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SEQUENTIAL §-OPTIMAL CONSUMPTION AND INVESTMENT
FOR STOCHASTIC VOLATILITY MARKETS WITH UNKNOWN
PARAMETERS*

B. BERDJANE! AND S. PERGAMENSHCHIKOV#

Abstract. We consider an optimal investment and consumption problem for a Black—Scholes
financial market with stochastic volatility and unknown stock price appreciation rate. The volatility
parameter is driven by an external economic factor modeled as a diffusion process of Ornstein—
Uhlenbeck type with unknown drift. We use the dynamical programming approach and find an
optimal financial strategy which depends on the drift parameter. To estimate the drift coefficient we
observe the economic factor Y in an interval [0, Tp] for fixed Tp > 0, and use sequential estimation.
We show that the consumption and investment strategy calculated through this sequential procedure
is d-optimal.
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1. Introduction. We deal with the finite-time optimal consumption and invest-
ment problem in a Black—Scholes financial market with stochastic volatility (see, e.g.,
[7]). We consider the same power utility function for both consumption and terminal
wealth. The volatility parameter in our situation depends on some economic factor,
modeled as a diffusion process of Ornstein—Uhlenbeck type. The classical approach
to this problem goes back to Merton [22].

By applying results from the stochastic control, explicit solutions have been ob-
tained for financial markets with nonrandom coefficients (see, e.g., [13], [15], [29], [26],
and references therein). Since then, the consumption and investment problems has
been extended in many directions [27]. One of the important generalizations consid-
ers financial models with stochastic volatility, since empirical studies of stock-price
returns show that the estimated volatility exhibits random characteristics (see, e.g.,
[28] and [10]).

The pure investment problem for such models is considered in [31] and [25]. In
these papers, authors use the dynamic programming approach and show that the
nonlinear HJB (Hamilton—Jacobi-Bellman) equation can be transformed into a quasi-
linear PDE. The similar approach has been used in [16] for optimal consumption-
investment problems with the default risk for financial markets with nonrandom coef-
ficients. Furthermore, in [5], by making use of the Girsanov measure transformation
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the authors study a pure optimal consumption problem for stochastic volatility mar-
kets. In [2] and [9] the authors use dual methods.

Usually, the classical existence and uniqueness theorem for the HJB equation is
shown by the linear PDE methods (see, for example, chapter VI.6 and appendix E
in [6]). In this paper we use the approach proposed in [4] and used in [1]. The difference
between our work and these two papers is that, in [4], authors consider a pure jump
process as the driven economic factor. The HJB equation in this case is an integro-
differential equation of the first order. In our case it is a highly non linear PDE of
the second order. In [1] the same problem is considered where the market coefficients
are known, and depend on a diffusion process with bounded parameters. The result
therein does not allow the Gaussian Ornstein—Uhlenbeck process. Similarly to [4]
and [1] we study the HJB equation through the Feynman-Kac representation. We
introduce a special metric space in which the Feynman—Kac mapping is a contraction.
Taking this into account we show the fixed-point theorem for this mapping and we
show that the fixed-point solution is the classical unique solution for the HJB equation
in our case.

In the second part of our paper, we consider both the stock price appreciation
rate and the drift of the economic factor to be unknown. To estimate the drift of a
process of Ornstein—Uhlenbeck type we require sequential analysis methods (see [23]
and [19, sections 17.5-6]). The drift parameter will be estimated from the observations
of the process Y, in some interval [0, Tp]. It should be noted that in this case the usual
likelihood estimator for the drift parameter is a nonlinear function of observations and
it is not possible to calculate directly a nonasymptotic upper bound for its accuracy.
To overcome this difficulty we use the truncated sequential estimate from [14] which
enables us a nonasymptotic upper bound for mean accuracy estimation. After that we
deal with the optimal strategy in the interval [Ty, T'], under the estimated parameter.
We show that the expected absolute deviation of the objective function for the given
strategy is less than some known fixed level §, i.e., the strategy calculated through
the sequential procedure is d-optimal. Moreover, in this paper we find the explicit
form for this level. This allows to keep small the deviation of the objective function
from the optimal one by controlling the initial endowment.

The paper is organized as follows: in sections 2, 3 we introduce the market model,
state the optimization problem and give the related HJB equation. Section 4 is set
for definitions. The solution of the optimal consumption and investment problem is
given in sections 5-7. In section 8 we consider unknown the drift parameter « for the
economic factor Y and use a truncated sequential method to construct its estimate a.
We obtain an explicit upper for the deviation E |a—a| for any fixed Ty > 0. Moreover,
considering the optimal consumption investment problem in the finite interval [Ty, T,
we show that the strategy calculated through this truncation procedure is §-optimal.
Similar results are given in section 8.3 when, in addition of using @, we consider an
estimate 1 of the unknown stock price appreciation rate. A numerical example is
given in section 9 and auxiliary results are reported into the appendix.

2. Market model. Let (Q, Fr, (F:)o<i<1, P) be a standard and filtered prob-
ability space with two standard independent (Ft)o<i<r adapted Wiener processes
(Wi)o<i<r and (Uy)g<;<7 taking their values in R. Our financial market con-
sists of one riskless money market account Sy = (So(t))g<s<7 and one risky stock
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S = (S(t))o<t<r governed by the following equations:

dSO (t) =T S()(t) dt,

(2.1)
dS(t) = S(t)udt + S(t)o(Yy) AW,

with Sp(0) = 1 and S(0) = s > 0. In this model r € R is the riskless bond interest
rate, u is the stock price appreciation rate and o(y) is stock-volatility. For all y € R
the coefficient o(y) € Ry is a nonrandom continuous bounded function and satisfies

inf =01 >0.
oW =o
We assume also that o(y) is differentiable and has bounded derivative. Moreover, we

assume that the stochastic factor Y valued in R is of Ornstein—Uhlenbeck type. It
has a dynamics governed by the following stochastic differential equation:

(2.2) dY; = aY, dt + 8dU,,

where the initial value Yy is a nonrandom constant, o < 0 and § > 0 are fixed
parameters. We denote by (Yst7y)s2t the process Y starts at Y; =y, i.e.,

}/st,y — yea(sft) _|_/ ﬂea(sfu) dUU
t

In this paper we consider the optimization problem on the time interval [T, T,
where 0 £ Ty < T are fixed time limits. Let X; be the investor capital at a time
t € [Ty, T]. We denote by ¢; € R the fraction of the capital invested in stocks (.59)
and 1 — ; is the share of the capital invested in the risk-free asset (Sp).

The strategy of the investor at the time ¢ € [Ty, T'] consists, firstly, in the choice
of the proportion ¢, and secondly, in the choice consumption rate ¢; (¢; = 0). Then,
according to the model (2.1) the capital evolution is given by the following equation:

(23) dXt = Ut Xt dt + O'(}/t)@t Xt th + T'(]. - gOt) Xt dt — St dt, TO § t § T,

where X7, = > 0 is the initial endowment. Note, that for the model (2.1) the risk
premium is the R — R function defined as

_ ko

If instead of the pair (¢¢,<;) one considers the strategy (¢, c;), where 7 = o(Y3) s
and ¢; = ¢;/X;, then the wealth process satisfies the following stochastic differential
equation

(25) dXt :Xt(T’—F?TtH(n) —Ct) dt—|—Xt7Tt th, XT = X.

0

Now we describe the set of all admissible strategies. A portfolio control (financial
strategy) ¥ = (9¢) 1, <¢<7 = (74, ¢t)) 1, <¢ <7 is said to be admissible if it is (F;)p <i<7
is progressively measurable with values in R x [0, 00), such that the equation (2.5)
has a unique strong a.s. positive continuous solution (X;)z, <,<7 on [0, T]. We denote
the set of admissible portfolios controls by V. o

In this paper we consider the power utility functions =7 for 0 < v < 1 for the
consumption and for the terminal wealth. The goal is to maximize the expected
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utilities from the consumption on the time interval [Ty, T, for fixed Tp, and from the
terminal wealth at maturity 7. Then for any z,y € R, and ¥ € V the value function
is defined by

T
(T, 2,1, 9) = ET( [ty <Xa’i>7),
To

where Er, , , is the conditional expectation E (- | Xp, = @, Y1, = y). Our goal is to
maximize this function, i.e., to calculate

(2.6) J(To, z,y,9*) = sup J(To, z,y, d).
VeV

For the sequel we will use the notation J*(7p, z, y) or simply J7, instead of J (7o, z,y,9*).Jj
In the case when the parameters o and p are unknown we assume that as < a <

ag and |pu| £ p, where as < a3 < 0 and p,. > 0 are known fixed constants.
Our goal is to find a strategy for approaching in a some sense, to the optimal,

i.e., we will seek d-optimal strategies in the sense of the following definition.
DEFINITION 2.1. A strategy 9 € V is & optimal if

sup sup E (J(To,x,YTo,z?) _ J*(To,x,YTD)) <5

azSalan [plSps

Remark 2.1. Note that if the parameters « and p are known, then we consider the
problem (2.6) with To = 0. It should be note also that for known theses parameters
the same problem as (2.6) is solved in [1], but the economic factor ¥ considered there
is a general diffusion process with bounded coefficients. In the present paper Y is an
Ornstein—Uhlenbeck process, so the drift is not bounded, but we take advantage of
the fact that Y is Gaussian and not correlated to the market, which is not the case
in [1].

3. Hamilton—Jacobi—Bellman equation. Now we introduce the HJB equa-
tion for the problem (2.6). To this end, for any two times differentiable [0,T] x R4 X
R — R function f we denote by Df(t,x,y) and D?f(t,z,y) the following vectors of
the partial derivatives:

Dft.0) = (55 Stan), 5 St

2 2

0 0 '
sz(t,:z:,y) = ((951]‘2 f(t,:z‘,y), 87y2 f(taxay)>

Here the prime denotes the transposition. Let now q = (g1, ¢2) € R2, M = (M, M) €}
R? and v = (v1,15) € R x R be fixed parameters. For these parameters we set

1 2
Ho(z,y,q9,M,v) = (r + 110(y) — v2)zq1 + ayqz + 3 Myviz® + > M; + (vaz)”.
In this case the HJB equation has the following form:

0
7Z(t7x7y)+ sup H(](:II,y,DZ(t,l‘,y),DQZ(t,I,y),V):0,
(3.1) ot VERXR,

2(T,z,y) = 2.
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Note, that for z > 0, q; > 0, and M; <0

q«—1 2 2
0
;) +| (y)aq1 LB M,
1

1
sup Ho(x7y7q7M’y) =zrq+ aYqe + q( 2‘M1| 2

vERXR
where ¢, = (1 — ) 1. To study this equation we represent z(¢,,y) as
(3.2) z2(t,z,y) = 27 h(t,y).

It is easy to deduce that the function h satisfies the following quasi-linear PDE:

5 1(6.9) + QUIA(t,9) + ay 5 hit,y)
(3.3) g2 0 1 1 \"t
o g+ i) =0
h(T7 y) =1,
where
_ 0 (y)
(3.4) Qy) = 7(7" + 2(1’7)>

Note that, using the conditions on o(y), the function Q(y) is bounded differentiable
and has bounded derivative. Therefore, we can set

(3.5) Q«=sup Q(y) and Q] = sup

yeR yeR

dQ(y)
dy |

Our goal is to study equation (3.3). By making use of the probabilistic represen-
tation for the linear PDE (the Feynman—Kac formula) we show in Proposition 5.4,

that the solution of this equation is the fixed-point solution for a special mapping of
the integral type which will be introduced in the following section.

4. Useful definitions. First, to study equation (3.3) we introduce a special

functional space. Let X be the set of uniformly continuous functions on K := [Ty, T x
R with values in [1,00) such that
(4.1) [fllc = sup [f(t,y)] =17,

(t,y)eK

where r* = (T +1) T and T =T — Tp. Now, we define a metric g.(+,-) in X as
follows: for any f,g in X

(4.2) 0:(fr9) = If —gll« = sup e T |f(t,y) — g(t,y)|.
(t,y)eK

Here » = Q. + ( + 1 and ( is some positive parameter which will be specified later.
We define now the process 7 by its dynamics

(4'3> dns = ans ds + 6d687 1o = Yo,

So, (nt)¢>0 has the same distribution as (Y;);>o. Here (fjt)@o is a standard Brownian

motion independent of (Uy),>o. Let us now define the X — X Feynman-Kac mapping
L: -

(4.4) Ls(t,y) =EG(H,T,y)+ /Hftsy
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where G(t,s,y) = exp{ [, Q(n%Y) du} and
(4.5) Hylt,5,y) = B [(f(s,007)' "G (t,5,9)|

and (ng’y)tiséT is the process n starting at 7 = y. To solve the HJB equation we
need to find the fixed-point solution for the mapping £ in X i.e.,

(4.6) h= L.
To this end we construct the following iterated scheme. We set hg = 1,
(4.7) ho(t,y) = Ln, _,(t,y), n=1,

and study the convergence of this sequence in K. Actually, we will use the existence
argument of a fixed point, for a contracting operator in a complete metric space.

5. Solution of the HJB equation. We give in this section the existence and
uniqueness result, of a solution for the HIB equation (3.3). For this, we show some
properties of the Feynman—Kac operator L.

PROPOSITION 5.1. The operator L is “stable” in X that is

LieX VfedX.

Proof. Obviously, that for any f € X we have £L; = 1. Moreover, setting

(1) Fa=1ls,n?),
we represent Lf(t,y) as
Lt Fy1-as
(52 £4(t) = BOET.) + [ BI(F)' Gt as

Therefore, taking into account that fs = 1 and g, = 1 we get
1
(5.3) Loty S @ @04 [ c@tngs <y,
t 4«

where the upper bound r* is defined in (4.1). Now we have to show that L; is a
uniformly continuous function on K for any f € X. For any f € X CHY(K) we
consider equation (3.3), i.e.,

55 u(t0) + QUuut.y) + ay 5 u(t.y)

(5.4) g o* 1( 1 )q*l _
3 oy ulty) + g \ f(t,y) -0
u(T,y) = 1.

Setting here u(t,y) = u(To + T —t,y) we obtain a uniformly parabolic equation for &
with initial condition % (7, y) = 1. Moreover, we know that @ has bounded derivative.
We deduce that for any f from X (CY1(K), Theorem 5.1 from [17, p. 320] with
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0 < | < 1 provides the existence of a unique solution of (5.4) belonging to C%?(K).
Applying the It6 formula to the process

<U(s,n§’y) exp { /t QnyY) dv})tfsz

and taking into account equation (5.4) we get

(55) u(ta y) = Lf(ta y)'

Therefore, the function L (t,y) € C12(K), i.e., L; € X for any f € X NCHL(K).
Moreover, for any f € X there exists a sequence (fy),>; from X N C"'(K) such
that

sup |fn(t7y)_f(t7y)|_>07 n — o0.
(t,y)ex

This implies

sup Ly, (t,y) — Ls(t,y)| =0,  n— oo.
(t,y)eKX

So L(t,y) is uniformly continuous on K, i.e., Ly € X. Proposition 5.1 is proved.
PROPOSITION 5.2. The mapping L is a contraction in the metric space (X, 0x),
i.e., for any f, g from X

where
1

Actually, as shown in Corollary 6.1, an appropriate choice of { gives a supergeo-
metric convergence rate for the sequence (hy,),,>; defined in (4.7), to the limit function
h(t,y), which is the fixed point of the operator L.

Proof. First note, that for any a >b =1 and ¢ > 0

b9 —a 1< q(b—a).

Using this bound one can obtain that for any f and g from X and for any y € R
1 r ~
£r(t9) - Lot £ B [ Gl n)|(F) - - @ fas
 Jt
T ~
<9E [ Gt y)lf. -l ds
t

We recall that f; = f(s,n%¥) and §, = g(s,n’¥). Taking into account here that
g(tv S,y) g eQ*(S_t) we Obtain

T
Li(ty) - Lyt € [ @RI - Gilds
t
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Taking into account in the last inequality, that

(5.8) o= sl £ P79 0.(f,9) as.
we get for all (¢,y) in K

1
x— Qx

Taking into account the definition of s in (4.2), we obtain inequality (5.6). Hence
Proposition 5.2 is proved.
PROPOSITION 5.3. The fized point equation Ly = h has a unique solution in X .
Proof. Indeed, using the contraction of the operator £ in X and the definition of
the sequence (hy,),>; in (4.7) we get, that for any n = 1

(59) e_%(T_t) (‘Cf (tv y) - ‘CQ (t7 y)) < O« (fa g)'

(510) Q*(hn7 hnfl) é )‘n_lg* (hla h0)7

i.e., the sequence (hy),>; is fundamental in (X, 0.). The metric space (X, 0.) is
complete since it is included in the Banach space C%%(K), and || - ||o is equivalent
to || - ||« defined in (4.2). Therefore, this sequence has a limit in X, i.e., there exits a

function h from X for which

lim . (h,h,) = 0.

n— oo

Moreover, taking into account that h, = L we obtain, that for any n > 1

Q*(ha Eh) § Q*(ha hn) + O« (ﬁhn_uﬁh) é Q*(ha hn) + AQ*(ha hn—l)'

The last expression tends to zero as n — oo. Therefore, g.(h, L) = 0, i.e., h = Ly,
Proposition 5.2 implies immediately that this solution is unique.

We are ready to state the result about the solution of the HJB equation.

PROPOSITION 5.4. The HJB equation (3.3) has a unique solution which is the
solution h of the fized-point problem Ly = h.

Proof. First, note that in view of Lemma 10.5, the function L(t,y) is 1/2-
Hlolderian with respect to ¢ on |y| < n for any n = 1. Therefore, choosing in (5.4) the
function f = f,(¢,y) = u(t,yn) (where g, is the projection of y into [—n,n]) we obtain
through Theorem 5.1 from [17, p. 320] and Lemma 10.5, that the equation (5.4) has
a unique solution u, (t,y). It is clear that the function

u(tv ZJ) = Z un(t7 y)l{n71<\y|§n}

n>1

is the solution to equation (5.4) for f = wu(t,y). Taking into account the represen-
tation (5.5) and the fixed point equation L5, = h we obtain, that the solution of
equation (5.4) is

u:ﬁh:h

Therefore, the function h satisfies equation (3.3). Moreover, this solution is unique
since h is a unique solution of the fixed point problem.

Choosing in (5.4) the function f = u and taking into account the representa-
tion (5.5) and the fixed point equation £;, = h we obtain, that the solution of equa-
tion (5.4) is

UZChZh.
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Therefore, the function h satisfies equation (3.3). Moreover, this solution is unique
since h is the unique solution of the fixed point problem. Proposition 5.4 is proved.

Remark 5.1. (1) We can find in [21] an existence and uniquness proof for a more
general quasilinear equation but therein, authors did not give a way to calculate this
solution, whereas in our case, the solution is the fixed point function for the Feynman—
Kac operator. Moreover our method allows to obtain the super geometric convergence
rate for the sequence approximating the solution, which is a very important property
in practice. In [3] author shows an existence and uniquness result where the global
result is deduced from a local existence and uniqueness theorem.

The application of contraction mapping or fixed-point theorem to solve nonlinear
PDE in not new see, e.g., [8] and [24] where the term “generalised solution” is used for
quasilinear /semilinear PDE, and the fixed point of the Feynamn-Kac representation
is discussed.

6. Supergeometric convergence rate. For the sequence (hn>n§1 defined in
(4.7), and h the fixed point solution for h = L}, we study the behavior of the deviation

An(t7y) = h(ta y) - hn(tay)'

In the following theorem we make an appropriate choice of ¢ for the contraction
parameter \ to get the super-geometric convergence rate for the sequence (hy),>-

THEOREM 6.1. The fized point problem Ly = h admits a unique solution h in X
such that for anyn 21 and ( >0

(t,y)ek
where B* = ¢*T (14+1r*)/(1 = X) and s is given in (4.2).
Proof. Proposition 5.3 implies the first part of this theorem. Moreover, from (5.10)
it is easy to see, that for each n = 1

n

1—-A

Q*(hahn) g Q*(hh hO)

Thanks to Proposition 5.1 all the functions h,, belong to &, i.e., by the definition of
the space X

0«(h1,ho) S sup |ha(t,y) =1 S 1417
(t,y)eK

Taking into account that

sup | An(t,9)] £ €T ou(hy ),
(t,y)eK

we obtain the inequality (6.1). Hence Theorem 6.1 is proved.
Now we can minimize the upper bound (6.1) over ¢ > 0. Indeed,

B*A" = C"exp{gn(0)},
where C* = (1 + r*) e(@+DT and

gn(z) = 2T —logz — (n — 1) log(1 + ).
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Now we minimize this function over x > 0, i.e.,
g%&@ﬁZﬁf—bmﬁ—m—1W%ﬂ+ﬁ%
where
(T—n)2+4T+n-T
2T '
Therefore, for ( = ¢ = x} we obtain the optimal upper bound (6.1).

COROLLARY 6.1. The fized point problem has a unique solution h in X such that
foranyn =1

(6.2) sup |An(ty)| = Uy,
(t,y)ex

*_
T, =

where U}, = C*exp{g’}. Moreover, one can check directly that for any 0 <6 <1
U; = O(n™"), n — 00.

This means that the convergence rate is more rapid than any geometric one, i.e., it is
supergeometric.

7. Known parameters. We consider our optimal consumption and investment
problem in the case of markets with known parameters. The following theorem is the
analogous of Theorem 3.4 in [1]. The main difference between the two results is that
the drift coefficient of the process Y in [1] must be bounded and so does not allow
the Ornstein—Uhlenbeck process. Moreover, the economic factor Y is correlated to
the market by the Brownian motion U, which is not the case in the present paper,
since we consider the process U independent of .

THEOREM 7.1. The optimal value of J(To,xz,y,¥) for the optimization prob-
lem (2.6) is given by

J’;o = J(T07 T, Y, 19*) = ?91615 J(Toa T,Y, 7*9) = :L"Yh'(TOa y)7
where h(t,y) is a unique solution of equation (3.3). Moreover, for all To <t < T an
optimal financial strategy 9* = (7*,c*) is of the form

* * 6(Y: * * —qx
(7.) M=) = O, 6 = (1) = (e, V)
The optimal wealth process (X )r,<i<r satisfies the following stochastic equation:
(7.2) dX; =a*(t,Y;) X7 dt + X{b*(Y;) dW;, X7, ==,
where
0(y)I? - 0(y)

. *(t = P — (h(t qx b* AT
(7.3) a*(t,y) T, T (h(t,y)) %, (y) T
The solution X{ can be written as
(7.4) X:=X[exp {/ a*(v,Y,) dv} Et,ss

t

where &, = exp{ [ b*(Y,) dW,, — (1/2) [; [b*(Y,)[* dv}.
The proof of the theorem follows the same arguments, as Theorem 3.4 in [1], so
it is omitted.
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8. Unknown parameters. In this section we consider the Black—Scholes mar-
ket with unknown stock price appreciation rate p and the unknown drift parameter
« of the economic factor Y. We observe the process Y in the interval [0,Tp] (in
this case Ty > 0), and use sequential methods to estimate the drift. After that, we
will deal with the consumption-investment optimization problem on the finite interval
[To, T and look for the behavior of the optimal value function J*(Ty, z,y) under the
estimated parameters. We define the value function j}o the estimate of J7,

(8.1) Ty, = Er, ( / @y Ry (fw),

To

Er, is the conditional expectation E(-|Fr,) is a simplified notation for Xt19 * and
from (7.4) we write

(8.2) Xr=X; exp{/ a*(v,Y,) dv}g},s,
t

where &, = exp{ [’ b*(Y,) dW, — (1/2) [’ [b*(Y,)|? dv}. The functions a*(t,y) and
b*(t,y) are defined as

~

PP - e 0y) Gy BT

(83) &'ty =7— - +r—(rty)" ", by =7, )=

The estimated consumption process is ¢; = ¢*(¢,Y;) = (ﬁ(t,Yt))’q* and ﬁ(t, y) is a
unique solution for h = L£;,. The operator L is defined by

T
84 L) =BGETw) + [ B( A Glts ) s

qx

where G(t,s,y) = exp{ ;] Q@) du}. The process (14Y);<s<7 has the following
dynamics:

(8.5) dfty = antvds + 4dU,, 5V =y.

Here & and [i are some estimates for the parameters o and p which will be specified
later.

8.1. Sequential procedure. We assume the unknown parameter o taking
values in some bounded interval [ag, a1], with as < a < a3 < 0. We define & as the
projection onto the interval [as, ay] of the sequential estimate o*:

fOTH Y; d}/t 1
H {TH§T0}7

(8.6) a = Projg, 0", o =

where 7 = inf{t = 0: fot Y2ds = H} and for all z € R
Proj[a%al](x) = agl{w§a2} + xl{a2§$§al} + 0111{36;(11}.

Furthermore, we introduce the function € ( - ), which will serve later for the §-optimality:|]

Ty = | B o (k)
(8~7) (TO) \/ﬂz(To —Té’/ﬁ) + ﬂ12< Tg >’
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Here H = 32(To — T§), B2 = $%/2]az|, e = 5/6 and

2
ky(m) = 2?m~! (Yozm +(2m — 1)!!,81”) and () = 25|,
aq
with kq (m) = 22"~ 1 (Y2 + (2m—1)!! 8") and B; = 32/2|a1|. The proposition bellow
gives @ the truncated sequential estimate of o and gives a bound for the expected
deviation E |a, where a@ = a — a.
PropoSITION 8.1. For any 0 < Ty < T

sup  Ela] < e(Th).

a2§a§01

Proof. Note first that E [a] < E |a* —al, so it is enough to show that E|a* —a| <
€ (To). Moreover, we know from [19, Chap. 17], that the maximum likelihood estimate
of « is given by

Jo' Y Y
Jy"vEat
To estimate a we use the sequential maximum likelihood estimate proposed in [19]

and [23]

0

Ti_a+
JorY2de H

Y dY, [Y,dU,

&:

Taking into account that [ Y;?dt = 400 a.s., we obtain that & ~ N (a,3%/H) and
hence
/62

Ela—al* = I

The problem with the previous estimate is that 7y may be greater than Ty. To
overcome this difficulty we use the truncated modification of the sequential estimate
a from [14], i.e., o = aly,, <p,3- We observe that

a* —a=(a" - a)l{THéTo} t(a—a) l{TH>T0}

J5" YU,

=BT Lusmy — @ lmaomy

So
T 2
E(a*—a)2—ﬂ—2E " v,du,1 +a?P(tg > Tp)
=2 A Y TH > 1o
/62 TH 2
< H2E</ Ytht> + ®P(1y > To)
0
ﬂZ To
(8.8) §+a2P(/ Yt2dt<H>.
H 0

Moreover, by the It formula

dY? = 2V, dY; + f2 dt = (2aY;% + 5%) dt + 23Y, dU,.
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From there we deduce that

To To
/ (202 + %) dt =Y; — Yy —28 [ Y, dU,.
0 0

Taking into account that as £ a £ a; < 0 and using the Markov’s inequality, we get
for any integer m > 0

To To
P( Y2dt < H) = P(/ (2aY7? + %) dt > 2aH + ﬂQTO)
0 0

To

P (Y:,%O — YO2 — 2ﬁ Y, dU; > 2aH + ﬂQ To)
E

(Y2 - Y3 —2ﬂf Y; dU, )2
(2a2H _|_/6’2T0)2m

Here 2aH + 32Ty > 0, ie,, 0 < H < BTy. For the stochastic integral & =
fot Bet=) dU,, we get for any m € N,

E&m = (2m— DIEE™ < (2m — 1)l 57
Furthermore, in view of Y7, = Yy e*T0 + &7, we obtain
EYZ" < 22" H(E (Yoe* ™)™ + E&F) < ki(m).
Moreover, we have (see, e.g., [18, Lemma 4.12])

To 2m To
E( Y; dUt> < (m(2m — 1)1t / EY2™ds < ko(m)TJ",
0 0

where ko(m) = (m(2m — 1))™k;(m). We conclude that

To 2m—1 2m 2m m
P( Y2dt < H> < 3 (Y5™ + ki(m) + (268)*"ka(m) T )
0

(QOQH + 62T0)2m
We set H = 32 (T — T¢) for some €, we obtain
To 1 k(m)
2
(), i) G g

0
Replacement in (8.8) gives
2 o Kkm

* 2 <
E(Oé Cl/,) = 52(T0 _ TOE) ﬂ4m m(25 1)°

We fix ¢ = 5/6 and m = 3 so that m(2e — 1) = 2, which gives €? (Tp) and then the
desired result. Proposition 8.1 is proved.

8.2. Known stock price appreciation rate p. We consider in this section
the consumption-investment problem for markets with known p and unknown «; i.e.,
in this case i = p and, therefore, 8(y) = 0(y) in (8.3). To state the approximation
result we set
14+2v+¢ T

hy = — 0150 2 (90rT 4+ yht),
(8.9) ' T8 Joa] O 2

ro= (aT0Ey+ @+ (V) L

il
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Here (o > 0, & = 4Te2c0T

fs + |7

=02+ 022lr| +3)+ (r|+1)? and 6, = .
‘o (2Ir|+3) + (Ir] + 1) i

Moreover, d is the upper bound (8.14) and

~ + T2 = 3 2]as| &~
. _ x 1 Q.T Q.T
(8.10) B = <TQ1 e )e t oy T

THEOREM 8.1. For any 0 < Ty < T and any m = 1

<4

(8.11) sup  sup Ejikwo — J(To, 2, Y1,)| < Oy

azSason |plSps

where

Sm = 6m(x,Ty) = Th)a? ((mo)7 + (W)W(M)G’Y(To),

to = B/+/2|aa| and € (Tp) is defined in (8.7).
Proof. Note that

sup_(Ja*(s,9)|* + [b* (1)) < co.
(s,y)EK

Moreover, for any Ty < T

T
T, = Il B [ @R = @067t + By [R5 - (57
0
T ~ A~
(8.12) SEr, [ 6 X - X[ dt+ By X - Xl
To

Using Lemma 8.1 we get
|\ T5 — J*(To,x, Yr,)| < Thiz? (2t + Y, |) ' [a]”
and, therefore,
E |f;~0 — J*(To,z,Yr,)| < Tz"h] (2L0)7 E |[@|"Tz"h] E (|Yr, " [a]7).
By Holder’s and Jensen’s inequalities for m’ =m (2 —«)/y > 1 with m = 1

)(Mw

_ 2v/(2— _
E (Y, "[a]") < (E|YT0] v/ (2—7) (E\a|2)7/2

12—\ 2=/ (2m)
= (E|YTO|27m /e 7)) T €' (To)

oam\ 7/ (2m)
< (Bl [™) " (T,
From [11], Lemma 1.1.1 it follows that E Y7, [*™ < ¢,,,(T0) < ¢1,,(0), where

1— 62ozT0 >m

en(To) = (2m — 1)!!52m< o
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We conclude that for any m = 1

1) gem 7 2m)
(5.13) B(vnal) < (P ) )

which gives the desired result. R
Remark 8.1. We observe in Theorem 8.1, that the expected deviation E|[J7, —
J*(Ty,z,y)| can be arbitrary small, if either we observe the process Y in a wide
interval [0,Tp] so that E|a| be small enough, or we invest a small capital x at the
initial time. That means, when the estimation interval is not wide enough, which
is the case in practice, we can always find a consumption-investment strategy that
belongs closer to the optimal one. For this aim, we need to be cautious in choosing
the initial endowment and we need to take into account the upper bound (8.11).
LEMMA 8.1. For any 0 <To T

(8.14) Er,( sup (%)) <a*® and & = 45TAHED),
ToSs<T

where A* = sup, e @%(s,y) and B* = sup(, ,)cx b*(s,y). Moreover,

~ vy
(8.15) supEx,|X7 - X;|7 < kaa” (b (20 + Vi) [a]”
To<t<T
and
T ~ Y
(8.16) Er, /T G X = e X, dt £ aa (b (20 + V1)) fal”,
0

where k1 = (\/Eq*)%”ﬁ/%W and ke = (T(\/2g.)" + c’ZVVq*TV)e”‘T/%T
Proof. Tt is clear from (8.2), that for the bounded function b*(y) the process
(€t,s)¢<s<r 1s a quadratic integrable martingale and by the Doob inequality

Er

o, sup (X2 <22 TE sup gl s’ -462TA*E55T

Ty<s<T t<s<T

< Yp2e2TA T(B™)?
This gives (8.14). Weset A, = X7 — X[, A, = a*(s,Y), B, = b*(Y;), A, = a*(s,Y3),
and By = b*(Y;). The functions a*(s,y) and b*(y) are defined in (8.3). It is clear
that if u is known, (i.e., & = p) the function B; = B,;. But we keep this function

to use this proof in the case when the paramster y is unknown. Moreover we define
01(s) = A XF — A, X! and ¢a(s) = Bs XY — B, X?. So, from (7.2) we get

AZ = </Tt gol(s)der/TZ <p2(s)dWs)2

< Q(t—To)/t #3(s) ds+2(/t ¢2<s>dws)2.

To To

We observe that

~ ~ 2 ~ ~
#3(s) = (14 = A IR0+ A,11A,1)” < 204, — A2 R0 + 20,2 A,
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Furthermore, since ]§s = B, we obtain
~ ~ 2
@3(s) = (1B. = BJlIX:| + IBLIIA) £ [B2IA2.

Setting now g(t) = Er,(A?) we obtain
t

ot) < co / g(s)ds +9(t) and (t) = 4T /

Er, (VL — A2 \X;F) ds.
To To

The Gronwall-Bellman inequality yields

t
) S v <o aT e [ By (1A - APIRIE) ds
To

+ t
= 52:1:2/ Er,|A, — A*ds £ 52x2/ Er,|h(s, Ys) ™" — h(s,Ys) "% [*ds
T, To

t
< 222, / Ex, [h(s,Ys) — h(s, Ya)[? ds.
To

Using (10.13) and Lemma 10.6 we obtain, that for any To < s < T
Bry (s, Y2) — h(s, Y| € i Br (7910 + V) [

< hi (v +Eq|Y:)) T [al
(8.17) < hy (20 + Y |)e [l

Therefore,

~ e _
9(t) < 22 (B (200 + Yn ) 5 [al?,
Hence, (8.15) holds. We show now inequality (8.16). Note that in view of (7.1) the

optimal consumption 0 < ¢; < 1. Thus,

T
E, /T @R — e X;P at
0

T T
SEr, [l -aPi&irdes [ Bal® - X
To To
T
<od ETD/ @ dt+T sup By |Xr — XI[.
To To<t<T

Using now the upper bound (8.17) and taking into account that inf ; ,yex h(t,y) 2 1,
we obtain

T T
Er, / & —aldr<q / Eo, [f(s, Y2) — h(s, Yo)[" dt
To To

~ o~
< 0.T (20 + ¥n,)) " Brfal"
Therefore,

T
~ Y
ETO/ |ct*Xt*fc;"Xt*\”dt§k2x7(h1(2L0+|YTo|)) Eq,[a].
To

This implies (8.16) and then Lemma 8.1.
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8.3. Unknown stock price appreciation rate u. In practice, it is not realis-
tic to consider known the stock price appreciation rate p. In this section, in addition
to the unknown drift parameter « of the economic factor process, we consider an
unknown stock price appreciation rate u. We recall that the dynamics of the risky
stock is given in (2.1). Let  its estimate defined by

(8.18) = Proji_,. ..1(1), o= TO, Zy = / — dS;.

LEMMA 8.2. For any0 < Ty < T

(8.19) sup Eli—pl S e(Ty) and  sup E|fi—p* < €(Tp),
|l S |l S e

where € (To) = 0* /Ty and 0* = sup,cg 0 (y)-
Proof. From the definition of the process Z we get

To
o(Y:) dW;
/’L u= TO / t ty

This implies directly the bounds (8.19). Lemma 8.2 is _proved.
Let the optimal value functions J*(Tp,,y) and JTO its estimate given in (8.1),
and let define the constants

= oy, 1
K=oV et TRt g k=
o?(1—7) P

Moreover, we define I'y = k3 + k5 and 'y = k4 + kg, where
¥ ¥
ks = (k)Y + (\/ZEq*kghg) , ky= (\/2Eq*k’2h1) ,

ks = T(K)) + kr(khho)?, ke =k (Koh1)', ks = <\/25q* T q*JW) .

Recall that ¢ = 4e'd? and d is given in (8.14). The constants hy is given in (8.9)
and

«FT 272
(8.20) hy — 2 g—
1

(1—=7)o
We are dealing with the following result

THEOREM 8.2. The estimate of optimal cost function fi‘io satisfies the following
inequalities:

L().

(8.21) \j}o — J(To,z,Yr,)| < 2"T1 (200 + |Y1, )@ + 27T2(2¢0 + |Y1,, 1) @],
where @ = |fi — p| + | — p|?. Moreover, for any m =1

(8.22) sup sup E |j}0 — J(To, 2, Y1,)| < Oy
asSafon [plSps

With O = 0 (2, Tp) = 27 (T1(3¢d + |Yo|?)es (To) + f‘me'y(To)) and

I, =Ty ((gLo)v n <W>w/2m>.
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Here 19 = B/+/2|an], e2(Ty) = €1(To) + €2(Tp) is given in (8.19) and € (Tp) is defined
in (8.7).

Proof. We follow the same arguments as in the proof of Theorem 8.1, and use
Lemma 8.3 bellow to conclude for (8.21). Now, to show (8.22), we observe from (8.21)
that

E|J;, — J*(To, 2, Yr,)| < 27T ((200)7 + (B[Yr,|)" ) Ew”
+a"T5(200)" € (To) + E (|[Yr |"[a]7).
Taking into account that Ew < €3(Tp) and using the bound (8.13) we obtain (8.22).
Theorem 8.2 is proved. N

LEMMA 8.3. The estimate of the wealth process (X;')r,<;<r satisfies the following
inequalities:

sup Eq | X7 — X" < 27ks (200 + Y1, |) @

To<t<T
(8.23) + 2 ks (200 + [Y1 )7 @],
T
Ex, / R — e X dt < 2 hs (200 + Vi)
To
(8.24) +x7k6(2e0 + | Y1) 2]

Proof. We follow the arguments in Lemma 8.1 we set A; = )?;“ - X7, g(t) =
Er, (A?) we get

g(t) < oo / g(s) ds + w(t),

To
where ¥(t) = 4Er, f;O(LZS — A |2 + |B, — B,|?)|X|?ds.. Through the Gronwall-

Bellman inequality we get

t
g(t) < (t)eot < x25/ Er, (|As A2+ |Bs - Bs|2) ds

To
~2(2 N 2 2 _ t R 2
< 2%CT ( M4 +r) —&2—01 w? +2m20/ Eq, |h(s,Ys)™% — h(s,Ys) 7| ds
o1(1—=7) To
~/9 2 t ~
< 2:1:2'5T('U2Q+T+(H> w? + 2x2Eq*/ Er,|h(s,Y,) — h(s, Y,) > ds.
of(1—=7) To

We use then Proposition 10.2 to get the analogous of (8.17):
(8.25) Er, (s, Ys) — h(s,Ys)| < e¥T79) (249 + |V, |)d,

where 6 = hyw + hy |a|. Then

Q,U*—FT—FCH 2 23T

2 2~ €
w” 4 2x7cq,
at(1—7) )

~\ 2
< o (Kjw + k(20 + Y, )5 )

(200 + Y1, ])*3°

g(t) £ 22°¢T ( g
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Fi1c. 9.1. The truncated sequential estimate for Ty =5, Ty = 10.

ie.,
Ex, |Ad < @ (ke + (200 + [V, )3 ).

Using here the Jensen inequality for power function z7 (with 0 < v < 1) we ob-
tain (8.23). Now, we show (8.24). We follow the same arguments used in Lemma 8.1
to arrive at

T T
E/ @R — e X dt§x”q*d7/ E[h(s,Y2) — h(s, Y,)|" ds
To To
+T sup E|X;—X;|.
ToSt<T

Therefore, the upper bound (8.24) follows immediately from (8.23) and (8.25).
Lemma 8.2 is proved.

9. Simulation. In this section we use Scilab for simulations. In Fig 1. we
simulate the truncated sequential estimate @ for different values of Ty, through 30
paths of the driving process Y. The sequential estimates are represented by x for
Ty = 5 days and * for Ty = 10 days. The true drift value of the process Y is a = —5.
We take the bounds a € [-0.15, —10] and set 8 = 1.

In Fig 2. we simulate the limit functions h(t,y) and h(t,y), under the following
market settings: we set Tp = 5 and T = T-Ty=1,r=0.01, u = 0.02. The volatility
is defined by o(y) = 0.5 + sin®(y). The utility parameter is v = 0.75. To simulate
}\L(t, y), we use a very pessimistic realization of the truncated estimate, i.e., @ = —0.5.
The true value is a = —5. We see that, even in this extreme situation, the estimated
function h(t,y) does not deviate significantly from the real value h(t,y).

10. Auxiliary results. Let h the fixed point solution for h = L}, where the
mapping £ is defined in (4.4) and (4.5). Now we study the partial derivative of the
Hy(t,s,y) with respect to y and h.
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FiG. 9.2. The limit functions h(t,0) and /I‘\L(t, 0).

LEMMA 10.1. For any t and s such that To <t < s < T

) ~ o5, €T
Hf(t)s’y)' § QTTBQ*T + 67,

(10.1) sup sup oy -

yeR feX

where v2 = B%(1 — e2*(=1)) /2|al.
Proof. To calculate this conditional expectation note, first that

ns = yea(sft) +/ /Beoc(sfv) dﬁv _ yea(sft) + 55.
t

Since n it is a Gaussian process, for any t < v1 < --- < v < s and for any bounded
R* — R function G
(10'2) E (G(nvw' .- 777%) |775 = Z) = EG(B’U17 e 7ka)7

where B, = 1, — k(v)ns + k(v)z and the coefficient k(v) is chosen so that

E (£, 11— 2a(v—t)
Bl6, — kw6)6] =0, . k()= Pped —een IS <

The conditional expectation with respect to 7, permits represent H; as

Hilt,s,y) = / F5(s,,2)p(2y) dz,
(10.3) Rl

p(z,y) = VST% eXP{ - 7@ ;ﬁéy))g },

where u(y) = En, = ye®~Y and v2 = Dn,. Since B, = z we get
Ay(o,.2) = B( () oo [ Qi) daul [ = <)
t
(10.4) - E((ﬂs,z))lq* exp { / Q(Bu>du}) < Q-6
t

From here it follows that

*0Q(By)
‘/t dy du

~

0
aiy Hf(37 Y, Z)

[IA

ﬁf(s,y,z) < QT(S _ t)eQ*(sft) < QTT&Q*T,
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Now from (10.3) we obtain

8’Hf(t,5,y) _ aﬁf(sayaz)
oy —/R 9 P(z,y)dz
—~ zZ — !
+/ Hf(s,y,Z) Mp(z)y) dz.
R Vs
Therefore,
TR < s = 62070 400 D [ 1o (e o
dy s2
(Quta)(s—1) 9, - s T
< O* . Q. (s—t) € 5 < * Q.T
= QI(S t)e + 1/52 \/ﬂ = Q]_ € + Vg :

Hence Lemma 10.1 is proved.
LEMMA 10.2. For any y € R, a unique solution of the fixed point equation h = Ly,
is differentiable with respect to y, and its partial derivative is bounded:

0
(105) sup ‘fmwﬂgm,
To<t<T,yeR dy

where hy is given in (8.10).
Proof. 1t is obviously sufficient to show that L, (t,y) is differentiable with respect
to y, and its partial derivative is bounded

0
sup ‘aﬁf(t,y)‘ < hi.
To<t<T,yeR | OY

From the definition of L in (4.4), for all f € X and for all t € [T;,T] and y € R we
get

0 0
@Cf(t,y)—Ea t,T,y) +f/ — Hy(t,s,y)ds.

Using Lemmas 10.1 and 10.4, we get

T ,Q.T
sup ds

To<t<T,ycR

d ~ 1
Ls(t,y)| £ TQre? T+—/ Q:Te?Tds + — /
dy 4 Jy

Vs

~ 5 +T2 = QT T
STQie“ T + it e T 4~ / — ds.
g« qx t Vs

To estimate ftT(l/l/s) ds we observe that 2|a|(s — t) < 2|a| T so

1— e2a(s—t) 1 — 2«
2 2 2 :
=3 ——(s—1) 2 —1 f —-t<1
=gy O E e B0 A e es
1— 2a(s—t) 1 — e2¢
o >R i s>

2|a 2|al
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Therefore, we get

T t41 T
/ Las< A/ 1 aes A/ ds
¢ Vs prl—e*) Jy  Vs—t P21 —e*) Jip

20a 2l 5 2l 5
: 2\/52(1 —am * \/ﬂ2(1 —ey 2N e

Taking into account that as < a < a; < 0 we obtain the desired result. Lemma 10.2
is proved.

Now we study the partial derivatives of the function G(¢, s, y) defined in (4.4). To
this end we need the following general result.

LEMMA 10.3. Let F' = F(y,w) be a R x Q@ — R random bounded function such
that for some nonrandom constant c*

’;yF(y,w) < oas.

Then

d d
ZEF —E—F .
m (y,w) m (y,w)

This lemma follows immediately from the Lebesgue dominated convergence the-
orem.
LEMMA 10.4. For any t < s the function G satisfies the following properties:

‘ dG(t,s,y)

9 0
y +-EG(t s,y) =E - G(t,s,y).

10.
(10.6)  sup 9y 9y

‘ < (s — )@@,
yeR

Proof. We have immediately

G (t,s,y)
dy

where G(t,s,y) = [, Q1(n}¥)(dn%Y/0y) du and Q1(z) = dQ(2)/dz.

Now Lemma 10.3 implies directly Lemma 10.4.

LEMMA 10.5. For any f € X having bounded partial derivatives with respect to
y € R and for any N > 0 we have

= g(t7 S7y)G(t7 S7y)7

Lir(ta,y) — Lr(ty,
sup sup |Ls(t2,y) f(ly)|<oo

ly|<N 0<t1<t2<T Vi — U

Proof. One can check directly that

E [nt2y — ptisy
sup sup M < 00.

ly|<N 0<t,<to<s<T  Vi2 — 11

This upper bound implies directly Lemma 10.5.
We recall that to the process (1;)o< <r is defined in (4.3) and (7)s)o<,<r defined
in (8.5).
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LEMMA 10.6. For any t and s such that Tp St < s < T
B

(10.7) Eq, [75Y] < w0+ |yl = + |yl = m(y)
V2|aq]
and
T ~t t Tﬁl(y) —
(10.8) Eq, [ [75Y —ng¥|dt = [al.
t o |
Moreover, for the known parameter p and unknown parameter o
(10.9) BrlG(t5.9) = 0(t,5,9)] £ TQie T 7

where Q* and Q5 are defined in (3.5), and g(t $,y) is given in (8.4).
Proof. Since 1y = n,e®s7 + [* Be(s=v) dU, we obtain for any as <

2
B (nz,y)2 — y262a(s—t) + /@2/ eQa(t—v) dv é y2 + 2|ﬁ
t o |

= (Iy + \/%f

23

§o¢1<0

This implies the bound (10.7). Moreover, setting 7, = 0¥ — nt¥, we obtain

A, = (any¥ — anl¥)ds = om, ds + and? ds,

ie., 7, = [ @e*s=W7HtY du. Therefore,
a1 <l 1A du
Since @ is independent of the Brownian motion (Ut), we get
Ex, [7,] < fal B, [ [7.7]e" ) du
t
’ ~t m(y)
(10.10) <ial [ e B0 du < 70 al.
t

|ov |

Therefore, for all Ty <t < T

T T s
Er, [ in.lds < Bx, (/ al [ ea“-”mwduds)
t t t

gﬂa\/ (e B 7] du < T w7

and we come to (10.8). To get inequality (10.9) note that

| [ e - [ o

<@ @0 [ sup | 290 7
t yeER

T
< Qe / 7] d.
t

G(t,s,y) — G(t,5,y)| < €T~
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Thus,

T
Er|G(t,5,y) — G(t, 5,)| < Qje@ T / B, 7] du.

t

Now, the bound (10.10) implies (10.9). Hence Lemma 10.6 is proved..

We study in the following proposition the behavior of h(t,y), the solution of the
fixed point problem h = L}, when using the estimate @ of the parameter a. We look
for a bound for the deviation

(10.11) h(t,y) = Rlt,y) — h(t,y),
where h = Eﬁ. The operator £ is defined in (8.4). Similarly to (4.2) we define on X
the metric g, as follows:
-~ t,y) —gl(t,
(ty)ek Lo + [yl

where we set 19 = 3/v/2a1 and » = Q. + { + 1 and set { = (o + 27 for some (o > 0.
ProprosITION 10.1. For the known p and unknown o, and for any 0 < Ty < T

(10.13) 0+ (h, h) < hylal,

)

where hy is given in (8.9).
Proof. We use the definition of the operator £ in (4.4):

hlt,y) = Lalt,y) = BG4 T,y) + / Halt,s,)d
Through (4.5) we can estimate the deviation (10.11) as
[t y)| < Ex|G(t,T.y) - 6(t,T,y)| + 1(@),

where
1 T
I(a :—/ E
( ) e/, To

Moreover, this term can be bounded as

~ 1-g. ~
(R 7)) ™" Gt 5,) — (s, 7)) 70,5, .

1T ~
1@) £ o [ B (s0t) 7 [8(0.5.9) = G(t..)] ) ds

1 T
+7/ Ez, (
qx J¢

T
< / Eq,|G(t, 5,9) — G(t, 5,)| ds

t

~ 1—qa«
A7) " = (b)) o0 ds

L—ql [T 5 4
+ q ; l/ Eq, [h(s, 1Y) = h(s,15")[e?- ¢ ds.
x ¢
We use the fact that g, = 1/(1 —~) > 1 and the bounds (10.9) and (10.10) to deduce
[Pty < (1+T)En|G(t,T,9) - G(t,T,y)]

T
+’Y/ Er,|h(s,n5Y) _h(svnz,y”eQ*(sft) ds
t

T
4y [ By (70 = R, 7)) ds,
t
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The upper bound (10.5) yields
[h(s,7Y) = h(s,ng")| < hi[aY — 0y

In view of the definitions of the metric g, in (10.12) and of the parameter s in (4.2)
we get

~ 1+T)TQ; T
. (h,h) < A+DTQT su (m(y) e(Q*%)(Tt)) & - a
oy | ek \to + |yl

T
+v sup / hi ET0|7’7\;ay,ng,y|e(Q*7%)(T7t) ds
(ty)eK Jt

+7 sup

/wE (s, A4Y) = h(s, iY==
To
(ty)ek Jt

Lo + |7

=,
Lot 57| Q=) (s—1) g

s.
to + |yl

Then

T ~t
SN ~ ~ E Y o) (s—
Q*(h,h)§T*|Oé—Cl€|+’YQ*(hah) sup / L0+7TO‘775|6(Q* »)(s t)ds
(ty)ex Ji to + [yl

~ T
STl - al 92 (ih) sup (1R [ e )
ek \ o+ Yyl Ji

2y o~
< THa— «(h,h),
S TfE ol + e B (Rh)

Here T* = (2QiT +vh%)T /| |. Hence we get

- w— Q.

O« < ———T"q|.
o.(hh) S S o T

Taking into account that » = Q. + (o + 2y + 1, we obtain (10.13). Hence Proposi-
tion 10.1 is proved.

We consider both the stock price appreciation rate p € [u1, p2], and the drift «
of the economic factor Y to be unknown. The following lemma gives the analogous
of equation (10.9).

LEMMA 10.7. For the unknown parameters u and o and for any 0 < Ty < T
(10.14)

~ +r+1 ~ _ ~ . _am _
1 |G(t 5,y) — G(t, 5,9)] < 72T L Fe@u g | Figpee.r-0 W) 5
(1—7)o3 |a]

where @ = | — p| + | — pl>.
Proof. First note that for the function @ defined in (3.4) we can obtain the
following bound

S0 — O — 1O(2) = 02(2)) _ y(p2 7 +1)
Q) - = 5=

(1 —7)of

A
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eo{ [ Q@ auf e { [ Q@

Q-0 / QYY) du — / QUY) du
t t

< TeQ-(T—1) Y(p2 + 7 +21)
(1—="9)ot

T
4 QikeQ*(T—t) / |
t

Through (10.8) we obtain (10.14). Hence, Lemma 10.14 is proved.

The following proposition is the analogous of Proposition 10.1. The difference is
that, in the proposition bellow, both p and « are unknown.

PRrROPOSITION 10.2. For the unknown parameters p and aand for any 0 < Ty < T

So,

-~

|g(t’ Syy) - g(tv Syy)‘

A

~t t
77u’y - nu,y| du.

o.(h, h) < y[@| + hyw,

where the metric g. is given in (10.12), hy and hy are given in (8.9) and in (8.20),
respectively.

Proof. We follow the same arguments as in the proof of Proposition 10.1 and use
Lemma 10.7 for the bound of Er, |G(¢,T,y) — G(¢, T, y)|.
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