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A truncated sequential procedure is constructed for estimating the drift coefficient at a given state point
based on discrete data of ergodic diffusion process. A nonasymptotic upper bound is obtained for a point-
wise absolute error risk. The optimal convergence rate and a sharp constant in the bounds are found for the
asymptotic pointwise minimax risk. As a consequence, the efficiency is obtained of the proposed sequential
procedure.
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1. Introduction

In this paper, we consider the following diffusion model:
dy: = S(yr) dt + o (yr) dW;, O<r=<T, (1.1)

where (W;);>0 is a scalar standard Wiener process, S(-) and o (-) are unknown functions. This
model appears in a number of applied problems of stochastic control, filtering, spectral analysis,
identification of dynamic system, financial mathematics and others (see [1,3,23,27,28] and others
for details).

The problem is to estimate the function S(-) at a point xg basing on the discrete time observa-
tions

(Vej)1<j<N> tj=jé, (1.2)

where N = [T /5] and the frequency § = &7 € (0, 1) is a function of T that will be specified later.

The estimation problem of the function § was studied in a number of papers in the case of
complete observations, that is when a continuous trajectory (y;)o<;<r Was observed. In the para-
metric case, this problem was considered apparently for the first time in the paper [2] for diffu-
sion model of the axis of the equator precession. In that paper, a nonasymptotic distribution of
the maximum likelihood estimator was found for a special Ornstein—Uhlenbeck process.
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It should be noted that investigating nonasymptotic properties of parametric estimators in the
models like to (1.1) comes to the analysis of nonlinear functionals of observations. At the most
cases, this analysis is unproductive in nonasymptotic setting. In order to overcome the technique
difficulties, the sequential analysis methods were used in [28] and [29] for estimating a scalar
parameter. In [25], these methods were extended to estimating a multi-dimensional parameter
as well. Moreover, in [26] truncated sequential procedures were developed that economizes the
observation time.

In [7] and [8], a sequential approach was proposed for the pointwise nonparametric estimation
in the ergodic models (1.1). Later in [10], the efficiency was studied of the proposed sequential
procedures.

A sufficiently complete survey one can find in [27] on the nonparametric estimation in the
ergodic model (1.1) when non sequential approaches are used.

In the cited papers, estimation problems were studied based on complete observations
(¥1)o<i<1- In practice, usually one has at disposal discrete time observations even for contin-
uous time models.

A natural question arises about proprieties and the behavior of estimates based on discrete time
observations for such models. These problems were studied for several models. We cite some of
them.

In [24], asymptotically normal estimators are constructed for both parameters (9, o), for a
parametric ergodic one-dimensional diffusion model observed at discrete times i3,,0 <i <n,
with drift b(x, ) and diffusion coefficient a(x, o), when the observation frequency §, — 0 and
nd, — oo. Estimating is based on the property of discrete observations to be locally Gaus-
sian. The author claims that asymptotic efficiency can be obtained under additional condition
ndf — 0, where p > 1.

Parametric estimations were studied in the papers [17,30] and [21] for drift and diffusion
coefficients in multidimensional diffusion processes when the observation frequency §, is as
follows: §, — 0,n8, — oo. In [17] the LAN property is proved in the ergodic case. The proof
is based on the transformation of the log-likelihood ratio by the Malliavin calculus. Asymptotic
normality is studied in [30] for the joint distribution of the maximum likelihood estimator of
parameters in drift and diffusion coefficients. In [21] the tightness of estimators is proved without
ergodicity or even recurrence assumptions.

Nonparametric estimation setting for models of kind (1.1) was considered firstly for estimating
the unknown diffusion coefficient a2(-) based on discrete time observations on a fixed interval
[0, T'], when the observation frequency goes to zero (see, e.g., [6,15,19,20] and the references
therein).

Later, in [18] kernel estimates of drift and diffusion coefficients were studied for reflecting
ergodic processes (1.1) taking the values into the interval [0, 1] in the case of fixed observation
frequency; the asymptotics are taken as the sample size goes to infinity. Minimax optimal conver-
gence rates are found for estimators of the drift and the diffusion coefficients. Upper and lower
bounds for L,-risk are given as well.

So far as concerning the estimation in ergodic case, it should be noted that a sequential proce-
dure was proposed in [19] for nonparametric estimating the drift coefficient of the process (1.1)
in the integral metric. Some upper and lower asymptotic bounds were found for the L ,-risks.
Later, in the paper [5] a nonasymptotic oracle inequality was proved for the drift coefficient es-
timation problem in a special empiric quadratic risk based on discrete time observations. In the
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asymptotic setting, when the observation frequency goes to zero and the length of the observation
time interval tends to infinity, the constructed estimators reach the minimax optimal convergence
rates.

This paper deals with the drift coefficient efficient nonparametric estimation at a given state
point based on discrete time observations (1.2) in the absolute error risk. The unknown diffusion
coefficient is a nuisance parameter. We find the minimax optimal convergence rate and we study
the lower bound normalized by this convergence rate in the case when the frequency 67 — 0 and
Tér — 0as T — oo.

Our approach is based on the sequential analysis developed in the papers [7,8], and [10] for
the nonparametric estimation. This approach makes possible to replace the denominator by a
constant in a sequential Nadaraya—Watson estimator.

Let us recall that in the case of complete observations (i.e., when a whole trajectory is ob-
served) the sequential estimate efficiency was proved by making use of a uniform concentration
inequality (see [11]), besides an indicator kernel estimator and a weak Holder space of functions
S were used.

As it turns out later in [14], the efficient kernel estimate in the above given sense provides to
construct a selection model adaptive procedure that appears efficient in the quadratic Ly-metric.

Therefore, in order to realize this program (i.e., from efficient pointwise estimators to an effi-
cient Lj-estimator) in the case of discrete time observations, one needs to obtain a suitable con-
centration inequality, that is done in [12]. It should be noted that in order to obtain nonasymptotic
concentration inequality we make use of nonasymptotic bounds uniform over functions S and o
for the convergence rate in the ergodic theorem for the process (1.1). The latter result is proved
in [13] and it is based on a new approach using Lyapounov’s functions and the coupling method.

Further in this paper, we make use of the concentration inequality in order to find the explicit
constant in the upper bound for weak Holder’s risk normalized by the optimal convergence rate
and we prove that this upper bound is best over all possible estimators. It means the procedure is
efficient.

The paper is organized as follows. In Section 2, we describe the functional classes. In Section 3
the sequential procedure is constructed. In Section 4, we obtain a nonasymptotic upper bound
for the absolute error pointwise risk of the sequential procedure. In Section 5, we show that the
proposed procedure is asymptotically efficient for the pointwise risk. All proofs are given in
Section 6. In the Appendix, we give all necessary technical results.

2. Functional class

We consider the pointwise estimation problem for the function S(-) at a fixed point xo € R for
the model (1.1) with unknown diffusion coefficient o. It is clear that to obtain a good estimate
for the function S(-) at the point xg it is necessary to impose some conditions on the function
¢ = (S, o) which provide that the observed process (y;)o<;<7 returns to any vicinity of the point
Xo infinitely many times.

In this section, we describe a weak Holder functional class which guarantees the ergodicity
property for this model. First, for some x,. > |xo| + 1, M > 0 and L > 1 we denote by X s the
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class of functions S from C!(R) such that

Sup (|S@|+|8w)|) <M

and

—L < inf Sx)< sup S(x)<—L7L

AES FIESS

Moreover, for some fixed parameters 0 < opin < omax < 00 we denote by V the class of the
functions o from C2(R) such that

o (x)

inf [0(x)| > omin and  sup max(|o(x)], 6 (0)]) < Omax- (2.1
xeR xeR

In this paper, we make use of the weak Holder functions introduced in [9].
Definition 2.1. We say that a function S satisfies the weak Holder condition at the point xg € R
with the parameters h, & > 0 and exponent B =1+ a, a € (0, 1), if S € C'(R) and its derivative
satisfies the following inequality

1 1
‘/ Z/ (S'(xo +uzh) — S(xo)) dudz| < eh®. 2.2)
-1 Jo

We will denote the set of all such functions by Hy (¢, B, h).

Note that
1 I .
/ z/ (S(xo +uzh) — S(xo)) dudz = Q1 (S), (2.3)
—1 0
where Q) 4 (S) = f_ll(S (xo + hz) — S(x0)) dz. Therefore, the condition (2.2) for the functions
from HY) (¢, B, h) is equivalent to the following one

sup Qe (S| < ehf. (2.4)
SeHY, (e,8.h)

Let us denote by ’H,;:) u (& B, h) the set of all functions D from ’H}C‘g (e, B, h) such that
sup,r(|D(x)| + |D(x)]) < M /2 and D(x) =0 for |x| > x,.
Let So be a function from Xy, /2 such that

lim AP 2, 4 (So) = 0. (2.5)
h—0

We define a vicinity Uy (xo, B) of the function Sy as follows

UM(X()v:B):SO_’_H%,M(g’/Bv h)s (26)
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where h = T—1/@B+D and
1

E=¢€T = W (27)
for some 0 < y < 1. Obviously that Uy, (xg, B) C X1 u. Finally, we set
Op =Upy (x0, B) x V. (2.8)

It should be noted that, for any ¢ € ®g, there exists an invariant density which is defined as

~ -1 N
gy (x) = ( /R o2 (z)e5@ dz) o2 (x)e5™, 2.9)

where §(x) = Zf(fo_z(v)S(v)dv (see, e.g., [16], Chapter 4.18, Theorem 2). It is easy to see
that this density is uniformly bounded in the class (2.8), that is,

g* = sup sup gy (x) < +00 (2.10)
xcR ¥ €Bp

and bounded away from zero on the interval [xo — 1, xo + 1], that is,

qx = inf inf gy (x) > 0. (2.11)

xo—1=<x=<xo+1 ¥€Op

For any R — R function f from L;(R), we set

my (f) = fR JfxX)gp (x) dx. (2.12)

Assume that the frequency 6 in the observations (1.2) is of the following asymptotic form (as
T — o0)

&r

5=5T=0(7>, (2.13)

where the function &7 is introduced in (2.7). ~
Now, for any estimate (i.e., any (y;)o<;<7 measurable function) St(xo) of S(x¢), we define
the pointwise risk as follows

R (St) = Eg|St(x0) — S(x0)|- (2.14)

Remark 2.1. 1t should be noted that in the definition of the weak Holder class HY (¢, B, h)
in (2.2) the weak Holder norm ¢ is chosen such that it goes to zero as T — oo (see (2.7)) in
contrast with the initial definition of this class given in [10], where the norm was fixed. But
there an additional limit passage with &€ — 0 was done in the theorem about upper bound (see,
Theorem 5.2 in [10]). Therefore, in this paper we choose ¢ — 0 in the definition of the weak
Holder class instead of the additional limit passage with ¢ — 0 in the theorem on the upper
bound. Technically it is nearly the same, but the sense of the upper bound is clearer without the
additional limit with & — 0.
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3. Sequential procedure

In order to construct an efficient pointwise estimator of S, we begin with estimating the ergodic
density g = gy at the point xo from first Ny observations. We choose

No=N" and 2/3<y<]l. 3.1

We will make use of the following kernel estimator

No—1

—~ 1 Yi; — X0
- J , 3.2
qr (x0) 2(N0_1)§X(:)Q< : ) (3.2)

j=

where Q(y) =1(jy|<1) and ¢ = ¢7 is a function of T such that

st =o(T /) as T — oo.
For T > 3, we set
()12, if gr (xo) < (vr)V/%
gr(x0) = { qr(xo), if (vr)V? <Gr(x0) < (vr) =12 (3.3)
(wr)™V2 i gr(xo) > (ur) TV,
where
1 Jy+1-1
ur = and qpg= ————.
(In T4 10

The properties of the estimates g7 (xg) and g7 (x) are studied in the Appendix.
Let us define the following stopping time

j
w:wT:inf{ijo: Z¢iZHT}, (3.4)

i=No

where Hr is a threshold, ¢; = xn,xo (V- ) 1ii<ny + Lii=nNys Xnxo (V) = Q((y —x0)/h) and b is a
positive bandwidth. We put @ = oo if the set {-} is empty. Obviously, that in the our case & < co
a.s. since ) ;- y, ¢i = +00 as.

Now we have to choose the threshold Hy. Note that in order to construct an efficient estima-
tor one should use all, that is, N observations. Therefore, the threshold Hr should provide the
asymptotic relations wr &~ N and

N N
Z ¢i = Z Xh,xo(yt,'_1) as T — oo.

i=Ny i=Ny
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In order to obtain these relations, note that, due to the ergodic theorem,

N

Y X (i) = 2h(N — No)gy (x0).-
i=Ny

Hence, replacing in the right-hand side term the ergodic density with its corrected estimate yields
the following definition of the threshold

H = Hr = h(N — No) (247 (x0) — vr). (3.5)

Note that in [7] it has been shown that the such form of the threshold Hr provides the optimal
convergence rate. It is clear that

w <N+ Hr <N+ h(N — Ny)/Jvr,

that is, the stopping time z is bounded. Now on the set 't = {0 < N} we define the correction
coefficient sz = sy as

—1
HT - Z;‘D-ZNO Xh,xo (yt_,‘_l)
AT = s

Xh,xo Vigr—1)
that is, on the set I'
w—1
D Ahro Gty + 2Xhwg Gy, = Hr.
J=No

Moreover, on the I'}. we set sc7 = 1. Using this definition, we introduce the weight sequence
;fj =1{j<o) + 1{j=m), j=>1. 3.6)

One can check directly that, for any j > 1, the coefficients %j are ]-}H measurable, where
.7-",_/ =0(yy,0 <k < j). Now we define the sequential estimator for S(xp) as

N

1 ~

7 (0 = 557 ( 5 5% e (y,,.lmy,,.)lr,. 3.7)
J=No

In the next section, we study nonasymptotic properties of this procedure.

Remark 3.1. Note that the correction coefficient of type (3.6) was used first in the paper [4] in
order to construct an unbiased estimator of a scalar parameter in autoregressive processes AR(1).
Here, we make use of the same idea for a nonparametric procedure.

Remark 3.2. In fact, our procedure uses only the observations belonging to the interval [xg —
h, xo + h], that results in the sample size asymptotically equals to 2Nhgr (xp). This is related
with the choice of the estimator kernel that is an indicator function. It is easy to verify (see [8])
that this kernel minimizes the variance of stochastic term in the kernel estimator. Ultimately, the
last result provides efficiency of the procedure.
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4. Nonasymptotic estimation

In this section, an upper bound for the absolute error risk will be given in the case, when S €
Xr.m,0 is differentiable and omin < |0 (x)| < omax for any x. We will denote this case as ¥ €

EL,M X [Omin, Omax]-
As we will see later in studying the estimator (3.7), the approximation term plays the crucial
role. In the our case, this term is of the following form

Yir=—— Z %) Xnxo ;1)) (4.1)
J =No

where ¢; = ft S-S (ytjfl )) du. One can show the following result.

Proposition 4.1. Forany T > 3,

sup Ey Y}, < L*Ly8, (4.2)

veXr m*x[0,0max]

where L =max(L, M) and L = 2(c2, +28(M? + L3D, + Lx2)).

max

Further, we set
Tor=—— Z %) Xh.xo (V1,1 (4.3)
J =No

where 0% = [} (6(yu) =& (y,_)) AW,
Proposition 4.2. For any T > 3 for which 0 < § < 1, one has

wp  Ey(apy < —Cmnll (4.4)
DEXL 31 X[0,0max] ©7 7T h(N — No)/vr

Proofs of Propositions 4.1 and 4.2 are given in the Appendix.
Now we introduce the approximative term, that is,

= Z 5% fa (v (4.5)
/ =No

with f,(¥) = Xn,x (¥)(S(y) — S(x0)). Taking into account this formula, we can represent the
error of estimator (3.7) on the set I'y as

Sy, 7 (x0) — S(x0) = T1,7 + Br + Mr, (4.6)
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where
| N
Mr = 3— Z ]Xh,xo()ﬁj,l)nj
j=No

with n; = ft;j_1 o (yy,)dW,. Obviously, for any function S from X7 p, the term Br can be
bounded as

|Brl<h max [S(x)|<Mh. 4.7)
|x—xo|<h

Proposition 4.3. Forany T > 3, one has

2
0,
sup EgM%. < ——max (4.8)
9T 1 x[0,0max] r= 8h(N — No)/vr

Hence, we obtain the following upper bound.

Theorem 4.4. Forany h > 0 and T > 3 for which 0 < < 1, one has

sup E; |} 7(x0) — S(x0)| < U*(8,h, T) + MIT, 9)
YEX L M X[0min,Omax] ’
where
U*(avh, T)=Z\/E+Mh+ Omax o
Sh(N — No)vy
and

Iy = sup Py (T5).

VE€XL, M X[0min,Omax]

Let us study now the last term in (4.9).

Proposition 4.5. Assume that the parameter § is of the asymptotic form (2.13) and h > T /2.
Then, for any a > 0,
lim T} = 4.10)

T—o00

Proof of this proposition is given in the Appendix.

Remark 4.1. 1t should be noted that the main destination of the bound (4.9) is to obtain a sharp
oracle inequality for a model selection procedure for the process (1.1) observed at discrete times.
Recall (see, [14]), that an efficient model selection procedure for diffusion processes is based on
estimators admitting on some set ['7 a nonasymptotic representation of kind (4.6) satisfying the
conditions (4.7) and (4.8) at estimation state points (x;). In addition, the condition (4.10) must
hold true for the set I'r. Moreover, the stochastic terms of kernel estimators, M7 = M7 (x),
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must be independent random variables for different points x ;. The last condition is provided by

sequential approach since, for sequential kernel estimator, the term My is a Gaussian random
variable on the set I'7.

5. Asymptotic efficiency

First of all, we study a lower bound for the risk (2.14). To this end, we set

2gy (x0)
o2(xp)

Sy (x0) = G.D

This parameter provides a sharp asymptotic lower bound for the pointwise risk normalized by
the minimax rate 7 = TA/#+D,

Theorem 5.1. The risk defined in (2.14) admits the following lower bound

lim ¢rinf sup ,/¢5(x0)Ry(St) > E£], (5.2)
T—00 ST 9€0Bg

where infimum is taken over all possible estimators Sr, & is a (0, 1) Gaussian random variable.

Theorem 5.2. The kernel estimator S;‘:,T defined in (3.7) with h = T~V @B+D gatisfies the fol-
lowing asymptotic inequality

lim o7 sup \/ci(x0)Ro(Sy ) <EI&l, (5.3)
T—o0 196@[;

where & is a (0, 1) Gaussian random variable.

Remark 5.1. Tt should be noted that one cannot use the bound (4.9) in order to obtain the sharp
asymptotic upper bound (5.3) because the upper bound (4.9) is obtained for a wider function
class, that is, for & € X1y X [0min, Omax] and hence, it is not the best.

Notice that the Theorems 5.1 and 5.2 imply the following efficiency property.

Theorem 5.3. The sequential procedure (3.7) with h = T~V @B+D js asymptotically efficient in
the following sense:

lim o7 sup \/si(x0))Rs(Sf7) = lim grinf sup /% (x0)Ry(ST).
T—o0 196@[; T—0o0 St 196@5

where infimum is taken over all possible estimators St.
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Remark 5.2. The constant (5.1) provides the sharp asymptotic lower bound for the minimax
pointwise risk. The calculation of this constant is possible by making use of the weak Holder
class. This functional class was introduced in [9] for regression models. For the first time, the
constant (5.1) was obtained in the paper [10] at the pointwise estimation problem of the drift
based on continuous time observations of the process (1.1) with the unit diffusion. Later this
constant was used in the paper [14] to obtain the Pinsker constant for a quadratic risk in the
adaptive estimation problem of the drift in the model (1.1) based on continuous time observa-
tions.

Remark 5.3. Note also that in this paper the efficient procedure is constructed when the regu-
larity is known of the function to be estimated. In the case of unknown regularity, we shall use
an approach based on the model selection similarly to that in the paper [14] which deals with
continuous time observations. The announced result will be published in the next paper which is
in the work.

Remark 5.4. In the paper, we studied only the case of Holderian smoothness 1 + o with « €
(0, 1). Efficiency is provided by the indicator kernel which minimizes the asymptotic variance of
the stochastic term (see, e.g., [8]). If in the pointwise estimation problem the unknown function
possesses a greater smoothness then, as known, one needs to make use of a kernel that should
be orthogonal to all polynomials of orders less than the integral part of the smoothness order. It
is clear that the kernel estimator is not efficient. Therefore, one needs to uses an other estimator,
in particular, a local polynomial estimator but again with an indicator kernel. This is a subject
of our future investigation in the pointwise setting for diffusion processes. It will based on ideas
and results of 1 4 «-smoothness case but, due to extreme complication, the new case cannot be
considered in this paper.

6. Proofs

6.1. Lower bound

In this section, the Theorem 5.1 will be proved. Let us introduce the model (1.1) with o = 1, that
is,

dy, = S(y,) dt + dW,. 6.1)

Now we define the risk corresponding to this model as follows

R5(St) = Es| St (x0) — S(x0)

) (6.2)

where Eg denotes the expectation with respect to the distribution Pg of the process (6.1) in the
space of continuous functions C[0, T']. It is clear that

sup +/s5(x0)Ro(S7) > sup  +/2gs(x0)RE(ST), (6.3)
V€O Sely (xo,B)
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where g5 is the invariant density for the process (6.1) which equals to gy with 0 = 1. Let now g
be a continuously differentiable probability density on the interval [—1, 1]. Then, for any u € R
and 0 < v < 1/4, we set

u X —Xp
Su,v(x):SO(x)+_Vv< )1
or h

where h = T~1/@B+D apnd

1 [ U—Xx
Vu(x) = " Aui<t—2v) + 21 1—20<ju)<1-v))& 5 du.
o0

It is easy to see directly that, for any 0 < v < 1/4,
1
V,(0)=1 and / Vy(x)dx =2.
—1
Therefore, denoting D, (x) = S,,,, (x) — So(x), we obtain, for any u € R,
1
Qyo.n(Dy) = / (Du(x0 + hz) — Dy(x0)) dz =0.
-1

Moreover, note that, for any fixed » > 0,

sup |Du(x)| = sup <|u|<p;lh_1 Vl,(x ;xo) D < bT %/ 2B+D =2 5%

lu|<b |ul<b

where ¢* = sup, |g(x)|. Therefore, sup, . SUP|,|<b |Du (x)| < M /2 for sufficiently large T and,
in view of the equality (2.3), the functions (Sy,,)|<p belong to the class Uy (xo, B) for suffi-
ciently large 7. It implies that, for any b > 0 and for sufficiently large 7', we can estimate from
below the right-hand term in the inequality (6.3) as

sup /295 (x0)R5(S7) = sup /2, , (x0)R5, , (St)

Selpy (x0,8) lu|<b
= sup v/2¢s,(x0)R%, , (S1) + Q7.
lul<b '

where Q7 = supj, <, /245, 0RS, , (ST) = supjy < /205, G0) R}, , (S7).

It is easy to see that

1071 < sup|,/2gs,., (x0) — v/2q5,(x0) | R, , (51)

lul<b

1 ~
sup |gs, , (x0) — gs,(x0) | RS (ST).
V24+ \u|§h| ' 0 | Su.v

=
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Taking into account here that

lim sup |6ISL,,U (x0) — gs, (x0)| =0,

T_’O°|u\§b

we obtain the inequality (5.2) by making use of the Theorem 4.1 from [10]. Thus, we obtain the
Theorem 5.1.

6.2. Upper bound
We begin with stating the following result for the term (4.5).

Proposition 6.1. The function Bt defined in (4.5) satisfies the following asymptotic property

limsup¢r sup Ey|Br|=0. (6.4)
T—00 DeBp

The result is proved in the Appendix.
Now we prove Theorem 5.2. To this end, we set

+o0
¢y =Y ¢y <uziy)-

J=No
where the random variables (¢;);> are defined in (3.4). Using this function, we introduce the

stopping time

t
r:tT:inf{tzTo: ¢(u)duz8HT},
Ty

where Tp = tn, = 6 No. As usually, we put T = oo if the set {-} is empty. Obviously that
T <T+58H7y <T +38h(N — Ny)//vr.

Due to the equality /. ;Oo ¢ (1) du = 0o, one obtains immediately that the random variable

1 T
N ¢ (u)dW, (6.5)

is Gaussian N'(0, 1) (see, e.g., [28], Chapter 17). Now, using this property, we can rewrite the
deviation (4.6) on set I'r as

t&r=

o (x0)

VOHT

S 7 (x0) — S(x0) = B + M + 0 (x0))MY + Er, (6.6)

where B} =Y 7 + Y2,7 + Br,

N
1
1 ~
M = o 2 Fitinan 01-0(0 i) = 0 o) AW
Jj=No
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and
1 (& 4
(2) ~ ~
My = E(Z i AWy, _/n d)(u)qu).
J=No
First, we note that the definition of the sequence (5¢;) j>1 in (3.6) implies
N
> FixnxGiy_) <Hr  as. 6.7)
J=No

Therefore, through the condition (2.1)

N

2 1 ~ 2

E;(M}) =Eza<—(S 23 2 Oy ) (0 ) — 0 () )
T j=N,

h2o2

<Ey max
SHrt

Taking into account here that, for 7 > 3,
Hr = h(N — No)(2/vr —vr) = h(N — No)+/vr, (6.8)

we obtain

lim ¢r sup E§|M(Tl)| =0.
T—00  pedy

Now we study the term M(TZ). To this end, note that ;| < T < t5. Therefore, we can represent
this term as

@_ 1
MT = —(%(bwAth — G (W — Wtw,l)).
SHt
Moreover, taking into account that the stopping times @ and t are bounded, one gets
E(AW,)>=8 and EW,—W,, _)?=E(t —ty_1) <3.

Therefore, from here and (6.8), we get

2
Es (M?)? <2E <
P M) < 2B S = v o

and

lim @7 sup E,;|M(T2)| =0.
T—o0  yebp



Efficient discrete data estimation in diffusions 2583

Due to (4.2) and (4.4), it is easy to see that

lim @7 sup Ey|Y; 7| =0, i=1,2.
T— o0 196@/;

To put an end to the proof of this theorem, we present the last term on the right-hand side of (6.6)
as
o(xo) . ol(x)

S~ Jah(N = No) (quﬁ o)

&r + KT%“T>,

where
1 1
T = - )
V27 (x0) —vr  /2g9(x0)

and we have to show that

lim sup Ey|Krl|lé7|=0. (6.9
T_’°O19€®ﬂ

It is easy to see that, for any 7 > 0, the random variable &7 is (0, 1)-Gaussian conditionally with

respect to F7,. Therefore,
2
Ey|Krllgr] =y —Eo|K7].

Taking into account here Lemma A.5, we come to the equality (6.9). Hence Theorem 5.2.

7. Conclusion

In the paper, we studied the estimation problem of the function S when its smoothness is known.
In the case of unknown smoothness, in order to construct an adaptive estimate based on dis-
crete time observations (1.2) in the model (1.1) we shall use the approach developed in [7] for
continuous time observations. The approach make use of Lepskii’s procedure and sequential es-
timating. Note that Lepskii’s procedure works here just thanks to sequential estimating since, for
the sequential estimate of the function S, the stochastic term in the deviation (6.6) is a Gaussian
random variable. This provides correct estimating the tail distribution of a kernel estimate and
adapting for the pointwise risk. Moreover, for adaptive estimating in the case of quadratic risk,
we shall apply the selection model developed in [14] to sequential kernel estimates (3.7). Note
once more, that Gaussianity of the stochastic term in (6.6) is a cornerstone result for obtaining
a sharp oracle inequality. It permits to find Pinsker’s constant like to [14] and then to study the
proposed procedure efficiency.
These both programs will be realized in the next paper.
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Appendix

A.1. Geometric ergodicity

First of all, we recall that in [13] we have proved the following result.

Theorem A.1. For any ¢ > 0, there exist constants R = R(g) > 0 and k = k(¢) > 0 such that

[Ey xg(Yu) —my ()]

supe“” sup sup  sup <R,
u=0  llgllh<lxeRPeX; yxV (14x2)¢
where Ep () = Ey (|yo = x), [[glx = sup, [g(x)].
A.2. Concentration inequality
For any R — R function f belonging to L; (R), we set
n
D, (f) =Y _(f () —ms (). (A1)

k=1

Now we assume that the frequency § in the observations (1.2) is of the following form

1
§=861= ——, A2
=T+ Dir (A-2)
where the function /7 is such that,
im =70 and lim - — 4 (A3)
im ——s = an im — =400, .
TSo00 T1/2 T—ooInT

in particular, the function /7 = (In 7)Y from (2.7) is of this kind. Moreover, let »* = »; bea
positive function satisfying the following properties

*1\5
PO L (A4)

lim »; =0 and lim
T—o0 T—-oco InT

Theorem A.2 ([12]). Assume that the frequency § satisfies (A.2)—(A.3). Then, for any a > 0,

lim 7% sup sup Py(|Dn(xn.x)| =5 T)=0. (A.5)
T—00  ps7-120€0p
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A.3. Proof of Proposition 4.1

First, we note that by the Bunyakovskii—~Cauchy—Schwarz inequality

~ lj
By (0217, ,) <8L° / By (v — vy 1 F, ) du,
t

Jj—1

where I = max(L, M). Note now that, for ;| <u <t;,

Ey (O — yi,_)*|Fiy ) <28 ( / Es (S*(yo)|F7,_,) dv + a;ax)

tji—1

u
<28 (2/ (M? + LEy (y71F,;,)) dv + anlax)
ti—

Jj—1
Due to Proposition A.6, we can estimate the last conditional expectation as

sup sup By (yi|F, ) <DL+ .

veX mXx[0,0max] 1j—1=U=t;

2

Therefore, taking into account that xj y,( Vtjoy ) yfjil < x;, we obtain

sup SUD  xg Oty B0 (O — ;)1 Fy,) < L. (A.6)

tji—1=u=tjveXp px[0,0max]

Therefore,
Sllp Sup Xh,X()(ytj,I)Eﬁ (Q?l-/—:tjfl) S L2L183-

Jj=109eXp mx[0,0max]
Making use of the inequality (6.7) yields the following upper bound, through the Bunyakovskii—
Cauchy—Schwarz inequality,
| N
2 ~ 2
EﬁTl,T = El? (SZHT Z %th,xO()’tj,l)Qj
J=No
N

Z ;ijh,xO()’tj,l)Ez?(Q?U:zj,l) S ZZLI(S-
J=No

1

—Ey——
Y S2Hy

Hence, Proposition 4.1.

A.4. Proof of Proposition 4.2

Note that by the condition (2.14)

Ij
Es ((0})’1F,.,) = / Es (0 ) — o Gn,_)) 1, ) du

j—1

1
= arzlax/ Ey ((yu — Vtj )zlj__.t_,-_l ) du.
13

Jj—1
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Therefore, using the inequality (A.6) one has

2
sup sup O Es ((05) 1 F,) < o L1687

J=10e€Xp mx[0,0max]
From here and (6.7) and, taking into account that 0 < %j <1, we obtain

N

1 -
Ey Y3, = Eﬂ@ 2}; 2 X O, DEs ()17,
J=No

Now the inequality (6.8) yields (4.4). Hence, Proposition 4.2.

A.S. Proof of Proposition 4.3

Taking into account the inequalities (6.7) and (6.8), we obtain that, for any 7" > 3,

N
1
2 ~ 2
EﬁMT = El? 82H% Z Xh,xo(}’tj,l)%?Eﬁ (nj|-/—-vtj,1)
J=No

N .
1 - 1

=< Eﬁm Z %th,xo(ytj_l)/ oz(yu)du
T j=Ny fj-1

2
O max

= Sh(N — No)Jor

Hence, Proposition 4.3.

A.6. Proof of Proposition 6.1

We start with setting

(247 —vp)h

and N;=No+rr(N — Np).
my (Xh,xo)

Note that N1 — Ny < (G« /UT)_lN := N7, for sufficiently large 7. Moreover, we set

Ni

1 _~
GT:H_T Z SnQi—) and Gr=Gr — Br.
j=No
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Using (2.12), we can represent the term G7 as

Ny
Gr ="M (i + = 3 Faly ) o= Gi(T) + Ga(T)
T = HT 9 \Jh H ; ~ h Yt_,_l — 1 2 )
=IN0

where ﬁ(y) = fn(y) —my (f5). Taking into account that my (x5, x,) > 2hgs, we obtain

’ e (h) = mﬂ}(lfh)'

N — No)h
’G](T)’:%

1
mj (h)| < —|mj (h
5 (] < 53 ()
Let us represent the last term as
my; (h) = gy (x0) Q2,1 (S) + My (h),

where my (h) = f_ll(S(xo + hz) — S(x0))(gy (xo + hz) — gp(x0)) dz. Further, by the defini-
tion (2.6), one has

Qu,1(S) = Qxy,n(S0) + Lxg,n (D),
for some function D from HY (e, B, h). Therefore, the properties (2.4)—(2.5) and (2.7) yield

0

limor  sup Q.1 (S)|=0.
h=0"" Selty(x0,8)

Obviously, that

limsup/h =2 sup |ﬁl§(h)| < 0.
h—0 9eOp

Hence,

limsup ¢r sup E19|G1(T)| =0.
T—o00 V€Bp

Now we note that,

Ni—1
1
EﬁG%(T) ZEﬁ?<Z W+ f}?(lell)>’

T \j=N,

where W; = f2(yi, ) +2/a ;) 1 Bo (a1 Fi;_) and Fi = o{y,, 0 < 5 < 1}. Tak-
ing into account that (y;);>0 is a homogeneous Markov process and that | f,(y)| < 2Mh, we
estimate from above the last conditional expectation, through the Theorem A.1 (for ¢ = 1/2), as

By (/i G D1y = [Boy, | Falv | <2MAR(1+ 57 ) 2e

<2MhR(1 + |y;,_,|)e (=7,
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Therefore,

W] < 4M2h2<1 R4+ DD D).

K§ _ 1

From here, bounding ¢“® — 1 by « 8, we get

EyG3(T) < 8M2h2E,9 Z (1 +—(1+ |yt_,_1|))
T] No

< 8M2n? 14 R Ll No)
K8 H?

1/2
+ SMZhZ—Eﬁ Z Ey (2 1P, 1)) "%
T J=No
By making use of Proposition A.6, one obtains
R N1 — Ny
EﬁG%(T) < 8M2h2<1 + E)EﬂT(l + vV D*L + |yl‘N0,] |)
T

Now from (6.8) it follows that

Ny — No 1 1
HZ  Hrmg (i) — 2R3 /or(N — Noygs’

Thus,

G*
su EﬂGZ(T) < —
sevy 2T 5 /or(N — No)

where G* = 4M?(k + R)(1 4+ 2/D+L + |yo|)/(kgs). From this equality, we obtain immediately

lim @7 sup E@‘GQ(T)‘ =
T—o0 DeBp

Let us estimate the term G . Taking into account the lower bound (6.8), we get

2Mh

Z tho()’t] ) — Hr +H—T
Jj=No

- %I( R -
= VoV = Noy & P R gy
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where X4 (¥) = Xh.xo(¥) — My (Xn.x,)- By making use of the Theorem A.1 with ¢ = 1/2 one gets

——————(1+VD.L +y0l).

Re—<3(WNo—1)
Z EZ? yo’Xh(yt] 1)‘ =
J=No

This inequality implies directly

hm or sup Ey|Gr|=
T—o0 l?E@ﬂ

Hence, Proposition 6.1.

A.7. Properties of the estimate (3.3)
Lemma A.3. Assume that the parameter § is of the form (2.13). Then, for any a > 0,

lim T¢ sup Py (|gr(x0) — go (x0)| > vr) =0.
T—o0 ¥eBg

Proof. Denoting ¥ (y) = (1/¢) Q((y — x0)/¢) one has
1 1
Gr(x0) — a0 () = 5 / (@004 59 = g0 (20) s

1
+ mDNo—l(l/fg)-

Therefore

Py (|77 (x0) — g9 (x0)| > vr)

1
<P, (‘ / (00459 = g0 (x0) s

1
> UT) +Py (mDNol (o) > UT)-

The first term on the right-hand side equals to zero for sufficiently large T since

2.
<g¢°G* <vr,

1
'/ 1(6119(160 + 62) — gy (x0)) dz

for sufficiently large 7', where §* = sup, supy |Gy (x)| < co. Applying Theorem A.2, to the sec-
ond term on the right-hand side of the same inequality yields the Lemma A.3. (]

Lemma A.4. Assume that the parameter § is of the form (2.13). Then, for any a > 0,

hm T sup Py (|gr(x0) — gs (x0)| > vr) =0.
T—oo  pepy
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Proof. Note, that for sufficiently large 7' (for that InT > max(q*z, 1 /qf)),

|7 (x0) — qv (x0)| < [@r (x0) — g2 (x0)|-

The lemma follows immediately from Lemma A.3. (]

Lemma A.5. Assume that the parameter § is of the form (2.13). Then,

. 1 1 1 4
limsup —= sup Ep|= <— <o0. (A.7)

T—00 u}/z ve0y 14T (x0) —vr g (x0) | g*

Proof. Indeed, for sufficiently large T for which

vr <min(1/(q*)*, 1/4),

we obtain
1 1 w2 _
5= - < + —7E0 71 (x0) — g9 (x0)|
gr(xo) —vr  qv(xo) 4x  gevy
4U71~/ 2 ~
< + Py (|37 (x0) — g9 (x0)| > vr).
qx q=vr
Now Lemma A.4 implies the equality (A.7). Hence, Lemma A.S. (]

A.8. Moment inequality for the process (1.1)
We state the moment bound from [13].

Proposition A.6. Let (y:):>0 be a solution of the equation (1.1). Then, for any z e Randm > 1,

sup  sup By ()™ < @m— DI(DyL+2%)", (A8)

u>09eX px[0,0max]
where Eg .(-) =Ey (-|yo = 2) and Dy, = (M + Lx, +2x,)*(L + M) + 02,

Proof. To obtain this inequality, we make use of the method proposed in [22], page 20, for linear
stochastic equations. First of all, note that thanks to Theorem 4.7 from [28], for any T > 0, there
exists some & > 0 such that, for each ¢+ € ©®g and z € R,

sup Ep.e™ < oco. (A.9)
0<t<T

Let us denote Dy (y) =2yS(y) +02(y) + Lyz and L =L"!. Taking into account that 0 < L<1
and x, > 1, we obtain that, for |y| < x4,

|Dy ()| < x22M + 1) + 02,
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Let now |y| > x,. Denoting by y, the projection of y onto the interval [—x,, x,] we obtain that
2yS(y) =2yS(y4) +2y:(S») — S(r4)) + 20y — ) (S() — S(»))
<20yIM +2Lx.]y — yul = 2Ly — il
< 2(M + Lxy 4 2x,)|y| — 2Ly

Therefore,

sup sup Dy (y) < Dx.
PeXp mx[0,0max] yeR

By the It6 formula, we obtain
dy2™ = —m Ly dt +my2™" =D (Dy (yu) +2(m — o> (y,)) dr
+2my" o (yu) AW,

u

Moreover, the property (A.9) yields that, for any m > 1,
t v
Ej / e VI o (y5) AW = 0.
0

Therefore, Ey ytz’" <z 4 mQ2m —1)D, fot e’mi(’ —S)Ey ysz(m_l) ds. Now the induction implies
directly the bound (A.8). Hence, Proposition A.6. (I

Proposition A.7. Let (y;):>0 be a solution of the equation (1.1). Then, for any z € Rand m > 1,
and for any stopping time t taking values in [0, T, one has

sup By (yo)™" < B*(m, )T (A.10)
ﬁEEL,MX[OVUmax]
and
sup  Ey. sup (y)*" < Bf(m, 2T, (A.11)
veX m*x[0,0max] 0<u<T

where B*(m, z) = 2m — DI(DsL + z2)™(Dy + 2(m — Do2,) and Bf(m,z) = 1 + mB*(m +
1,2).

The proof of this proposition follows immediately from Proposition 1.1.5 in [22].

A.9. Proof of Proposition 4.5

It is clear, that to show (3.7) it suffices to check that, for any a > 0,

lim 7 sup P, (%) =0. (A.12)

T—=00  9e¥ yx[Omin,Omax]
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Indeed, by the definition of @

N
Pl’ (F%) = Pl?( Z Xh,xo()’tj,l) < HT)

J=No
=Py (D, N—1(Xh.xo) < (247 — v1 — M (Xn,xy)) (N — No)h),
where Dy, (f) =Dy, (f) —Di(f) and

my (Xn,x,)

1
/ gy (xo + hz)dz.
h -1

mg (Xh,xo) -

Taking into account the definition of vr in (3.3) we obtain that, for sufficiently large T,

1
sup / g9 (x0 + hz) — gp (x0)| dz < vr /4.
9e0p J-1

Therefore, for such T,

Py (@ > N) < Py (|gr(x0) — qv (x0)| > vr/8)
+ Py (|Dny.v—1(Xhxo)| > Nhvr /2).

Now we estimate the last term as

Py (Do N1 (Xhx) | > Nhvr/2) < Py (|Dy-1 (xh.x)| > Nhvr /4)
+P§(’DN()(Xh,xo)‘ > NhUT/4).

By applying Lemma A.3 and the inequality (A.5), we obtain (A.12).
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