 0. The kernels D (t) = L71{(s" + £)*} and K(O o(t) = _1{(&%@&} were

given explicitly in Eqgs. (66) and (68), respectively.

Now let us consider the fractional Poisson limit o = 1 with 0 < § < 1. Then Eq. (87.B) takes the
form
h2¢ t=r
2d r'a1-p)

Egs. (89) and (87.B) coincide with the fractional diffusion equation given by Metzler and Klafter [6]
(Eq. (10) in that paper).

The fractional diffusion equation of the diffusion limit (87.B) represents also the asymptotic limit
-8
)
(where £ — & = %) describing the slow power-law decay of the contribution of the initial condition

(See also Eq. (86) for |s| small).

Finally we consider the standard Poisson limit « = 1 and 8 = 1. Then Eq. (87) yields'®

2 AP (T, 1) =0 D) - Pi1y(T,t) — 6D () 0<p<l1 (89)

t& 7 — oo of the generalized fractional diffusion equation (87) with the memory term —d@ (%)

HA = Zj 186—22 denotes the Laplace operator of the RY, # = hp € R? indicate rescaled quasi-
continuous spatlal coordlnates and Pp,o)(q:t) = hip (8,a)(Z, 1) with the transition probability kernel Pz q)(Z,t) =

limy, (% @7 fﬁh ,2; dky- - f”: 21 dkyP(hk, s)e —ik-& having physical units em™?. For more details about diffusive or
long-wave limits, see e.g. [38, 25].

15The Fourier-Laplace domain representation of Eq. (90) is with (86) given by: —%EQPLl(Eh, s) = sP 1 (hk,s) — 1.
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h? 8 . S
NS AP, 1) = 5 {O) Py (1)} — 5(E)5(0) (90)
where % indicates the diffusion constant of standard (normal-) diffusion. It is important here that
we take into account the O(t¢)-function ‘under the derivative’. Then by using
0 . 0 (d) 0 .
E (O Pay(@,1) = 6(t)Puy (T, t) + O(t )atp(u (Z,t) = 6(t)6" (L) + O(t )atpll)( 1)
with (P11(q,0) = dz5), Eq. (90) recovers then Fick’s second law of normal diffusion
h2§ 0
57 APun(@ 1) = 5. Pay (& 1). (91)

Finally let us consider the mean squared displacement in generalized fractional diffusion. Then we
obtain for the Laplace-Fourier transform of the mean squared displacement ¢%(s) from the general
relation

5ha(s) = —AgP(hE,s)| = K%f5a(s)

92
e el 1 e )

s(1-Xpals)  s[(F+12-1]  a
where 73,,(t) indicates the expected number of arrivals of Eq. (48). For the GFPP the asymptotic

behavior of the expected arrival number g ,(t) was also obtained in relation (49). We hence obtain
for the mean square displacement the behavior

25 g~ b= 00

h2
o3 () ~ WiDtﬁ, 0<B<1 a>0 (93)

We obtain for 0 < # < 1 and for all @ > 0 including fractional Poisson a@ = 1 sublinear ¢® power-law
behavior corresponding to fat-tailed jump density (35). The sublinear power law o2(t) ~ t# (0 < 8 < 1)
represents the universal limit for ¢£ 7 — 00 of fat-tailed jump PDFs. Such behavior is well known in
the literature for anomalous subdiffusion (0 < 8 < 1) [5].

In contrast for § = 1 for all & > 0 (Erlang regime which includes the standard Poisson a = 1,
f = 1) we obtain normal diffusive behavior with linear increase 05 () ~ %2515 of the mean squared
displacement. This behav1or can be attributed to normal diffusion [5]. The occurrence of universal

scaling laws for large t£7 % — oo reflects the asymptotic universality for time fractional dynamics shown
by Gorenflo and Mainardi [24].

10 Conclusion

We have analyzed a generalization of the Laskin fractional Poisson process, the so called generalized
fractional Poisson process introduced for the first time to our knowledge by Polito and Cahoy in 2013
[28]. We developed the stochastic motions on undirected networks and d-dimensional infinite integer
lattices for this renewal process. We derived the probability distribution for n arrivals within time
interval [0,t] (Eq. (38)) which we call the ‘generalized fractional Poisson distribution’ (GFPD).

The GFPP is non-Markovian and introduces long-time memory effects. The GFPP contains two
index parameters o > 0 and 0 < 8 < 1 and a characteristic time scale & 5 controlling the dynamic
behavior. The GFPP recovers for « = 1 and 0 < § < 1 the Laskin fractional Poisson process, for
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B =1, a > 0 the Erlang process, and for « = 1, § = 1 the standard Poisson process. We showed
that for « = 1 and 0 < 8 < 1 the GFPD recovers Laskin’s fractional Poisson distribution (19) and
for « = 1 with 8 = 1 the standard Poisson distribution. For small dimensionless observation times
13 5t — 0 two distinct regimes emerge, o > 1 with ‘slow’ jump dynamics and o < 1 with ‘fast’ jump
dynamics with a transition at a8 = 1 (See Eq. (26), and Figures 1 and 2).

Based on the Montroll-Weiss CTRW approach we analyzed the GFPP on undirected networks and
derived a ‘generalized fractional Kolmogorov-Feller equation’. We analyzed for the resulting stochastic
motion in d-dimensional infinite lattices the ‘well-scaled’ diffusion limit of the ‘generalized fractional
diffusion equation’ representing a network variant of the ‘generalized fractional Kolmogorov-Feller
equation’.

We showed that the generalized Kolmogorov-Feller equation for « =1 and 0 < 8 < 1 recovers the
fractional Kolmogorov-Feller equation. For a = 1, § = 1 the classical Kolmogorov-Feller equations
with Fick’s second law as diffusion limit of the standard Poisson process are reproduced.

An essential feature of generalized fractional diffusion is the emergence of subdiffusive behavior
o2(t) ~ 17 in the diffusion limit governed by the same type of fractional diffusion equation (87.B) as
occurring with the purely fractional Poisson process (&« = 1 and 0 < 8 < 1). Generalized fractional
diffusion turns into normal diffusion in the Erlang regime 8 = 1, @ > 0 with o%(¢) ~ ¢ (Eq. (93) for

p=1).
We mention that further generalizations of the fractional Poisson process are of interest. For instance
we can define a renewal processes which generalize the GFPP waiting time density (21) by [43]

- §) = (& +&2)7
Xrpals) = {(s” +&)* + &b

O<6§17 Oé>0, 7>07 517£2>07 (94)

where X 5.a(S)[s=0 = 1 (normalization) and recovers for a = 1 a GFPP with yg.(¢) waiting time
density, then for o,y = 1 with 0 < § < 1 the fractional Poisson process and finally for o, 3,7 = 1 the
standard Poisson process. The advantage of generalizations such as (94) is that it introduces three
index parameters «, 3,7, and two time scale parameters, ;o (£ having physical dimension sec™”,
and & is of dimension sec™#®). Such generalizations offer a great flexibility to fit various real-world
situations such as occurring in various problems of anomalous diffusion, e.g. [44] where power law
asymptotic features occur. The analysis of the process defined by (94) is beyond the scope of the
present article and will be presented in a follow-up paper [43].

Our results suggest that the GFPP and further generalizations have huge potentials of applications
in anomalous diffusion and transport phenomena including turbulence, non-Markovian dynamics on
networks, and in the dynamics of complex systems.
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A Appendix: Laplace transforms of causal distributions and
fractional operators

Here we discuss some properties of Laplace transforms that we use in the present paper. The Laplace
transform of the mth time derivative of convolution of two causal functions h(t)O(t) and k(t)O(t) is
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given by

L {C‘ft—”; /Ot h(v)k(t — v)dv}

= /_ Z /_ Z dudvO(u)O(v)h(u)k(v) /O io e‘“i—fné(t —u—v)ds (95)

_gm /_ h /_ " dudvO (O k(v)e— e = sPE()h(s).  m=0.12,.. € No.

The last relation is crucial to define in our analysis ‘good’ fractional derivatives and integrals.

Let us consider here property (3) in more details, namely

o (@(t)f(t))} — " f(s)

dtm

m 00 dmfk
—st ck—1
= E{ dtm )+ § O W/ ) (t)dtm_kf(t)dt}

m=1

(96)

where is denoted 0°(f) = 4-6(t). Then integrating by parts these terms and using 4= (e *'y(t)) =

e (L — 5)"y(t) we arrive at

dt
> —st ck— dm—k > —st — d . dm_k
e g = [Cawe e (5 -s) G

d k-1 qm—*
=(s—=—) ——f(t
(5 dt) gimid )
We emphasize that the §(t)-function is entirely captured thus in (97) occur only initial values at t = 0
(not at t = 0_). Then by substituting (97) into (96) yields the well known relation

clow s} =i - (s-2) (- ) e (99

We often will meet in our analysis the inverse Laplace transform £7'{s7} ,(y > 0) which we evaluate
here in details. To this end it is useful to introduce the ceiling function [v] indicating the smallest
integer greater or equal to 7, i.e. for v ¢ N we have —1 <~y — [v] < 0 and v = [v] if ¥ € N. We can
represent £ 1{s7} as Fourier integral, namely

(97)

t=0

o+ioco ot 00
L7 = 5 / etsTds = < o +iw)dw, s=0+iw, o=RN(s)>0. (99)

—100 T J-0

We see that for integer v € Ny integral (99) yields %5 (t) i.e. the convolution operator of the integer

order derivative 7. Let us now consider the case v > 0 and v ¢ N. Then we take into account that

SM
/ O(t)e T rM=r"1dr, y¢N
P L P ] (100)

37/ e *To(r)dr, veN
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where it is important to notice that we write s” in the form (100) since the 7-integral converges as
0 < [y] =+ < 1 and the Heaviside O(¢)-function guarantees that the integral starts from 7 = 0. Then
we further use the simple relation

dl
V] ,—sT _ 1 e~ 5T
e ™ = (—1) e (101)

Then by substituting this relation into integral (100) yields

—1)M1 oo [l
—( ) / @(t)TM_7_1—d e 7dr, v ¢ N

(] =) J-ws dril
s =
(—1)7 /00 5(7’)d—e’”d7' v€eN
oo dr ’
(102)
o dll FIvl=r—1
—(o+iw)T
/. e I L
(o +iw)

0 4 d
/ e~ —_§(r)dr, v €N

. drv

where in the second line [7] partial integrations have been performed and the boundary terms

ddT—kk(@(T)TM_“f_l . )‘iooo are all vanishing. In this relation is important that the Heaviside ©(7)

is included within the differentiation. With representations in (102) the Laplace inversion (99) then

yields
( eliw(t— T) o Al 7Ivl=y-1
/ / CE g {@(T)F(M —7) } ar TEN
LT} =
'Lw(t T)d o A 5 d N
/ / we g (1) v E
- (103)
» e (-0 7
L} =
' ) N
% (t)a v e N.

For fractional v ¢ N we identify the kernel of the Riemann-Liouville fractional derivative of order 7, e.g.
[45, 46] and many others, and for v € N we get the distributional kernel producing integer derivatives
of order 7. The Riemann-Liouville fractional derivative acts on causal functions f(t) = O(¢) f(t) as

(1 0 — )=t
LYY f(H)O(t) =0 D] f(t) = %/ {@(t - T)%} f(m)e(t)dr
(104)

1 Al

DI = R =) dr

/Ot(t —7) H]i’yilf(T)dT
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We emphasize that (103) requires causality and definition of the Laplace transform (1) that captures the
entire non-zero contributions of the causal distribution with lower integration limit 0_ = lim,._,o, —¢
where all boundary terms at 0_ are vanishing. The same result (103) for the Riemann-Liouville
fractional derivative kernel is obtained in the following short way

M1 d\ 7]
L7} = £7H s~ = et (O’ + %) (O’ + £> a(t), v>0,v¢N
A\ o qw
_ ot w iwt AN ek 105
e <a—|— dt> /oo (2%)6 (0 + iw) (105)

S e

In the same way as above one can derive the Laplace inversion of s™7 | v > 0 which yields
Ly = e 0 (106)
s =0(t) —, v >
I'(7)

as a fractional generalization of integration and indeed can be identified with the Riemann-Liouville
fractional integral kernel of order v, e.g. [45, 46].
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