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Abstract

This paper considers the problem of robust adaptive efficient esti-
mating of a periodic function in a continuous time regression model
with the dependent noises given by a general square integrable semi-
martingale with a conditionally Gaussian distribution. An example
of such noise is the non-Gaussian Ornstein—Uhlenbeck—Lévy processes.
An adaptive model selection procedure, based on the improved weighted
least square estimates, is proposed. Under some conditions on the
noise distribution, sharp oracle inequality for the robust risk has been
proved and the robust efficiency of the model selection procedure has
been established. The numerical analysis results are given.
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1 Introduction

Consider a regression model in continuous time

where S is an unknown 1-periodic R — R function, S € Ly[0,1], (§);>¢ is
an unobservable noise which is a square integrated semimartingale with the
values in the Skorokhod space DI0,n| such that, for any function f from
L, [0, n], the stochastic integral

L(f) = /0 " f(s)de, (1.2)

has the following properties
EoL,(f) =0 and EgIZ(f) < %Q/o f2(s)ds. (1.3)

Here E(, denotes the expectation with respect to the distribution @ of the
noise process (ft)ogtgn on the space D[0, n], »#g > 0 is some positive con-
stant depending on the distribution ). The noise distribution () is unknown
and assumed to belong to some probability family Q,, specified below. Note
that the firstly semimartingale regression models in continuous time were
introduced by Konev and Pergamenshchikov in [8, 9] for the signal estima-
tion problems. It should be noted also, that, the class of the noise processes
(&)4>0 satisfying conditions (1.3) is rather wide and comprises, in particu-
lar, the Lévy processes which are used in different applied problems (see [2],
for details). Moreover, as is shown in Section 2, non-Gaussian Ornstein—
Uhlenbeck-based models enter this class.

The problem is to estimate the unknown function S in the model (1.1)
on the basis of observations (v;)y<¢<,. In this paper we use the quadratic

risk, i.e. for any estimate S we set

1
Ro(3,8) = Bos|§ ~ S and "= [ fat, (14

where E() ¢ stands for the expectation with respect to the distribution P, ¢
of the process (1.1) with a fixed distribution @ of the noise (&;)y<;<,, and a
given function S. Moreover, in the case when the distribution @ is unknown
we use also the robust risk

R, (S,8) = sup Ry(S,S). (1.5)

QeQ,
The goal of this paper is to develop the adaptive robust efficient model
selection method for the regression (1.1) with dependent noises having con-
ditionally Gaussian distribution using the improved estimation approach.



This paper proposes the shrinkage least squares estimates which enable us
to improve the non-asymptotic estimation accuracy. For the first time such
idea was proposed by Fourdrinier and Pergamenshchikov in [4] for regres-
sion models in discrete time and by Konev and Pergamenshchikov in [10]
for Gaussian regression models in continuous time. We develop these meth-
ods for the general semimartingale regression models in continuous time. It
should be noted that for the conditionally Gaussian regression models we
can not use the well-known improved estimators proposed in [7] for Gaus-
sian or spherically symmetric observations. To apply the improved esti-
mation methods to the non-Gaussian regression models in continuous time
one needs to use the modifications of the well-known James - Stein esti-
mators proposed in [13, 14] for parametric problems. We develop the new
analytical tools which allow one to obtain the sharp non-asymptotic oracle
inequalities for robust risks under general conditions on the distribution of
the noise in the model (1.1). This method enables us to treat both the cases
of dependent and independent observations from the same standpoint, it
does not assume the knowledge of the noise distribution and leads to the
efficient estimation procedure with respect to the risk (1.5). The validity of
the conditions, imposed on the noise in the equation (1.1) is verified for a
non-Gaussian Ornstein—Uhlenbeck process.

The rest of the paper is organized as follows. In the next Section 2, we
describe the Ornstein—Uhlenbeck process as the example of a semimartingale
noise in the model (1.1). In Section 3 we construct the shrinkage weighted
least squares estimates and study the improvement effect. In Section 4 we
construct the model selection procedure on the basis of improved weighted
least squares estimates and state the main results in the form of oracle
inequalities for the quadratic risk (1.4) and the robust risk (1.5). In Section 5
it is shown that the proposed model selection procedure for estimating S
in (1.1) is asymptotically efficient with respect to the robust risk (1.5). In
Section 6 we illustrate the performance of the proposed model selection
procedure through numerical simulations. Section 7 gives the proofs of the
main results.

2 Ornstein-Uhlenbeck-Lévy process

Now we consider the noise process (&,);~¢ in (1.1) defined by a non-Gaussian
Ornstein-Uhlenbeck process with the Lévy subordinator. Such processes
are used in the financial Black—Scholes type markets with jumps (see, for
example, [1], and the references therein). Let the noise process in (1.1) obeys
the equation

d¢, = a§,dt +du,, &, =0, (2.1)



where
Uy = 01wy + 02 and Zt:/m*(,u—mt- (2.2)
R

Here (w;),>¢ is a standard Brownian motion, u(dsdz) is the jump measure
with the deterministic compensator p(dsdx) = dsII(dz), II(-) is the Lévy
measure on R, =R\ {0}, (see, for example in [3]), such that

M(z*) =1 and M(2®) < co. (2.3)

We use the notation II(|z|™) = fR |z|™II(dz). Moreover, we assume that

the nuisance parameters a < 0, g; and p, satisfy the conditions
— g, <a<0, 0<p<g and og=0)+0; <<*, (2.4)

where the bounds a 0 and ¢* are functions of n, i.e. a,,,, = paz(n),

max?

0=0, and ¢* = C;, such that for any 5>0

lim amaixe(n) =0, liminfne >0 and lim n “¢'=0. (2.5)

n—00 n n—00 -n n—00

We denote by Q,, the family of all distributions of process (1.1) — (2.1)
on the Skorokhod space D|0, n] satisfying the conditions (2.4) — (2.5).

It should be noted that in view of Corollary 7.2 in [16] the condition
(1.3) for the process (2.1) holds with

g = 20, - (2.6)

Note also that the process (2.1) is conditionally-Gaussian square integrated
semimartingale with respect to o-algebra G = o{z,, ¢t > 0} which is gener-
ated by jump process (2¢)e>0-

3 Improved estimation

For estimating the unknown function S in (1.1) we will consider it’s Fourier
expansion. Let (¢;); be an orthonormal basis in Ly[0, 1]. We extend these
functions by the periodic way on R, i.e. ¢;(t)=¢;(t + 1) for any t € R.

B, ) Assume that the basis functions are uniformly bounded, i.e. for some
constant ¢, > 1, which may be depend on n,

sup sup |6,(0)] < 6. < oo (3.)
0<j<n 0<t<1

B,) Assume that there exist some dy > 7 and & > 1 such that

1
sup / ¢ (v)dv < a, (3.2)
d>d, 0

4



where ®%(v) = max,, ’Z;l:l ¢;(t) ¢;(t —v)|.

For example, we can take the trigonometric basis defined as Tr; = 1 and
Tr;(z) = \@cos(wj:):) for even j and Tr;(z) = ﬂcos(wja:) for odd j > 2,
where the frequency w; = 27[j/2] and [z] denotes integer part of z. In
Lemma Al in [16] it is shown that these functions satisfy the condition B,)
with dy =inf{d > 7 : 5+1Ind < ad} and @ = (1 — e %maz)/(4a,,0z)-

We write the Fourier expansion of the unknown function S in the form

S(t) = 0;05(t),
j=1

where the corresponding Fourier coefficients

1
6, = (8,0) = [ ()0, (33)
0
can be estimated as
~ 1 [
T = /0 45(t) dy,. (3.4)

We replace the differential S(¢)dt by the stochastic observed differential dy,.
In view of (1.1), one obtains

~ 1 1

ejm = 9]’ + %éj,n’ fj,n = %‘In
where I,,(¢;) is given in (1.2). As in [11] we define a class of weighted least
squares estimates for S(t) as

(¢5) (3.5)

n

= " 10)0;.,9; . (3.6)

J=1

QCl))

where the weights v = (7(j))i1<j<n € R™ belong to some finite set I' from
[0, 1]™ for which we set

v =card(I') and |I'|, = max Zv(j) , (3.7)

where card(I") is the number of the vectors «y in I'. In the sequel we assume
that all vectors from I' satisfies the following condition.

D,) Assume that for for any vector v € I" there exists some fixed integer
d = d(v) such that their first d components equal to one, i.e. y(j) =1 for
1<j5<dforanyvyel.



D,) There exists ny > 1 such that for any n > n,, there exists a o - field
G,, for which the random vector &§;,, = (;,)1<j<q i the G,-conditionally
Gaussian in R? with the covariance matrix

G, = (B 6al0)) . -, (3.8)
and for some nonrandom constant [* > 0
Qienén (trG,, — Mue(Gp)) > 10 as., (3.9)
where A, (A) is the maximal eigenvalue of the matrix A.

As it is shown in Proposition 7.11 in [16] the condition D,) holds for the non-
Gaussian Ornstein-Uhlenbeck-based model (1.1) — (2.1) with [* = e (d—
6)/2 and d > d,.

Further, for the first d Fourier coefficients in (3.5) we will use the im-
proved estimation method proposed for parametric models in [14]. To

this end we set 0, = (0;,);<j<q- In the sequel we will use the norm

2 _ \d 2 — d
|z = .ijl ;5 .for any vector r = (z;);<j<4 from R% Now we define
the shrinkage estimators as

~

0 = (1= 90)) G, (3.10)

where g(.]) = (Cn/‘gn’d)l{lgjgd}7

l*
c, = . and s, = sup s
(7";; + d%*/n> n Q€Q,

The positive parameter r; is such that

*

r
lim 7 =oc0 and lim % =0 (3.11)
n—00 n—oo no

for any 6 > 0.
Now we introduce a class of shrinkage weighted least squares estimates
for S as

= (),.9; - (3.12)
j=1

We denote the difference of quadratic risks of the estimates (3.6) and
(3.12) as R
Ag(S) = RQ(S::, S) —Ry(S,,S).

For this difference we obtain the following result.



Theorem 3.1. Assume that the conditions D) — Dy) hold. Then for any
n = ng
sup  sup Ag(S) < —c2. (3.13)
QReQ, [IS|I<r)
Remark 3.1. The inequality (3.13) means that non asymptotically, i.e. for
any n > ng the estimate (3.12) outperforms in mean square accuracy the
estimate (3.6).

4 Model selection

This Section gives the construction of a model selection procedure for esti-
mating a function S in (1.1) on the basis of improved weighted least square
estimates and states the sharp oracle inequality for the robust risk of pro-
posed procedure.
The model selection procedure for the unknown function S in (1.1) will be
constructed on the basis of a family of estimates (S7),cr-

The performance of any estimate S; will be measured by the empirical

squared error
Err, (y) = |18 — S|1%.

In order to obtain a good estimate, we have to write a rule to choose a
weight vector v € I in (3.12). It is obvious, that the best way is to minimise
the empirical squared error with respect to . Making use the estimate
definition (3.12) and the Fourier transformation of S implies

n

Err,(7) = S 220052 =2 3 4()0, 0, + 3162 (41
j=1 j=1 j=1

Since the Fourier coefficients (6;);-, are unknown, the weight coefficients
~.:):>1 can not be found by minimizing this quantity. To circumvent this
J/iz1

difficulty one needs to replace the terms 67 6; by their estimators gjn We
set

0. =0 9. —n (4.2)

Jmn jm U gmn n

where 7, is the estimate for the limiting variance of Eq ﬁjzn which we choose
in the following form

n

1
Gu= D B L= /0 Tr; (t)dye. (4.3)
j=lv/ml+1

For this change in the empirical squared error, one has to pay some penalty.
Thus, one comes to the cost function of the form

50 = Y20, -23 1) b, + pBur) (44)
j=1
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where p is some positive constant, ﬁn(y) is the penalty term defined as

D a-\n |7‘i
P(y)=—"". (4.5)

n

Substituting the weight coefficients, minimizing the cost function

v = argminver In(7), (4.6)

in (3.6) leads to the improved model selection procedure
ST =50 (4.7)

It will be noted that v* exists because I' is a finite set. If the minimizing
sequence in (4.6) v* is not unique, one can take any minimizer.

To prove the sharp oracle inequality, the following conditions will be
needed for the family Q,, of distributions of the noise (&;),~¢ in (1.1).

We need to impose some stability conditions for the noise Fourier trans-
form sequence (; ,,)1 <<, introduced in [15]. To this end for some parameter

]7”
og > 0 we set the following function

L(Q) = [Bo€l, gl - (4.8)
j=1

In [11] the parameter o, is called proxy variance.
C,) There exists a proxy variance og > 0 such that for any € > 0

Ll,n(Q)

lim =0.
n— 00 ne
Moreover, we define
2
n ~ ~
Lyn(Q) = sup B (D z&,| and &, =€, ~E,.
z|< =1
C,) Assume that for any € >0
li 2,n(Q) —0.

Theorem 4.1. If the conditions C;) and C,) hold for the distribution Q of
the process £ in (1.1), then, for anyn > 1 and 0 < p < 1/2, the risk (1.4)
of estimate (4.7) for S satisfies the oracle inequality

B, (Q)

14+5p .
RoH(S8*,8) + , 4.9
—, minR(5, )+ = (4.9)

Rq(57,5) <

8



where B, (Q) = U,(Q) (1+ T.Eglo, — 0Q|) and the coefficient U, (Q) is
such that for any e >0

lim —2% = 0. (4.10)
n—r00 n
In the case, when the value of o, in C;) is known, one can take o, = o
and
e v |?L
on
and then we can rewrite the oracle inequality (4.9) with B,,(Q) = U, (Q).
Now we study the estimate (4.3).

P,()

n

(4.11)

Proposition 4.2. Let in the model (1.1) the function S(-) is continuously
differentiable. Then, for any n > 2,

2, (@Q)(L+ [[S])

Yo
where the term ,(Q) possesses the property (4.10) and S is the derivative
of the function S.

To obtain the oracle inequality for the robust risk (1.5) we need some addi-
tional condition on the distribution family Q,,. We set

*=¢ = sup op and Ly = sup (L, ,(Q)+Ly,(Q)). (4.12)
QeQ, QeQ,

C7) Assume that the conditions C;)-C,) hold and for any € > 0
. L +¢r
lim 22— =

n—00 ne

0.

Now we impose the conditions on the set of the weight coefficients I'.
C3) Assume that the set I' is such that for any € >0
v T,

Iim — =0 and lim
n—oo N n—oo nl/2+e

As is shown in [16], both the conditions C7}) and C%) hold for the model
(1.1) with Ornstein-Uhlenbeck noise process (2.1). Using Proposition 4.2
from [16] we can obtain the following result

Theorem 4.3. Assume that the conditions C})-C%) hold. Then the robust
risk (1.5) of the estimate (4.7) for continuously differentiable function S(t)
satisfies for any n > 2 and 0 < p < 1/2 the oracle inequality

1+5p . 1 o
R:(SES)+ —BX(1+[|S]]7),
—, min n(7)+pn 2L+ S17)

R,(5%,5) <
where the term B satisfies the property (4.10).

9



Now we specify the weight coefficients (7(j));>1 as it is proposed in [5, 6]
for a heteroscedastic regression model in discrete time. Firstly, we define the
normalizing coefficient v,, = n/¢*. Consider a numerical grid of the form

A, ={1,... K} x{r1,...,rm},

where r; = ic and m = [1/52]. Both parameters k* > 1 and 0 < ¢ < 1 are
assumed to be functions of n, i.e. k* = k*(n) and € = €(n), such that for
any 6 > 0

k*
k*(n) = 400, lim ﬂ:O,

hm?’b—)OO n—00 In n

lim, ,, e(n) =0 and lim, . n°(n) = +oo.

One can take, for example, e(n) = 1/In(n+1) and k*(n) = \/In(n + 1). For
each a = (B,r) € A, we introduce the weight sequence v, = (7,(j));>1 as

o) = Lagiea + (1= (G/90)) Ljacjcun) (4.13)

where d = d(@) = [w,/ In(n + 1)}, w, = (m57v,) " and

_(B+1)(E28+1)
T3 = 2255 )
We set
I'={y,,acA,}. (4.14)

It will be noted that such weight coefficients satisfy the condition D) and
in this case the cardinal of the set I' is v = k*m. Moreover, taking into
account that 75 < 1 for # > 1 we obtain for the set (4.14)

U], < 1+supw, <1+ (v,/e)/3.
acA

Remark 4.1. These weight coefficients are used in [11, 12] to show the
asymptotic efficiency for model selection procedures.

5 Asymptotic efficiency

In order to study the asymptotic efficiency we define the following functional
Sobolev ball

k
Wi ={f€Cko,1] - Y [IfD)? <},
j=0

10



wherer > 0 and £ > 1 are some unknown parameters, C’; [0, 1] is the space of

k times differentiable 1 - periodic R — R functions such that f()(0) = f()(1)
for any 0 <17 < k—1. To study the asymptotic efficiency we denote by 3, all
estimators §n ie. any o{y,, 0 <t < n} mesurable functions. In the sequel
we denote by Q* the distribution of the process (v;)g<i<, With & = ¢*w,,
i.e. white noise model with the intensity ¢*. -

Theorem 5.1. Assume that Qx € Q,. The robust risk (1.5) admits the
following lower bound

liminf inf vik/(%ﬂ) sup RZ(@NS) > 1, (r),
n—oo S’nezn SEWk,r

where 1, (r) = ((1+ 2k)r)V/ D (k/m(k + 1))%/(%4—1)‘
We show that this lower bound is sharp in the following sense.

Theorem 5.2. The quadratic risk (1.2) for the estimating procedure (4.7)
has the following asymptotic upper bound

lim sup vik/(zkﬂ) sup R (5%, 8) <(r).

n—00 SEW) »
It is clear that these theorems imply the following efficient property.

Corollary 5.3. The model selection procedure (4.7) is efficient, i.e.

lim (v,)747 sup RI(S*,S) = I (r).

n—00 SEW, »
Theorem 5.2 and Theorem 5.1 are shown by the same way as Theorems
1 and 2 in [9].
6 Monte Carlo simulations

In this section we give the results of numerical simulations to assess the
performance and improvement of the proposed model selection procedure
(4.6). We simulate the model (1.1) with 1-periodic function S of the form

S(t) =t sin(27t) + t*(1 — t) cos(4nt) (6.1)

on [0, 1] and the Lévy noise process ¢, is defined as
Nt
d¢, = —&dt + 0.5dw, +0.5dz,, 2z =) Y,
j=1

where N, is a homogeneous Poisson process with intensity A = 1 and (Y]) i>1
is 1.i.d. N(0, 1) sequence (see, for example, [12]).

11



We use the model selection procedure (4.6) with the weights (4.13) in
which £* = 100 + \/ln (n+1),r=i/ln(n+1), m = [n*(n+1)], ¢* = 0.5
and p = (3 +1Inn)~2. We deﬁne the empirical risk as

1 ¢ A2 2
:pz:lEAn(tj) and EA%( NZA

where A, (t) = S’ (t) — S(t) and A, ,(t) = S ,(t) — S(t) is the deviation for
the lth replication. In this example we take p = 100001 and N = 1000.

Table 1: The sample quadratic risks for different optimal ~y

n 100 | 200 | 500 | 1000
R(S%., 5) 0.0289 | 0.0089 | 0.0021 | 0.0011
R(55, S) 0.0457 | 0.0216 | 0.0133 | 0.0098

R(S;. S)/R(S:.. 8) | 16 24 | 6.3 8.9

Table 2: The sample quadratic risks for the same optimal 7

n 100 | 200 | 500 | 1000

R(SZ, S) 0.0391 | 0.0159 | 0.0098 | 0.0066

R(S5, S) 0.0457 | 0.0216 | 0.0133 | 0.0098
R(S5, S)/R(S%, S) | 1.2 1.4 1.3 1.5

Table 1 gives the values for the sample risks of the improved estimate
(4.6) and the model selection procedure based on the weighted LSE (3.15)
from [11] for different numbers of observation period n. Table 2 gives the
values for the sample risks of the the model selection procedure based on
the weighted LSE (3.15) from [11] and it’s improved version for different
numbers of observation period n.

Remark 6.1. Figures 1-2 show the behavior of the procedures (3.6) and
(4.6) depending on the values of observation periods n. The bold line is the
function (6.1), the continuous line is the model selection procedure based on
the least squares estimators S and the dashed line is the improved model se-
lection procedure S*. From the Table 2 for the same v with various observa-
tions numbers n we can conclude that theoretical result on the improvement
effect (3.13) is confirmed by the numerical simulations. Moreover, for the
proposed shrinkage procedure, Table 1 and Figures 1-2, we can conclude that
the benefit is considerable for non large n.

12
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Figure 2: Behavior of the regression function and its estimates for n = 1000.

7 Proofs

7.1 Proof of Theorem 3.1

Consider the quadratic error of the estimate (3.12)

n d n
1S5 = S1* =Y (3505, — 0" =D (v, =07+ D (i), — ;)
j=1 j=1 j=d+1
n R d R é\
= Z(’Y(j)ej,n - Hj)z + 0721 —2c, Z(‘gj,n - Gj)#
j=1 j=1 ||0n”d

d
= HS'y - SH2 + Ci - 2Cn Z(ej,n - gj)Lj(en) )
j=1

where ¢;(z) = z;/||z[| 4 for © = (2;)1<j<q € R9. Therefore, we can represent
the risk for the improved estimator Sj’; as

d
Rq(S:,8) =Rg(S,,5) +c)—2¢,Bgs > (0, —0,) L,
Jj=1

13



~ o~

where {jn :AE(Lj(Hn)(Hj,n —04)|G,). Now, taking into account that the
vector 6, = (0;,,)1<;j<q 1s the G, conditionally Gaussian vector in RY with

mean 0 = (6,)1<j<q and covariance matrix n~'G,,, we obtain
I, = /Rd (@) (@ — 0;)p(x]G,)da
Here p(z|G,,) is the conditional distribution density of the vector 571’ ie.
1 ( (x—e)'Ggl(x—9)>
exp | — .
2n)d2 /At G, ¥ 2

Changing the variables by u = G;l/ 2(z — 0), one finds that

d 2

1 N Jullz
L= > g . - du, 7.1
P (2m)d/? =1 B /Rd L ()i exp ( 2 ! (7-1)

where 7, (u) = Lj(G:l/Qu +6) and g;; denotes the (i, j)-th element of G711/2.

Jn
Furthermore, integrating by parts, the integral I, ,, can be rewritten as

p(zlG,) =

d

d
oL
I, = Z Z E <gjl g 87u]k(u)‘U=5n gn> .
=

1 k=1

Now taking into account that z’Az < Apax(A)|2||* and the condition D)
we obtain that

AQ(S) = Ci — QCnn_lEQS (

trG,, gan§n>

[CAPETAE
1

A

Recall, that the / denotes the transposition. Moreover, in view of the Jensen
inequality we can estimate the last expectation from below as

Egs 6,0~ = Eg s (10 + n 2 )7 > (0] + ”71/2EQ,SH§an)71 .
Note now that the condition through the inequality (1.3) we obtain

Eqsllé )5 < »od.

~ -1
Eq.s 18,7 > () + \/dseg/n)

l*
Ag(S) < ci —2c, - = —c2.
(r;“l + d%*/n) n

<c?—2c,l'n'E
n n

So, for ||S]|? < r*

and, therefore,

Hence Theorem 3.1. O
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7.2 Proof of Theorem 4.1
Substituting (4.4) in (4.1) yields for any v € T’

o a\n *
Err”(’}/): +2Z <Jn J"_n_0j7n0j>

+ [181* = pP,(7) - (7.2)

Now we set L(v) = Z?:l Y(J)s

n

Bl,n(’}/) = Z 7(])(EQ£]277L - UQ) ) BQ n Z 7 j n

J=1 J=1

’7 \FZ egjn and B3n - Z ]ngjn

Taking into account the definition (4.5), we can rewrite (7.2) as

~

i, () = Ju() + 2%,%%(7) +2M() + 2By ()

20 + ISP = pPa(v) (7.3)

with 7 = v/|v],,- Let v = (70(3))1§n be a fixed sequence in I' and v* be as
n (4.6). Substituting 79 and v* in (7.3), we consider the difference

o~

% O'Q — O'n 2
Err, (v*) — Err,(70) < 2TL(9«“) +2M (z) + EBl,n(x)
19 /7 2 n( B 2\/7
VoQn \/
—2Bs,,(v") +2B3 ,,(v0) — pP,(7") + pP,(70)

where = v* — 7. Note that |L(z)| < 2|T'|, and |By,(7)] < L, (Q).
Applying the elementary inequality

2lab| < ea® + e 1v? (7.4)
with any € > 0, we get
2 —
20 (7) B;,(7) B:
2V P, (1) —=— <eP,(v) ——— < el ( 2
aon gogn eon

where



with 72 = (7]2')19'91- Note that from definition the function Ly, (Q) in the
condition Cg) we obtain that

BBy <Y (BgBE, () + BB, (1) <21u,(Q).  (75)
vyer

Moreover, by the same method we estimate the term Bs,,. Note that
S PGP =< (7.6)
v J n = ’ ’

where ¢ = nmaxyer c2. Therefore, through the Cauchy-Schwarz inequal-
ity we can estimate the term By, (7) as

1/2
n

’B3,n(7)‘ S %Cn Zﬁz(]) €]2 = %cn (UQ + B2,n(72))

1/2
J=1

So, applying the elementary inequality (7.4) with some arbitrary ¢ > 0, we

have .

c *
2By, ()] < <Pu0) + 2 (00 + By).

Using the bounds above, one has

41, |e,, — o
Err, (1) < Err, (39) + 17— 70

— B — &
€ noQ (UQ+ 2) £ nNoQ

The setting ¢ = p/4 and the estimating where this is possible p by 1 in this
inequality imply

, 5IT1ul5. — o]
n

i, (1) < B, (0) +2M (@) + Ly ,(Q)

N 16(c +1)(oq + B;)
pnoQ

s p 5
- §Pn(ry*) + §Pn(’70) + an(rYO) .

Moreover, taking into account here that

D ’F’n|an - O-Q‘

|Pn(’7/0) _Pn(’YO)’ < n

16



and that p < 1/2, we obtain that

6| |7, — o
Err, (1) < Err, (39) + Ol =70

+2M (@) + Ly ,(Q)

3p
2

16(c* + 1)(og + B

P .o (17
g °p, (0. (7.7)

Now we examine the third term in the right-hand side of this inequality.
Firstly we note that
Z*
2|M(z)| < el|S,|I” + =, (7.8)

ne

where 5, = 37" | x;0;¢; and

nM?(z)
Z* = sup ——-.
zely 19|

We remind that the set I'y = I' — v,. Using Proposition ?? we can obtain
that for any fixed z = (7;);<;<, € R"

EI?(S,)  oollS.? 00 <&
2 _ n\Pz) _ 9QIPzIl _ 9Q 2 92
EM2(r) = —25=0 = == _?ijej (7.9)
j=1
and, therefore,
M2
EoZ" < Y nHS ’(f) < aqv. (7.10)
zel x

Moreover, the norm |57, — S7 || can be estimated from below as
0

n

152 =57 1P =Y (x(5) + B(5))*6;

j=1
a2 N a2
> (19,17 + 2 2 ()83,
j=1
where 5(j) = v0(4)9;(v0) — v(4)g; (7). Therefore, in view of (3.5)

1117 = 155 = 8% 17 < ISI1* = 18,17 = 2> 2()B()6
j=1

< M)~ 23 2()EGH; — ().
; DB — o
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where T(v) = Z;LZI fy(j)ﬁ(j)gjfj. Note that the first term in this inequality

we can estimate as

VA M2 2

L and Z7 = sup ni(xQ)
zel HSa:H

Note that, similarly to (7.10) we can estimate the last term as

2M (2®) < el|S, 1> +

From this it follows that for any 0 < e < 1

1 zZ¥
S 2 < S* S* 2 “1
1,17 < 1= (183 - 55,1+ 2L
- e 27 ()
—221 z(4)B(45)0;0; — N (7.11)
j:
Moreover, note now that the property (7.6) yields
- 4c*
2 n2
Z B2(j)07 < 22 g0 +2) 05 ()0 < — (7.12)

Jj=1

Taking into account that |z(j)| < 1 and using the inequality (7.4), we get
that for any ¢ > 0

~ 4c*
Z (1)8;6;] < ellS,I* + =

To estimate the last term in the right hand of (7.11) we use first the Cauchy
— Schwarz inequality and then the bound (7.12), i.e

1/2 1/2
2 2’7| 2 S —2 2
—|T B°(j ¥ (7)€
T }j ;:1: ()€
C* n ~ ) C*(O'Q+B*)
<eP 22 <ep 2
eP,(v) + neog ;:1 Y (1) & <eP(v) neoo
Therefore,
2

18



So, using all these bounds in (7.11), we obtain that
6cy (o + B)

S 17 <
[1S,[17 < -

Zik * * (12
(m+|s¢—s%\| +

(1—¢)
+ €PTL(F)/*) + EPn(FYO)) :

Using in the inequality (7.8) this bound and the estimate
87 = 8% |2 < 2(Brr, (v) + Brr, (30))

we obtain
_ 2+ Zp 2e(Erm, () + Err, ()

21M ()] < n(l —e)e (1—¢)

6CZ(O’Q + B;) g2
nog(l —e) 1—¢

(B(v") + Pa(r0)) -

Choosing here ¢ < p/2 < 1/2 we obtain that

22"+ 27) | 2e(Brr,(v") + Brr, (%))
ne (1—¢)

2|M(z)] <

N 12¢* (oq + B3)

v e (B + Pylow)

From here and (7.7), it follows that

1+e¢ 6/T|,|o,, — oql 2
E Y < ———E n_n L
(V) S T P00+ T T ag— s el @
28(1+c)(Bs+oq) 22+ ZF)  2pP, ()
p(1 — 3e)nog n(1— 3¢) 1-3¢

Choosing here € = p/3 and estimating (1 — p)~! by 2 where this is possible,
we get,
1+p/3 12|, |e,, — o
Brr, (1) < S22 gy () 4 2al% =00

1—p n

4
+ ELl,n(Q)

56(1+¢3)(By +0q) | (2" +27) | 2Pu(30)
+ + +
pnog n 1—p

Taking the expectation and using the upper bound for P, (7o) in Lemma 7.1
with € = p yields

1+5

. U 12|1,ElG, — o0l
Ro(5".9) < = Gn g S m 9 w

I

P .
—PR(S5,:5) +

where UQ’n = 411, (Q) + 56(1 + ;) (2L2,,(Q)v + 1) + 2¢. The inequality
holds for each «y € A, this implies Theorem 4.1. O

np n
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7.3 Property of Penalty term

Lemma 7.1. Foranyn>1,v€el and 0 <e <1

P,() < B m(fz_ < (7.13)

Proof. By the definition of Err, () one has

n n

Err, () = Y (1606, — 67 =3 (Y0, — 6) + (1G) — 18y )
=1 j=1
> 2 065, = 6)° +2 ) 1) (0() = 166, —6)).

1 j=1

<

Taking into account the condition B,) and the definition (3.10) we obtain
that the last term in tho sum can be replaced as

n n

DA G) = 00,05, = 0;) =Y v (v(G) — 1)0;(0;,, — 0;),

J=1 Jj=1

ie. E Z?Zl Y () — 1)0;(05,, — ;) = 0 and, therefore, taking into
account the definition (4.11) we obtain that

L . o in ~\?
EErr,(7) > jz:; vG)’E (07, — 6;)% = Z 7(j)’E (\J/ﬁ - 97(1)93')

J=1

n

> P,(7) — =B > 7()%9,()0; 1¢;

J=1

> (1-9) Ply) ~ 1B Y. ().
j=1

The inequality (7.6) implies the bound (7.13). Hence Lemma 7.1. [

Acknownledgements. This work was partially supported by the re-
search project no. 2.3208.2017/4.6 (the Ministry of Education and Science
of the Russian Federation) and RFBR Grant 16-01-00121. The work of the
second author was partially supported by the Russian Federal Professor pro-
gram (project no. 1.472.2016/1.4, the Ministry of Education and Science of
the Russian Federation).

20



References

1]

[11]

[12]

Barndorff-Nielsen O.E., Shephard N. Non-Gaussian Ornstein-
Uhlenbeck-based models and some of their uses in financial mathe-
matics // J. Royal Stat. Soc. 2001. B 63. P. 167-241.

Bertoin J. Lévy Processes. Cambridge: Cambridge University Press,
1996.

Cont R., Tankov P. Financial Modelling with Jump Processes. London:
Chapman & Hall, 2004.

Fourdrinier D., Pergamenshchikov S. Improved selection model
method for the regression with dependent noise // Annals of the In-
stitute of Statistical Mathematics. 2007. 59(3). P. 435-464.

Galtchouk L., Pergamenshchikov S. Sharp non-asymptotic oracle in-
equalities for nonparametric heteroscedastic regression models //
Journal of Nonparametric Statistics. 2009. 21(1). P. 1-16.

Galtchouk L., Pergamenshchikov S. Adaptive asymptotically efficient
estimation in heteroscedastic nonparametric regression // Journal of
Korean Statistical Society. 2009. 38(4). P. 305-322.

James W., Stein C. Estimation with quadratic loss // In Proceedings
of the Fourth Berkeley Symposium Mathematics, Statistics and Prob-
ability. 1961. 1. Berkeley: University of California Press. P. 361-380.

Konev V.V., Pergamenshchikov S.M. Nonparametric estimation in a
semimartingale regression model. Part 1. Oracle Inequalities // Vest-
nik Tomskogo Universiteta. Mathematics and Mechanics. 2009. 3(7).
P. 23-41.

Konev V.V., Pergamenshchikov S.M. Nonparametric estimation in a
semimartingale regression model. Part 2. Robust asymptotic efficiency
/] Vestnik Tomskogo Universiteta. Mathematics and Mechanics. 2009.
4(8). P. 31-45 (2009).

Konev V.V., Pergamenshchikov S.M. General model selection estima-
tion of a periodic regression with a Gaussian noise // Annals of the
Institute of Statistical Mathematics. 2010. 62. P. 1083-1111.

Konev V.V., Pergamenshchikov S.M. Efficient robust nonparametric
in a semimartingale regression model // Annals of the Institute of
Henri Poincaré. Probab. and Stat. 2012. 48(4). P. 1217-1244.

Konev V.V., Pergamenshchikov S.M. Robust model selection for
a semimartingale continuous time regression from discrete data //
Stochastic processes and their applications. 2015. 125. P. 294-326.

21



[13]

[14]

[15]

[16]

Konev V., Pergamenshchikov S. and Pchelintsev E. Estimation of a
regression with the pulse type noise from discrete data // Theory
Probab. Appl. 2014. 58(3). P. 442-457.

Pchelintsev E. Improved estimation in a non-Gaussian parametric re-
gression // Stat. Inference Stoch. Process. 2013. 16(1). P. 15-28.

Pchelintsev E., Pergamenshchikov S. Oracle inequalities for the
stochastic differential equations. Stat. Inference Stoch. Process. 2018.
21 (2). P. 469-483.

Pchelintsev E., Pergamenshchikov S. Adaptive model selection method
for a conditionally Gaussian semimartingale regression in continuous
time. - Preprint, 2018

22



