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THE ANALYTIC THEORY OF VECTORIAL DRINFELD MODULAR
FORMS

F. PELLARIN

ABSTRACT. In this text we generalize the notion of Drinfeld modular form for the group
I' := GL2(FF4[f]) to a vector-valued setting, where the target spaces are certain modules
over positive characteristic Banach algebras over which are defined what we call the
‘representations of the first kind’. Under quite reasonable restrictions, we show that the
spaces of such modular forms are finite-dimensional, endowed with certain generalizations
of Hecke operators, with differential operators a la Serre etc. The crucial point of this
work is the introduction of a ’field of uniformizers’, a field extension of the valued field
of formal Laurent series Coo((u)) where u is the usual uniformizer for Drinfeld modular
forms, in which we can study the expansions at the cusp infinity of our modular forms
and which is wildly ramified and not discretely valued. Examples of such modular forms
are given through the construction of Poincaré and Eisenstein series.

After the discussion of these fundamental properties, the paper continues with a more
detailed analysis of the special case of modular forms associated to a restricted class of
representations ps, of I which has more importance in arithmetical applications. More
structure results are given in this case, and a harmonic product formula is obtained which
allows, with the help of conjectures on the structure of an Fp-algebra of A-periodic multiple
sums, multiple Eisenstein series etc., to produce conjectural formulas for Eisenstein series.
Other properties such as integrality of coefficients of Eisenstein series, specialization at
roots of unity etc. are included as well.
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The aim of this volume is to revisit the analytic theory of Drinfeld modular forms for
the Drinfeld modular group GLa(F,4[0]), initiated by Goss in his Ph. D. Thesis (see [36])
and continued in the work of Gekeler [25], and then in the work of several other authors.
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Presently, modular forms with values in positive characteristic fields (E) such as
Coo 1= TFg((671))7,

is an active domain of research with deep developments for more general groups GL,,(A)
(n > 2), with A ring of functions over a smooth projective geometrically irreducible curve
regular away from an infinity point, its congruence subgroups, leading to an algebraic and
analytic theory of modular forms and to compactification problems as in the works of Pink
and Basson, Breuer and Pink [69, [7, 8, O], Gekeler [28, 29] 30 B1], Haberli [41], Hartl
and Yu [42]. The arithmetic theory of Drinfeld modular forms, if compared with that of
classical modular forms, also has a different flavor. We mention the investigations related
to Galoisian representations and the cohomological theory of crystals by Bockle [10]11] and
aspects of P-adic continuous families of Drinfeld modular forms by Hattori [43] and Nicole
and Rosso [51]. These are few illustrations of how the theory ramifies deeply in a multitude
of directions and the reader is warned that the above list of references is not completely
representative of the great and valuable effort of a large community. More references can
be found in the above mentioned works.

In the present volume, we voluntarily restrict our attention to the simplest case of the
group GLa(F,[f]) and we follow yet another direction of research which, as far as we can
see, has not been deeply investigated yet. We want to begin the study of analytic properties
of modular forms associated with an extended notion of type, as introduced and considered
by Gekeler in [25]. The type of a Drinfeld modular form for the group

I = GLs (Fq [9])

can be viewed as a one-dimensional representation of I'. We are interested in certain higher
dimensional representations of this group, naturally behaving in rigid analytic families at
the infinity place. One of the principal initial reasons for our endeavor comes from remarks
on analytic families of modular forms first raised in the paper [56], and later, in [62].
There are p-adic families of classical (C-valued) modular forms containing sequences
of modular forms (f,), with f, € I'(p~) where T'(IN) denotes the principal congruence
subgroup of SLy(Z) of level N € N* = Z~ 1, p is a prime number, and (i), is a sequence of
positive integers tending to infinity. This is a well known feature, and analogous families
indeed occur in the theory of Drinfeld modular forms, which take values in complete,
algebraically closed fields of positive characteristic. Less known is the existence of certain
non-trivial oo-adic families, where oo is the infinity place of the field F4(6), of Drinfeld
modular forms containing modular forms for I'(P) and P varying in an infinite subset of
irreducible polynomials of F,[f]. The most frequently, these families are isobaric, that is,
weights do not vary. They have been first observed in the paper [59] and they do not seem
to have analogues in the classical theory (over Q). The reader can find a study in our §5l
This work grew up with the purpose of defining appropriate analytic tools to ease the
study of these structures. The modular forms studied here are vector functions with values
in certain positive characteristic ultrametric Banach algebras, close in their functional

IWith F,((6~1))*®" a separable closure of the local field F,((6~")) and = denoting the completion.
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behavior, to C-valued vector modular forms, but with the important difference that the
values can themselves be non-constant rigid analytic functions.

To study congruences or p-adic analytic families of modular forms it is very useful to
‘tame’ the behavior of modular forms at a cusp. For instance, Gekeler’s seminal paper [25]
uses ‘Fourier series’ of modular forms (we could say ‘u-expansions’) in an essential way.
Our case does not make exception to this principle. However, the problem of ‘taming’ the
behavior of modular forms at a cusp is here more difficult. For this reason we introduce a
field of uniformizers (Definition [3.26]) described by

K=K (e)"(w) = { Y fiu' : fi e K(e)"}.
1210
The adopted notation, and the field &, will be described in §3l Here note that for all 7, f; is a
tame series, a class of K-entire functions of the variable z over C,, with K a certain Banach
Coo-algebra with a specified growth condition in the neighborhood of v = u(z) = 0 (the
K-vector space of such functions is denoted by the apparently awkward notation K°{(e)®).

The field R is a wildly ramified, non-discretely valued field extension of Coo((u)) (the
latter corresponds to the case of f; a constant Cy-valued function for all i) and can be
viewed as the main new tool of the present work. Hence, it is not possible to choose a
single uniformizer, the powers of which generate a field of series expansions of modular
forms. On another side the Drinfeld modular forms considered in the present volume have
a series expansion in & which is uniquely determined and is, in general, very difficult to
describe.

We present a spectrum of aspects which is limited to the construction of the analytic
uniformization at the cusp infinity and some consequences going from the proof that vector
spaces of modular forms are of finite dimension to the construction of explicit examples
of Eisenstein and Poincaré series and the analysis of their expansions in & This already
offered challenges and rich pictures and we decided to confine our attention only to those
aspects which are tangible by an appropriate generalization of the viewpoint of Gekeler’s
seminal paper [25].

The volume is essentially self-contained. It presents the foundations to study new as-
pects of Drinfeld modular forms and to do this, it presents new tools with an elementary
approach. It is enriched with several questions, problems and conjectures. Other crucial
aspects such as the interpretation of modular forms of our settings as sections of algebraic
vector bundles, link with the theory of harmonic cocycles a la Teitelbaum etc. will be
developed in other texts.

1.1. Description of the basic objects. Let ¢ = p° be a power of a prime number p with
e > 0 an integer, let I, be the finite field with ¢ elements and characteristic p, and 6 an
indeterminate over [F,. All along this text, we denote by A the F -algebra F,[0]. We set
K =TF,(0). On K, we consider the multiplicative valuation |- | defined by |a| = ¢4°&(®) ¢
being in K, so that |f| = q. Let K :=F,((1/0)) be the local field which is the completion
of K for this absolute value, let K5 be a separable algebraic closure of K, let Co, be
the completion of K5 for the unique extension of |- | to K5'. Then, the field Co, is at
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once algebraically closed and complete for | - | with valuation group ¢© and residual field
Fg?, an algebraic closure of F,,.

The ’Drinfeld half-plane’ 2 = C \ Ko, with the usual rigid analytic structure in the
sense of [23, Definition 4.3.1], carries an action of I' = GLy(A) and I' = PGLy(A) by
homographies: if v = (2%) € I, and z € Q,

az+b
V(z) = cz+d

Denote by
J(z 2)(2) =cz+d

the usual factor of automorphy I' x Q@ — CZX . Let us consider w, m € Z; then, if w = 2m
(mod g—1), the map (v, z) — J,(2)" det(y)~" defines a factor of automorphy for T. There
is a bijection between these factors of automorphy and the couples (w,m) € ZxZ/(q—1)Z
submitted to the above congruence.

We thus suppose that w € Z and m € Z/(q — 1)Z are such that w = 2m (mod ¢ — 1).
We recall the definition of Drinfeld modular forms (as considered by Gekeler and Goss, see

[25] Definition (5.7)]).
Definition 1.1. A Drinfeld modular form of weight w € Z and type m € Z/(q — 1)Z for
the group I' is a rigid analytic function 2 ER Cy such that

F((2)) = Jy(2)" det(7) ™ f(2) Vze€Q, VYyel

and such that additionally, there exists 0 < ¢ < 1 with the property that if z € € is such
that |u(z)| < ¢, where

(1.1) u(z)zizzia,
a€A

7 € Coo \ Ko being a fundamental period of Carlitz’s module (E), then there is a uniformly
convergent series expansion

(1.2) F2) =) fau(z)",  fn € Co.

n>0
We say that a function f in (L.2) is regular at the infinity cusp.

Note that (2] is not the only formulation of the regularity at the infinity cusp (ﬁ) We
can restate ([2)) equivalently by asking that the set of real numbers |f(z)| is bounded if
we choose z € Q such that |u(z)| is small.

2:Our’ analogue of 27, see (2.9).

3Note also that classically, a modular form for SL2(Z) (or for a subgroup of SL2(R) which is commen-
surable with it) can be also defined as a holomorphic function f: H ={z =2+ /-1y C:x,y € R,y >
0} — C satisfying a well known family of functional relations and such that, if z = z ++/—1y with z,y € R,
there exists ¢ € R such that f(z +iy) = O(y° + y~°) (compare with Miyake’s [49] Theorem 2.1.4]).
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The type in Definition [T corresponds to a representation

det™™

(1.3) I =— GL(F,), meZ/(qg—1)Z

In dimension > 1 it happens that certain representations of I' naturally have non-trivial an-
alytic deformations, and this makes it natural to consider functions with values in positive-
dimensional Tate algebras or in similar ultrametric Banach algebras. We consider ¥ C N*
a finite subset. Let F,(ty) be the field of rational fractions with coefficients in F, in the
set of independent variables ty, := (¢; : i € 3). We choose a representation

(1.4) I % GLy (Fq(;z)).
Let w € Z be such that the map (v, z) — J4(2)"p(7y) defines a factor of automorphy
' x Q— GLy (Fq@z)).

The necessary and sufficient condition for this is that

(1.5) p(ply) = p Iy, pely,

as it comes out after a simple computation.
We consider the field

—

Ky = (Coo(iz)/\ = 00(22)

(the completion for the Gauss norm) () so that GL N(Fy(ts)) € GLN(Kyx). We denote
by || - || the multiplicative valuation of Ky, extending | - | of C. We further extend this
to a norm on matrices with entries in Ky, in the usual way by taking the supremum of
the multiplicative valuations of the entries. In §2.2] we discuss the notion of rigid analytic
functions with values in Ky. Taking this notion into account:

Definition 1.2. A rigid analytic function
0L gy~
such that

(1.6) F(1(2)) = L (2)°p(Nf(z) V2€Q, VyeT,

is called modular-like of weight w for p. Additionally, we say that such a function f =
t(fl, e ,fN) is:
(1) A weak modular form of weight w for p if there exists M € Z such that ||u(2)™ f(2)]|
is bounded as 0 < |u(z)| < ¢ for some ¢ < 1.
(2) A modular form of weight w (for p) if || f(2)|| is bounded as 0 < |u(z)| < ¢ for some
c< 1
(3) A cusp form of weight w if || f(2)]| = 0 as u(z) — 0.

4Observe the notation ()" that will be used when the other notation will lead to a too large hat.
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Let B be a C-sub-algebra of Ky,. We suppose that p as in (L4) has image in GLy(B).
We denote by M/, (p; B) (resp. My (p; B), Su(p; B)) the B-modules of weak modular forms
(resp. modular forms, cusp forms) of weight w for p such that their images are contained
in BN*1, We have that

Sw(p; B) C My(p; B) C M,,(p; B).

If B=Cq, N =1and p=det™™, these C,-vector spaces coincide with the correspondent
spaces of ’classical’ Drinfeld modular forms of weight w, type m in the framework of
Definition [T.11

To be relevant, Definition must deliver certain primordial properties such as the finite
dimensionality of the modules M,,(p; B), or their invariance under the action of variants of
Hecke operators. We are far from being able to return satisfactory answers in such a level
of generality. However, there is a class of representations (called representations of the first
kind, introduced and discussed in §4.2]) which looks suitable for our investigation because
they contain a variety of arithmetically interesting examples. An explicit example of such
representations is, with ¢ a variable, the one which associates to a matrix v = (¢ fl) erl,
the matrix

(17) ) = (X4 10)) € cLate 0.

where x; is the unique Fg-algebra morphism F,[0] — F,[t] sending 6 to t. Another inter-

esting example is p} := {p~!, investigated in [55] [64]; in the latter case, we have explicitly

described the module structure of M, (p;; (C/O.E ) (the values are in the Tate algebra m
completion of Cy, for the Gauss valuation above the valuation of C,) and proved that

—

these Cyo[t]-modules are endowed with endomorphisms given by a natural generalization
of Hecke operators.

1.2. Suitability of the use of the field of uniformizers. The strong point of Definition
is its simplicity but in practice it does not allow to manipulate Drinfeld modular forms.
If compared with Definition [I.Il, we clearly miss here a valuation at the infinity cusp,
available at least in the case of classical Drinfeld modular forms by considering the order
in w in (L2). This problem is already mentioned in [64]. The entries of the Eisenstein
series that we describe in the present volume (see the defining expression (L.I0) and §7) in
association with the representations p3, as in (I.3]) can be expanded in certain convergent
series (see Proposition [7.2)) involving Perkins’ series (as in §6.4)). It is important to mention
that Perkins’ investigations borrow heavily from the notion of quasi-periodic functions of
Gekeler (as in [26]). The necessity of introducing tame series and the field of uniformizers
R already appears, implicitly, in the works [66] [62]. Perkins proved formulas such as

Z a(ty)---a(ts) | Zjizo exXpc <—9;ﬁl)t5i

= , s<gq, z€Cyx\A
z—a

R w(tr) - wits) expe (7)
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On the left-hand side we have, with ¥ = {1,...,s}, a Perkins’ series, a meromorphic

function Co \ A — Ty := Cx[tx] (the target space is the Tate algebra in the variables ty,,
the completion is for the Gauss valuation) which is represented, in the right-hand side as
the ratio of two entire functions C,, — Ty expressed in terms of the Carlitz exponential
expc, the Anderson-Thakur function w(t) (all these items will be reviewed in §2]). This ratio
typically expresses an element of &. First of all, it is well known that exp(72) ™! = u(2).
As for the numerator in the fraction, it is a very basic example of tame series (Definition
B.I7). So we can write that the left-hand side belongs to K. More explicitly, it is a series
>, fiu® with a unique non-zero monomial, of the form fiu! where

fl_(tl—HZeXPc <9]+1> i

i=17,>20

and the additive valuation v extending that of C((u)), evaluated on the left-hand side of
(LA, equals
v(u) +v(f1) =1— sv(expa(7z/0)) =1 — 2,

where the leading term of the tame series fi is proportional to exp-(7z/0)°. This allows
to compute v-valuations of the entries of our Eisenstein series. Unfortunately, the formulas
(LY) do not hold if s > ¢. Perkins in [66] succeeded in obtaining explicit formulas up to
s < 2(q — 1) and sparse explicit formulas can be given for even higher values of s up to
non-rewarding computational efforts. In the work [64] the authors were convinced that
somehow, Perkins’ series would have been appropriate analogues of the uniformizer at
infinity u (which also is a Perkins’ series) but this is also a non-rewarding approach.

We hope that at this point the reader can appreciate the reason of introducing tame
series and the field of uniformizers. It is extremely difficult to compute products of Perkins
series and obtain a generalization of (LJ]). At once, the construction of the field ], a
v-valued field in which the product is itself difficult to compute (just as difficult as in the
field Fq((5))%, see [45]) nevertheless warrants the presence of an environment in which
computations with our Drinfeld modular forms are virtually possible.

Thanks to this formalism we are able, without much additional effort, to reach most
of the results of the first part of the present paper. The reader may find the preliminary
material §2], Bland @ heavy but this reflect the complexity of the given settings. It is perhaps
possible to get rid of the field & and work more directly, starting with Definition but
R is the natural field in which one can study series expansions at infinity of our modular
forms and also allows to introduce notions of rationality and integrality of the coefficients
etc. for modular forms and reduction. The difficulty of multiplying formal series in &
mirrors the complexity of the behavior at the cusp infinity of Drinfeld modular forms in
our generalized setting.

1.3. Results of the text. The paper is organized in ten sections. These sections can be
roughly divided in three principal parts.

I. Sections 2lto[6l We present the foundations of the theory.
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II. Sections [7] and 8l We study modular forms for the representations p3,. We discuss
the structure of strongly reqular modular forms.

III. Sections [@ and We discuss arguments related to the harmonic product for
multiple sums and we present open problems.

Part III can be read quite independently of the previous ones. Reading Part II is possible
without reading all proofs in Part I. The following synthesis summarizes the content of
the paper and our results (more precise statements will be formulated along the text). We
proceed in the order suggested by Parts I to III.

Content of Part I. The key environment is the field of uniformizers £ (remember §I.2])
with valuation v, additive valuation group Z[l], residual field Uy Ky;, valuation ring £ and
maximal ideal 9%, to which the entire §3]is devoted. The field K is constructed explicitly
in §8 by taking the fraction field of an integral ring of entire functions that we call the ring
of tame series. The next result is proved:

Theorem A. Let ¥ C N* be a finite subset and p: I' = GLn(Fy(ty;)) be a representation
of the first kind, let w € Z be such that (7, z) — J(2)"p(7) is a factor of automorphy for
I'. The following properties hold.

(1) There is a natural embedding of Kx.-vector spaces M. (p;Ky) <= gN*1,

(2) The image by vy, of the Ky-vector space of modular forms M, (p; Kys) can be iden-
tified with vs (M, (p;Ks)) N ONVXL,

(8) The vector space of cusp forms Sy (p; Ks) can be identified with the sub-vector space
of My (p;Kyx) which is sent to MV*L by the embedding iy .

(4) We have that Coo((u)) naturally embeds in 8 and v restricts to the u-adic valuation.

(5) The vector spaces My, (p;Ky), Sy(p; Ky) are endowed with Hecke operators Ty as-
sociated to ideals a of A, which provide a totally multiplicative system of endo-
morphisms reducing, in the case ¥ = (), to the classical Hecke operators acting on
classical scalar Drinfeld modular forms and cusp forms.

(6) We have Ky-linear maps 81(,?) s My(p;Kys) = Syton(pdet™; Ky), defined for all
n > 0 and generalizing Serre’s derivatives.

The corresponding results in the body of the text are more precise and cover a wider
spectrum of applications. The main examples of modular forms (construction of Poincaré
series etc.) and the basic results concerning the spaces M, (p;Ks) and S, (p;Ky) are
contained in §5l Parts (1), (2), (3) will be proved in Theorem [£I4] and (4) is an obvious
consequence of the above (so, when p = 1 is the trivial representation (sending every
element of T' to 1 € GL;), our construction specialises to the known setting, and M =
DMy, (1;Cy) is the well known algebra of C.-valued Drinfeld modular forms for T' (of
type 0). We will introduce Poincaré series in §5.3] as a first non-trivial class of modular
forms. Part (5) is our Theorem [LI5 the proof is very simple, thanks to the flexibility
of the use of the field of uniformizers, and we can say the same about part (6), which
corresponds to our Theorem [6.71
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A non-complete field Ly, intermediate between Ky, and the fraction field of Ty, will be
needed in the next Theorem; it is defined in §2.1.41

Theorem B. The following properties hold, for p a representation of the first kind.

(1) For allw € Z, the Ly.-vector space M,,(p;LLy) has finite dimension. The dimension
is zero if w < 0.

(2) The dimension of the space Mi(p;Ly) does not exceed the dimension of the Ly-
vector space of common eigenvectors in Lg“ of all the matrices p(y) with ~ in the
Borel subgroup of T.

The matrices p(y) have all the eigenvalues equal to 1. Note that (1) of Theorem B
only deals with modular forms with values in Ly. One reason for this restriction comes
from the fact that we use, in the proof, a specialisation property at roots of unity which is
unavailable in the general case of Ky-valued functions. This result corresponds to Theorem
0.2

Content of Part II. As we have mentioned, a scalar Drinfeld modular form for I' as in
Definition [[LTlhas a unique u-expansion (L.2) in C[[u]] and combining part (2) of Theorem
A and Proposition B.24] one sees that every entry f of a given element of M, (p;Ky) has

a unique series expansion
i
f= E fiu

i>0
where for all ¢ > 0, f; is an entire function Co, — Ky, of the variable z €  of tame series
described in §3.2 (and additionally, fo is constant in Ky). This generalizes the case of
Definition [T, where the coefficients f; are all constant functions, in C.,. It is in general
very difficult to describe the coefficients f; but we make some attempts in this part. For
instance, something can be done with Eisenstein series for the representations p3, (see §7)
by using Perkins’ series as in §6.4F see Proposition
We fix a subset > C N* of cardinality s and we consider, for all ¢ € 3,

e ooyt (alt) b))\
pti('y)— (C(ti) d(ti)> )
and

(L9) o = Q.

1€

This is indeed a representation of the first kind of degree s where N = 2/*|. Additionally,
p3, is an irreducible representation of I' in GLy (Fy[ty]) (see [58]). An important feature of
this class of representations is that it allows to construct certain Eisenstein series in 7l If
s=w (mod ¢ — 1) and w > 0 we have the Eisenstein series of weight w:

(1.10) Ewipp)z) = 3 <az+b>—w®<a“”),

(a,b)€A2\{(0,0)} i€s b(t:)
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which is a non-zero holomorphic function 2 — Tg *1 where Ty = (C;E] is the standard
Tate algebra in the variables ty,. These series generalize the usual scalar Eisenstein series
for T' (case of ¥ = 0). We have E(w; p%) € My(p%; Tx) \ Sw(ps; Ts). Writing E(w; ps) =
Y&y, ... EN) € DJEVXI we can prove that &1,...,Env-1 € M and Ex € O\ M (we recall
that © and 9 are respectively the valuation ring and the maximal ideal of the field of
uniformizers). It turns out that

En =—Ca(l;0x) (mod M)
where

(1.11) Ca(nyox) = Z a "ox(a), neN*

acAt

ox(a) = [[;es xt;(a), are the zeta values in Tate algebras introduced in [55] and studied
in [2, 3, 4] as well as in other papers. These Eisenstein series seem to be the crossroad
of several interesting features that we gather in the next result (but see the text for more
precise results). To begin, we must point out that in §7.Il we construct an indexation
(7) jcx of the entries &; of an Eisenstein series £ = £(w; p&) by the subsets J of ¥. With
this indexation, the first entry & of £ equals £? and the last entry Ey equals EX. We have
the next result.

Theorem C. The following properties hold for the Eisenstein series £(w; p3,):

(1) Ifw =1 and J C X is such that |J| = (m—1)(q—1)+1l withm >0 and 1 <1 < g—1
orm=0andl=q—1thenv(&’)=1—-q¢™(q—1) and v(E*) = 0.

(2) If w > 0, E(w; p3,) is v-integrally definable (after Definition [7.6) for valuations v
of K(ts,) associated with a non-zero prime ideal p of A, and this for all but finitely
many p.

(3) Evaluating the first entry of £(w; p%) at t; = ga*: for all i € X with k; € N yields,
up to a scalar factor, a Drinfeld quasi-modular form in the sense of [15] with an
A-expansion as in [67] and all these series occur in this process.

Part (1) can be generalized to some cases in which ¢,(w) < ¢ (the sum of the digits of the
g-ary expansion of w is < ¢) thanks to Theorem[6.T5] a result that describes the v-valuation
of Perkins series as in §6.41 The question of the computation of these v-valuations in full
generality, related to the computation of the v-valuation of all Perkins’ series is, we should
say, not easy, and still open. It is related to a similar question on v-valuations of Perkins’
series and therefore of generalizations of Goss’ polynomials. The recent work of Gekeler
[32] let think that this is accessible but difficult.

Part (2) generalizes the properties of integrality of the coefficients of the u-expansion of
scalar Eisenstein series as in [25] (6.3)]. Note that our result is more recondite in the case
¥ # (). Indeed a notion of integrality of the coefficients of a series ), fiut with coefficients
fi which are tame series has to be introduced, and this is exactly what we do, and it is not
a triviality. Hence, Theorem C would not be meaningful without our investigations of §3l
As for part (3), it answers a question by Goss. A quick description of properties related to
v-adic modular forms is given in §7.12
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In general, we do not control the dimensions and we are unable to construct bases of
the spaces My, (p; Ky;) except when w =1 and p = p},. We have proved:

Theorem D. If [¥| = 1 (mod ¢ — 1) the vector space Mi(p%;Ly) is one-dimensional,
generated by E(1;p3,).

This is Theorem [7.4l Part (2) of Theorem B (see Theorem [5.11]) also includes an upper
bound for the dimensions of the Ly-vector spaces, and implies a positive answer to the
question raised by [64, Problem 1.1] thanks to Theorem D. The proofs of (2) of Theorem B
and of Theorem D are easy but use a natural isomorphism between (scalar) Drinfeld mod-
ular forms for congruence subgroups of I' and spaces of automorphic functions (harmonic
cocycles) over the Bruhat-Tits tree of {2, and the same specialisation properties in terms of
the variables ¢; used in the proof of (1). When we do this with the entries of the elements
of Mi(p;Ly) span scalar Drinfeld modular forms of weight one for congruence subgroups
of I'. The proof of this result is thus based on a crucial earlier remark of Gekeler (which
can be found in Cornelissen’s paper [20]).

From §8 on, the paper exclusively focuses on structure properties of modular forms for
the representations p35,. We introduce here the notion of strongly reqular modular form
(see Definition B5]). A strongly regular modular form f = !(f1,..., fy) (transpose) is a
Drinfeld modular form (in our generalized setting) which satisfies certain conditions on the
v-valuations of its entries. Theorem [R.§] allows a completely explicit structure description
for these modular forms which can be stated as follows (more precise results can be found
in the text).

Theorem E. Every strongly reqular modular form associated to the representation py, can
be constructed combining Eisenstein series E(1;py,) and E(q; pr;) for i € ¥ by using the
Kronecker product, and scalar Eisenstein series. In particular, the M ®@c_, Ky-module of
Ky -valued strongly regular modular forms is free of rank N = 2% where s = |3|.

The advantage of focussing on strongly regular modular forms is that to study them we
do not need the full strength of the tools developed in Part I of this text, namely, the field
of uniformizers and the theory of quasi-periodic matrix functions. To prove Theorem E,
we only need appropriate generalizations of the arguments of [64].

The continuous Fy(ty;)-linear automorphism 7 of Ky, induced by the automorphism ¢
c? of Ky, induces injective maps M, (p5;Ks) = Myw(ps; Ky). We show, in Theorem
RBIT] that for every w there exists k € N such that 7F(f) is strongly regular for every
f € My(p%;Ky). This shows that Drinfeld modular forms in M, (p5;; Kyx) are not too
distant from strongly regular modular forms and this allows to deduce:

Theorem F. The Kyx-vector spaces M, (p5; Ks) have finite dimensions.

Note that the functions of Theorem F have values in Kg %1 not just in Lg *1 50 that
the methods of proof of Theorems B and D do not apply for Theorem F. After Theorem
E for every modular form f € M,(p};Ky) there is k£ such that 7*(f) can be constructed
combining Eisenstein series, and the coefficients in the construction are in Ky. In full
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generality, it seems difficult to overcome the use of the field 8 and prove Theorem F for
any representation of the first kind.

Content of Part III. This work ends with §9 and §I0] which are more speculative and
contain a description of further perspectives of research. This part can be read quite
independently of the previous ones. We present here the harmonic product for multiple
sums, the interaction with multiple sums a la Thakur, multiple Eisenstein series, and
we propose conjectures based on identities between Eisenstein series and many explicit
formulas.

In §9 we prove (see Theorem [0.4)) a variant of a harmonic product formula for certain
A-periodic multiple sums and we apply it to compute several explicit formulas relating
Eisenstein series for p5,. Some of these formulas have been conjectured in earlier works.
In §9] we state Conjecture [[0.4], where we evoke the potential existence of an F,-algebra
of multiple Fisenstein series and an F,-isomorphism with an [Fp-algebra of multiple zeta
values in Tate algebras. Additionally, we speculate that a multiple Eisenstein series is a
modular form for p3, in our settings if and only if the multiple zeta values in Tate alge-
bras corresponding to it, which also is related to its constant term, is eulerian following
our Definition [[0.3l We describe in §10.2] a conjecture on certain identities involving zeta
values in Tate algebras a particular case of which has been recently proved by Hung Le
and Ngo Dac in [44] and we end the work with analogue conjectural identities involving
our Eisenstein series £(w; p3;). These identities are so complicate that are essentially un-
detectable by numerical experiments. They do not seem to have analogues in the classical
setting of C-valued Eisenstein series for the group SLa(Z).

Acknowledgements. This section will be completed later. But I'm very grateful to the
colleagues that already sent me feedbacks on this paper, allowing me to improve it.

2. PRELIMINARIES

Most commonly used notation.

N ={0,1,...} the set of natural integers.

N* = {1,...} the set of positive natural integers.

BMXN. M-row, N-column arrays with coefficients in the set B.
I.: the r x r identity matrix.

L disjoint union.

Diag(x,...,x) diagonal matrix.

£4(n) sum of the digits of the base-¢ expansion of the positive integer n.
A=TF,[0], K =Fy(0), Koo = Fy((5)), Coo = K"

' = GLs(A)

I =T/F.

1 the trivial representation sending I' to 1 € F)* = GL1(A).
J(z) the usual factor of automorphy.

) = Cy \ K the Drinfeld half-plane.

u the uniformizer at infinity of €.
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Sw, My, spaces of cusp forms and modular forms of weight w.

Y a finite subset of N*.

Ty, Tate algebra in the variables ty, = (t; : i € ).

Ks: the completion of the fraction field of Ty:.

Ly an intermediate field Ty, C Ly, C Ky, (see §2.1.4)).

R field of uniformizers, with valuation v, valuation ring £, maximal ideal 90, resid-
ual field UyKsy:.

B°{(e)’ the B-module of tame series with coefficients in B.

e w the function of Anderson and Thakur.

Overview of the section. In this section we collect the basic objects over which we are
going to build our theory. In §2.1.3] and 2.1.4] we describe the fields Ky, Ly, used in the
introduction, we give in §2.2] a quick account of analytic functions with values in certain
non-archimedean countably cartesian Banach algebras, of which we are going to study the
first examples, useful for what follows. For example, Proposition is an analogue in
our settings of Liouville’s Theorem stating that a bounded entire function is constant. In
§2.3] we also provide the reader with the basic tools related to Drinfeld modules and allied
functions, such as the exponential and the logarithm. In §2.4] we discuss other relevant
functions, notably certain generalizations of Anderson and Thakur omega function, and
generalizations of the entire map x; : Coc — T that interpolates the map A > a — a(t) €
[F,[t]. These functions arise naturally when one studies quasi-periodic matrix functions in
e

We make use of the following basic notations. In all the following, N denotes the set of
non-negative integers, and N* the subset of positive integers. We choose once and for all
independent variables ¢; with i € N* and we work in rings such as R[t; : i € N*| where R is
a commutative ring with unit. If ¥ is a finite subset of N* of cardinality |X| = s we denote
by ty; the family of variables (¢; : i € ¥). Then, R[ty] denotes the R-algebra R[t; : i € X]
in the s variables ty;, embedded in R[t; : i € N*] in the usual way. If ¥ = {i} is a singleton,
then we will often simplify our notations by writing ¢ instead of ;.

2.1. Rings, fields, modules. For the general settings on valued rings and fields and local
fields, we refer to the author’s [59) §2], from which we borrow the basic notation, and the
books [17, [73]. Let L be a valued field of positive characteristic which is complete for a
multiplicative valuation

L ro.
Equivalently, we can consider an additive valuation
L% RU{oo}

with the property that |-| = ¢ %), for some ¢ > 1. We denote by Op, My, and kp,
respectively the valuation ring, the maximal ideal, and the residual field of L, that we
suppose to be countable in all the following. If x € O we denote by T its image in kr, by
the morphism of reduction modulo M. Since L is of positive characteristic we can view
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k1, as a subfield of L. More precisely, we have an embedding k7, — {x € L : || = 1} U {0}
that we fix.

2.1.1. Banach L-vector spaces and algebras.

Definition 2.1. A Banach L-vector space (B,| - |g) is the datum of an L-vector space B
together with a map
’ : ‘B :B— RZO

such that

(1) for all z,y € B, |z + y|p < max{|z|p, |y|B},

(2) for all z € B and X € L, |\z|p = |\||z|B,

(3) If z € B, |z|p =0 if and only if z =0,
and such that B is complete for the metric induced by | - |p.

We say that two Banach L-vector spaces (Bi,|-|p,) and (Bs,| - |p,) are isometrically

isomorphic if there exists an isomorphism of vector spaces ¢ : By — Bs such that |p(x)|p, =
|z|p, for all z € B;.

The spaces cr(L). Let I be a countable set. We denote by cr(L) the set of sequences
(x4)ier € L' such that z; — 0 where the limit is for the Fréchet filter of I, that is, the filter
of the complements of finite subsets of I (we shall more simply write i — 00). The set
cr(L) is an L-vector space. We set ||(x;)icr|| = sup;er{|zi|} for (x;)ier € cf(L). Then, the
supremum is a maximum and (c;(L), || - ||) carries a structure of Banach L-vector space.
Note that ||c;(L)|| = |L|; the image of || - || equals the image of | - | in R>g.

Definition 2.2. A Banach L-vector space B is said countably cartesian if it is isometrically
isomorphic to a space ¢r(L) with I countable. Let B = (b;)icr be a family of elements of
B. We say that B is an orthonormal basis if |b;|p = 1 for all i and if every element f € B
can be expanded in a unique way in a series

F=Y fbi, fi€L, fi—0,
el
so that |f|p = max; | fi|.
Compare with [16, Chapter 2].

Definition 2.3. A Banach L-vector space (B, |-|g) with a structure of commutative unital
L-algebra is said to be a Banach L-algebra if |1|p = 1 and |- |p is sub-multiplicative: for all
x,y € B, |zy|p < |z|g|y|p. We identify L with L-1 C B. A Banach L-algebra is countably
cartesian if the underlying Banach L-vector space is so.

2.1.2. Tate algebras, affinoid algebras. We consider ¥ a finite subset of N* and a sub-
multiplicative norm | - |" on L[ty;] which restricts to |- | on L C L[ts]. We denote by

Llts).; or L[ts]()
the completion of L[ty] for |- |’ (ﬁ) It is a Banach L-algebra in the sense of Definition 2.3]

5The last notation is used in those circumstances where the hat in the first displayed formula is too
large.
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For example, we can take |-|" = || - || the Gauss valuation over Llts], that is, the unique
norm of L[ty;] which extends | - |, such that
It )l =1

for all i = (i; : j € ¥) € N¥, where

ts =[]t

JEX
It is easy to see that || - || is multiplicative. In this case we write
Trs = Llts]-

We usually drop the reference to L if it is algebraically closed or if its choice is clear in the
context, hence writing in a more compact way Ty. This is the Tate algebra (or standard
affinoid algebra) of dimension s = |X|. If ¥ = {i} is a singleton we prefer the simpler
notation Ty, or T for this algebra, with variable ¢. Note that if ¥’ C ¥ then the natural
embedding L[ty/] C L[ts] induces an embedding Ty, sv C Tp x.

The Tate algebra Ty, x; is isomorphic to the sub-L-algebra of the formal series

F=Y [ty eLlts]]
i;>0Vjex
i=(ij:j€X)
which satisfy

min{i;:j€X}—00 f_

Thus, we have, for f a formal series of T, s expanded as above and non-zero, that

171 = sup | fi| = max|f;]
7 z
and Ty x is countably cartesian (Definition 2.3). It is well known that Ty, x; is a ring which
is Noetherian and it is also a unique factorisation domain, normal, of Krull dimension s
(see [23, Theorem 3.2.1] for a more general collection of properties, see [16] for the general
theory of these algebras). We will also use the L-sub-algebra Er, 5, of Tr 5 of the series f
as above with the property that for all r € |L*|,
lim ‘fi‘rh—l-----i-in —0.
min{i;:j€X}—00

If L is complete and algebraically closed, this can be identified with the L-algebra of entire
functions in the variables ty.. If ¥ is a singleton, we will write E;, or E for this algebra,
and we will use the variable t.

An affinoid L-algebra A is the datum of a topological L-algebra A together with a
surjective L-algebra morphism

(2.1) Too S A
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Every affinoid L-algebra comes equipped with a Banach L-algebra structure, with the norm
gl = inf ||f|l, g€ A
loll = inf 1]
The kernel of v is closed and we have the next result where we assume that L is algebraically
closed.

Lemma 2.4. FEvery affinoid L-algebra is countably cartesian.

Proof. We consider A and affinoid algebra, with ¢ and Ty, iy as in ([2.1)). If L is algebraically
closed and J is an ideal of Ty, 7, by [13], §1.3 Theorem 6], there exists an orthonormal basis
([i)ier of Try and a subset J C I such that (b;);es is an orthonormal basis of J. Then,
(¥(bi))icr\s defines an orthonormal basis of A. O

The general case is also true, where L is not necessarily algebraically closed. Note that
if A is the affinoid algebra associated to an affinoid subset of IP’lL’a" (with IP’lL"m the rigid
analytic affine line over L), with its spectral norm, then it is countably cartesian also as
an easy consequence of the Mittag-Leffler decomposition [23] Proposition 2.2.6].

2.1.3. The completion Ky, 52 of the fraction field of Ty, 5. Let L be a valued field, complete,
containing F,. The fraction field of Ty, x; is not complete, unless ¥ = (. We write Kz »
for its completion. It is easy to see that this is also equal to the completion of L(ty,), for
the extension of the Gauss norm. If L is a local field, so that L = F((7)) with F a finite
field containing F, and 7 a uniformiser, then Ky, = k1 (ty)((7)). The residual field kg, .,
of Krx is kr(ty). If ¥’ C X, we have an isometric embedding K, s C Kz, 5.

Lemma 2.5. Let X' be a subset of X2. Let B = (b;)icr be a family of elements of Ok, 5

such that (b;)icr is a basis of the kr(tsy)-vector space kr(ts). Then, every element f of
Kz, can be expanded, in a unique way, as a converging series

F=>"fibi, fi€Kw, fi—0,
icl
and || f|| = max;er || fil]-

In the above lemma I is countable (this follows from the fact that kp is countable).
If we choose ¥/ = () we see that Lemma implies that Ky »; is countably cartesian as
in Definition 23] In other words, the Banach L-vector space Kr, x; is endowed with an
orthonormal basis providing us with an isometric isomorphism with a Banach L-space
cr(L). The proof that we present is essentially the same as Serre’s in [(1, Lemma 1,
Proposition 1].

Proof of Lemma[ZJ One sees easily that ||Kr x| = |L|, therefore it suffices to show the
lemma for f € Kz s with ||f|| = 1. Let us consider a € Lty] with [Jaf] = 1. We can
decompose (in a unique way) o = ap+ a1 with oy € Lity)], @1 € k[ts]\ {0}, and |lap|| < 1.
For any multi-index k = (k; : i € ¥) € N* we have, in Ky » (with Z% = [Lies tfi):

th oY a?
tga—1:£<1__0+_g_...>
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(the series converges because ||ag|| < 1). For every k and j > 0, the image of z%al_j in
kr(ts) for the reduction map can be expanded in the basis (b;);c;. We deduce that any
element f = g € L(ty)), a # 0, can be expanded as a convergent series:

f=> fibi, fi—0, fieKg.

iel

This expansion is unique because otherwise, there would exist a non-trivial relation

0= Z fibi
iel

such that for some i € I, || fi|| = 1, in contradiction with the fact that (b;);er is a basis of
kr(ts) over kr(tyy). This means that there is an isometric embedding L(ty,) — cr(Kp ).
Completing, we are left with an isometric isomorphism of Banach L-vector spaces Ky, 5 =
cr(Kp sv) which terminates the proof. O

2.1.4. The non-complete fields Ly x. Let ¥, L,... as in §2T1.31 In this paper we also need
certain fields intermediate between the fraction field of Tz x and K x. For any d €

krlts] \ {0} we have the affinoid L-algebra (completion for the Gauss norm) TLE/[CZ\—l]
which is a Banach L-sub-algebra of Ky, y» which also is countably cartesian. We consider

]L‘va = U TLE[d_l].
dekp [ts]\{0}

Lemma 2.6. Ly x; is a subfield of Ky, 5.

Proof. The relation of divisibility in kr [ty induces a filtration of L, y; by Banach L-sub-

algebras of the form Ty, x[d~!] so that Ly, 5, is an L-sub-algebra of Ky, 5;. We still need to
show that every non-zero element f of Lz, s is invertible; we follow the same ideas of Lemma
(2.5} there is no loss of generality if we suppose that || f|| = 1. There exists d € kr[tsx] \ {0}
such that f € Tpx[d"!". We can write f = a1 — ap where a; € kp[ts][d1]\ {0} and
where ag € Ty n[d™1]" is such that |lag|| < 1. Therefore, in Ky, x::

-1 7
l:i<1_@> :iz<@>
f o aq ar g\

and the series converges in ’]I‘L,g[cf_l]/\ C Lz 5, for some element dekp [ts]. O

Note that Ly, . contains the fraction field of Ty, and is not complete, unless ¥ = (). The
fields Ly, . and Kz 5, both have residual field kr,(ty;) and K 5 is the completion of Ly
for the Gauss norm.
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2.2. Analytic functions with values in non-archimedean Banach algebras. In this
subsection we suppose that L is an algebraically closed valued field with multiplicative
valuation | - |, complete for this valuation. We choose (B, |- |p) a Banach L-algebra which
is countably cartesian in the sense of Definition 2.3

Let X/L be a rigid analytic variety which is the datum of (X,T,Ox) with X a set, a
G-topology T and a structure sheaf Ox of L-algebras. In all the following, we denote by
Ox/p the presheaf of B-algebras defined, for # = (U;); an affinoid covering of X, by

Ox/(Ui) = Ox(U;) @ B = Ox(U;) @ er(L),
the completion being taken for the spectral (sub-multiplicative) norm on U; (see [16, §3.2]),
and where = indicates an isometric isomorphism of Banach L-vector spaces.

An analytic function (also called holomorphic function) from X to B is by definition an
element of Ox,p(X). Equivalently, an analytic function f : X — B is a function such
that for every rational subset Y C X, the restriction f|y is the uniform limit over Y of a
sequence of elements of Ox(Y) ®, B. As an alternative notation, we write

f e Holg(X — B).

Let B = (b; : i € Z) be a countable orthonormal basis of B. In other words, for all i € I we
have |b;|p = 1, and moreover, for all g € B there is a unique convergent series expansion

9=> gibi, g €L,
1€T
with |g;| — 0 as i — oo and |g|p = max; |g;|. Then, every element f € Holp(X — B) can
be expanded, in a unique way, as
f=Y_ fibi

il
where f; — 0 for the spectral norm associated to any rational subset Y of X. For example,
we can take B = Ky, or B = Tx[d " with d € ki [ty;] \ {0}. Let C be a sub-L-algebra of
B (not necessarily complete). We write

HOIB(X — C)

for the C-algebra of holomorphic (or analytic) functions from X to B such that the image
is contained in C, and we omit the subscript if B = C. For instance, we can take C' =
Ly C Ky = B. We denote by

Ox/B/c
the presheaf of C-algebras determined by Ox/p,c(Y) = Holp(Y — C) for Y rational
subset of X. Since C' is an L-algebra, for every U affinoid subdomain, Ox/p/c(U) is a

A-module and we can define, for M a finitely generated A-module, the pre-sheaf Mp/c
on X by

Mpc(U) =M @4 Ox/p/c(U).
Tate’s acyclicity theorem [23, Theorem 4.2.2] is easily seen to extend to this framework
and we have the next result which we do not prove in full (because anyway it will not be
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exploited in the paper) but which is useful to understand the nature of the class of analytic
functions we use:

Lemma 2.7. The presheaf Mp,c is a sheaf of C-algebras.

We omit the details of the proof because the proof of Tate’s acyclicity theorem given
in the above reference can be easily adapted to our framework, thanks to the hypothesis
that B is countably cartesian. We will be content to focus on few aspects, in the case of
M trivial. If X = Spm(A) with A an affinoid L-algebra, U an affinoid subdomain of X
and (Uj);jes an admissible covering of U (with J a finite set), saying that Ox is a sheaf of
L-algebras amounts to saying that there is an exact sequence of L-algebras

0 0x(U) % [JoxWy) & [ oxw;nui)
Jje€J J,ked
where a is defined by the restrictions on the U;’s and B((f;)jes) = (fjlv,nv, —felv;nvy ) jker-
Taking ()@ 1B determines an exact sequence of B-algebras because, denoting by « and
the resulting maps, with | - |y the spectral norm over U, sup; ]a(f)]Uj = max; ]a(f)]Uj =
|flu (@ is an isometry) so that if (f;)jes is an element of []; Ox(U;)®.B such that
B((fj);) = 0 then, writing f; = > ",; f;i)bi with f]@ — 0 as i — oo (expansion in the or-
thonormal basis (b;)ics of B), for all i € I there exists f() € Ox (U) with a(f®)) = (f;i))jej
for all 4, and f@ — 0 for |- |y and therefore, f = >, f)b; defines an element of
Ox (U)®B such that a(f) = (f;);. Now, the maps a and 3 define C-algebra maps be-
tween Ox/p/c(U), Hj Ox/B/c(Uj) ete. and the map resulting from « is injective, while the

element f € Ox,p(U) constructed above clearly belongs to Ox,p,c(U) if f; € Ox/p/c(Uj)
for all j.

2.2.1. Structure of Ox/p/c with X a curve. We consider B a Banach L-algebra which
is countably cartesian and we suppose that A is a partially ordered countable set, with
partial order < such that there is a family (B))xca of Banach sub-L-algebras of B with
the following two properties:
(1) If A\ < )\ then B) C By,
(2) For all A, \" € A such that A\ < )\ there exists an orthonormal basis (b;);c; of B
(depending on ) and subsets J C J' C I with (b;);c; an orthonormal basis of B)
and (b;);es an orthonormal basis of B).

We set C = UyB,. This is a sub-L-algebra of B. We have the next Lemma.
Lemma 2.8. Let X be a rigid analytic curve over L. The following identity holds:

Holp(X — C) = | ] Holp, (X — By).
AEA

Proof. We first show the lemma when X = Spm(.A) where A is an integral affinoid L-
algebra. In this case, if f : X — L is holomorphic with infinitely many zeroes, then it



THE ANALYTIC THEORY OF VECTORIAL DRINFELD MODULAR FORMS 21

is identically zero. Now, let f be a global section of Ox/p/c. For all z € X there exists
A € A such that f(x) € By. Therefore, there exists a map

X 2,

defined by associating to every x € X a choice of A € A such that f(x) € B,.

Since the underlying set of X is uncountable (because L is uncountable, due to the fact
that it is complete) while the target set is countable, there exists an infinite subset Xg C X
and A € A, such that ®(z) = A for all z € Xy. Then f(Xy) C B). We expand f in an
orthonormal basis (b;);cr of B such that for some J C I, (bj);jes is an orthonormal basis

of B)\Z
F=YFbi+ Y fibi
jedJ eI\J
(with f; — 0 as j — 00). Since for all i € I\ J, fi(xz) =0 for all x € Xy, f; € Ox(X) has
infinitely zeroes and therefore vanishes identically and we deduce that f € Ox,p, (X).
Now, suppose that X is an affinoid subdomain of the curve Y = Spm(.A). Let f be
in Holp(Y" — C). Then we can find A\,\" € A such that A < X" and f € Oy/p (Y),

f|X S OY/BA (X) Writing

JreaJg jeJ
we note that for all j € J'\ J, fj:(xz) = 0 for all z € X which is infinite, and f;» vanishes
identically. This means that f € Oy/p, (Y). The lemma follows easily working on an
admissible covering of a rigid analytic curve by affinoids. O

2.2.2. Entire functions. We look at B-valued analytic functions on polydisks, where (B, | -
|B) is a Banach L-algebra which is countably cartesian. If X is the polydisk

Dr(0,7)" ={z = (z1,...,2n) € L";|z| <1}

with r € |L| and with the usual structure sheaf of converging series, then Holp(X — B)
equals the ring of series ) .. fia* where i = (i,...,i,) with i; > 0 for all j, where

2t =gl .. gin and where f; € B are such that |f;|prtt " — 0 as i — co. We deduce
that the B-algebra Holg(A}*" — B), with A7"*" the analytic n-dimensional affine space
over L, is equal to the B-algebra of the functions L™ — B defined by the formal series
Yo fizk € Bl[z1, ..., 2y)] such that | f;|prit T Tin — 0 for all r € |B|p. It is also easy to
see that a function f : L™ — B belongs to Holpg (AZ’“” — B) if, on every bounded subset
U of L, f can be obtained as a uniform limit of polynomial functions f; € B[z1,...,z,],
fi + U — B. These functions are called B-entire (or simply entire if the reference to
B is understood). The following property is easily checked. Let (f;)i>0 be a sequence
of B-entire functions. If for every such r, the sequence (f;)i>o converges uniformly over
Dr,(0,7)", then the limit function L™ — B is a B-entire function.

The next result is a simple generalization of the analogue of Liouville’s theorem which
can be found in Schikhof’s |70, Theorems 42.2 and 42.6]. See also [62, Proposition §].
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Proposition 2.9 (B-analogue of Liouville’s Theorem). Assuming that the Banach L-
algebra B is countably cartesian, any bounded B-entire function is constant.

Although the principles of the proof are completely elementary, we prefer to give all the
details. Let n be a positive integer and f : D (0,1)” — B a B-analytic function, so that,
with = (z1,...,2,) € D(0,1)",

£)22f1£17 fier

vvheregz:z:i1 coegln if i = (iy,...,in) and |f;|p — 0 as i — co. We set
|flBswp == sup [f(z)[B.
zeD.(0,1)"

We also set || f||p = sup{|fi|p : i € N"} = max{|fi|p:i € N"}.
Lemma 2.10. We have |f|psup = || fllB-

Proof. There is no loss of generality to suppose that || ||z = 1. Indeed, |B|g = |L| because
B is countably cartesian. It is easy to see that |f|psup < || f||p and we only need to prove
the opposite inequality. We proceed by induction on n > 0. Let us write z = (z1,2/)
(concatenation). We note that

‘f‘B,sup > sup ( sup ‘f(xlazl)’B) = sup ‘f(xla )‘B sup — Sup ”f(xly )HB

z1€D(0,1) \ 2’€Dp(0,1)n—1 z1
by the induction hypothesis. Let B’ be the L-algebra
Holp (D (0,1)" ! — B)

with the norm |- |ggup = || - [|B. It is easy to see that B’ is a Banach L-algebra which is
countably cartesian. Then, we can identify f with a B’-analytic function f DL(O 1) —» B,
where f = Yiso fixh, fi € B', fi = 0. We see that sup,, ||f(z1,-)|s = | fll5, the latter
norm equals ||f||g. Hence |f|B7Sup = ||fllz- It remains to prove the case n = 1 of the
Lemma. For this, we follow [70, Lemma 42.1].

Let us therefore consider an element f € Holp(Dy(0,1) — B) with f(z) = Y., fiz',
fi = 0. Of course | f|psup < ||f||5 and we can again suppose that || f||g = 1. If |fo|p = 1
then 1 = [f(0)|s <|f|Bsup < ||fllB =1 and we are done. Otherwise, let N be the smallest
integer j such that |fj|p = 1. We have N > 0. Let € > 0 be such that e < 1 — max{|fi| :
0 < i< N}. Since |L*| is dense in R+ there exists z € L* such that 1 —e < |2V < 1. We
claim that |f(z)|g = |zV| > 1 —e. To see this note that max{|f;|p:0<i< N} <1—eso
that |fo +--- + fv_12V"!p < 1 —e. On the other hand the sequence (|z¢|);>y is strictly
decreasing so that | Y.« v fiz'|p = |fnvz™|p = |2V]. Hence

A} -IZ e,

i>N

1—e

F@)]s = max{(fo o fyaa

The claim follows by letting € tend to 0 and the proof of the lemma is complete. O
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Remark 2.11. If B is an algebraically closed field, Lemma 2.10] is contained in the argu-
ments of [16, §5.1.4].

Proof of Proposition[2.9. Let f be B-entire (in n variables). If r € |L*| we can choose
a = (ag,...,an) € (LX) so that |ai| = -+ = |a,| = r and apply Lemma 2101 to the
B-entire function f(ajx1,- -, anx,). We deduce that

sup | f(z)|p = max|fi|prF
2€DL,(0,r)" L
Assume now that |f|p is bounded, say, by M > 0. Then max; |f;|prtt Tin < M for all
r € |L*|. This means that |f;|p = 0 for all ¢ # 0 and f is a constant map A" — B that
can be identified with its constant term fo. O

2.3. Drinfeld modules and exponential functions. We denote by F, the finite field
with ¢ = p® elements and characteristic p. Let 6 be an indeterminate. We write A for F,[6],
the IF, algebra of polynomials in . We denote by K its fraction field and by Ko = Fy((3))
the local field which is its completion at the infinity place or, which is the same, the
completion for | - | the multiplicative valuation of K normalised by |#] = ¢. Finally, we
denote by C., the completion of an algebraic closure K% of K. We recall that the residual
field k¢, of Cu is g, an algebraic closure of Fy, that we can view as a subfield of Cu.
From now on we set L = Cy, and we consider Tz sz, = Ty, Lz x = Ly, Kz v = Ky, etc.

The automorphism ¢ — ¢? of C extends in a unique way to an F[ty|-linear automor-
phism 7 of Cy[ts;] and therefore, to each of the three C-algebras Ty, C Ly C Ky, defined
in §2.7] being continuous and open on the first and the third. Recall that || - || denotes the
unique extension of the Gauss norm to Ky. Recall that by Lemma[2.0] (Ky, ||-||) is a Banach
Coo-algebra which is countably cartesian. For all f € Ky, we have that [|[7(f)] = || f]|Z.
The sub-ring TE ! of the elements f € Ty such that 7(f) = f is the polynomial ring F,[ty],
and we have the identities of fixed subfields

(2.2) F,(ty) = LT = KE

We also consider the non-commutative Ky-algebras Ky [7] and Ky[[7]] (the multiplication
is defined by the commutation rule 7f = 7(f)7 for f € Ky).

2.3.1. The exponential of a Drinfeld module. For the background on Drinfeld modules,
lattices and exponential functions we refer to [38] and [61), §3]. Let ¢ be a Drinfeld A-module
of rank r defined over Co, let expy be its exponential function and Ay = Ker(exp,) C Coo
be its lattice period, a free, rank r module over A which is discrete for the metric of Cy,

induced by | -|. We recall that exp, is an F-linear entire function C, — Cs that can be
computed by means of the following everywhere convergent Weierstrass product
’ Z
(2.3) expy(2) = Z [ (1 — X) , ZeCqx
)\EA¢

(the dash ’ indicates that the product runs over A, \ {0}). This product expansion also
shows that locally at 0, exp, induces an isometric Fy-linear isomorphism. Indeed, if py :=
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minyen,\{o} [Al, expy induces an Fy-linear automorphism of

D2_(0.5) = {2 € Cou' |21 < s}
such that for all z € Dg_ (0, pg), |exp,(2)| = |2|. In fact it can be proved that exp, induces

an isomorphism of C..-rigid analytic spaces Aé’i" [Ny = A(lc’i". With ¢(Cy) the A-module
induced by ¢, there is an exact sequence of A-modules

0—>A¢—>(Cooﬂ>¢((coo)—>0

(exp¢ is uniquely determined by the condition of being an entire A-module morphism with
first dernivative exp;5 =1). We fix a finite subset ¥ C N* and a Drinfeld module ¢ defined
over Co. There is a unique structure of A ®p, F,(ty)-module ¢(Kyx) over Ky which is
defined by extending the operators ¢, (of multiplication by a € A in the A-module ¢(Cy,))
F,(ts,)-linearly to Ky, along the extension of the map (x +— 29) : Coc — Cx to the map
7 : Ky — Ky. Since Ky, is complete we have a Fy(ty)-linear map exp, : Ky — Ky which
induces a morphism of A ®p, F,(tyx,)-modules

exp
Ky —2 ¢(Kx)

such that Ay ®r, Fy(ts) C Ker(exp,). It is obvious that exp, induces an isometric Fy(ty)-
linear automorphism of Dy _(0,p¢) = {f € Ky : [|f|| < py}. Moreover, we have:

Proposition 2.12. Let ¢ be a Drinfeld A-module with exponential expy. The map expy
induces an ezact sequence of A ®p, Fy(ty)-modules:

(2.4) 0 — Ay ®p, Fy(ts) = Kg —2 ¢(Ks) — 0.

To prove this we need a small intermediate result. Using Lemma we can choose
an Fg®-basis B = (b;)icr of Fg(ty) determining an orthonormal basis of the Banach Ce-

algebra Ky;. For any i, there exists d > 0 such that 79(b;) = b;. Let J C I be a finite

subset. Considering the orbit under the action of the group Gal(Fq(b; : j € J)/F,(tx))

we see that there exists J finite, with J C J C I with the following property. There is a
matrix My € GL;(Fg¢) such that, writing b; for the column matrix (b;);cs,

T(QJ) = MJbJa
and moreover, there is a decomposition
(2.5) F¢(ts) = Vectrge (by) ® Vectrae ((bi)icrs)

which splits the action of 7.

Lemma 2.13. For any JcJclIas above, the exponential map exp, induces a surjective

Fy-linear endomorphism of @;cjCoobj with kernel Ay ®F, F,(ts)! 1<

Proof. Since J is fixed in the proof, let us write more simply b = b; and M = M. Also,
if X is any matrix with entries in Ky, we set X = 7(X) (coefficient-wise application of
7%). Note that since b = Mb, we have b = M1 M WAL for all i > 0. By Lang’s
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theorem [47, Corollary p. 557] there exists U € GL;(Fg¢) such that 7(U) = MU. Hence,
U@ = M= AWMU for all i > 0. We deduce

b =y@Dy-1p, i>0 and (U )M =U"1b.

Hence U~'b € F(ts)! by @2).

Let us compute, for a € (CL{,‘XI (column vector), (*a - b)), i > 0. We immediately see:

(ta-b)® = (*a - U)DU~b. Transposing we get:
(o) ="'V (U-0),
hence, if f ='a-b € ®jecjCoobj,
expy(f) = expy(‘a-b) =0 - "(U 1) expy(‘U - a) € BjesCooby.

Since the map expg : (CL{,‘XI — (CL‘é'Xl is surjective, exp, : BjesCoob; = ®jesCoob; is
surjective. Now consider an element f =‘a-b € @;c;Coob; such that expy(f) = 0. By the
above computation, this is equivalent to exp¢(tU -a) =0, so that

tipr—1 [J]x1
ae (U)-Ay".
But ‘a-b € A;XlJ‘U_l-Q and we have seen that U~1-b € Fq(gz)U‘Xl. The lemma follows. [

Proof of Proposition [2.12. We first show that exp, is surjective. Let us consider g € Ks.
There exists J C I finite with b = (b;)jes = b, with (b)) = M -b as in the proof of Lemma
2.13] and additionally, we can decompose

g=49go+aq

with || go|| < py and g1 € @jesCo0bj. By Lemma 23] there exists fi € ®;e;Coob; such
that exp,(f1) = g1 and since expy induces an isometry over Dg_ (0, pg), there also exists
fo € Dg (0, py) such that exp,(fo) = go. Setting f = fo + f1 we deduce expy(f) = g.

It remains to compute the kernel of exp, over Ky. Let f € Ky be such that exp¢( f) =
0. Again, we can write f = fo + fi with ||fo| < pg and fi € @jesCsb;. We write
fo = f) @ f& where fJ belongs to the Banach C.-sub-vector space of Ky generated by
(bi)ier\s and fd € ®jesCoobj. By the hypothesis on J we see that exp¢(f8) = zig\J cibi
while exp,(fg + f1) € ®jesCoobj. Hence, again by the fact that exp, induces an isometry
over DHO{E(O, pe), we can suppose that fo = 0. We can conclude by using Lemma 213 O

Let 6 be an element of Fy(ty)*. From the proof of Proposition [2.12] one deduces that
the exponential function exp, of a Drinfeld A-module ¢ also induces an F,[ty][0]-linear
surjective endomorphism of Tg[d]" C Ky, and we deduce the next result (compare with

[31):

Corollary 2.14. For any § € Fy(ty) the map exp, induces an exact sequence of Alty][0]-
modules:

(26) 0 Ay @, Fylts][0] = Tsd] —2 ¢(Ts[o]) — 0.
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Hence, we also have an exact sequence of Fy(ts;)[0]-modules:

(2.7) 0 — Ay @, Fylts) = Ly —2 ¢(Lg) — 0.
The proof of the next Lemma is easy and left to the reader.

Lemma 2.15. Let ¢ be a Drinfeld module over Co, and exp, be its exponential function.
Let f: Ky — Ky be a Kg-entire function. Then the composition expy of is a Kyg-entire
function. Additionally, if f(Ly) is contained in Ly, then the image of expy of is contained
in Ly. Finally, if f(2) = Az with A € Ky, then expgof is a Fy(ty)[0]-module morphism
Ky — ¢(Ky).

2.4. Some relevant functions associated with the Carlitz module. The functions
mentioned in the title of the present subsection, and that will be described here, are required
as basic tools to describe the analogues of Fourier series for our modular forms. One of the
simplest examples of Drinfeld A-modules is the Carlitz module C. For the background on
the Carlitz module, together with its exponential, read [38, Chapter 3] and [61, §4]. The
Carlitz module C(Ky) over Ky, is the F,(ty;)-algebra morphism
A®s, Fyts) < Endg, )i, (Kz)

defined by C'(0) = Cy = 0 + 7, the multiplication by 6 (we prefer to adopt from now on the
notation C, for the multiplication by a € A in ¢(Ky)). More generally, C' can be viewed
as a functor from the category of Fy(ty;)[0][7]-modules to the category of F(ty,)[f]-modules
(with appropriate morphisms) so that we can define C'(Ly), C(A), ... as well. To describe
the associated Carlitz exponential, we introduce the analogue of the sequence of numbers

¢™! in the following way:
dp, = H a,
a

where the product runs over the monic polynomials a of A of degree n. It can be proved
(see [38, Proposition 3.1.6]) that

(2.8) d,, = (eq” - 9) (eq" - eq’“), n>0.
Then, d,, € K* for all n and the map exps : Ky — Ky, defined by
expe(z) = Y di'7i(z)
i>0
is the exponential function associated to the Carlitz module, which is a continuous, open

[Fy(ty;)-linear endomorphism Ky; — Ky to which we can apply Proposition and Corol-
lary 214l In particular, the kernel of expy (over Ly, or Ky;) is equal to 7lF(¢y,)[6] where

oo -1
(2.9) 7=0(-0)71 [] (1 _gl-a ) ,

i=1
which belongs to Koo((—H)qfll) \ Ko (we make a choice of a (¢ — 1)-th root of —f, and

we note that (—60)71 = exp(70~1)). From this product expansion one immediately sees
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that |7| = ](—9)711] = ]9\(1%1 It can be proved that 7 is transcendental over K; there are
several ways that lead to this result, using the above product expansion. See [54] [61] for
an overview.

Occasionally, we use the notation exp. for the Carlitz exponential operator which is
formal series Y, <o d, 7" € K[[7]] C Kx[[7]], the unique one such that the first term for
n =0is 1 = 7° (normalized), satisfying, for the product rule of Kx[[7]], Cy exps = expc 6.

The inverse of the Carlitz exponential exp. for the composition is the Carlitz logarithm
defined by the locally convergent series

loge(2) = ) 177 (2),
i>0
where [,, is equal to (—1)" times the monic least common multiple of all polynomials of A
of degree n. It can be proved (see again [38, Proposition 3.1.6]) that

(2.10) I, = (9 - 9q> . (9 - eq”).

More precisely, logs induces an isometric Fy(ty;)-linear automorphism

log~

Dy (0, [7]) —= DF(0, [7),

where F' = Ly, or F' = Ly, and similar properties occur with F' = Tx,[§] with 6 € F,(ty,) etc.
We also identify, sometimes, log with the Carlitz logarithm operator » -, 1, Lrne K[[]).

2.4.1. Omega matrices. We need certain matrix-valued maps. Let
A % Fylts)™"
be an injective F-algebra morphism. We set
V= x(0) € Fy(ts)"*".

Let d € Fyts]\ {0} be such that d € F,[ts]"*". Then, the image of x lies in Fy[tys][5]™*".
We set

wX = Zexpc <%> ﬁl = €XPo <7Af(9]n - 19)_1> € Tz/[d\_l]nxn C L%XH,
>0

where the map exp. is applied coefficientwise on the entries of the matrix 7(01, — )~ €
K$*". We have, for all a € A, with C, € K[r]"*" the multiplication by a over C'(Kx)™*":
(2.11)

Ca(wy) = expgo (%a(@]n - 19)_1> = eXpco (%(a[n —x(a))(0I, — 19)_1) + x(a)wy = x(a)wy,
because al, —x(a) = (01, —9)H with H € A[9]"*", so that 7(al,—x(a)) € Ker(exps)"*".

Lemma 2.16. We have wy € GLn(Tg[é]/\) and wy, is solution of the linear T-difference
system

7(X) = (v —0I,)X.
Moreover, every solution X in K%Xl of this difference system is of the form X = w,m,
with m € F(ts;)"*L.
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Proof. observe that
Wy, = expe (%(efn - 19)—1> = expg (%9—1(1n - 799—1)—1> = expg (7011, + R

where R € K" is such that ||R|| < |0]77 = [#0~!] = |expo(76~1)|. This proves
that wy, € GL,(Tx[4]"). The fact that w, is a matrix solution of the system indicated
above follows directly from (211 with a = 6. Finally, if X is a column solution of the
system above, we have that w 1X has entries in the constant subfield of Ky, which is
Fy(ty,) = Fq4(ty), and this proves the last assertion. O

We denote by Ez}[é]/\ the Cyo-algebra generated by all the series

> fd7i fi €Es,

i>0
with the property that || f;||r* — 0 for all 7 € |C|. We have the next:

Corollary 2.17. We have the identity

1
up to the choice of an appropriate root (—)a=1. Moreover, w ' € GL,(Ts[2]MN(Ex 3]0,

Note that the factors of the infinite product commute each other.

Proof of Corollary [2.17 First of all note that

F = (—9)(1%1 H <In — 199_(12-)—1 c (']I'E[d—l]/\)an

i>0
is a matrix X solution of the difference system 7(X) = (9 — 01,,) X, in GL,,(Kyx). Lemma
applies and there exists a matrix V € GL,(F,(ty)) such that FF = Vw,. Now we
proceed to prove that V = I,,. We recall that (—9)711 = expc(%) for a unique choice of
(—H)Q%l. We have seen, in the proof of Lemma 216} that w, = expq(7671)I, + R where
R e K" is such that |R|| < \9[(1%1 We also have F' = expq (70—, + R', R’ € Ky, such
that ||R/|| < qqfll. Hence V = I,. Additionally, note that (61, — )~ € (Tx[4]")"*"
so that, by Corollary 2.14] w, has entries in Tz[é]/\. Also, F in this case is an element of
GL,(Tx[3]"). Writing ¢ = d~'v with v € Fy[ty]™ ", we see that F' = > >0 c;vtd~" with

c; € Co such that |c;|r? — 0 for all 7 € |Cy|. But then ¢;vf € Coo[ts]™*™ with ||e;vf||r? — 0
and therefore, the entries of wy’ ! belong to Ex;[3]". O
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2.4.2. A class of entire functions. We recall that we have set ¥ = x(0) € Fy(t5)"*" and
that d € Fy[ty] \ {0} is such that d¥ € F,[ty]. For z € Co, we set (@)

(2.12) X(z) 1= expe <7~Tz(01n — 19)_1>w;1,

where wy, € GL,(Tx[]") has been introduced in §ZZ4.1l By Lemma 2ZI5] this is an entire
function in HOITE[%}A(COO — Ty[4]M)"*". We now use the material developed in this

section to show the following (compare with [62, Lemmas 15, 17]).

Proposition 2.18. The function X satisfies the following properties.
(1) It has image in (Ex[2]")"™",
(2) it satisfies X(a) = x(a) for all a € A,
(3) it satisfies the T-difference system 7(X) = X 4 expo(Tz)wy .
Proof. (1) Since
expe (%z(GIn - 19)_1) = Zd;l(%z)qiwqi[n -9l 2eCy

i>0

and Hdi_l(eqifn —9)7Y| = 6|14 for all i > 0, the image of the map ¥ is contained in
(Ex;[5]")™*™ (we recall from Corollary 217 that wy ! has entries in Ex[2]"). (2) Observe
that if @ € A,

X(a) = expc <%a(9[n - ﬁ)_l)w;1
Ca(“x)‘*’;1
= x(a).

(3) We set F = exp¢ (72(61, —9)~'). Then,
7(F) = —6F +expe (Trz(@[n — 0 +9)(01, — 0)—1)

= —0F +expo (Tr(z(HIn - 19)_1)19) + expa(m2) 1,
= F-(U—01I,)+ expo(m2)1,,.

From now on, we will denote both maps, 4 > Fy(ts)™*™ and Cs X, K&*", with x to
simplify our notations.

6Note that the factors commute.
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2.4.3. An example with n = 1. We consider, to illustrate an example, the above picture in
the case when x = x;, where x; is the unique F,-algebra map

A XL Ft]

defined by 6 — t (therefore, n = 1). In this case w, is the function of Anderson and Thakur
w. It is likely that this function appeared for the first time in the literature in the paper
of Anderson and Thakur [I, Proof of Lemma 2.5.4 p. 177]. We have:

T
t) = ).
o(t) = exve (725
Corollary 217 implies that

(2.13) w(t) = (—9)51]'[(1— t.>_1 €T,

q’L
i>0 0

for a fixed choice of the (¢ — 1)-th root, and its inverse is an entire function in E. The
element w can be also viewed as a function of the variable t € C.,, because the infinite
product converges for all

t€Co\ {07k >0}

and defines a meromorphic function over the above set, with simple poles at qu, k> 0.
The element w is a (6 — t)-torsion point in the Carlitz A[t]-module C(T). In particular, w
is a generator of the free sub-F,[t]-module of rank one of T, kernel of the evaluation of the
operator

Copy=7+0—teK[H[r],

so that w is a solution of the linear homogeneous 7-difference equation of order 1 (see also
[52] Proposition 3.3.6]):

(2.14) T(w)(t) = (t — O)w(t).

All these properties easily follow from Corollary 2171
For the function y; : Coo — T we note that explicitly,

Xt(Z = T, z € (COO

We deduce that x; defines an entire function Co, — E which satisfies x¢(a) = a(t) for all
a € A, and the 7-difference equation

expg(7z)

2.15 = —

(2.15) () = xle) + 2

To mention an additional property of the entire function y:, it can be proved that the

function z > XtT() € E is non-constant, entire, without zeroes.
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3. FIELD OF UNIFORMIZERS

The crucial feature of the modular forms we study in the present text is that their
entries can be identified with certain formal series generalizing the Fourier series of classical
Drinfeld modular forms f : Q8 — C, for I'. These formal series can be seen as elements
of the field of uniformizers & (Definition B.26)) which provides a natural environment to
do computations and to prove our results. Roughly speaking, if f : Q — Kg *is a
modular form of weight w for a representation of the first kind p, then the entries of f can
be viewed as elements of an algebraically closed field of generalized formal series in the
sense of Kedlaya [45], containing the valued field Ky ((u)) with u the uniformiser defined
in (LI). We need to be a bit more precise however, as in practice, these series span a
much smaller field and in the sequel, we need to gain a certain control on their coefficients.
The main results in this section are Propositions B.8] and where the reader can find
an explicit description of the elements of & as formal Laurent series with coefficients which
are tame series, certain entire functions defined in §3.21 Similar constructions have also
been considered in [60]. We begin with §3.1] where we introduce some algebraic settings.

3.1. Some algebras and fields. In this subsection, we consider an integral commutative
A-algebra B with the structure induced by a morphism

A5 B.

Additionally, we suppose that B is endowed with an F,-algebra endomorphism 7 which
acts as the map ¢+ ¢? over ((A) so that (B, 7) is a difference ring. We set

© =(0).

In the paper, we are going to use this ring B mainly in the case of ¢ injective. In this case,
we identify © with 6 but in the first general discussions, we prefer to keep © and 6 distinct.
We consider, further, the polynomial B-algebra

R = B[X;;i € Z]
in infinitely many variables X;, and the ideal P generated by the polynomials
qu +0X;, — X;,_1, i1€LZ.
Then, with X the collection (X; :i € Z) and j =), = Z[%]zo expanded in base ¢
(so that only finitely many terms occur), we set
(X)) =[[x7 er/P.
€L
The quotient B-algebra R/P can be identified with the ring B(X) whose elements F' are

formal finite sums in the indeterminates X;, i € Z:

(3.1) F= 3 FEX’= > F[[xF Fes

jGZ[%}zo jEZ[%}zo keZ
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where we have expanded the indices j = >, ., jxq~" in base g (the coefficients j; are almost
all zero and belong to {0,...,¢ — 1}). Note that a product over B(X) is well defined in
virtue of the rules X! = X;_; — ©X;. We have thus identified, after a mild abuse of
notation, B(X) with a complete system of representatives of R modulo P and we have
defined over it, a product which makes it isomorphic to the quotient R/P.

Examples. If B = A and ¢ is the identity, since the multiplication by 6 of the Carlitz A-
module is given by Cy = 6 + 7, we have X;_; = Cyp(X;) in C(B(X)). If B =Cy and ¢ is
the inclusion A C Cw, the substitution X; — ec(z;), where ec is defined by
ec(z) = expg(7z),
yields a Cy,-algebra homomorphism
Coo(X) = Map (K — Co) .
We come back to the general settings of this §3.1l We define a map
B(X) = Z[p~ <o U {oo}

in the following way. We define v(0) := oo and we set v(B \ {0}) = {0}. Further,
for a monomial (X)? = [],., X7 (so only finitely many factors satisfy j; > 0), we set

: i€z i _
v({X)?) = —j. Note that distinct monomials (X)7 correspond to distinct values in Z[%]go
so that v is injective over {(X)7 : j € Z[%]zo}- If F' is non-zero as in (B.1), then we set

o(F) = inf{o((X)7) : Fj # 0};
the infimum is a minimum.
Lemma 3.1. The map v is an additive valuation.
Proof. With j, k € Z[%]zo and by the definition of the ideal P, (X)/(X)* = (X)I*F + F

where F' € B(X) satisfies v(F) > v({(X)7*F), so that if F,G € B(X), v(FG) = v(F) +
v(G). O

Remark 3.2. Note that in general,
<K>Z<£>] 75 <K>Z+]7 Za] S Z[p_l]zo-

The equality holds if there is no base-q carry over in the sum i+ j. For example, the reader
can verify the formula:
1

n—1 1 1
32) ()G e — x)t—e S ) VE TR T v > 1
=0

Since B(X) is a valued ring by Lemma[3.1] it is integral and we deduce that P is a prime
ideal. The residual ring of B(X) is B. Further, defining

T(XZ) = Xg = Xz'—l — @XZ (mod 7))

induces an endomorphism of B(X) and the subring B(X)™=! of the elements F such that
7(F) = F is equal to B™=!. Note that even in the case of (B,7) inversive, 7 does not
extend to an automorphism of B(X).
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3.1.1. The algebra B{X)). We analyze another difference B-algebra containing B(X) (it
is not complete, but it is inversive, that is, 7 induces an automorphism).

Definition 3.3. We define B({(X)) to be the B-module of formal series as in (3.1]), without
the condition of finiteness of the sums, and such that the following conditions hold:

(1) There exists L > 0 (depending on F') such that if Fj # 0, then ¢,(j) < L, with
l4(j) denoting the sum of digits of j in base ¢ (which means that the length Of the
base—q expansions of the exponents j involved is bounded).

(2) If F; # 0, then j > M with a constant M depending on F' (which means that only
the variables X; with ¢ in a subset of Z which has a lower bound in Z occur).

It is clear that there is an inclusion of B-modules B(X) C B{(X)). The first condition also
means that the number of factors of the monomials occurring in F' € B{(X)) is bounded. If

F € B{(X)) is non-zero, we call depth of F' the smallest integer L satisfying the condition
(1) above. We denote it by A(F).

We have that F' € B(X) \ {0} has depth 0 if and only if F' € B.

3.1.2. Product in B{X)). Let FF € B(X) \ {0} be as in ([B.I). We denote by u(F) the
largest m € 7Z such that the variable X, occurs in at least one non-zero monomial of
F (remember that the elements of B(X) are polynomials so that p(F') is well defined).
Similarly, we denote by v(F') the smallest n € Z such that the variable X, occurs in at
least one non-zero monomial of F. Clearly, the function p dominates the function v over
B(X) (in the natural ordering of Z) and v is also defined on B({(X)). The proof of the next
result is elementary and left to the reader.

Lemma 3.4. For two monomials (X)" and (X)7 in B(X) the following properties hold:

(1) A(X)"(X)7) < M(X)') + A(X)"),
(2) p((X)"(X)7) = max{p((X)"), n((X)7)}, , ,
(5) v((X)(X)7) € {min{r((X)"), v((X)7)}, min{r ((X)"), v((X)7)} - 1}.

We are ready to show the next result:

Proposition 3.5. The B-module B{(X)) is endowed with the structure of a difference B-
algebra with endomorphism T, extending that of the difference algebra (B(X),7). This
difference algebra (B{(X)),T) carries a unique extension of the valuation v for which the
residual ring is B, and for oll F € B{X)), v(7(F)) = qu(F). Furthermore, if (B,T) is
inversive, then (B(X)),T) is inversive and if F € B{(X)) there exists G € B{X)) such that
7(G)—G=F.

Proof. Let F be an element of B{(X)) \ {0}. By the condition (1) of Definition B.3] there
exists h € N* and j1,...,J, € Z[p]zo such that

h
(3.3) F=)F

n=1
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where F,, € B(X)) \ {0} is of the form

Fy=Y FiaX)" 9, F, € B
i>0
Consider two elements r,s € Z[%]Zo and i,j € Z. By Lemma B4, A((X)P "(X)?'5) is
uniformly bounded in the dependence of i, j. This means that the product of two series as
in (33) defines an element of B({(X)) and therefore, B{(X)) carries a structure of B-algebra,
extending the structure of B(X). Also the fact that the valuation v extends to a valuation
B({(X)), with same image, is easily verified. -
Assuming now that (B, 7) is inversive, we observe that Yj := 3, . Ckn i+1 € B{X))
for all j € Z, with @é the g-th root of # in B (which is inversive by hypothesis, and
1
therefore contains {z? : z € 1(A)}), satisfies qu = X;. Indeed,

vio= > erixi,

(2]
= > O7(X; - OXit1)
(2]
= Xj.
Therefore, inductively, if we set:
i1—ig—1 | dig—ig | ir—j
(34) }/}77,, = Z @ q + q2 + q” Xi1+1,
11> >8>

then Y]q; = Xj for all > 0 and j € Z. Now consider F' = )"
with A(F') < L. Let j be such that Fj # 0 and write
W) =T vis-
keZ

Note that this is a well defined element of B((X)), due to the fact that A(Yj,) = 1 for all
r,j. It is therefore easy to see that the formal series

o= 5 TENY,Y

JE€Z[3]>0

Fi(X) € B{X),

jez[%]zo

defines an element of B{(X)) and 77 (g,) = f. The last assertion of the proposition follows
easily from the fact that if ' € B{(X)), then

G=> 77UF)
i>0

defines an element of B{(X)) satisfying 7(G) — G = F. O
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3.1.3. Depth homogeneity. We denote by B{(X))s the B-submodule of B{{X)) whose ele-
ments are the formal series F' as in (B.I]) such that if F; # 0, then (X)7 has depth equal to
s, i.e. £4(j) = s. It is easy to see that

(3.5) B(X)) = D B(X),

s>0
as a B-module. If F' € B{(X)), we can expand in finite sum and in a unique way
(3.6) F=>) Fl

s>0

where FI¥l € B({(X))s. Moreover, we have the next Lemma, not used in the present text,
the proof of which is left to the reader.

Lemma 3.6. For any s > 0, 7 induces an endomorphism of the B-module B{(X))s.

Remark 3.7. The B-algebra B((X >> is not graded by the depths. Instead, we have that
B<< r C @B s+s —j(g—1)>
7>0
where we set B{(X))s = {0} if s < 0.

3.1.4. The case of B a field. We suppose here that B = L is a field together with an
embedding A — L. We write

LX) = {F e L{X)) : v(F) 2 1} U L.

Only the variables X7, Xo,... occur in the series defining L°({(X)). This is an L-vector
space and we have

v(L(X)) = Z[p~')n] - 1,0].
In particular, L°{(X)) is not a ring. We set
X = X(].
One sees that for any f € L{(X)) there exist n and fy,..., f, € L°{X)) such that f =
fo+ fiX + -+ frnX", and this expression is unique. We can write, loosely:
L{X)) = L*(X)[X].

We now consider Frami )., the completion for the valuation v of the fraction field
of L{(X).

Proposition 3.8. Every element f of Fra@&)}) can be expanded in a unique way as

a sum

v
F=YHXT fi € LX),
i>io
Remark 3.9. Note that in the above expansion the depths of the coefficients f; may be
unbounded in their dependence on i.
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We can write L°(X))((X 1)) for the set of the formal series f =", f;X ™" as above,
with f; € L°(X)) for all i, with the warning that this is not a field for the usual Cauchy
product rule of formal series, since, as pointed out previously, L°{(X)) is not a ring but
just an L-vector space. The proposition tells us that this set in fact carries a structure

of complete field, and equals Frac/(l_}FK )., but the product rule is not the Cauchy’s one.
To prove the proposition we will need the next two Lemmas. The first one describes the
valued ring structure of L°{X)((X~1)).

Lemma 3.10. The set L°(X)((X™1)) has a structure of commutative ring with unit, over
which the valuation v extends in a unique way from L°{(X)), and which is complete for it.

Proof. Since L°((X)) is an L-vector space, in order to show that L°(X)((X 1)) is a ring,
all we need to do is to show that the product of L{{X)) extends to a product structure
on L°YXN((X~Y). Let f = D isio fiX"Pand g = > i g; X7 be two elements of
Lo{XN((X~1)). We note that hy, := > irjk fig; € L{X)) has valuation in | — 2, 0] U {oo}
and we can write hy = ax X + Sk, with ay, S € L°(X)). We define

h=fg= > X7Fm=Y aX'F+ Y BXF e LX) (XTY).

k>ko:=10+J0 k>ko k>ko

From this, we obtain the required ring structure. If f = 3 .5, LiX7H e LX) (X))
is such that f;, € L°(X) \ {0}, then we set v(f) := v(fi,) + i0 €Jig — 1,i0] and it is
plain that v defines a valuation over the ring L°{(X)((X~!)) and that every such series of
LX) ((X~1)) converges for this valuation.

Note that f =Y, fiX " € L°(X)((X~1)) is such that v(f) > N where N is charac-
terised by the following condition: the smallest ig such that f;, # 0 is such that i9 > N +1.
This is meaningful, indeed, if f;, € L°(X)) \ {0}, v(fiu X %) €Jig — 1,i0]. Thus, if (F})x
is a Cauchy sequence of L°(X)((X™1)), the sequence (Fy — Fy)x = (Zle(Fi_l —F))k
converges to an element of L°{{X)((X~')) which is then complete. O

We introduce the ring:

LX) = LX) | (X)) 5 € Zlp™ 50| = LEXNX;

7

i€ Z),

which contains L{(X)). Every element f of L*{(X)) has a well defined valuation v(f) in

Z[%]. To see this we note that for every g € L*{(X)), there exists j € Z[ ]>0 such that

(X)?g € L{(X)) and this provides the unique extension of the valuation map over L*{(X)).
Lemma 3.11. We have L*(X)) C L°(X)((X~1)).

Proof. It n > 0 we have X! € X~9"(1 + X "TA[[X~Y]]) (recall that C,(ec(2)) = ec(az)
for all a € A) and therefore, X~} e LX) ((Xx~1) for all n > 0. Now, we show that
Xt e LX) ((Xh)) for all 4 > 0. Since this is clear for i = 0, let us assume (induction)
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that Xy ',..., X;7h € L2(X)((X ™). We observe, in the fraction field of L{(X)):
1 X! x! xot

X; XT T Xia-6X; x| (1_ f?ffg)'

Since v(©X;/X;_1) > 0, the series ijo()(?ﬁ )7 converges in (L{X)[X;4])) (comple-

tion at v) to an element h such that h(1 — )(?fll) = 1. Now, we have L{X)[X; ]} C
LX) ((X™1)) by our induction hypothesis. Since L°{(X)((X 1)) is a ring, X% = Xlg_l .
Xi171 ~h € L°{X)((X~1)), and more generally, <)g>j € L°(X)((X~1)) for all j, and the

lemma follows remembering that L{(X)) = L°{(X))[X]. O
Proof of Proposition [3.8. We show that Frac(L{{X))) embeds in (L*{X)))) (completion).

To see this, we only need to show that if f € L{(X)) is not proportional by an element
of L* to (X)J for some j € Z[%]zo; then there exists g € (L*{(X)))s such that fg = 1.
Now, write f = a(X)/ — h for some j, where a € L* and where h € L{{X)) is such that
v(h) > —j. Then, the series Y.< (=7 %7)" converges in (L*{(X))) and we can set

a(X)7
1 o\ =
S (exy) =500

By Lemma BT (Frac(L{X)))» € L°¢X)((X~!)) which is complete. On the other hand,
any series )5, fi X" with the coefficients f; in L°{(X)) converges (for v) and the partial
sums are elements of L*{(X)[X '] c (Frac(L{X)))) from which we can conclude that
(Frac(L{X)))2 = L°YX)((X~!)) and also, we note that in this way, L°{(X)((X~1))
carries the structure of a complete, valued field. O

Note that the field L°{X)((X~!)) has valuation ring

Lo ro(x)x—
>0
and maximal ideal -
P Loy x—i.
i>0
The residual field is L.

3.1.5. The case of B inversive. We suppose here that, in addition to the hypotheses of
§3.1.41 B = L is an inversive field containing ¢(A) such that 7(x) = 29 for z € +(A). By
Proposition B3] L{(X)) is inversive. We give some complements on the structure of L{{X)).

We consider the following set of generalized formal series in the sense of Kedlaya, [45]:

L{{XPY=<f= Z fiX™": fi € L and there exists ¢ > 0 such that £,(i) < c ¢,

i€Z[p~1]>0
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where £,(-) denotes the sum of the digits in the base-p expansion of an integer. Equivalently,
L°{{ X }} can be described as the set of all the generalized formal series in the indeterminate
t = X! which are supported by the sets S, of [45, §3] with a =1, b= 0 and ¢ > 0.

Lemma 3.12. L°{X}} = L°(X)).
Proof. 1t follows easily from the proof of Proposition O

Corollary 3.13. If L is perfect the completion of the fraction field of L{X)) for the valu-
ation v is perfect and has no non-trivial Artin-Schreier extensions.

Proof. The only property that we need to show is that if f € L°(X)((X~1)) then there
exists g € L°{X)((X~!)) such that g — g = f. But this is immediate from Proposition
3.8l the direct sum decomposition of L-vector spaces:

LX) (X)) = (X)) [X] & P Lo(xX) X~
i>1
and Proposition O
Remark 3.14. The reader should compare Proposition 3.8 with [45, Lemma 7]. By
Theorem 6 ibid., if L is algebraically closed, the field
— 1
| Frac(Z{X)), (X))
n>1
contains an algebraic closure of L((X1)).

3.1.6. Some automorphisms. We keep assuming the hypotheses of §8. 1.5 It is easy to see
that there is a natural embedding

L((671) 5 Auty (L(XN (X))
To define this map we recall that © := (). We consider
=Y a7 € L((67) = L&, Koy,
Jj=jo
where the valuation | - | is extended trivially on L ® 1. Then, setting
(3.7) Pa(Xj) =Y Xy,
i>io
defines an automorphism of L°{(X)((X~!)) as expected, and the map is a > ©,. More
precisely, the reader can verify the next result:

Lemma 3.15. For all f € L°(X)((X™1)) and for all a as above we have v(pa(f)) =
qi°8e(@)y(f). Moreover, if f € L{X) then Mwa(f)) < A(f).

In particular, choosing

l .
(3.8) o= 090 =Y eTe
0—-01 >
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we can reconstruct the map f +— 77 1(f) of Proposition

3.2. Tame series. Unless otherwise specified, we shall fix, throughout this subsection,

a 7-difference sub-A-algebra B of Ky, for some ¥. We denote by B(X)’ the sub-B-
algebra of B((X)) formed by the series as in ([B.I), satisfying sup; ||Fj|| < oo ((-)? stands
for "bounded’). We leave to the reader the proof of the following:

Lemma 3.16. B{(X)’ is a difference sub-B-algebra of B{(X)) containing B(X).
We consider the map B(X) ER Hol(Cy, — Ky) defined by J(X;) = e;, where

ciimeo () = ewe ()

for all © € Z. It is easy to see that J is a B-algebra morphism and defines an algebra
map from B{X)? to the maps from C, to Ky; this follows from the fact that, for all
z € Co, lei(2)] = \%\ for all i sufficiently large (depending on z). We set ¢ = (e; : i € Z).
We denote by B{((e)® the image J(B{X)®) of J in the Ky-valued maps. We call it the
B-algebra of tame series. Explicitly, if we set

<§>] = J((KV) = Hegiv J = Z]Zq_z € Z[p_l]Z(b ]k € {07 - q — 1}7
i€Z i€Z
we can make the next:

Definition 3.17. A tame series with coefficients in B is a map C,, — Ky, which is defined
by an everywhere converging series f of the type

(3.9) f&= > file), fi€B,
JELPp~ >0
satisfying the following properties.
(1) There exists an integer L > 0 such that if f; # 0, then £,(j) < L.
(2) There exists M > 0 such that, for all j € Z[p~1]|>0, f; € B satisfies || f;|| < M.

(3) There exists N € N such that if j € Z[%]Zo is such that f; # 0, then j < V.

Proposition 3.18. The map J extends to a B-algebra morphism
B{X)® L Hol(Cop — Ky
and this is a morphism of T-difference rings.

Proof. Let us consider a series f such as in (3.9). Observe that for all j € Z[%]ZO, the
function z — (e)? is Ky-entire. It suffices to show that, for all R € |C|, the series defining
f converges uniformly over the disk D¢__ (0, R). One immediately sees that f(z) is a tame
series if and only if f(6712) is a tame series. Hence, we are reduced to prove the above
property in the case R = 1. Now, observe that the set {j € Z[p~!>¢: fj # 0 and j > 1} is

finite (because of the conditions (1) and (3) of Definition BI7). Hence, we can decompose

(3.10) F=Y_filer+ > file.

5>1 0<j<1
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The first sum is finite and therefore defines an entire function. Note now that if j =
Dk jkq_k < 1 then we can write

(e)) = eu (e i (o))
where i = (i1,...,4;) € (N*)!. Then, for |z| < 1, by the fact that exp, is locally an
isometry,
[(e)| = |es, (2)7F - - - e, (2)71| < |7|faD)|g|~Crint+id)
Hence
£ < M[m|F|g)~(rnt i) — 0

where L, M are as in (1) and (2) of Definition BI7] the limit being considered for the
Fréchet filter over the set of couples (i,7) with j = (j1,...,7;). This means that in the
above decomposition (B.I0]), the second series defines a Ky-entire function and the series
defining f converges to a Ky-entire function. O

3.2.1. Asymptotic behavior of tame series. For j € Z[%]zo we call {e)/ a monic tame mono-
mial. Its depth is the integer A({e)?) = £,(j) and its weight is j. To fix the ideas, the weight
of eg = ec(z) is one and the weight of 1 or of a non-zero constant is 0. Distinct tame
monomials have distinct weights. The condition of finite depth ensures that the supremum
of the weights of the monomials composing a non-zero tame series is a maximum. In the
following, we call the unique tame monomial of maximal weight in a non-zero tame series
f, the leading tame monomial. The weight w(f) of f is by definition equal to the weight of
the leading tame monomial. The weight —oo is assigned to the zero tame series. We now
discuss the question on whether, assigning to a non-zero tame series f the weight w(f), we
have defined a degree map

B{(e)” = Z[p~ )20 U {~o0},

that is, the opposite of a valuation. Of course, this is related to the uniqueness of the tame
expansion of a function such as in ([8.9]), entire after Proposition B.I8 we are going to focus
on these questions now.

Lemma 3.19. We consider a monic tame monomial f(z) = (e)? = e;, (2)7' -+ - e;,(2)7t with
i1 > > and j1,..., 51 €{0,...,9—1}. Let z € Cs be such that |z| ¢ 0|, If |z| > |0|",
we have |f(z)| = |lec(2)]?.

Proof. Let z € Cy, be such that [0]"~! < |z| < |0|", for n € Z. Let us suppose that n > 1.
From the Weierstrass product expansion of the function e4(z) = 7! exp(72):

(3.11) ealz)=z [] (1—2),
acA\{0}

we see that

ea@l =TTt =2 =10 TT |3 =TI la™

a#£0 0<|a|<|#| 0<|al<|O|™—1
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Therefore

~ n —
lec(z)] = [@lz" [ lal™

0<|a|<|0]"—1
e = FEZT T e
0<|a|<|@|m—1—%

One computes easily [Jocjqj<qn-1 o=l = IL with D,, and [,, defined in (2.8)) and (2.10]) and

|4 = |49|q 79" from which we deduce
o) !
ec\ g7 " l Dn
i A =1
lec(2)] DY 1,

To resume, if i is a non-negative integer and n >4 (note that || & 16|%), then

1

ei(2)| = ec ()] = lec (@)
This suffices to complete the proof of the Lemma. O

Proposition 3.20. Let us consider a non-zero tame series f as in (3.9) and let ()% be
its leading tame monomial. Then, for all z € Co such that |z| € |0|% and with |z| large

enough depending on f, | f(2)| = || fjolllec(2)]°.
Proof. Let z € Co be such that [0]"~1 < |z| < [8]", for n € Z. Let us suppose that
n < i. Then, |z| < |0]" and |z/6"| < 1. In this case the product expansion ([BI1)) yields
lec (01 | = |7Tez : , ,
We consider an arbitrary tame monomial (e)?, and z as above. Writing j = j1g~" +
<+ 717" with ¢ > -+ > 47 and j; € {0,...,q — 1}, we can set

J<n = Z jmq_im, Jo>n = Z jmq_im S Z[p_l]zo

m such that m such that
ngim n>im
so that
J=1J<n +J>n

without carrying over in the base-g sum. Then,
<§>j — <§>j§n <§>j>n‘

By Lemma[B.I9we have |{(€)’>"| = |ec(2)]’>". On the other hand, writing j<, = jrr1¢~*++
-+ 7197" (hence jop, = J1¢7"™ + -+ + Jrqg~ "), we see that

(%z)fq(jgn) - ‘%‘Eq(j) )
CIEC— ’
where 0, := ix+1Jk+1 + - - - + 41J;- Then, we see that
j i10]—0n =L
[(e)’| < lec(z)/[0]°"7z]".
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Let us choose w € Z[%], positive. Then, for |z|] > Ry with Ry € |Cy| large enough,
depending only on @ and L, we have that |7z < |ec(2)|?, so that

e < lec(z)P (6]~
Now, let us consider a non-zero tame series f that we can write in the following way

f="1e+ > file)

J#Jo
with fj, # 0. There exists w € Z[%]zo such that if j # jo is such that f; # 0, then
j < j4w< jo. Hence:
154l < Cilec(2)P*10] 7", |2| = Ro,

where C is an upper bound for the absolute values || f;||. Since §,, — oo, we have that

S filel | < Calec (=)™, 12 = Ro,
J#Jo

for w' € Z[%]Zo, 0 <w' < jo and Ry depending on f. Hence,

1£(2) = fiote)[| < Calec (=)'

and if |z| > R; depending on C3 and w’, we get

IF I =150l - Kyl = [ £ioll - lec(z)P
(Ca,C3 are constants depending on f). O

Remark 3.21. We define, for z € C, |z|g = inf{|z—{| : | € Koo} = min{|z—1|: | € K}
(see [61, §5]). The statement of Proposition holds under the weaker condition that
|z|g is large enough. We leave the details to the reader.

We have the following important consequence of Proposition [3.20]

Corollary 3.22. If f is an entire function which belongs to B{(e)®, then its tame series
expansion s unique.

Proof. Tt suffices to show that a tame series as in (3.9) cannot vanish identically, if not
trivially. But otherwise, such a series would then have a unique leading tame monomial,
which would contradict the property of Proposition B.20 O

Thanks to the above Corollary, .J is injective, B{(e)® has a structure of B-algebra, the
map w o J is the opposite of the valuation v and the depth A(f) of a tame series f defined
as the depth of g € B({(X))® such that J(g) = f becomes a well defined invariant of the
entire function it represents.

Remark 3.23. The opposite of the weight is an additive valuation on tame series that
we denote by v. While a tame series as in (3.9]) in general diverges for the v-valuation, it
converges for the inf-valuation associated to any disk Dc_ (0, R), R € |CX]|.
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3.2.2. The field of uniformizers. Several constructions of §3.J] can be reproduced in con-
nection with the B-algebra B((e))’, with very little changes. We set B°{(e))’ = J(B°{(X)®).
Explicitly, B°((e))® is the B-module of the series satisfying the items (1) to (3) of Defini-
tion B.I7 with the additional property that only the functions ey, es, ... occur, just as for
the indeterminates X7, Xo, ... in the definition of L°{(X)) at the beginning of §8.1.41 The
reader can easily check, writing

e = ey,

the next result:

Lemma 3.24. Every element f € B{(e)® can be expanded, in a unique way, as
f=Y_fie, fieBe)"
i=0

If B= L is a field, We set
Ry = Frac(L{(e)?),
(v-adic completion); we call this the field of uniformizers over L. The next proposition

provides a simple way to represent the elements of R7. Its proof closely follows that of
Proposition B.8] and we omit it.

Proposition 3.25 (u-expansions). Every element f of K can be expanded in a unique
way as a sum

f=Y fieT", fie L°(e)”.
>0
We also need to introduce the valuation ring 7 and the maximal ideal 9ty of &;. The
residual field is L. We have, as L-vector spaces:

My =P Lofehbe, OL=LoMmy.
>0
We write, for simplicity, R for fk,, etc.

Definition 3.26. The field of uniformizers is the complete v-valued field
A=J8s
s

We denote by O, M the valuation ring and the mazximal ideal of v.

3.2.3. Some continuous automorphisms of B{(e)® and B°{e)’((e™!)). We continue to as-
sume that B is a subalgebra of Ky, containing A. Some automorphisms of the type (8.7
give rise to automorphisms of B{(e))* and B°({(e)’((e™1)). We recall that in §2.3] we have
studied the extension of the Carlitz exponential exps to an [Fy(ty)-linear endomorphism
of Ky. In particular, we can view the functions e; : Coo = C (for i € Z) as Fy(ty)-
linear endomorphisms of Ky. Consider av = ), ;07" where o; € B, such that the set
{||a|| : ¢ € Z} is bounded. Additionally, suppose that «;, € B*. Then, it is easy to see
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that ¢, is well defined and induces a continuous automorphism of B{(e))*. Moreover, we
can set, for f = Zizz‘o fie=t e B°e)’((e™)):

eal(f) =D alfi)e(az)™.

1>10

By using Lemma [316, we see that the series defining ¢, (f) converges in B°{(e)*((e™1))
to an element of weight qdog@(a)w( f); this is the extension by continuity of the previous
automorphism of B{(e))’. Similarly, if B is complete and f € B{e)’ is such that f :
Co — Ky is entire, and if 8 € B, then we have that the entire function f(z 4+ ) defines
an element of B{(e)’ of same weight and same depth as f. Hence, we can define, for

f="is, fieT € BO(e)*((e7)),

va(f) = filz+ B)(e+e(B) ™

i>10

and again, this series converges in B°{(e))?((e™!)) to an element which has the same weight
as f. These properties can be combined to yield the next lemma, which will be needed
later.

Lemma 3.27. Let f be an element of K ({(e)?((e™!)) and a € F,(ts)((071)*, B8 €
Fo(ts)((071)). Then, h:= (pa o ¥p)(f) € Ke{e)® satisfies w(h) = q*#@w(f).

3.2.4. Some remarks. There are entire functions Co, — C,, which are not tame series.
One of them is the identity map z — z. Indeed, one sees easily that for all w € Q,

: ]
lim ————— € {0,00}.
S Tea e < 1o

therefore, (z — 2) & Coo((e))? as otherwise, we could assign a well defined weight in Z[%]
to it.

To define B{{e))®, we have used formal series with bounded coefficients in B (in Definition
B.I7). One of the reasons for this choice is that the isomorphism J of Proposition [B.18]
is likely not to extend to a larger sub-algebra of B((X)). We illustrate the problem for
B = C.

We set

G = ZeéXi+1 = (,Da(XO) € (cgo«X»’
1>0
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where « is as in (B.8). Then, we have the identities in Coo (X)) (we have used the following
computation to show that C (X)) is inversive for 7):
q

G = ZH%XH—I
>0

= Z Hinqul

>0

= Z 0 (Co(Xit1) — 0Xi41)

>0

= ) 60X —6X11)

i>0

Ly Y,
>0 >0

= Xp.

Note the exclamation mark over the next to the last equality. In parallel, let us set

g= Zeéei-‘rl-

i>0

This is not an element of Co((€))” because the sequence (\95 |)i is not bounded. We claim
that g defines an entire function. Indeed, for all R € |C| and all z € D(0, R), we have, for
any 4 large enough, |e;11(2)| = |7||2||8] "' so that |Héei+1(z)| < |%||9|3_Z_1R — 0 which
implies the uniform convergence of the series defining g over any disk D(0, R).

Now, g # e. One way to see this is by observing that e = 7z 4+ h9, with h an entire
function. If g9 = e, the identity map z +— z would be equal to the g-th power of an entire
function, which is impossible. To compute g¢ — e we cannot use the argument we applied

to show the identity G? = Xo; this argument breaks at the level of the equality = because
the series of functions Eizo 0'e;11 is divergent outside 0 although the series Eizo 0" X;11
defines an element of Co, (X)).
To compute g? we proceed in the following way. We set
T2 , o
6=rco(5=) = D e € Flf°(e)".

i>0

It is easy to see that limy ,9(0 —t)¢ = 7z. But
ec(z) = Co—t(¢) = (0 — t)¢ + 7(0)
so that e = ec(z) = T2 + limip 7(¢) = T2 + 3,50 0'e!,, =7z + g?. We thus obtain:
gl —e=Tz.

From this identity we deduce (1) that g ¢ Coo((e)? (because z is not tame) and (2) the
map J does not extend to a Cy-algebra map over Coo((€)®[G].
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Also, note that the condition of finite depth in Definition B.I7] is necessary. It is not
difficult to show that there is a uniformly convergent series expansion (in any bounded

subset of Cy)
Tz = Z ciegl,
i>0
with ¢p = 1 and ¢; € Ko such that ¢; — 0 so that the sequence (¢;);>¢ is bounded. The
reader can compute the coefficients ¢; inductively.

3.2.5. Ezamples of tame series. To conclude this section, we give examples of tame series
of the kind which will be used in the present paper. Following §2.4.2] we consider, in the
notations introduced there, a function

X € Holp (g 10 ((Coo ~ (Ex [d‘l]A)”X”)

analytically extending an F-algebra morphism A — F,(t5)"*" (see Proposition[2.18] where
X = X). We now use the properties of tame series that we know to show the following result.
Proposition 3.28. The function x is the um'qlue entire function f : Cog — KL such
that f(a) = x(a) for all a € A with || expo(7z) 4 f(2)|| = 0 as expa(7z) — 0.

Proof. We have already seen in Proposition [2.18 that the entire function x interpolates the
map X : A — Fy(ty))"*". We now prove the growth estimate. But note that

X(2) = expe <%(0[n — @)_1z>w;1 = w;:l Zei—i—l@_i € <T2[d_1]/\o<<§>>b>nxn-
i>0

We deduce that w(x) = w(e;) = %. Hence, by Proposition .20, we have that the function

I expc(%z)_%f(z)H is bounded as expo(7z) — 0.
It remains to show uniqueness. Consider f € Holg,, (Coo — K&*") such that f(a) = x(a)
for all @ € A. Then the function g = f — x is in Holg, (Coe — KLE*™) and vanishes on

9(2)
expo(7z)

A C Cy. Therefore — Iféz()%z) is entire and limey, ,(72)-0 = 0. By Proposition

29 ¢ vanishes identically.

4. QUASI-PERIODIC MATRIX FUNCTIONS

One of the basic observations in the theory of modular forms for the full modular group
SLo(Z) is that they are Z-periodic, so that they have a Fourier series development, also
called g-expansion. There is a very similar feature for (scalar) Drinfeld modular forms
for the full modular group I' = GLy(A) which are A-periodic, and indeed we have in this
case u-expansions, which is the appropriate structure to study their behaviour at the cusp
infinity as well as a large part of their theory.

A similar feature holds for the vector-valued modular forms which are studied in the
present work, associated to higher dimensional representations of I'. For a special class of
representations called representations of the first kind, introduced below (Definition [.0]) we
are able to expand entries of modular forms as certain formal sums in tame series as in §3.21
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However, the problem that we tackle is more involved than the special case of scalar Drinfeld
modular forms (case of powers of the determinant representations). Therefore crucial
becomes the notion of quasi-periodic function, equally introduced in this section (Definition
[4.1). In this section we study these functions, which can also be understood as a kind of
generalization of Goss polynomials. The terminology chosen comes from Gekeler’s paper
[26] (see §2). Gekeler uses what he calls quasi-periodic functions to construct an analogue of
the De Rham isomorphism associated to a Drinfeld module (between a ‘De Rham module’
of classes of biderivations and a ‘Betti module’). More precisely, he constructs (in his
§4) certain Poincaré series to show that the map is surjective (while injectivity follows
essentially from the fact the the logarithm series does not extend to an entire function).
These Poincaré series have inspired the construction of Perkins’ series and are similar to
the quasi-periodic functions we study in the present paper. It is possible to use them to
prove an appropriate version of the De Rham isomorphism for the Carlitz functor evaluated
on certain difference algebras, but this theme will not be pursued in the present paper.

What is important to us is another property: that quasi-periodic functions allow us to
make a bridge between modular forms and the tame series of §3.2] (see also the motivations
in §1.2]). The central result obtained here is Theorem [4.14] which asserts that every modular
form in the sense of Definition can be expanded as a formal series in the field of
uniformizers . We also give an application of these structures in Theorem [£.I5], where
we show that the spaces of our modular forms and cusp forms are endowed with Hecke
endomorphisms, generalizing [64, Proposition 5.12], which deals with the very special case
of N =2 and p = p; (with an ad hoc proof unfortunately very hard to generalize to our
more general settings).

4.1. Quasi-periodic functions. Let k be any field, and R a commutative k-algebra. We
denote by B(R) the Borel subgroup {(§ i)} € GL2(R) and by U(R) the unit upper-
triangular subgroup {(§ %)} C GL2(R). Let T be an indeterminate and E/k(T) be a field
extension. Suppose we are given

GLy(k) & GLy(E) & U(K[T))

two representations such that j[y ) = v|ys) and such that for all A € k> and a € k[T],

p(3 (g Hu(Ay" 9) =v(§ ).

=v
Then, there is a unique representation p : GLa(k[T]) — GLy(E) which restricts to u,v
respectively on GLy(k) and U (k[T)).

Indeed, see [50, [72], we have that

GLa(k[T]) = GLa(k) *p ) B(k[T]),

which means that GLo(k[T]) is the amalgamated product of GLa(k) and B(k[T]) along the
common subgroup B(k). By Bruhat’s decomposition GLa(k) = B(k)(9 §)U (k)L B(k) this
implies that every element v € GL2(k[T]) can be written in a unique way

v=A1B---AB
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for some I, where A; € B(k)(9{)U(k) and B; € B(k[T]). Therefore, the identities
BDED O =(Y)
are the gluing condition for u, v giving rise to a unique representation p of I'.
We now take k = F, and T = 6 and we recall that we write I' = GLg(A) with A = F,[0].

We also recall that 2 denotes the rigid analytic space whose underlying set is C, \ Koo as
defined, for instance, in [25] (see also [61, §5, 6]). We set, for a € A,

T.=(5%) S=0O73")
(in T'). The discussion above suggests us, in order to study a representation
(4.1) I' % GLy(B)

with (B, |-|p) a countably cartesian Banach C.-algebra, that we first analyse its restriction
to U(A). This brings us to the next definition.

Definition 4.1. (a) Let p be a representation as in (£I]). An analytic function
QL g

such that

(4.2) flz+a) =p(Ta)f(z) Vac€ A,

is called a p-quasi-periodic function. We say that f is tempered if there exists M € Z such

that

. FEu)M =0

where u is defined in (I.I]). We further say that f is regular if there exists a constant ¢ > 0
(depending on f) such that the set {|f(2)|p : |z|g > ¢} is bounded (remember that | - |5
has been introduced in Remark B.21]).
(b) Let

f:Q— BNV

be an analytic matrix function such that its columns are p-quasi-periodic in the sense of
the point (a) above, so that

f(z+a)=p(To)f(2) Vae A
We say that f is of type | € Z/(q — 1)Z if for all v € F, we have
Fwz) = v p(§ ) f(2)p(59) 7"
(c) We denote by QPj(p; B) the B-module of tempered p-quasi-periodic functions
Q — BN

of type I, and by QP;(p; B) the sub-module of quasi-periodic regular functions.
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If n=1and p =1 (with 1 the trivial map which sends every element of I to 1 € F),
then a quasi-periodic function is a holomorphic function f : Q — B such that f(z +a) =
f(z) for all a € A. Explicit examples are ec(z) = exps(7z) and

w=tE g

= ec(z)

Both functions are obviously tempered. The function ec(z) is of type —1 and the function
u(z) is of type 1. For further use, we record the next Proposition.

Proposition 4.2. Let f : Q — B be rigid analytic, such that f(z+a) = f(2) for all a € A.
Then, the following properties hold:

(a) There is a unique series exrpansion

(4.3) F=Y"fau)", fu€B,
neL
convergent if z € Q is such that |z|g > ¢ for some ¢ € |CZ].
(b) If | f(2)|B is bounded for |u(z)| < ¢ for some c € |CX|, then f, =0 for all n < 0.
(c) If f extends to an entire function over C, and there exists M € Z such that

(=) f(2)|p = 0
as |u(z)| = 0, then f € Blu(z)™1].

Sketch of proof. This result is basically well known but there is a lack of complete reference
in the literature. Let us give some details.

(a) The proof of [61, Proposition 6.1] can be adapted to our setting. We recall from ibid.
that for an integer n we define

Bo=Dg_ (0,161 \ |J De.(a1), Co=Dg_(0,]l])\ D¢, (0,1),
a€A(n)

which are filtered unions of affinoid subsets of Co, (A(n) denotes the Fy-vector space of all
the elements of A which are of degree < n in €). One can verify that, for all n,

Oc,/B(Cn {kau freBforallk, f p—0ask— oo, f,yfl1 Ik 0
kEZ

as k — oo, for alle>0}.

This follows from the explicit use of an orthonormal basis of O¢, (C,,) and yields an explicit
description of the sheaf O, /p. Similarly, the sub-sheaf of Op, g Whose global sections
g are such that g(z + a) = g(z) for all a € A(n) equals the pull back &,;0c, g where
En(z) = 1,E,(2), E, being the n-th Carlitz polynomial (see [61, §4.2]). This follows from
an application of Proposition 6.2 of ibid. After these observations, the proof of Proposition
6.1 can be slightly modified to yield the existence of the expansion (43]). Uniqueness follows
easily from the connectedness of Q.
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Before considering the point (b) of our proposition, we define, after (d3]):

F(u) := anu", F~(u) := anu”, FT(u) := anu”

ne”L n<0 n>0

We have that F converges for all u € D¢ (0,¢) := {z € Coo : 0 < |2| < ¢} where ¢ € |CX],
¢ < 1and f(z) = F(u(z)). The series F'~(u) converges for all 0 < |u| < cand ¢ < 1. In
other words, |fi|pc™® — 0, which implies that the sequence f_j tends to zero as k — oo.
In particular, F~(u) converges for every u # 0.

(b) Applying (a), lim,_o F(u) exists and |F(u)|g is bounded on D¢_(0,¢). We write
Jn =2 icr Jnibi with f; € Coo, where (b;);es is an orthonormal basis of B. We note that

| f il max{r{, 5} — 0 as i — oo,

for all r1,ry € |CX| such that r; < ry < ¢. Therefore we have unconditional convergence
with v in D¢ (0, ¢) for an appropriate choice of ¢ and we can write:

Py =Y (Z fn,z-bz-> =Y (Z fu> b

neZ \iel 1€l \n€zZ

We get that for all i € I, the limit for u — 0 of ) f,;u" exists. By [6, §3, Theorem
(Riemann I)], f,; =0for all i, n <0 and F — F* € B.

(c) Let f: Coo — B be entire, such that f(z + a) = f(z) for all @ € A. Then, by (a) of
this proposition,

f(z)=F(u) =) fruF, with fy € B, Vk €L
keZ

By the above remarks, setting f~(z) = F~(u(z)) if z ¢ A and 0 otherwise, f~ defines
a B-entire function. hence f*(z) = F*(u(z)) = f(z) — f~(z) is B-entire and at once,
bounded at infinity. By Proposition [2.9] it is constant, hence identically zero; We conclude
that f(z) = f~(2) = F~(u(2)). Now, assume that there exists M such that [u™ F~(2)|p is
bounded in B as u — 0 (i.e. as |z|g = |z| = o0). Then, by (b), we have that G := v F~
is such that G = G (in the above notations). This suffices to conclude. 0

Proposition E2implies that QP}(1; B) can be embedded in B[[u]][u~']¥*N and for all | €
Z/(q—1)Z and a representation p as in @1I)), QP}(p; B) is a module over QP}(1; B)N*N,
and a similar property holds for the regular quasi-periodic functions. Of course, we can
specify the target space; the meaning of QP}(p; Ly) etc. is therefore understood.

4.1.1. The series ¥,,(p). There are three types of quasi-periodic functions that are needed
in the present work. They are denoted by \I/(p), =, and ®,. Here we study the first type.
We consider a representation p : I' — GLy(B). We additionally suppose that:

(4.4) la=p(Ty)|g — 0, as |a] — oo with a € A.
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Lemma 4.3. Let [ be a positive integer. The function V,,(p) defined, for all z € Coo \ A,
by
Un(p)(2) = Y (2 —a) "p(T),

acA
determines a non-zero element of QP (p; B).

Proof. Tt is easy to show that ¥, (p) converges uniformly for z € C \ (UgeaD(a,r)) with
r € |CX], 0 < r < 1. This implies that ¥,,(p) defines a holomorphic function Q — BV*N,
and this function is non-zero because it has, in any disk Dc_ (0,7) with r € |CX|, a
meromorphic extension which has poles of order m at every a € D(0,r) N A. Moreover, we
have, for all z € C» \ A and b € A, writing ¥ for ¥,,(p):

Ue—b) = Y(z—a—b) (T

a€A

= D (z—a—b)""p(Tays)p(T-p)

acA
= U(2)p(T-p) = p(T-p)¥(2).
so that
(4.5) U(z+a)=V(2)p(Ts) = p(T,)¥(z), VYaec A

Since \ -1
_ 0 - 0 x
Ta_<0 1>TA1Q< 0 1), Vae A, Mel,,

T = S (hz—a)p(T)

a€A

= A" <3 (1)> U(z)p (A(;l (1)>

and the type is m. Now, as |z|g — 0o, we get U(z) — 0 so that ¥,,(p) € QP (p; B). O

for all A € F;:

Growth in annuli. What follows will be used in our study of Poincaré series §5.3] notably in
proving non-vanishing properties. This part may be skipped in a first reading. We suppose
that B C Ky. We study the series U,,(p) in the annuli Cy = {z € Co : 0 < |z| < 1} and
Cpn=1{2€Cy : 0" < |z| < |0]"}, for n > 0. The representation p being fixed, we now
write U, instead of ¥,,(p). We also write:

Us(z) = Inz™™ ifn=0,
= Z (z—a) "p(Ty,) ifn>0,
acA
la|<|O™
U2 (2) = Z (z—a) "p(T,) for all n.
acA

la|>10]™
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Note that ¥y, € Ky (2)V*V and that ¥, = U5 + U=, Also, if Dy denotes the higher
divided derivative of order k in the variable z applied coefficientwise, we have

(4.6) Wy = (=)™ Dyoa (1) = ()™ Dyt (UF) + (= 1) Dy (V7).
We begin by studying the case m = 1. We note that if a € A is such that |a| < |0|™ then

|2] <1 and
111 . ayi
c—a 21-2¢ ° <1+Z<;>>

Z >0

Hence, we get

(4.7) Ui(e) =27 (ZH—Z-(/J)Z_") |2 > |6]" 7,

i>0
where
H.(p)= > a'p(T.), i>0,
acA
|al <O
where we adopt the convention a” = 1 including when a = 0, so that Hy(p) = > lal<jopr P(Ta)-
Similarly, if |a| > [0]" then |2] <1 and

1 11 R e N
e (G ()
>0

j>1

and we derive the expansion

(4.8) UT(z) =—2"" Y Hj(p)2!, |z < 0],
j=>1
where
Hip)=— ¥ apT), jz1.
acA
la|>|0]™

We deduce that
Uy(z) =21 Z Hi(p)z', z€Cy.
1EZL

The case p = 1. We suppose that p = 1 so that N = 1. It is easy to show that, in this case,
writing Sq(i) = > pcat(g) @' € K, S<d(i) = Y g<peq Sk(i) € K and Ca(i) = 3 cqra™" €
Ko, weget Hi(1) =0ifg—114,and if g—1 | i then H;(1) = —S<,(—1) ifi <0, Ho(1) =1
if n =0and Hp(1) =0if n > 0, and H;(1) = Ca(i) — S<n(i) € K. If n = 0 we get
H;(1) =0 for all i < 0 and therefore we conclude with the well known identity:

(4.9) Uy(z) = %(1 + Z CA(j)zj)7 0<|z| <1.
§>0
q—1j
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If we choose n =1 and z € C; (i.e. 1 <|z| < |0]) we easily verify:

1 -1 .
< _ _ _ —1
\Ill(z)_zz—)\_zq—z__zz , 2| > L
AeF, 121q|'
q—1|7

Similarly, we compute

Vi) =21y (gA(i)—1)zi, 2] < 16].
i>1
q—1J¢

In other words, to construct the formal series which represents ¥, on C; it suffices to

compute
—— Z zj,

JEZ

q—1]j
where W is the formal series (#9) which represents ¥y on Cy (note that the last series
is nowhere converging). This example when n = 1 is useful in computations related to
Poincaré series, see §5.31 so we keep developing it a little bit further but the reader can
skip it at the first reading. '

Since (a(i) — 1 = 607" (mod Mi1) for all i > 0 where Mo, = $F,[[5]] is the maximal
ideal of K., we observe that the co-adic Newton polygon of ¥, over C; has three slopes.
If z € C1, we have |U5(z)| = |2/ and |05 (z)| = |2/772|0|'~%. We therefore have that
|U5(z)| = |W{(2)| if and only if |2| = \9]% and if 1 < 2] < ]9\% we have |¥;(2)| =
| (2)| = |z|~? while if |0|% < |2] < 1] we have |¥;(2)| = |¥Z(2)] = |2|972|6|" 2.

In view of our further investigations (related to Poincaré series), we need to generalize
the above computations to the study of ¥,, with m > 0. But using (4.6]) and the fact that
(=)™ 1D, 1 (V7) = ¥, and (—1)’”_1Dm_1(\1f12) = U2 we deduce that if z € Cy:

w2

—g—m—w —m|%
(4.10) (U5 ()] = [T R ()] = 16 (5

)

where —1 + ¢ + m + w; is the order of U5 (2) in 27! with w; > 0, and wy > 0 is the
order of ¥Z%(2) in z. Indeed, the reader can easily verify that HmDm_l(\Illz) =S a2k
where |ag| = |0|7F for all k. The computation of w; and wo and their dependence in m is
a combinatorial problem which goes beyond our scopes but fortunately, we do not need to
solve it. We see that the co-adic Newton polygon has three slopes in this case too. Note

w
that |V (2)] = |¥q(2)] if and only if |z|'"7"m~w1 = |g|=™ |2 * which is equivalent to
m+wo
|z| = |@|«1tw2tmia=1 Now,
—1
Mm@ Lt €)o, 1[.
witwr+m+qg—1 witwr+m—+qg—1

We deduce the next result.
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Lemma 4.4. There exists an element k1 €]1,]0|[N|CX| and two non-negative integers
wi,ws such that if 1 < |z| < k1, then U, (2) = |[2]1797™7%1 and if k1 < |z| < |0], then
Won(2) = 6] 51

This result is used in the proof of Proposition B.19 which deals with non-vanishing
properties of Poincaré series.

4.2. Representations of the first kind. We now introduce a class of representations of
I" for which we can construct explicitly entire non-zero quasi-periodic functions in several
ways. First of all, we introduce a useful technical definition.

Definition 4.5. We say that a representation p : I' — GLx(Fy(ty)) is of degree | €
Z/(q—1)Z if for all pu € FX, p(uls) = p~'Iy.

We recall that after (LH), J5(2)"p(7) is a factor of automorphy if and only if p is of
degree w. For example, det™™ is of degree 2m (the double of the type). The identity map
over I' is of degree —1. All the representations that we consider in this text have a well
defined degree.

Definition 4.6. Let x : A — F,(t5)"*" be an injective Fj-algebra morphism, let d €
Fq(ts)] \ {0} be such that dx(0) € Fy[ty,]"*". Then the map

px : I' = GLg, (Fq[iz][d_l]) C GL2, (Fy(ty))

defined, with y = (2%) € T, by

is a representation of degree —1, called the basic representation associated to x. Note also
that

det(py (7)) = det(x(ad — be)) = det(7)".

If p is a representation, we write

for its contragredient representation. If p is of degree [, p* is of degree —I. Let p : ' —
GLn (tyx) be a representation. We say that p is a representation of the first kind if p can be
obtained from basic representations by finitely many iterated applications of the following
elementary operations: (-)*, direct sums @, Kronecker products ®, symmetric powers S™,
exterior powers A, in such a way that p has a well defined degree. For further use, we
will call these operations admissible operations.
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Note that if p and v are two representations such that p has degree [ and v has degree
m, then:

p® 1 has degree [ (if [ =m)

pRY l+m,
S"(p) rl,
A'p rl,
p* _l7

where in the right, (-)*,®,®, S™ and A" denote respectively the contragredient, direct sum,
Kronecker product, r-th symmetric power and the r-th exterior power, of representations.

Remark 4.7. For basic representations pq, ..., pg, any representation of the first kind p :
I' = GLy(FF4(ty)) constructed combining them with the admissible operations @, ®, A", S”
extend to monoid homomorphisms A2*2 — F,(t5)V*N. The operation (-)* is excluded.
However, the comatrix representation Co(p) := det(p) ® p* also extends to a monoid
homomorphism.

4.2.1. The functions Z,. For any representation of the first kind p, we can canonically
associate a quasi-periodic function =,. This allows to show that, for L C Ky a field
extension of Cy, the Kx((u))V*N-module QP! (p;Kyx) is free of rank one. Additionally,
E, has entries in (Ex[2]")°((e))’. Let us first assume that p = p, is a basic representation.
We denote by x the function X of Proposition 218

By using Proposition [ZI8 and the identity x(z+a) = x(z)+x(a) for z € C» and a € A,
we see that the function

(4.11) Zp(2) = (Ig X}?) ,

belongs to QP (p; Ex[3]") (with dx () € F,ts]\{0}). In fact, we have more. Indeed, since
x(z+a) = x(2)+x(a) = x(z+a) = x(a)+x(2), we have Z,(2) = p(Ta)=,(2) = E,(2)p(Ta)
for all a € A.

If now p is a representation of the first kind, by definition it can be constructed from basic
representations p1, ..., pm by finitely many iterated applications of direct sums, Kronecker
products, exterior and symmetric powers, and the operation of taking the contragredient,
and following the same process, we can combine the functions Z,,,...,Z,, to construct a

—

quasi-periodic matrix function =, € QPE)(p; Ez[é]) for some d. More precisely, we set, for
p, Y two representations of the first kind:

(4.12) ooy = Zp @5y,
Sppp = Ep®Ey,
Ssrp) = S5,
Enp = NE,,

= (Bp)".
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We thus get:
(4.13) Ep(z+a) = p(Ta)Ep(2) = Ep(2)p(Ta), a €A
To simplify our notations we write, in the following,
¢ :=Ex[d '],
where Ex[d~!]" has been introduced before Corollary 2171

Proposition 4.8. If p is a representation of the first kind then we have: (1)
Zp € QPY(pEsld1]) N (Ks(e)’) VN,

(2) E, € GLy(Ks((e)®) and =5 = Iy and (3) ®mQP",(0;Ks) C &Y N s both a left and
a right K ((u))V*N -module, free of rank one.

Proof. The fact that =, is quasi-periodic is clear from (@.I3). Moreover, it is easy to
see that Z, is of type 0. It suffices to check this for basic representations. For this

note that, for v € F, and for any Fj-algebra morphism x : A — F,(ts), (Iél X(I’;Z)) =

(16‘ V%f)) = (" I(:L)(IO" Xj(j))(’féf" I?I)‘ But since p = p,, we have p(25) = (g: gﬁ:) for
all (¢%) € GLy(Fy), and therefore,

(4.14) =,(v2) = p <g 2) =,(2)p (g (1)>_1 .

Additionally, since the entries of the function x are tame series in virtue of Proposition
B.28] =, is tempered thanks to Proposition Now, note that det(Z,) = 1 due to the
fact that this equality holds true for p a basic representation. Hence E;l € (Kg(e))NxN
which confirms (1). For (2), note that =, € GLy(Kx(e)®) (with determinant one) and

=D = Iy for p a basic representation, just by construction. The general case follows easily.
Finally for (3), note that by (£I3)), for all a € A,

Ep(z + a)_l = Ep(z)_lp(Ta)_l = P(Ta)_lap(z)_l-

Let ® be an element of QP (p;Kys) for some m. Then U; := Ep_lfﬁ and U = Ep_l
are both A-periodic and tempered. By Proposition we see that Uj,Us belong to
Ks((u)N*N. Hence ® = ZE,U; = UsE, € ﬁgXN. A simple computation indicates that
U1, Us are both of type m. O

Along with (£I2]) we also define, with p, : I' = GL2, (F4(ts;)) a basic representation and

wy as in (Z4.1):
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(4.15) wn = ()
(4.16) Woy = Wp D wy,
Wogyy = Wy Wy,
wgrpy = S"(wp),
warp = N'wp,
wpr = (wp)"

This allows to associate, in a unique way, to every representation of the first kind p of
dimension N, an element w, € GLy(Ly). We have:

Lemma 4.9. If p is a representation of the first kind there exist ¥1,...,0, € Fy(ty) such
that w,Z,w, ! € (A[9y, ..., 0,] {e)P)yN*N

On In On In On In On  In
the property that, with ¥ = x(0), wyx(2) = exp¢o (%z(@]n -9 = > >0 Vel €

(Fqld]{(e)®)™ and @I2). O

Proof. This follows, with y basic, from (wx 0") <I” X(z)> <°">€1 0") = <I" wXX(Z)), and

4.2.2. The functions ®,. Another important class of matrix-valued functions is the follow-
ing one, that we are going to study now:

q)P = eA\Ill(p)7

where we recall that Uy(p) = >, c4(z — a)"'p(T,), depending on the choice of a represen-
tation of the first kind p.

Proposition 4.10. The following properties hold:

(a) The function ®, extends to an entire function Coo — ENXN,

(b) We have that ®, € QP{(p; €).
(c) There exist two matrices Uy, Us € (€lec(2)])V*N of type 0 with

Ui — Iy € ec(2)(€lec ()™, i=12
which are p-nilpotent, uniquely determined depending on p, such that
¢, =U2, =E,Us.

(d) We have @, € (€°(e)*)N*N and this is the unique element f of (€°{e)*)V*N such
that f(a) = p(T,) for all a € A.

Note that if p = 1 is the trivial representation, with N = 1, then we have =, = 1 and
®, = 1, because V1(p) =3, c 4 755



58 F. PELLARIN

Proof of Proposition [{.10, (a). In any disk D(0,r) with r € |CX |, the product e4(2)¥;(p)(z)
extends to a holomorphic matrix-valued function because of the Weierstrass factorization

ealz) =z (1—3).

ael_\lg{o} “
This immediately implies that ®, has entire entries, and the target space is easily deter-
mined.
(b). Since p is a representation of the first kind, Z, can be constructed applying finitely
many operations as in ([@I2) to finitely many functions Z,, associated to basic represen-
tations p;, which take the elements T, with a € A to unipotent matrices (in fact, upper
triangular with one on the diagonals). Therefore E;l defines an entire function C,, —
eNXN Hence, Uy (z) := ®,(2)Z,(2) ! has entries which are holomorphic 2 — V<V and
Ui(z 4+ a) = Ui(z) for all a € A, by ([4.5]). Moreover, since =, is tempered and ||¥(p)(2)||
tends to zero as |z|g = |z| — 0o, there exists L € Z such that u(2) U;(2) — 0 as |z|g — oo.
By (b) of Proposition @2, U; can be identified with an element of &[[u]][u"!]*" and we
easily check that ®, € QP (p; €).
(c). By (2) of Proposition @8 we see that =, € GLy(€(())?) therefore by the arguments of
the point (b), we additionally observe that U; = <I>p(z)E;1 € &[[u]][u"1]"*" extends to an
entire matrix function which, in virtue of (c) of Proposition 2] belongs to &[ec(2)]V*.
Note that for all a € A\ {0}, Ui(a) = ®,(a)Z,(a)™t = ®,(a)p(T-,). Now, ®,(a) =
lim,qea(2)¥1(p)(2) = lim,qea(2)(z — a) p(T,) = p(T,) because €y, = 1. Hence,
Ui(a) = In and the various properties claimed for U follow. Similar arguments hold for
Us.
(d). From (c) above, ®, € (€((e))*)V*N. We denote by w € Z[%]zo the supremum of the
weights of all the entries of ®,. Then ¥q(p) € u(€{(e)*)V*N and since we have the obvious
limit lim,) — |20 [[¥1(p)(2)]| = 0 we note that w < 1 so that &, € (€ (e)O)yN*N - An
element f € K$((e)? satisfies ||u(2)f(2)|| — 0 as |z|s = |2| = oo. By Proposition 2.9, for
any map g : A — Ky there exists at most one element f € ¢°((e))® such that f(a) = g(a)
for all @ € A. Consequently, if f is an element of (€°((e))*)V*V such that f(a) = p(T,) for
all a € A, then, ®, = f. O

We have the next corollary, where p is a representation of the first kind.

Corollary 4.11. The tame series expansion of ®, is provided by the unique representative
in the €-module (€°{e)*)N*N of the matriz Z, in the quotient of (€({(e)*)N*N by the
principal ideal generated by egly. Moreover, we have det(®,) =1, ®, — Iy is p-nilpotent
and .1 € (€ (eN)YN*N . If w, is the matriz introduced in (f.10), then w,®pw, ! €
(AP (eNP)V*N for an element ¥ € F,[ts].

Proof. The first property follows directly from Proposition EI0 (c), (d). To show the
second property we first note that the matrices p(T},), a € A, can be simultaneously (upper)
triangularised over an algebraic closure Fy(ty;)* of F,(ty;), and the diagonal entries are all
equal to one because T¢ = I for all a. Hence, 1 (p) is conjugated over F(tx)? to an upper
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triangular matrix having e4(z)~! as diagonal entries. This implies that ®, is conjugated
over Fy(ts)* to an upper triangular matrix having 1 in the diagonal. Hence, det(®,) =1,
(@, — In)? = 0 and &' € (€° (eNOYNXN " The last property follows easily from Lemma
4.9l O

Let x : A — Fy(t5))"*"™ be an Fy-algebra morphism and denote by p the basic represen-
tation py : I' = GLy(Fy(ty)) defined by p(2%) = (i((‘g ;ézg ), with N = 2n. For a matrix
fe ﬁg *N u(f) denotes the infimum of the v-valuations of the entries of f (where v is the
valuation defined after Proposition [3.25]).

Corollary 4.12. We have ®, =Z,, v(®,) = —% and v(®, — w;lel) > —%.

Proof. By definition, =, = (Ig ) and x(z) = ec(2(01, — ) Hwi ! (with 9 = x(0)) has
entries in K& ((e)? so we have already ®, = =, by Corollary EEITl Moreover, the tame
series expansion of ec(z(0I, —9)7') is ec(2(0I, — 9)~') = e1I,+terms of smaller weight,

which implies the remaining properties. ]

4.2.3. Application to column quasi-periodic functions. We consider, in this subsection, a
representation of the first kind T' 2 GLy(F,(ty)). Recall the notation £y = Rk, where,
for a subfield L of Ky, K has been defined after Proposition We recall that the
v-valuation ring is denoted by Oy, the maximal ideal is denoted by 9y, and the residual
field is denoted by F,(ty).

Proposition 4.13. If f : Q — ]KJEVXI 18 p-quasi-periodic and tempered, we can identify
it with an element of ﬁg“. If additionally f is reqular, then we can identify it with an
element of Dg“. In the latter case, we can expand in a unique way

(4.17) F=fo+> fal, fo €KY, fie Kyeh))M !, i>0,
>0

and the coefficients f; are Ky-linear combinations of the columns of ®,.

Proof. In the proof of part (c) of Proposition .10, we have seen that ®, can be identified
with an element of GLx(Ks{(e)?). Hence, the function SIf Q- K& *! has entries
which are all A-periodic and tempered. By part (b) of Proposition [£2] the entries are
thus elements of Kx((eg!)) = Kx((u)) and the entries of f = ®,0, 1 f are therefore in
K (e)®((eg ")) which is equal, by Proposition 825 to &s. This proves the first part of the
proposition.

Since ®, is a matrix function which is quasi-periodic we have f = ®,g where g €
Ky ((u))N*1. Corollary EEIT implies that ®, € GLy (K% ((e))?). Namely, det(®,) = 1 and
<I>;1 € (Ky(eh?)V*N. Observe that g = <I>;1f. Since the entries of <I>;1 are in K& ((e)?,
for |z|g > ¢; for some constant ¢; € |[CX|, we have |[|®,1f]| < calea(z)|" by Proposition
3201 where w € Z[%] N[0, 1], for some co > 0. This means that ||[u”g| < co as |z|g is
large. Let a > 0 be such that p®w € Z. Then |[uP"“gP”| is bounded at infinity and
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(0% @ L
uP"gP”" € Ks((u))V*1. Therefore, ug € Kx[[ur®]]V*! by Proposition 10 (b) and we
deduce that, necessarily, g € Kx[[u]]V*!. Hence, f = ®,g € ON*'. This yields (&I7)
because fy € Kg *1 if non-vanishing, has weight zero. Considering again

g=2,"f =0, fo+ > @, fiu' € Ks[fu]] V!
>0
The coefficients <I>p_1fi are in (K, ((g))b)NX1 and A-periodic, hence in Kg“. U

Taking into account Definition [[.2] we deduce parts (1), (2), (3) of Theorem A in the
introduction, where the hypothesis that p is of the first kind is essential:

Theorem 4.14. For all w € 7Z, there is a natural embedding
M, (p;Ks) 2 gN*1
such that
My (i Ks) = 15 (1 (M} (3 Ks)) 0 D)

and
SulpiKs) = 15" (1m(M (55 Ks)) N Y1),

Proof. Since a weak modular form is also a tempered quasi-periodic (column) function and
a modular form is a regular quasi-periodic function, the first part of the result follows
directly from Proposition I3l To prove the two other parts of the statement, namely the
characterisation of the image of M, (p;Ky) and Sy (p; Kyx), we combine Proposition
with Proposition B.20] which allows to derive, from the fact that f is bounded at infinity
(resp. has zero limit at infinity) that valuations of the entries of f are non-negative (resp.
positive). O

4.3. Hecke operators. We show here part (5) of Theorem A in the introduction. As an
immediate consequence of the above investigations, we will now define Hecke operators
acting on the spaces My, (p; Kyx), My (p;Ly), Sw(p; Ky) and Sy, (p;Ly), with w € Z, when
I 2 GLy(F,(ty)) is a representation of the first kind. Although not explicitly considered
in the general purposes of it, Miyake’s book [49] essentially contains everything we need
to set up the basis of the present discussion. Following [49] §2.7 and §4.5] we consider the
Hecke algebra R4(I', A) where A = ()N A%*2 N GLy(K) is the semigroup generated by
the elements of G = GLy(K') with entries in A and with the lower left coefficient equal to
zero. Explicitly, R4(I",A) is the free A-module generated by the double cosets I'0I" with
0 in A, endowed with the structure of A-algebra induced by ibid. (2.7.2), after reduction
modulo p of the integral coefficients. It is easy to see, using [49, Theorem 2.7.8], that
Ra(T,A) is commutative. For a € A, we set T'(a) = T'({9)I' € Ra(T, A). The proof of
ibid. Lemma 4.5.7 can be easily modified to show that, if P € A is irreducible, then

T(P)T(P") = T(P™) + ¢t ) (P, PYT(P™Y), n>1,

where T'(P, P) = I'( )T’ (compare with ibid. (4.5.15)). But K has characteristic p | ¢
so that T(P)T(P") = T(P"*!). Similarly, the proof of Lemma 4.5.8 in Miyake’s book
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implies that if a,b € A are relatively prime, then T'(a)T(b) = T(ab) in Ra(I',A). The
map A — T'(a) is therefore totally multiplicative. Also, given any right action of A on a
B-module M, R(I',A) acts on M'' = {m € M : m|y = m,Vy € I'}, as described in [49]
Lemma 2.7.2], where we denoted by m|v the action of v on m.

We consider p : I' = GLy(F,(ty;)) a representation of the first kind. Then, p can be
extended in a unique way to a faithful representation of G = GL2(K) in GLo(K) and there
exists d € Fy[ty] \ {0} such that p(A) C Fylts][d~!]. Let w be an integer and B a Coo-
algebra contained in Ky such that it contains Tx[d~1]". We set M p := Holg. (2 — BV*1).
Let f be in Mp. The Petersson slash operator fl, ,7 on f is defined, for any v € GLg(K),
by

(4.18) (Glup)(2) = Jo(2) " p(71) T G(1(2)).

It is easily seen that this gives rise to an action of A over My, (p; B), the B-module of the
modular-like functions of weight w for p of Definition For instance, the reader can
easily check that (flw,p7)|w,pd = flw,py0 for any v, € GLy(K). By the above discussion,
we have a well defined R4 (T, A)-module structure on M,,(p; B). If T'0T" is a double coset
in Ra(I', A) we can expand in a finite sum I'0I" = )", T'; with ¢; € A for all ¢ as depicted
in [49, Lemma 2.7.3] and the action is given by

(ST, £) = > flupbi-

We also denote by Ti,(f) the image of the action of T'(a) on f, with a € A. Then,
To(Ty(f)) = Tup(f) for all a,b € A. For example, since for P € A irreducible,

T(P):F<€ (1)>|_| b|a|1 r(é ;)
[bl<|P|

(see very similar computations in [49, Lemma 4.5.6]), we have, for f € M, (p; B):

(4.19) Tp<f><z>:p<§ (f>_1f<Pz>+P—w 3 p(é f;)_lf<%b>, cen.

[ol<|P|

Comparing with [25] (7.1)] we have here a different normalisation for these operators. In
the case of p = 1 so that N = 1, denoting by 7p the weight w operator of ibid., we have
Tp = P~%Tp.

The following result holds:

Theorem 4.15. Assuming that p is of the first kind, we have that for all a € A and
w € Z, T, defines a B-linear endomorphism of Ml!u(p; B) which induces endomorphisms of
M, (p; B) and Sy(p; B).

Proof. Thanks to the above observations it suffices to prove the result for a = P irreducible.
Lemma [3.27] implies that Tp operates, via the slash operator of weight w associated with
p, on ﬁg *1 and furthermore, it leaves Dg *1 and img *1 invariant. O
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This generalizes [64, Proposition 5.12] (which deals with the very special case of N = 2
and p = p;, with an ad hoc proof hard to generalize to our settings).

Ezample. Assume that p = p5, = tpgl for a finite subset X of N* and consider f =
Y(f1,.-., fN) € My(p; B). Then the first entry (Tp(f)); in (@EI9) is

(4.20) (Te(f)1 =os(P)A(P2)+P7" Y A <Z;b>.

[ol<|P|

The last entry is also interesting but slightly more involved. We have:

(4.21) (Tp(f))n = fn(P2) + P (@ (Xti(b),Xti(P))> - f <Z;b> :

[b|<|P|] \ i€X

Note that the whole column vectors f (%b) occur in the right-hand side.

5. STRUCTURE RESULTS FOR MODULAR FORMS

We consider, in this section, a representation
I & GLy(Fy(ts)).

We recall that M., (p; Ls), My (p;Ls), Sw(p; Ly) denote respectively, the Ly-vector spaces
of weak modular forms, modular forms, and cusp forms in Holg, (2 — ILJEV *1) of weight w
for p (in the sense of Definition [[2)), so that S, (p;Ly) C My(p;Ls) C M, (p;Ly). The
operator 7 induces F(ty;)-linear injective maps

Mw(p§ ]LZ) — qu(p§ LE);

and similarly for M} (p;LLs), Sw(p; Lx) etc. Of course, this depends on the choice of ¥. To
simplify, we will sometimes also write M, (p) for M, (p;Lyx) etc. when the reference to the
field Ly, is clear. The next sub-section also allows to justify this abuse of notation.

5.1. Changing the coefficient field. We have defined, for p : I' — GLy(F,(ty)) a
representation, the Ly-vector space of modular forms W, (p; Ly) and the Kg-vector space
of modular forms W, (p;Kyx) (with W a symbol such that W € {M' M, S}). Let ¥’ be
finite such that ¥ C ¥/ C N*. Then, we also have the spaces W,,(p; Lsy) and W, (p; Ksv).
The next result allows to compare these spaces for ¥ D ¥. It is important in that it
confirms that there are bases of these spaces which depend on the representation only. The
notation W, stands for MQ!U, M., Sy, respectively.

Proposition 5.1. Assuming that p is of the first kind we have that
W (03 Ksr) = Wa(p; Ks) Rk, Ky

where @KZ means that every element f of Wy, (p;Kys/) can be expanded as a series f =
> aifi where a; € Kyy, fi € Wy (p; Ky) for all i, and a;f; — 0 for the supremum norm of
every affinoid subdomain of Q0. Moreover, If dimy, (M, (p;Ly)) < oo, then

My(p;Lyy) = My(p;Ly) @y, Lyr,  Sw(p;Lsy) = Sw(p;Ly) @y, Ly
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Proof. Let (b;)ier be a basis of Fg(ts) over Fi¢(ty). By Lemmal235l (b;)ies is an orthonor-
mal basis. In other words, every element x € Ky can be expanded, in a unique way, as
a series k = y . K;b; with k; € Ky, such that x; — 0. Let us choose a basis (¢j);jes of
Fa¢(ty) over Fg¢ so that (bic;);; is an orthonormal basis of Ky over C. Now consider
f € Wy(p; Kyr). We can expand

f(z) = Zfi,j(Z)biCj

where f; ; € Holc (2 = Cu) for all 4,7, with the property that f; ; — 0 with respect to
the supremum norm relative to any choice of an affinoid subdomain of €2. Observe that

FO() = )" ) | o) D fig(2)es | bis
| i

)

because f is modular-like. Since p(7) >, fij(2)c; € Ky and (b;); is an orthonormal basis
of Ky over Ky, we deduce that for all ¢ € I, setting f; = zj fij(2)eg,

fi(v(2)) = Jy(2)" p(7) fi(2),

and one sees that f; € W, (p; Ky) from which the first part of the Proposition follows.

The proof of the second part of the proposition is similar but we restrict to W, = My, Sy .
First notice that by Lemma[2.8 which can be applied to B = Lyy (it satisfies the conditions
at the beginning of §2.2.7)), if f € Wy, (p;Ly) then there exists d’ € Fyts] \ {0} such that
f € Wu(p; Tsy[3]"). We can even choose d,d’ with d € Fy[tsy] \ {0} such that d | d’ and
such that the image of p is contained in GLy (Fg[t5][3]). The proof of the first part of the
proposition can be modified to obtain that f can be expanded as a series f = ), ay, fi, where
ap € Ts/[5]" and f; € Wy(p; Tx[3]), and a;f; — 0 for the supremum norm associated to
any affinoid subset of €. If now dimp, M, (p;Ly), we deduce the result. We have excluded
W, = M/, because in general, dimyp,j, M, (p;Ly) = cc. O

5.2. Finiteness results. In this subsection we suppose that the representation p : I' —
GLN(Fq(ty)) is of the first kind. We also recall that Ry, is the completion of the fraction
field of Ky ((e))® for the valuation v, and that Oy, My are respectively the valuation ring
and the maximal ideal of v. We have the following results which correspond to part (1) of
Theorem B in the introduction:

Theorem 5.2 (Finiteness Theorem). The Ly-vector space My, (p;Lyx) has finite dimension
rp(w) and we have rp(w) < (L4 [ 45 ])N if ¢ > 2 and rp(w) < 2(1+ [ A5 ])N ifg=2.

In particular, if w < 0, then r,(w) = 0 and M, (p;Lx) = {0} but this property will be
actually proved separately to obtain the general result. The proof of this theorem makes
use of an important feature of our Drinfeld modular forms when they take values in Ly;
the possibility of evaluating the variables ¢; (i € ) at roots of unity. This will the subject
of the next subsection. In §5.2.2] we prove Theorem [5.2] by using that the spaces of modular
forms of negative weight are trivial. This is a consequence of the fact that classical negative
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weight (scalar) Drinfeld modular forms for congruence subgroups of I' are zero. The upper
bound for the dimensions in Theorem can be slightly refined, but our methods do not
allow an explicit computation.

5.2.1. Ewvaluating at roots of unity. The representation of the first kind p is constructed
starting from a finite set of basic representations p; associated with injective I -algebra
morphisms y; : A = Fy(ty) (0 = 1,...,7r). If dq,...,d, € Flty] \ {0} are such that
the entries of d;x;(#) are in Fg[ty] then the image of p is in GLN(Fq[Esz—ll, ce é]) C
GLn (Fy[ts][2]) for some d € Fy[ty] \ {0}. We thus get, after Proposition €10} that

_ —— NXN
Z,,®, € Hol(Co — Ex[d™!] ).
Let ¥ = U UV be a finite subset of N* written as a disjoint union of subsets U, V', with
U non-empty. The set

Vu(d) = {¢ € (Fg)7 = d(¢) = 0}
is contained in a proper hypersurface of (F4¢)V and therefore, (F3°)V\ Vi (d) is Zariski-dense
in (F2)V. Let ¢ = (¢ : i € U) be an element of (F2°)V \ Vy(d).
The evaluation map

eve : Teld 1] — Tyfeve(d)!]
is the Ty -algebra morphism uniquely determined by the assignment ¢; — (; for ¢ € U. If
there is no possibility of confusion, we write f(¢) in place of ev¢(f). We extend this map

to matrices with entries in Tx[d~']". It is easy to see that if X is an analytic space over
Coo and f € Hol(X — Tx[d™']"), then eve(f) € Hol(X — Ty[d(¢)~']"). Moreover:

Lemma 5.3. Let X be a rigid analytic space over Co. If f € Hol(X — Tg[é]/\) and if

for all ¢ € (FZC)U \Vu(d), eve(f) € Hol(X — Tv[ﬁ]/\) is constant, then f is constant.

Proof. It is enough to prove the result for X = Spm(A) affinoid. By Lemma 2.4] we can
choose an orthonormal basis (a;);c; of the Banach C..-algebra A. We can even assume,
without loss of generality, that a;, is the constant function equal to one for an index
ig € I. Then, for all i # ig, a; is non-constant over X. We can expand every element f of
Hol(X — Tx[4]") as f = 3, fia; with f; € Tx[3]", where the series converges for the
supremum norm of X. Hence,

eve(f) = Z eve(fi)ai,

el
and ev¢(f;) = 0 for all i # 4g. Since this happens for all ¢ € (Fa)V \ Vy(d) which is
Zariski-dense, we obtain f; = 0 for all ¢ # iy and f is constant over X. O

Let n be a non-zero ideal of A. We denote by I'(n) the associated principal congruence
subgroup of I':

P ={yeT:y=(}) (modn)}
We recall that p: I' — GLx (F[ts][d7!]) is a representation of the first kind.
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Lemma 5.4. Let ( = (¢; : 4 € X) be an element of (IF“(‘]”C)E \Vs(d). There exists a non-zero
ideal n of A such that for all v € T'(n), ev¢ (p(7)> =In.

Proof. There exist basic representations py,, ..., py,, associated to F -algebra morphisms
Xi 1 A = Fy(ts)™*™ (i = 1,...,7) such that p can be constructed applying admissible
operations finitely many times (as in Definition EL6). We fix ( € (F)* \ Vs(d) where
d € Flty] \ {0} is such that dx;(0) € F,lts]" ™. We denote by n the ideal generated
by Pilx=g¢,...,Pr|x=0 € A\ {0}, where P, € F,[X] is the minimal polynomial of n; =
Xi(0)|t,=¢ (for all i), which are well defined. Then, if a € n, we have ev¢(xy(a)) = 0
for all i so that ev¢(p(y)) = In for all ¥ € T'(n) due to the fact that the admissible
operations (which construct all the representations of the first kind) stabilise the set of
identity matrices. 0

We now introduce a slightly more general notion of vector-valued modular form for a
congruence subgroup of I'. Let G be a congruence subgroup of I'. The quotient space
G\Q carries a natural structure of analytic curve Yg with compactification X obtained
by adding finitely many points to Y called cusps. We can consider neighbourhoods of a
cusp of G\ in  in the usual way and therefore, there is a natural notion of modular-like
forms f: Q — ]Lg 1 of weight w for p, seen as a representation of G by restriction, namely,
satisfying the collection of functional equations

(5.1) f((2) = L, (2)“p(1)f(2) VzeQ, Vyed.

Let ¢ be a cusp of X and let us consider § € I" such that §(c0) =c. If f: Q — ]LgXl is a
map and w an integer, we set

F2(2) = flupd = J5(2) " p(8) " £(8(2))
(Petersson slash operator as in (4.I8])). A simple computation shows that if f is modular-
like of weight w for the restriction p|g of p on G, then f°:Q — ]Lg *1 is modular-like of

weight w for p|gs where GO := §~1G4 (in particular, if f is modular-like for the group T,
then f = f9).

Definition 5.5. Let w be in Z. We say that a modular-like function 2 EN Lg *1 of weight
w for plg is:
(1) A weak Drinfeld modular form of weight w for p|q if there exists H € Z such that

lu(=)" f°(2)]| = 0

as z €  is such that |z| = |z|g — oo, and this, for all § € T".
(2) A Drinfeld modular form of weight w for p|g, if || f2(2)| is bounded as |u(2)| < ¢
for some constant ¢ < 1, for all § € I
(3) A cusp form of weight w for plg if || f°(2)|| — 0 as z € Q is such that |z| = |z|g — oo
for all § € T.
We denote by M. (G;p;Ls) (resp. My(G;p;Ly), Syw(G; p;Ly)) the Lg-vector spaces of
weak modular forms (resp. modular forms, cusp forms) of weight w for p. More generally,
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if B is a Co-subalgebra of Ky, we write M, (G;p; B) for the corresponding B-module of
modular forms.

It is easy to see that the Cyo-vector space M,,(G;1;Cy) is equal to the Cyo-vector space
of the classical (scalar) Drinfeld modular forms of weight w for G and a similar property
holds for weak modularity and cuspidality of a form. In the next proposition, W,, stands
for Miu, M.y, Sy, (so the proposition is in fact equivalent to three distinct statements).

Proposition 5.6. Let f be in Wy, (p;Lyx). Then, there exists d € Fyts] \ {0} such that

f € Wu(pTs[i]). Let us consider, further, ¢ € (Fa)> \ Vs(d). We have eve(f) €
Wi (T'(n); 1; Coo) V> where n is any ideal as in Lemma [5.7)

Hence, the evaluations of the N entries of f € M, (p;Lyx) are scalar Drinfeld modular
forms of weight w for I'(n).

Proof of Proposition [5.6. By Lemma [5.4], for all v € I'(n) and z € Q, ev¢(f)(v(2)) =
J,(2)¥ eve(f)(2) and also, it is easy to see that ev¢(f) has rigid analytic entries. It remains
to show that the entries of eve(f) have the decay properties of Definition which is
guaranteed if we show regularity at all cusps of G\Q. In more detail, if f has image defined

—

over Tx[2], we show that the map ev¢(+) defines maps (Coo-linear maps)

(5.2) My(piTeld1]) — ML (T(n);15C)V ",
(5.3) My(p; Teld 1)) = My (T(n); 1;Cog) N,
(5.4) Sw(pi Ts[d1]) = Su(T(n); 15Ca0) V<L,

First of all, a holomorphic function f : Q@ — C satisfying f(y(z)) = J(2)" f(2) for all
v € T'(n) is a weak modular form of weight w for T'(n) if for all § € T, the function f°(z)
can be expanded as a series of Coo((u(Z))) in the neighborhood of the cusp (o), where
n is a generator of n. We deduce that f(z) is a weak modular form of weight w for the
group 6 'T'(n)d. Note indeed that u(Z) is a uniformiser at co for the action of I'(n) over
Q in virtue of the fact that the group (%) is contained in §—'I'(n)d for all § € I".

Let f be in M,,(p; Ts;[d"]"). Then, ev¢(f) has all the entries which are n-periodic and
eve(f?) is tempered for all § € T'. This implies that ev¢(f) € MY,(I'(n); 1;Coo)¥*! which
proves (5.2). Now assume that f is, additionally, a modular form in M, (p; Tx[d~]").
Then, all the entries b of ev¢(f9) satisfy b° € Coo[[u(Z2)]] for all § € T, which yields (53).
Similarly, if f is in Sy (p; Tx[d71]"), we see that all the entries of ev¢(f) vanish at all the

cusps of X (n) hence confirming (5.4) and completing the proof of the Proposition. O
At this point, we would like to ask a question. The next definition prepares it.

Definition 5.7. Let n be a non-zero ideal of A, let g be a Drinfeld modular form of
weight w for T'(n). We say that g lifts to a modular form for the full modular group if
there exist: (1) a representation of the first kind p : I' — GLy(Fy(ty)) and ¢ € (F2¢)*
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such that the evaluations ev¢(p(v)) are well defined for every v € T, and (2) an element
f="%f1,-.., fN) € My(p;Ls) such that g = ev¢(f;) for some i € {1,...,N}.

Question 5.8. Compute the Cyo-span in M, (T'(n);1;Co) of the modular forms which lift
to modular forms for the full modular group. For which n do we obtain the whole space?

5.2.2. Proof of the Finiteness Theorem. We first study the structure of the space My(p;Ly).
Lemma 5.9. We have My(p; Ly) € LY*!,
Proof. Let f be an element of My(p;LLy,). By Lemma 2.8 there exists d € Fy[ty] \ {0} such

—

that the image of f is defined over Tx[2]. By Proposition 5.6, for all { € (F3°)*\ Vs (d) there
exists a non-zero ideal n of A such that ev¢(f) € Mo(I'(n); 1; Coo)V*1. A scalar Drinfeld

modular form of weight zero is constant. Hence, for all ¢ as above, ev¢(f) € CNx1,
Therefore, f is a constant map by Lemma (.3 with X = Q. O

We recall from §2.3 the F(ty)-linear automorphisms 7 : Ky, — Ky, 7 : Ly, — Lyx. Since
the image of a representation of the first kind p lies in F(t5)"*¥ for some N, we have
injective Fy(ty)-linear maps

Wau(pi Ks) & Wouw(piKs),  Wa(p;Ls) & Wew(p; Ls),
where W, = M,,, M,,, S,,. With this, we can prove the next corollary to Lemma [5.9]
Corollary 5.10. If w < 0, M,(p;Ls) = {0}.

Proof. Let f be an element of M, (p;Ly) with negative w. For all k,«, 8 € N with g > 0,
f = g®hPr*(f) Sokwtalg—1)+8(q+1) (P det™?;Ly)), where g is the normalised Eisenstein
series in M, 1(1;Cs) and h is —1 times the normalised generator of S, 1(det™;Co) (we
are adopting Gekeler’s notations in [25], see also §5.3.3]). We show that there exist k,a, 8
with 8 > 0 such that

(5.5) ¢*w+alg—1)+B(g+1) = 0.

This is very easy but we give all the details. To find such k, «, 5, we first observe that
we need ¢*w 4+ a(q — 1) + B(¢+1) =0 (mod g — 1), and this is guaranteed by w = —283
(mod ¢ — 1). We must have:

1 k
= —— (- — 1
o - T(-wd” = pla+1))
1 k
= — (~wg" -2 .
- T (-weg" —26)+ 5
Assume first that p # 2. Then, there exists § € {1,...,q — 1} such that w = —20
(mod ¢ — 1). We can choose k large enough so that —wq® — 23, divisible by ¢ — 1, is > 0.

Therefore we can choose o € N such that, with such 8 and k, (5.5) holds.

pr~: 2 we can set § = 1 and k such that o = —2k1~u—3 > 0. Since 8 > 0 we see
that f is a cusp form and Lemma now implies that f = 0; hence f = 0 because T is
injective. O
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Proof of Theorem [5.2. The result is already proved in Lemma and Corollary if
w < 0. Now assume that w > 0 and let f be in M, (p;Ly). Again, we can suppose that
fe My, (p,']I‘g[ ]) for some d € F[ty,] \ {0}.

We have that f € DN *1 1y Theorem EI14l In fact, the proof of Proposition I3 allows
to show that, more precisely, f € O Xl} Since f is a regular p-quasi-periodic function
(Definition [1]), viewing the proof of Proposition 13| we obtain that f = (I)pQ, where @,
has been defined in §2.2.T]and studied in Proposition @10}, and where g is in Ty [3]"[[u]]V Xl

We recall that from Corollary EIT that det(®,) = 1 and ®,, &, € (€° ((Q»b)NXN. We now
study the association f +— g so that we write gy to stress the dependence of g on f.
Let v be in F. We have

p(59)2p(2)p(§ ) gr(vz) = fvz) = v¥p(§9)f(2) = v"p(§ ) ®@p(2)gs(2), Vz €.
Since p is of the first kind, p(4?) is diagonal and we can write:

p(59) = , m€Z/(g-1Z, veTF].

N
Writing additionally g5 = (g1, ..., gn), we deduce that

gi(vz) =v 9i(2)

for all i = 1,..., N, so that g; € u™Tx[5]"[[u?™!]] where m; is the unique representative
of n; —w modulo ¢ — 1 in {0, ...,q — 2}. This implies that the subspace W,, of M, (p;Lx)
spanned by the forms f with g having entries of v-valuation in the set {0, 1} has dimension
not exceeding N if ¢ > 2 and 2N if ¢ = 2. On the other hand, if f € M,(p;Lyx) is such
that g; is not in W, that is, the v-valuations of its entries are > 2, then, by the fact
that <I>_1 € (e (e)?)N*N  we deduce that the v-valuations of the entries of f are all
>1 and therefore f € hM,,_(g+1)(pdet;Ly) (where we recall that h is the generator of
Syt1(det™; Cy) normalised by the coefficient of u in its u-expansion, which is set to —1).
We have proved that

w—n;

My(p;Ly) = th—(q-i—l)(p det; Ly;) & Wi
This implies

. ) N ifg>2
dimp, (Mw(,o;ILz)> < dimpg, <Mw—(q+1)(p det;LE)) + {2N ifg —9

The result follows by induction over w. O

5.2.3. Modular forms of weight one. We keep working with a representation of the first
kind p : I' = GLn(IF4(ty)) and we set, with L a field extension of Fy(ty),

H(p; L) ={l € LN : p(T,)l =1 for all a € A}.

This is equal to the L-vector space generated by the simultaneous eigenvectors of p(T,)
in Fy(ty), with a € A. Note indeed that for all a € A, TY = Iy so that 1 is the unique
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eigenvalue of p(T,) for all a. We denote by d, the dimension of H(p; L) (independent on
L).

)Let us consider f € My (p; L) where L = Ky or L = Ly. By Theorem [£.14] we can
identify f = *(f1,..., fy) with an element of ON*'. We denote by f; the image of f;
modulo My, for all . This is an element of Ky and we set f =(f,...,fy) € Kg“. We
easily see, by taking the limit for z € Q, |z| = |z|g — oo that in fact, f € LV*!. Note
that for every a € A, flu ,Tu = p(T-a)f (2 +a) equally belongs to ON*! (by Lemma 3.27).
Therefore f € H(p; L). This means that

Mw(p§ L) = Sw(p§ L) D W,

where the map f +— f induces an embedding W,, — H(p; L) so that d, is an upper bound
for the dimension of W,,. We can now prove the following result which justifies part (2) of
Theorem B in the introduction:

Theorem 5.11. We have Si(p;Ly) = {0} and the inequality dimy, (M (p;Lyx)) < 6,.

Proof. Tt suffices to show that Si(p;Lx) = {0}. Let f be a cusp form of Si(p;Ly). In
the settings of Proposition [5.6] for ¢ € (IE‘ZC)E \ V5(d) we get (after this proposition) that
the evaluation ev¢(f) is well defined and its entries are cusp forms of S1(I'(n)). The latter

space is zero as it was first noticed by Gekeler (see Cornelissen, in [20, Theorem (1.10)]).
Hence, for all ¢ as above, ev¢ (f) =0. By Lemma [5.3] f vanishes identically. O

A more precise result in a particular case is Theorem [7.4]

5.3. Poincaré series. Here we construct explicit examples of modular forms in our gen-
eralized setting. We are mainly concerned with a class of matrix-valued Poincaré series.
We consider a representation of the first kind

T % GLy(F,(ts)),

of degree [. Let w be an integer and, with L = Ly or L = Ky, let G : Q — LgXN be a
tempered matrix p-quasi-periodic matrix function of type m, following Definition LIl We
shall keep these settings all along §5.31 We set, for v € I" and z € Q:

Sy (w,m; G)(2) = det (7)™ I (2) " p(7) 7' G((2))p( 4 9).
Lemma 5.12. Let v,y € ' be in the same left coset modulo H := {({ 1)} C . Then we
have the equality S(w,m;G)(z) = Sy (w,m; G)(z). Moreover, for all § € T,

Sy (w,m; G)(8(2)) = det(8) ™" J5(2)" p(8) Sys(w, m; G) (2)p( @) 9).

Proof. We simplify the notation: S,(w,m;G)(z) = S,(z). We prove the first property.
Since H is the semidirect product of A by Fy, it suffices to show that: (1) for all @ € A,
ST,y(2) = Sy(2) and (2) for all v € F¥, Ss,(2) = Sy(2) if 6 = (§9). For (1), we observe,
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by the properties of G, that
St(2) = det(Tuy)"™ 1, (2) " p(Tar) " G(Tu(v(2)))p(( 4T 0)
= det(y)"J5(2)"p(7) " p(Ta) " p(T0) G (7(2))p( 44 9)
= 5,(2).
For (2), we see, similarly, with 6 = (§
Soy(2) = det(§7)" 5, (2) " p(67) " G(8(v(2)p( % D)
= det(7)"J,(2) " p(7) " p(6) 7" det(8)™ det(8) " p(8)G(v(2))p(8) " p( ) T)
= 5(2).

This completes the proof of the first part of the Lemma. For the second, observe, if 7/ = ~d
with 6 € I™:

5y(0(2)) = det(7)"Jy(6(2))"“p
= det(d)"" det(v')™Js

?) (here we use that G has type m):

2)"J <z>—wp<v’6—1>—1G<v'<z>>p<deté”') DD
1

= det(d) " Js(2)" (), (2)p(“4D )
O
We consider the formal series (Poincaré series):
(5.6) Pu(G)(2) =) Sy(w,m; G)(2),
2l

where the sum runs over a complete set of representatives of H\I'. Note that, if well
defined, this is a matrix function. Compare this with Bruinier’s definition of Poincaré
series in [12] §1.2, 1.3]. We have the next property.

Proposition 5.13. If the series Py, (G)(2) converges to an element of Holg (Q — LV*N)
then it satisfies, for all z € QY and vy € I':

Pu(G)(1(2)) = det(7) 7™ ,(2)" p(7)Pu (G) (2) p(( 2100 0) =,
For each column f of Pw(G) there exists i € Z/(q — 1)Z such that
f(6(2)) = det(8) ™ Js(2)p(8) f(2), VzeQ, seT.

Proof. We assume that the series converges, giving rise to an element of Holg,, (2 — LX),
We note that for v € Fy, p(49) is diagonal in GLy(FF;) and there are integers n; with
i=0,...,9— 2 such that ), n; = N so that we can decompose

q—2

(5.7) Pu(G) = P PING),

=0
where 771[5}(6’) : Q — KY*™ for all i, and
PE(G)(8(2)) = det(8) ™ Js(2)"p(8)PING), VzeQ, 6el, i=0,...,q—2.
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O

In full generality (for any quasi-periodic function G), we do not have a good criterion of
convergence for the series P, (G). We discuss these series for two choices of G.
We will need the next Lemma in the book [33] of Gerritzen and van der Put.

Lemma 5.14. There exists a complete set of representatives o q = (z 2) of H\I" in which
each matriz is of one of the following three types:

(1) o= (¥, ") with p € Fy,
(2) Y = (2_“71) with p € By and v € Fy,

v

(3) Ve,a = (“b),wzthabcdeAsuchthatad—bC—l led| > 1, |a| < |c|, |b] < |d].

We note that the first two sets are finite. Let us look at the corresponding extracted
series in the series (5.0) defining P, (G); we denote them by 2, B, € (in agreement with the
order of the types in the above set of representatives), so that 2,8 correspond to finite
sums while € is an infinite sum. We set:

E :M2m w+l u? ) FNXN
peFy

Note that this is a diagonal matrix with entries in {—1,0}. For the first sub-sum we have,
in virtue of the fact that G is of type m (second equality) and that p is of degree [ (third
equality):

(5.8) A= D Sy, (x) = > up(ty 0) G
peFy peFy

= > (" 0) ) (2 O)G2)p(170) T
HEFy

— G()elp).

For the second sub-sum we have, similarly:

(5.9) B = Z Sy, (2) =

peFy

veF,
(5.10) = MZF:X/BW WHV%; <z+ > wp<§_01)G<2115)p<162(1)>
= o [ Zera (P06 (o) o(32) ) o

B€F,

We easily deduce that 2 + B € Holg,, (2 — LY*Y). We now make explicit choices for G.
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5.3.1. The case of G entire. We suppose that G € QP! (p;Ks) extends to an entire func-
tion Coo — LY*N | where L is a field extension of Co, contained in Ky. In this part we
study P (G) with w € Z, w > 0. Let M > 0 be such that ||G(2)u(z)™| is bounded for
|u(2)| < ¢ for some ¢ < 1 (it exists as G is tempered).

Lemma 5.15. There are three constants ci,ca,c3 € |CX| such that ¢; > 1 and n €
Z[%] N[0, M + 1] such that if |z|g > c1 then [|G(2)] < ealec(2)|" and if |z|g < ¢1 then
1G(2)]| < cs.

Proof. We recall that ®,, introduced at the end of §4.1], is entire (Proposition E.I0l (a)), p-
quasi-periodic of type 0 (same proposition (b)) and that ®, is entire (Corollary 1)) and
has its entries which are at once tame series of degrees in [0, 1[ﬂZ[%] U{—oc}. Then G®,*
is also entire and A-periodic. Therefore, by Proposition (c), G<I>;1 € Llec(2)]V*N and
the degrees in ec of the entries of this matrix function, well defined, are < M while the
matrix function itself is of type m. We deduce that

G € Liec(2)]N N o,

By Proposition B:20] there exist constants ¢; > 1 and co with ¢1,c0 € |[CX, 1 € Z[%] N
[0, M + 1] such that if |z|g > ¢, then ||G(2)|| < cz2lec(2)|". Suppose now that |z|g < ¢;.
There exists A € Ko, such that |z —\| = |z|g < ¢1. We can write A = a+m with a € A and
m € $F,[[3]]. Then |z —a| = |z — A+ m| < max{|z — A|,|m|} < ¢ because |m| < 1 < ¢;.
Now, since G(z) is p-quasi-periodic, ||G(z)|| < [|G(z—a)| < c3 for some constant c3 € |CX],
because the entries of G are entire functions, hence bounded in the disk D¢ (0,¢1). O

Proposition 5.16. Let w be a positive integer. If G is an entire tempered p-quasi-periodic
function of type m the series defining Py, (G) converges to an element of Holg, (€2 — LNXN)

and the matriz functions Pz[,ﬁ](G) defined in (5.7) are elements of M, (pdet™™; L)1 xmi
for i wvarying in Z/(q — 1)Z. If the i-th block of €(p) is non-zero, then the columns

of PE}(G) are non-zero. Moreover, the matrix functions hMHPl[ﬁ}(G) are elements of

Suwt(M+1)(g+1) (pdet’ M= pybxn,
Proof. Let v = (2%) be in T, such that ¢ # 0 and let us consider z € 2. Then:

(5.11) y(z) = & = _detld)

¢ clez+d)
We consider ¢; € |CX | such that ¢; > 1 and we consider z € 2 such that ¢;! < |z|g < |2] <
c1. We note that if 7 is of type (2) or (3) as in Lemma [5.14] then |y(2)| < ¢1. Since G has
entire entries, we therefore get that the series defining P,,(G) converges uniformly over all
the affinoid subdomains of Q of the type {z € Q : ¢35 < |z|g < |2| < ¢4} with ¢3,¢4 € |CX]
hence defining an element of Holg,, (2 — Lg *NY Now observe that if |z|g = |2| — co and
7 is of type (2) or (3), then |y(z)| — 0 uniformly on the set of representatives v of H\I' and
therefore, the sum B+ €, as a function of the variable z, is bounded as |z|g = |z] — co. By
Lemma [5.15] and the expression we found for A, we therefore have that P, (G) is tempered,
because for |z|g large enough, ||Py(G)(2)|| = ||G(2)e(p)||. More precisely, |ec(z)|7"|G(z)]]
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is bounded as |z|g = |z| — oo where 7 is given in Lemma[5.15l Thanks to Proposition [5.13],
this suffices to show that P, (G) has it columns in M}, (pdet"™™; L). If ¢(p) does not vanish
identically, looking at the blocks which are not zero we deduce the properties regarding

M(G). The last assertion of the proposition is verified by noticing that ||G(z)u(z)"|| — 0
as |z|lg = |z| = o0, and 0 < 1 < M + 1. Therefore hM 1P, (G) vanishes at infinity because
v(h) = 1. O

Corollary 5.17. If G = ®, and €(p) # 0 then there exists i such that

[i] i—1 i
WPIG) € (Swrgri(pdet™ ™5 L)\ {0}) .
5.3.2. The case G = ¥,,,(p). With m > 1, we study P,,(G) where:

1
(5.12) G=Vn(p) = Z mp(Ta)-
acA
The functions ¥,,(p) have been introduced in §LT.I1 By Lemma [4.3] we have ¥,,(p) €
QPnm(p;Ly). If p=1:T — {1} we recover the (scalar) sums Sy, p for the lattice A = A
(see [30, §6] and [25], §3]). In particular, for any m > 1 there exists a polynomial G,,, € K[X]
(called the Goss’ polynomial of order m) such that

(5.13) G = 7" G (0).

The Goss’ polynomials Gy, can be computed inductively by using the generating series:

uX
(5.14) Gl X™m = — 2“2
ngl 1 —uexpa(X)
See [25], (3.6)],[27], and [53, Theorem 3.2], [32] for more recent results on these polynomials.

See also our Lemma [6.4]
The next result holds:

Proposition 5.18. Let us consider w,m € N*. If G = W,,(p), the columns of Py(G) are
in Sy(pdet™;Ly) with j varying in Z/(q — 1)Z.

Proof. Tt suffices to show that the sum defining P, (G) is uniformly convergent on affinoid
subdomains of Q of the type C := {z € Q: ¢;! < |z|g < |2| < 1} with ¢; € |CZ] such that
c1 > 1. For this, we use the decomposition P, (G) = A+ B + €. We need to show that the
series € converges uniformly over C. We note that if v = 7.4 is of type (3) as in Lemma
614 then if z € C we get |y(z)| < ¢1. In fact, we have vy(z) — 0 by (BII) as ~y varies
in the chosen representative set of H\I' and v(C) C D¢ (0,|0]71) N Q for all but finitely
many v. If we denote by & the set of such homographies, we get ||G(v(2))| < |z|~™ for
all z € C and for all v € £. Therefore we can decompose € = &€y + €; where € is a finite
sum of holomorphic functions and €y = . S,(G)(z) which converges uniformly on C in
virtue of the fact that w > 0. We deduce that P,,(G) defines a holomorphic function over
Q, with values in LgXN. Since moreover, ||G(z)]| — 0 as |z| = |z|g — oo, we see that the
columns of P, (G) are cusp forms. O
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Giving sufficiently general conditions for the non-vanishing of P,,(G) is more difficult in
the case G = ¥,,,(p). We have the next proposition:

Proposition 5.19. Assuming that m,w are two positive integers such that w > 2m, if
G = ¥,,(p) and €(p) # 0, then Py (G) has a non-zero column in S, (pdet™;Ly) for some
i.

Proof. We need to analyze the various subsums 2,8 and € of P, (G) that we know being
convergent series, by Proposition (.18 We begin by studying the subsum (. Note that
p(T,) — In is a nilpotent matrix having zeroes in the diagonal for all a € A. The diagonal
of G =W, (p) is equal to In Y, 4(z —a)™™ and the hypothesis on €(p) implies that Ge(p)
has some non-zero elements on the diagonal of valuation |- | equal to |¥,,(1)|. By Lemma
@A there exists k1 €]1, |0][N|CX| and a non-negative integer wy such that if k1 < |z] < |6],
then W,,(2) = [0]7™|5]“2. We deduce that

—m| % |w2
(5.15) I =101 57 me <z <ol

We now study the subsum B. To do this, we assume that |z| > 1. By (5.10]) and the
definition of G

(5.16)

» - ( S i () XY g4 eman(5 ) >e<p>,

BEF, acA [eF,

Bo B

where the sum is split in two pieces, the first sum corresponding to ¢ = 0, while the
dash ’ on the second sum designates the term corresponding to a = 0 omitted. If a # 0 we
get |1 —a(z+ B)| =l|a||z| > |z| = |z+ B] and therefore, ||B1(2)| < |z|7" for 1 < |z|. As for
B, we see that

Bo= Y (=+8)""p( ] })elo).

BEFq
Hence, ||Bo(z)|| < |z|™ " again for 1 < |z|. Thus,
(5.17) 1B <[, 1<zl

It remains to handle the subsum € and we consider, for this purpose, z € {2 such that
1 < |z| and |2| € |8|%. Suppose that v = 7.4 = (¢ }4) is of type (3) as in Lemma (.14l We
notice that |az+b| < |cz+d|. This follows easily from the conditions on a, b, ¢, d determining
the type (3) and the fact that |az+b| = max{|az|,|b|} and |cz+ ¢| = max{|cz|, |d|} because
|| & 1617

Then

Sy(G) =F ™I (2) " p(7) Y _(v(2) = b) " p(Ty)p( ) 0.
beA
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One sees easily that
nen
(az 4+ b—bJ,(2))™

CORDRE

Note that az + b — gJﬁ,(z) = z(a — bc) + b — bd so that, if b # 0, |az + b — gJﬁ,(z)| =
max{|z|la — be|, |b — bd|} = max{|z||c|,|d|}[b] = [b]|J5(2)]. Hence b # 0 implies that
|(v(z) —b)™™| < 1. If b = 0, since |az + b| < |cz + d|, we get |y(z)|™™ < |Jy (2)]™.
Therefore, we deduce that ||S,(G)| < |Jy(2)[™™* for v of type (3) and we can conclude
that

(5.18) le@)ll < [, if 1<zl |2 €161

Assuming by contradiction that P,,(G) vanishes identically, we have that A = — (B + ).

wo-+m
Looking at Lemma [1.4] we observe that |z| > \9[“2*3”*’" if and only if |z|w2tw=" > |g|w2tm
equivalent to |6]7™|Z]|“? > [z|™". But

w2 +m 1 w — 2m

wy+w—m Wy +w—m

and the hypothesis w > 2m ensures that there exists 2 €]1,]6|[N|C%| such that for all
z € Q) such that kg < |z| < 6],

I = 12 (2)] = 93] = 1017 |2[ 7 > 277 > 3 + €()),

by (515, (5.17) and (5.I8]) (more precisely, a non-zero column of 2 has an entry which has
| - || equal to |¥,,(z)|). This is impossible. Hence P,,(G) does not vanish identically. O

5.3.3. Example: Poincaré series in a class introduced by Gekeler. We consider the case
N =1, p =1, we choose G(z2) = Gyp(u) = 7 ™V¥,,(1) the Goss’ polynomial of order m
with m > 0. Then, we see that e(p) = > JEF X p2™=% which is non-zero if and only if
w = 2m (mod g — 1). We therefore reach the next result.

Corollary 5.20. If w = 2m (mod q — 1) and w > 2m then, with G(z) = G, (u), the
Poincaré series Py, (G) determines a non-zero element of Sy, (det™; C).

This sharpens Petrov’s [68, Remark 4.1] where the condition on w = 2m (mod ¢ — 1)
is stronger: w > (¢ + 1)m. Note that Petrov’s condition is the same of Gerritzen and van
der Put in [33 pp. 304-307]. If we take w > 2m, m € {1,...,q}, w =2m (mod ¢ — 1) and
G = u™, we see that

Pul(G) = > det(y)™J; " u(v(2)) = Pum € Su(det ™™ Coo)
yeEH\T

in the notations of Gekeler, [25, (5.11)]. If w = ¢+ 1 and m =1 then h = Py ;.
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5.3.4. Ezample: Poincaré series associated to the representations ps,. We consider p = px,
which is of degree s = |X|, where ¥ C N*. A simple computation shows that

p(4 ?) = Diag(v™%,--- , v ™, v ")

where the integer sequence (n;);>0 does not depend on s and coincides with the so-called
one’s-counting sequence, that is, the sequence which gives the number of one’s in the binary
expansion of .. We suppose s fixed. We consider w, m > 0 such that w > 2m and we set
r =2m — w + s. We have the next result, of which we omit the elementary proof, where
we recall that p is the prime dividing q.

Proposition 5.21. The following properties hold.
(1) If p = 2 we have €(p) = In.
(2) If p > 2 then €(p) is non-zero if and only if r is even.
(3) If p > 2 then r =0 (mod q — 1) implies that the last column of €(p) is non-zero.
(4) Assume that p > 2. For alli = 1,..., N there exists a unique k € {0,2,...,(1%1}
such that if r = k (mod q — 1), then the i-th column of €(p) equals —e; where €; is
the i-th column of In.

If s =1 (mod g — 1) then the smallest parameters allowable in the construction of a
Poincaré series as above are w = 3 and m = 1. By Proposition (.21 the last column of
P3(G) where G = ¥y (p%) is an element of S3(p% det™;Ly) \ {0}. Note that if ¥ = () and
q = 2 then we get a multiple of Gekeler’s function h.

5.4. Eisenstein series. The process that leads to the construction of Eisenstein series is
different from that of Poincaré series and delivers, in general, vector-valued modular forms
rather than matrix-valued modular forms. We describe it in our particular setting but the
discussion that follows easily generalizes to e.g. the case of vector-valued modular forms
for the group SLy(Z) etc. Let p be a representation

I % GLy(B),
with (B,]|-|p) a countably cartesian Banach C.-algebra. Suppose that there is a map
(5.19) Alx2 B, phxl

such that for all v € T, if (a,b)y = (a/,b') in A2 then

"p(v)p(a,b) = (a, V).
Assume further that the image of y is bounded, that is, there is ¢; > 0 such that |u(a,b)|p <
c1 for all a,b € A. Then, for all w > 0, the series

= Z/(az +b)"“u(a,b)
a,beA

(where the dash ’ indicates that the term corresponding to a = b = 0 is omitted) converges
to a rigid analytic map
Q— pvx!

and moreover:
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Lemma 5.22. We have that € € My(p™; B). If 3 pe s\ (o3 0~ 1(0,b) is non-zero, then &
does not vanish identically.

Proof. We consider v € I'. Then:
Ewlpsp) = Jy(2)" Z/ ((a, b)v(f))_wu(a, b)

a,be A
= L@ Y (@0)(5) e )

abeA
() (i),

Since |(az + b) % u(a,b)|p tends to zero, we easily conclude that £ € M, (p*; B) and the
non-vanishing condition is clear. ]

Definition 5.23. We call the function £ of Lemma 522 the Eisenstein series of weight w
associated with the data (p*, ) and we denote it by &, (p*; 1) or more simply &, (p*) when
the reference to u is understood.

Although we can always associate Poincaré series to representations of the first kind p
(it follows from Proposition that for any representation of the first kind p there exists
m € Z/(q — 1)Z and w > 0 such that a column of a Poincaré series constructed there
defines an non-zero element of M, (p)) not every representation p can be enriched by a
map p as above. The reader can check that if p is a representation of the first kind that
can be constructed by starting from basic representations by using only the elementary
operations @, ®, S™, A" (so the operation (-)* is omitted) then maps like y exist which are
not zero and Lemma [5.22] can be applied to construct non-zero Eisenstein series in M, (p*)
for certain w > 0. In this paper Eisenstein series will be studied in depth for specific choices
of p only. Namely, we will study in §7] Eisenstein series associated to the representation p3,
with ¥ a finite subset of N*.

6. DIFFERENTIAL OPERATORS ON MODULAR FORMS, PERKINS’ SERIES

A classical feature of modular forms for the group SLs(Z) is the existence of differential
operators acting homogeneously on them (sending families of modular forms to modular
forms). For instance, one can mention the so-called Serre’s derivatives, Rankin-Cohen’s
brackets etc. For scalar Drinfeld modular forms associated to the characters det™™, similar
structures exist and have been investigated (see [14] 15 53]). Here we describe the natural
extension of Serre’s derivatives over the Drinfeld modular forms for a representation of the
first kind. In order to justify the existence of such operators, we need to first show that
divided derivatives leave the fields of uniformizers invariant.

In this section (see §6.4) we will also apply our results on quasi-periodic functions and
higher derivatives to determine, in Theorems and [6.15] the v-valuations of certain
series introduced by Perkins in his Thesis [65], which turn out to be related to tame series.
Perkins noticed that these series play a singular role in series expansions of Eisenstein series

(see §T).
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All along this section, we consider the divided higher derivatives:

D (2") = (;) 2" nym e N.

We choose (B, |- |p) a Banach L-algebra which is countably cartesian in the sense of
Definition 2.3l For all n > 0, D,, defines a B-linear endomorphism of O Note that

these operators satisfy Leibniz’s rule

Du(fg) = Y Di(£)D;(9),

i+j=n

Aéfon/B .

for f, g analytic functions. To handle divided derivatives it is convenient to introduce the
following map, where x is an indeterminate and where D denotes the family of operators
(Dr)n>0 (Taylor’s map):

o : Oponsp = Opron pllall, Toa(f) =D Dilf)a"
i>0

Then, Tp . induces B-algebras morphisms at the level of the sections, and Leibniz’s rule

is equivalent to the multiplicativity Tp4(fg) = Tp.(f)Tpx(g9). Let Y be an affinoid

subdomain of A(lc’an/B, z €Y and 79 € C such that 2 +z9 € Y. If f € O1,an,; then
o Coo

TD,2(f)a=zo = f(z + x0). If z,y are two indeterminates, we therefore have

7D, (TQ,y(f)) = Tp,a+y(f)-
This implies that the family of higher derivatives D is iterative:

Dppn = <m,’;|; n>Dm oD, = <m:n>Dn © Dy,

/B

for all m,n > 0. By an application of Lucas’ formula, if n = ng + ni¢g+---+n.q" € N
with ng,...,n, € {0,...,q — 1}, we have the identity

Dy, = Dny ©Dnyg o0 Dn,qr,

and the operators D,, . mutually commute, for i =0,...,7.

6.1. Higher derivatives on tame series. We show that tame series are closed under
higher derivations. The main result of this subsection is Proposition [6.2] but we also present
some auxiliary properties that can be of interest for the reader willing to do computations.
Let X be a finite subset of N* with s elements. Let m > 0 be the unique integer such that
(m—=1)(¢g—1)+1<s<m(qg—1). If s =0 then m = 0. Let [ be the unique integer with
s=m-—1)(g—1)+1(sothat 1 <l <g—1andif s=m =0, thenl=qg—1). We set:
(6.1) My=el" el el e Foe)’

m—
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(note that we can define the B-module B°{(e))® for any F,-algebra B). We clearly have, by
the fact that s = (m —1)(¢ — 1) + I:

1

l
7 + o =: Wax($).

(6.2) M) =s, w(M, (g—1)

=1

We set, for B as in §3.21 B°((e))? = B°((e)? N B{(e)? (recall the graduation by depths (3.5)
and A in Definition B3). We have the direct sum of B-modules B°{(e)’ = @>0B°((e)?.
We call M, the mazrimal tame monomial, a terminology which is motivated by the following
result which tells us that in the homogeneous module B°{(e))?, M, has maximal weight (the
proof is easy and left to the reader).

Lemma 6.1. For all f € Kg{e)® we have w(f) < wmax(s)-

We have the next rather straightforward result, where wy,,x has been defined in (6.2))
(recall that if f € B{e)® then fll is the projection of f on B((e)’ of (B.8)):

Proposition 6.2. The following properties hold. (1) The operators (D;);>o induce B-

linear endomorphisms of B°{(e)®, B{e)®, Ble)[[u]]. (2) If f = 32, fl € B{e)? is of
depth < L we have, for alln > 1:

Du(f)= Y. DulfM).
L>i>£q(n)
(8) For all n > 0 and for all f € B°{e)’ of depth < s, D,(f) € B°{e)® is of depth
< s —{y(n) and of weight < wmax(s — €q(n)). (4) We have the commutation rules

0ifgfn
(6.3) Dn1 = {TD% ifq|n, n > 1.

Sketch of proof. If M € B{(e)? is a tame monomial of depth s (as in §3.2.11), then D, (M)
is a tame polynomial, and
) € D BN _t,(m)—ifq—1)-

>0

To see this consider more generally, for ¢ € U with U a finite subset of N* of cardinality s,
[F,-linear functions f; € Hol(Co, — B), so that we can write

fz:z.fi,quq]7 fi7qj EB, 1€ U.
j=0
By Leibniz’s rule we have for n > 0:

D, (m-): RIS

1eU i1++is=n keU
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By Fg-linearity we have that Dy (f;) = fi if k =0, Dp(fi) = fi, 5 if k= ¢’ with j € N, and
0 otherwise. Hence, setting f; o := fi, we can write:

(6.4) D, <H fi> = > ] frae

€U i1+-+is=n keU
i, €{0}UqN; vk

if the subset of indices is non-empty, and 0 otherwise, by the usual conventions on empty
sums. Coming back to our elements of B{(e)?, since for all 4, e; is F,-linear, we deduce
that for all n > 0, D,, sends tame monomials on tame polynomials and therefore the
operators D; induce B-linear endomorphisms of B((e))® as expected and the property cor-
responding to B°((e))? follows easily. Now, it is easy to see that the operators D; extend to
B-linear endomorphisms of B[u~!][[u]] so that we can also deduce the expected property
for B{(e)®[[u]] and this suffices to justify (1). For (2), let n be in N* and let us consider
the set of decompositions of length r > 1

T
n= Zniqi, reN, n; €N
i=1

Then, the g-ary expansion of n (the unique one which has the coefficients n; € {0,...,q—1})
minimises the length r = ¢,(n). The reader can complete the verifications of the remaining
properties of the proposition. O

Remark 6.3. The behavior of v with respect to the action of the operator 7 is multiplica-
tive. On the other hand, it is difficult to make the interaction between v and the collection
of operators D explicit which introduces a difficulty in handling our modular forms.

6.2. Divided higher derivatives of p-quasi-periodic functions. We discuss here the
problem of the computation of higher divided derivatives of the entries of the matrix
functions ®, and ¥,,(p) for m > 1. We added this section to allow readers to perform
explicit computations of higher derivatives of our modular forms. Indeed, the latter are all
p-quasi-periodic and Proposition .13 tells us that in order to explicitly compute higher
derivatives of p-quasi-periodic functions, it suffices to explicitly compute higher derivatives
of u and ®,,.

For this purpose it is convenient to choose a different normalisation for the higher deriva-
tives. We set D,, = (—7)™ "D, for all n > 0 and we write D = (D;);>0. The formalism of
the function 7p , extends to D and matrix functions. We set, for f an analytic function
Q — KN

Toe(f) =Y Di(f)a'.
i>0

This defines, with H := Holg,, (2 — K& *V) a K& *N-algebra morphism

TD,«
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We also set
(6.5) Gu(p) =7 (2= a)"p(Ta) = D1 (Gi(p)), m =1,

acA
and Go(p) = 0. The generating series of these functions is
(6.6) G(p) =) Gilp)a' = 2Tpu(C1(p))-

i>0

We have the next lemma where we recall that expa(z) = 3,5 d7 2 is Carlitz’s expo-
nential in x (see §2.4)).
Lemma 6.4. The following formula holds:

Glp) = ————Tp.(®,).

1 —uexpeo(x)
Proof. 1t suffices to compute Tp(G1(p)). Since Gi(p) = u®, the formula is obvious
if we prove that Tp.(Gi(1)) = #Pc(x)' This is well known, see Gekeler [25, (3.6)].
Nevertheless, we recall the proof here. From 1 = uu™" we see that 1 = Tp . (u)Tp.(u").
But Tp.(u™) =u"t - > >0 d; 'z (recall that u~! is F-linear). Hence

1 U

Tpa(u) = T '
(1) uwt =Y gdi a1 —uexpg()

O

If p = 1 then the formula of Lemma[6.4 reduces to [25] (3.6)] because in this case ¢, = 1.
In general, the next Lemma can be helpful in determining some properties of Tp .(®),).

Lemma 6.5. There exist ¥ € Fy(ty) and a matriz
M € A[9, 97 [[]]

such that
TQ@(QP) =o,M.

Proof. Since Tp(®,(z + a)) = p(T,)Tp,(Pp(z)) for all a € A, by Proposition [6.2]
the coefficients D;(®,) of the z-expansion of Tp(®,) are, for ¥ € Fy(ty), elements of
(A[9,0711°(e)?)N*N which are in QP}(p;Ksx), therefore of the form ®,M; with M; €
A9, 71NN, O

For further use we also state and prove:

Corollary 6.6. There exists 0 € Fy(ty,) such that

Toa(wGlo);" ) € (K](e) ulllx])

and every truncation of the power series in x has coefficients in A[9,O][u]{(e)® for some
O € K depending on the order of the truncation.

NxN
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Proof. We have € Ku][[z]] and

1-— uoxp (z)

Toa (o) € (AW.671°(e)lle]

by Corollary .I1] (the elements © are necessary in the statement because of the denomi-

nators of the coeflicients of the series expansion of ﬁpc(w) and the presence of 6 in the

denominators of the series expansion associated to wp(I)pwp_l). O

>N><N

For example, if p = p, is basic, we have seen in Corollary d.12/that ®, = =, = <é" XI( )>,

-1
with N = 2n. By @ZI2) Dy(x) = D,;l(ﬁ - eq’“In> wil for k > 0, and Dj(x) = 0 if
7 > 0is not a g-power. Hence in this case the matrix M of Lemma [6.5] is

I X(Z) -1 -1 O In
M= <0n I, > + Wy expe ((19 —0I,) x) 0, 0,)°
with 7(z) = 2.

6.3. Serre’s derivatives. In this subsection we prove part (6) of our Theorem A. We
discuss variants of Serre’s higher derivatives introduced in [I5, §1.2.3]. Following this
reference, we set, for n,w € N and f € Hol(Q2 — ]KNXl):

(6.7) oL (f) = +Z F( ) Do)

where FE is the normalised false Fisenstein series of weight 2 and type 1 of Gekeler, defined
in [25, §8]. We recall the definition here, for convenience of the reader. We can define F
by using the conditionally convergent lattice sum

—7T

acAt bEA

This defines a rigid analytic function F : 2 — C, which satisfies

B(y(2)) = J5(2)* det() " (B(z) - F—— ). v=(1i) el

(a Drinfeld quasi-modular form of weight 2, type 1 and depth 1 in the terminology of [14]).
We also recall the u-expansion, with u, = ec(az)™!:

Another property of E is that it can be computed as a logarithmic derivative £ = % of
A the cusp form of weight ¢? — 1 defined in [25] §(6.4)]. See also §7.4.4l Coming back to our

modular forms, note that the case n = 1 of (6.7)) yields the operator 8§w> = D; —wEIy.
This is the analogue of Ramanujan’s derivative introduced by Gekeler in [25, (8.5)].



THE ANALYTIC THEORY OF VECTORIAL DRINFELD MODULAR FORMS 83

Theorem 6.7. Let p: T' — GLy(F,(tx))) be a representation of the first kind. The operator

a}f”’ induces a Ky-linear map My, (p;Ks) — Swion(pdet™;Ky) and an Lyg-linear map
My (p; L) — Swian(pdet™;Ly).

Proof. If f € M, (p; Ky) then f can be identified with an element of OX *! (Theorem F14])
which is &(lw)—stable for all n,w. The same arguments of the proof of [I5, Theorem 4.1]
(which holds in a wider context of Drinfeld quasi-modular forms) imply that &(Lw)( f) €

My ton(pdet™; Ky). Further, it is easy to see that 87(50)( f) has entries in My, so it is a
cusp form. O

6.4. Application to Perkins’ series. In this subsection we present the series indicated
in the title, originally introduced by Perkins in his Ph. D. Thesis [65], as generating series
for certain zeta values in Tate algebras introduced by the author in [55]. These series
define elements of Oy, and the problem of computing their v-valuations (or equivalently,
weights) arises. This is quite an intricate problem that we partially solve here. One of the
difficulties is that the matrix formalism of the preceding sections does not seem suitable to
extract this kind of information.
Let U be a finite subset of N*. We set

ou = H Xt -
U
Explicitly, oy (a) = [ ;e xt: (@) € Fylty] for all a € A.
For further use, with X a given finite subset of N*:
Definition 6.8. A semicharacter is a map o : A — F,[ty;] defined, for a € A, by o(a) =
[Lics xt:(a)® for integers a; > 0.
We are interested in the following class of function.

Definition 6.9. Let U be a finite subset of N*. The Perkins series of order n > 1 associated

to oy is the series:
Y(nyoy) = Z(z —a) "oy(a).
acA
For any U and n as above, the series converges for z € Cy, \ A (with respect to the
norm || - || of Ky, ¥ being a finite subset of N* containing U) and z +— e4(z)"(n;op)(2)
define entire functions Co, — Ey, as it is easily seen. If U = () we have oy = 1 the trivial

semi-character, and Perkins’ generating series are related to Goss’ polynomials associated
to the lattice A C C as in [36, §6] and [25], §3]. Indeed,

(6.8) $(n;1) = Spa= ) ﬁ = Gn,a(S1,4),
beA

for polynomials G 4 € K[X] (in the notations of [25].) The functions ¢ (n;oy) with
U C ¥ occur in the entries of ¥, (px), where py; is the representation of the first kind

P = ®Pt“

1€X
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where p, (2 Y) = <Z§Z; ZEZ%) (or alternatively, one can also use p = p3;). Since U, (px) €
QP! (ps:Ex;) by Proposition L8, Lemma implies:

Lemma 6.10. For allU C ¥ andn > 1 we have ¥(n;oy) € RKy. Additionally, ¢(1;0yp) =
eoy(1;00) € Eg(e)’.

6.4.1. Perkins’ series of order n = 1. We focus now on ¢(1;0x) € Eg(e)’. The next

question is the computation of its weight. We set, for ¥ non-empty with s = |X| =
(m—1)(g—1)+lwithm>1andl € {1,...,q— 1}
(6.9) R(Z) = ¢ ™(q — 1) €0, 1[NZ[p~].

For ¥ = (), we extend the definition to k(@) := 1. Note that x(X) defines a strictly
decreasing function [X| — £(X), and limy| o £(2) = 0. We prove:

Theorem 6.11. The function ¢(1;0%) € E((e)® has weight
(6.10) w@(Lios) =1 - k(E)=1-¢""" +1g" = Wnax(s).

Proof. The identities connecting x and wyax are easily verified. If ¥ = (), it is clear that
¢(1;0x) has weight 0 (it is in this case a constant function). We suppose that ¥ is non-
empty. We consider the unique representative gs; € ES, ()’ of [T;cx; X, (2) (see §2.4.3 for
the definition of y;(z)) modulo the ideal of Ex{(e))® generated by eg. By Corollary EIT]

we have ¢(1;0x) = gs. We can write gs, = > 7 09[2} with g[] € Ex((e)? (see (B:0) (EI) We
note that

[s]
(6.11) g8 = [thi(z)] =l Pyt
N——

Tame monomial Mg

with w(Mj) = Wmax(s), ® € Ex{(e)®, with w(®) < wmax(s), and where

e S (T (T1 ) eni

ToUI U Ul =X el im€lm
‘IO|:"':|I77L71‘:Q_1
[m|=l
This polynomial is non-zero as it is easily verified by choosing a subset I C ¥ such that
\E\I\ = [. Substituting ¢; by 1if i € E\I and by 0 if i € I, we get the value 1. By Lemma
6.1k

w(gg} — PEMS) < Wiax(8).

This implies the theorem because the map s — wpax(s) is a strictly increasing function
(s > 0) so that

w((150%)) = w(gs) = w(gh) = Wax(s)-

"In fact, one sees that if i # s (mod ¢ — 1), then g[zi] =0.
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For all ¥ C N* a finite subset, the above proof yields the next corollary:
Corollary 6.12. We have
lim  eq(2)"Py(1;0x) = Px.

|z|g—00

Ezample. If ¥ is a singleton we can work with one variable ¢ and we have the explicit
formula, due to Perkins, a simple proof of which can be found in [62] (combine (3) and
Theorem 1):

(6.12) P15 x) = Tu(2)xe(2)-

Let ¥ be a subset of N* of cardinality g. Developing the product [], s ec <ﬁ> we get,
after elimination of the g-th powers:

I1 ec (6—2tk> =e— Y <6Ht{ —Ht{“) ejr1+

kEX Jj=0 €D €D
(e}
+ E €i1+1 """ Cig+1 E Htkk'
0<in <-<ig a=(a;:ieX)eN®l keX
i}, not all equal _|Oc\:qi1+“'+qiq

from this tame series expansion (of depth ¢) we deduce that the leading tame monomial

of the tame series [[,cy, X, (2) is eg. Hence, [].cx ec (ﬁ) — e € Altg]°(e)? and we get

an explicit computation of ¢(1;0y) for this choice of X.

6.4.2. Perkins’ series of higher order. In this part we are interested in the following ques-

tion:

Question 6.13. Compute the valuation v(¢(n;ox)) € Z[%]zo explicitly in terms of I, m,n.
The case X = (), where N = 1 was partially settled by Gekeler in [27]. The complete

solution is now available in Gekeler’s manuscript [32]. In Theorem [6.I5] we give a partial

answer in the several variables case. We suppose that s = |X| # 0. We recall that by

Proposition 6.2, D,, induces Ky-linear endomorphisms of K$((e))* and Kx((e))® for all n.
We also recall that w denotes the opposite of the valuation v (degree).

Proposition 6.14. Let i be a non-negative integer, let v > 0 be such that D(i;1yqr—1(fs) #
0. Then,

. 1 1 1
WL + i) = oPrgi() ~ 7 € |- 0]
q q q
Proof. We observe that 7" (¢ (i + 1;0y%)) € Rs. Further, we have:

(6.13) T (Di(v(1;0x))) = (=1)'7"(¥(i + 1;0%)) = Dyrisy-1(¥(L0%)), @7 >0.

We are interested in the computation of the weight of 7"(¢(i + 1;0%)) (it is equal to ¢"
times the weight of ¢(i+ 1; o), which is the quantity we ultimately want to compute). We
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set fi = Di(ec(2)¥(1;0%)) € K%((g»b. In particular, fy = fx = ec(2)¢(1;0x%) € K%«Q»b.
By Leibniz’s rule, we have

(6.14) fi=ec(@Di((L;o0)) + Y Dalec(2))Ds(¥(1;0%)).

a+B=n
a>0

i

All terms of the above sum are in Ky,. Since the higher derivatives of positive order of ec (%)
are constant and all the functions ¢ (1 + 3;0x) for 8 > 0 tend to zero as |z| = |z|g — oo,
the weight of the above defined term = is < 0. We apply the operator 7. We get, by

613):
(6.15) 7'(fi) = ec(2) Diis1)gr—1(¥(1;0%)) + 77 (2).
We have that 77(Z) € 8 and the weight is < 0; we also set n = (i 4+ 1)¢" — 1. Then,
Dy (¥(150%)) = Du(ufs)
= uDn(fz)+ D, Dalu)Ds(fs).

a+p=n
a>0

=T

If « > 0, Dy(u) € Coolu] C K which is of weight < —2 as the reader can easily check.
Since fs € K&((e)?, the weights of all its higher derivatives are in {—oco} U [0, 1] and thus,
the weight of the term T above defined is < —1. Let us suppose that D,,(fx) is non-zero.
Then, its weight belongs to [0, 1] and the weight of uD,,(fx) belongs to [—1,0[. We deduce
that, under this hypothesis of non-vanishing, the weight of D, (1)(1;0y%)) is equal to the
weight of uD,,(fx), belonging to the interval [—1,0[. Coming back to the identity (G.13])
and recalling that 77(Z) has negative weight, we deduce that 77(f;) and ec(2)? "' D,(fx)
have the same weight, belonging to the interval [¢" — 1, ¢"[, and the weight of f; satisfies:

1 1 1
Coming back to (6.14]), we have noticed that the term = has weight < 0. But f; has
non-negative weight by (6.I6]). Hence, the weight of the first term in the right-hand side
of (6.14) has the same weight as f; and the result follows. O

We recall that if s = [¥| = (m —1)(¢ — 1)+ with m > 1 and [ € {1,...,q — 1},
then w(1(1;0x%)) = lg™ — ¢'~™ (see Theorem [G.11)). We want to compute the weight of
¥(1 4 n;ox) for n > 0 and this allows to compute the v-valuation of these elements. The
following Theorem generalizes Theorem

Theorem 6.15. Let 3, s,m,l as above and let n be > 0 such that £y(n) <. Then,

o1 +njox)) = ¢ ™ = (I = Ly(n))g™™
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Proof. We choose i@ = n and r = 0 in Proposition [6.14] (note that in this case n = (i +
1)¢" — 1). We show that D, (fx) # 0 and we compute its depth. To construct fs;, we have

applied the rule e;_1 = Cy(e;) to the product [[;cs ec (G_Ltl) which implies that

fe=f T

We recall that we have already seen that fg Vi equal to X(Uz)[s} and has the monic maximal
tame monomial My as a non-zero term of its tame expansion. Further, w( fg - (q_l)]) <
Wmax(s) for all j > 0. Hence, we can write fy, = My + g with w(g) < wmax(s) and D, (g)

has weight strictly less than
Wiax(s — Le(n)) =1 - ¢ "+ (I —=Lg(n))g™™.

We now claim that w(D),(fx)) = Wmax(s — £4(n)). If this is true, we deduce, from Proposi-
tion [6.14], the formula w(¥ (14 n;0%)) = (I —£4(n))g~™ — ¢*~™ hence completing the proof
of the Theorem. O

The claim is the object of the next Lemma, where M, is defined in (6.1)):

Lemma 6.16. With s = |X| equal to (m —1)(¢ = 1)+, m >1and 1 <1 < q—1, let
n € N be such that £y(n) <1. Then,

Dn(Ms) = "ans—Zq(n) + h,

% no %q n1 %’qr Ny o

where n = ng +n1q + -+ + n.q" is the base-q expansion of n, and with h € T°(Cy) of
weight < Wmax(s — £q(n)).

with

Proof. We write My, = FG with F = (e1---€,_1))7 " and G = €., By Leibniz’s rule
Dp(Ms) =3 1 g=n Da(F)Ds(G). If @ > 0, then w(Do(F)Ds(G)) is strictly smaller than
Wmax (s —¥4(n)). Now, we consider the term with o = 0. Note, by the formula (6.4]) applied
to the product of F4-linear maps G' = elm, that

D (G) = (Dyy © Drygo -0 Dypgr)(el,) = gyl ta™

The result follows. O

7. EISENSTEIN SERIES FOR p5,

This section contains the proofs of the various items of Theorem C in the introduction.
We present several aspects of Eisenstein series for the representation p = p5,, with N = 2°.
These functions provide important examples of the modular forms we consider (see also
[58]). We set, for w € N*:

e T @(1)

(a,b)EA ey
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where the sum runs over the a,b € A which are not both zero. This series corresponds to

the choice
pa.t) =@ (114))

iex Xti(b)

in (BI9) (this is the transposition of the first line of pg(‘j f;)) so that by Lemma
Ew(ps) € My(p%) \ {0} if s = |¥| = w (mod ¢ — 1) (see also [58, §5]). Note also that this
series defines a holomorphic function 2 — IEJEV *1 We call & (w; p3;) the Eisenstein series of
weight w associated to ps,.

Here is the plan of this section. In §7.11 Corollary [[.3] we compute the v-valuation of
the entries of £(1; p3,). The computation uses results of §6l on Perkins’ series. The general
problem of the computation of the v-valuation of the entries of £(m; p%;) for m > 0 is likely
to be a difficult problem. Some partial results can be obtained applying Theorem In
§7.2l we use the Eisenstein series £(1; p3,) to show that the dimension of M;(p};Ly;) equals
oneif |[¥| =1 (mod ¢g—1). This is one of the very few spaces of non-scalar Drinfeld modular
forms that we are able to fully characterize. As a corollary, the series £(1;p3,) are Hecke
eigenforms. In §7.3] Theorem [I.7l we describe integrality properties of the u-expansions (in
the sense of Proposition B.25)) of the entries of £(m; p},). Naturally, these series expansions
are much more complicated and less explicit than those obtained by Gekeler in [25] for the
scalar Eisenstein series. In §7.4l we show how certain results of Petrov [67] on A-expansions
can be generalized to show that series such as

Dl Gin(ua) € Kl[ul]
acAt

with [, m > 0 such that l = m (mod ¢—1) give rise to u-expansions of quasi-modular forms
in the sense of [I4]. These series occur as special values of an entry of the Eisenstein series
E(m; p3;) hence confirming a prediction of D. Goss on a link between Petrov’s A-expansions
and Eisenstein series; see Theorem [7.8l In §7.12] we present, succinctly, some applications
to v-adic modular forms.

Link between Fisenstein series and Poincaré series. The next lemma provides a connection
with Poincaré’s series.

Lemma 7.1. E(w;p3) = CA(ZU;O'Z)IPq(UO)(q)pE).

Here P&O)(q)p%) denotes the last column of the matrix valued Poincaré series Py, (P s )
defined in (B.6), with G = @,y and:

-1
Cawron) = Y0 0 ] <1 - "f,f?) € T NEs,

acAt P

the product running over the irreducible monic polynomials of A.

Proof of Lemma[7.1 We consider a matrix v = ( ;) € I'. We note that the last column of
P,z (v(2)) is the last entry of the canonical basis of the vector space Fév %1 Indeed, Pz (2)
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itself is a matrix function which is lower triangular with 1 on the diagonal. Moreover, the

* -1 _ 3 X 1(0)
last column of p& (7)™ = fpx(7) is Rjex (X;(d)
column of p3; (7)_1<I>p§ (7(z)) and to the last column of

p3(7) T @ (7(2)) 3 (4 ),
Therefore, the last column Pfuo)(<1>p*2) of Py (Ppy) is
—w Xt; (€
> @)
v=(e o) e

c,deEA
relatively prime

), which is therefore also equal to the last

independent on the choice of the representatives modulo the subgroup H of I'. Observe
that the index set of the sum defining the series &(w; p%), 4%\ {(0,0)}, is equal to ZA™T,
where 7 is the set of couples (c,d) € A? with c,d relatively prime. This means that

ewips) = 3 S (en b ) @ ) X0 () = Calw: o) PO (@),

acAt (c,d)eZ M)

0

7.1. The v-valuation of Eisenstein series. We expand the entries of our vector-valued
Eisenstein series along the principles of Theorem .14] and we compute their v-valuations
in certain cases.

If |£] = s > 0 and N = 2°, the ordering on ¥ induces a bijection ¥ = {0,...,s — 1}.
This in turn defines a bijection between subsets J C ¥ and integers 0 < n < N — 1. If
n=ng+m2+ - +n, 125" is the base-2 expansion of n, the image of n is the subset
J={jeX:n; #0} CXE. We can write |J|y := n. For example, |}|]s; = 0. Then, we can
describe in two ways an N-tuple of objects parametrized by the subsets of {1,...,2%}:

f= " cs = (fi)r<i<n,

by using that the latter is (f|541)cx (note how we distinguish the N*-indexing from the
Y-indexing). Note that the first entry is

fo=1°.
The Perkins series ¢(w; o) defined in (69)) are elements of Oy, if U C 3. We set
%(w; UZ) = 1/1(10; 0'2)(2:&),
functions which also belong to Oy. Their valuations v are positive and we we have, for all
ac AT,
v(ta(w;on)) = |alv(y(w;ox)).
We set

(71) Vi) = = 3 ot (0 ®)

ﬂ-w
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We denote by V(w; p%;)q the function of the variable z obtained by rescaling z +— az. We
also set

(7.2) Z(w; py;) = (:)
Ca(w;ox)

The next Proposition generalizes [64, Proposition 3.7] to the case of p = p3,.

Proposition 7.2. If s = |¥| =w (mod ¢ — 1) and w > 0, then:

(7.3) E(wip) = —Z(wip) =7 > ps(§3)V(wiph)a

acA+

Writing £(w; p%) = (€7) 1us=x, we have, more explicitly:

(7.4) e = (=) Y or(@a(wios), J#£E,
acAt
(7.5) % = —Ca(wios) — ()P Y yo(wioy).
acAt

In particular, if J = () # X, we have that

(7.6) E0 = 7" N " on(a)Gu(ua(2)) € Ks[[u]].

acA+

Moreover, if ¥ = 0, we have, for g — 1| n:

(7.7) E(wil) = —Ca(w) = 7" Y Gu(ua(2):

a€AT
In all cases, we can identify €(w; p3;) with an element of DJEVXl.

We deduce, in yet another way, that £(w; p3;) € My (p5; Ky). Additionally, we see that
it does not belong to S,,(p3;; Kx) because of the non-vanishing of (4(w;oy) in (Z5]). Note
that writing &(w; p%) = (&1, ...,ENn-1,EN), we have v(&;) > 0 fori =1,...,N — 1 and
v(En) = 0. See Lemma ?? for a more general statement.

Proof of Proposition[7.3. The sum defining £(w; p3;) splits in two pieces, a sum over the
couples (a,b) € A x A with a # 0 and a sum over the couples (0,b) with b # 0. While the
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second sum is easily seen to be equal to —Z(wj p3,), for the first sum we have

1 Xt; (a) _
2 el
beA

= > pz(“) Zm@ <Xti1(b)>

acA\{0} beA ex
: w 1
= 2 () | XA (0) m(88) ) X e () oy
a’€AT AeF beA
= =7 pe( ) Viwipk)a
a’€At

where we made the change of variables a = \a’, b = AV’ in the summation, and used that
|X| = w (mod g — 1) because Z/\EIF; AEI=w — 1. Now note that

Viwi o) = =5 (- )V w(wsa))

The identity concerning the case J = ) # X is clear, and the last identity, concerning the
scalar Eisenstein series, is well known; see, for instance, [25, (6.3)]. The last assertion of
the proposition is a direct consequence of the fact that ¢,(w;ox) € Oy, for all a € A and
w € N* and the fact that v(¢,(w;ox)) = |a|v(e(w; ox)) — 0o as a runs in AT, O

Jcs

Thanks to Theorem [6.11] we can compute the v-valuations of the entries of £(1;p5;)
(recall that s has been introduced in ([6.9)). The corresponding problem for &(w; p3,) for
general w is at the moment unsolved but the reader can apply Theorem [6.15] to some
specific cases.

Corollary 7.3. If|X| =1 (mod ¢ — 1) and £(1;p%) = (€7) jcx, we have v(E7) = k(J) if
JC Y and v(E¥) = 0.

7.2. Application to modular forms of weight one for p5,. In this subsection we prove
Theorem D of the introduction. We recall that N = 2°. We have:

Theorem 7.4. Assuming that |X| =1 (mod g — 1), Mi(p%;Ly) is of dimension one over
Ly, generated by the Eisenstein series £(1;p%).

Proof. We note that in the case p = p5; we have the following identity for the space
H(p;Ky) defined in §5.2.3}

(7.8) H(p;Ks) =
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We claim that if f = (fi,..., fn) is a modular form for p3,, we can identify fi,..., fnv—1
with elements of My and fy with an element of Ox. Indeed we know already that f €
Dg“. In particular, there exists o € Kg“ such that f = a (mod MMY¥*1). But note that
for all a € A, f(z+ a) = p(T,) f(2) for all z € Q so that a = p§(T,)« for all a € A.
Identity (7.8) allows to deduce the claim.

We conclude by observing that £(1; p3;) € Mi(p%; L) \S1(p5; Ly) and applying Theorem
.11l knowing that in this case, 6, = 1. d

This yields a positive answer to [64, Problem 1.1]. By Theorem EI5] £(1;p%) is an
eigenform for all the Hecke operators defined in §4.31 We deduce:

Corollary 7.5. For all a € A\ {0} we have T,(E(1;p%)) = E(1; p%).

Proof. By Theorem [C4] M (p3;; Ly;) is one-dimensional generated by £(1; p%,) and we have
To(E(1;p5)) = Ma&(L; p%) for all a € A\ {0} for elements A\, € Ly. It suffices to show that
Ap =1 for every irreducible element P € A by using the Hecke operators Tp described in

1
BI). We set f=E(1;p5). In @I), g := Z|b|<\P|P<(1J 113) f(3) € Mm% Indeed,

let fi1,..., fn be the entries of f. We have f1,..., fn_1 € My and fy € Oy. This implies
that the first N — 1 coefficients of g are in My, and by (4.21]) the last coefficient of g is

z+b>

P_lo'g(P) Z fN< P

|bl<|P|

so it is an element of L ((e))® with zero constant term. Hence Ap equals the lower right

-1
coefficient of p; <Ig (1)> which is equal to 1. O

7.2.1. Digression: another class of Fisenstein series. One of the main motivations for the
introduction of the Eisenstein series £(wj p3;), for which they have been initially considered
in [55], is that the non-zero entry (which is the last one, in the prescribed ordering) tends
to —Ca(w;oy) (the zeta values defined in (ILI1)) as z € Q approaches the cusp infinity
or, in other words, it is congruent to —(4(w;os) modulo My. These are not the only
Eisenstein series which enjoy this property. Another example is discussed in this remark;
further investigations will lead to a better understanding of these examples. We consider
the F,-algebra morphism x : A — Fy[tx]**® (with s = |X|) defined by

0 1 0
0 0 0
U =x(0) = )
0 0 1
-k P - =P

where Py,...,Ps_1 € Fglty] are defined by [[;es(X — ;) = X* + P, X5 + - + Ry,
Then, for all a € A, det(x(a)) = oxn(a) (see [58, §2.1]). We consider the representation of
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the first kind ¢5, = NP of dimension N := (235) We suppose that w = s (mod ¢—1) and
w > 0. The last column of the Poincaré series Py, P,z ) multiplied by (a(w;ox) equals
. —w A (X(a
E(w; %) == Z (az +b) /\ <XEb;>
(a,)eA\{(0,0)}
This defines an element of Hol(2 — EIEXN ) and a modular form in M, (¢3%;Ks) \

Sw(py; Ksy). Moreover, the only entry En of £(w;¢s) which does not vanish at infin-
ity, which is the last one, satisfies

En = —Ca(w;ox)  (mod My).
In other words, —Ca(w;oy) is the 'constant term’ of the last entry of £(w; ¢%,).

7.3. Integrality properties of coefficients. We investigate integrality properties of co-
efficients of Eisenstein series. Our main result in this subsection is Theorem [7.7] in the
same vein as classical results of Gekeler [25, §5].

Definition 7.6. An element f € M., (p; Kx) is said to be rationally definable if there exists
a matrix M € GLy(Ky) such that the image of M f by the embedding ¢y of Theorem
AT4l is an element of K (ty)°((e)?((w))N*1. Tt is integrally definable if this image lies
in Alts]°(e)?fu[[u)]¥*t. If v : K(ty) — Z U {oo} is a valuation of K(ty) we say
that a rationally defined element f € M., (p;Ks) is v-integrally definable if, writing f; for
the i-th entry of M f with M the above mentioned matrix and expanding it as a formal
series fi = 3 ;5. fijul with f; ; € K(t5,)°({(e)?, which can be done in a unique way after
Proposition B.25], we have v(f; ;) > 0 for all 4, j.

Note that if N =1 and ¥ = (), this coincides, up to multiplication by a proportionality
factor, with the scalar modular forms having u-expansions in K((u)) and A[[u]], or v-
integral respectively.

We recall from Proposition the notation & that designates the I-th entry of £ =
E(m;py) with I C X, |X] = m (mod ¢ — 1). Also, we recall that wy = [],c; w(t;) € Ts.
We have:

Theorem 7.7. For all I C ¥ we have
wim"E € K (ty) + uK (ty)°(e)[[u]]

and E(m; p3;) is v-integrally definable for the valuations of K (ts,) associated with a non-zero
prime ideal p of A, and this for all but finitely many p.

To prove this result we introduce another class of matrix-valued functions. As seen
in §5.3] Poincaré series naturally occur as square matrix functions. On the other hand,
Eisenstein series, following our constructions in §5.4] are defined as vector functions. The
following matrix function is very useful in studying Eisenstein series for the representation
of the first kind p5;:

!/ /
(7.9) E(mips) = Y ps(§9)Unles) + B Y d "5 (T0),
ceEA deA
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where m > 0, Ex, denotes, with N = 2% s = ||, the N x N-matrix with zero coefficients,
except the bottom-right coefficient which is equal to 1, ¥, (2) = ¥,,(p%)(2) (as defined in
§4.1.0) and the sums over ¢,d run in A\ {0}. We have, as it is easily seen,

E(m; p%) € Holgy, (Q — ENN).

There is a bijection between the columns of £(m; p}.) and the subsets I of ¥. We use the
ordering described at the beginning of §7.11 and we denote by £; the I-th column in such
a way that the first column corresponds to I = ¥ and the last one to I = (). It is easy to
show that

Er= g(’l’f%pi;) & ® I € Mm<p*2 (9 ® 12;K2>,
JES\I JES\I

where 15 is the representation (of the first kind) v € I' — Iy = (é (1)), so that the first
column €y equals £(m; p3;) (compare with (T.3).

Proof of Theorem [7.7. By (6.5]) we see (G (p)e := Gm(p)zscz) that

E(mipe) =73 ps(§9)Gmlp)e + Bs Y d "k (T-0).
ceA deA

T wpg < > om ( 61 ) Gm(p)c> W

ceA

We have that

has rational expansion in ﬁg *N and the coefficients are v-integral for b as in the statement
of the theorem in virtue of Corollary By [2, Theorem 2],

~ ro_ * —
"Wy, (EEZ d mPE(T—d)) ng € K(ts)V,
deA

so that
) NxN

e E (i pi ! € (K (L) + kK (1) ) [[u]
and the theorem follows. d

7.4. Some applications to quasi-modular and v-adic modular forms. In this sub-
section we illustrate how constructions of Drinfeld modular forms defined over 2 with
values in C,, having ‘A-expansions’ as considered by Petrov in [67] can be naturally car-
ried out as evaluations of our Eisenstein series £(m;p3;) at certain specific points. This
also leads to some properties of v-adic modular forms with v a valuation of K (ty;) that will
be sketched at the end of the present subsection to illustrate further directions of research.

Consider a finite subset > C N* of cardinality s and, for ¢ € 3, integers k; € N. With
k= (ki)iex € N>, set ev = ev s the evaluation map that sends an element f of ng *N for

integers M, N to
MxN
ev(f) = (f)tizgq’“i Viey e G

the family k € N* is fixed all along the subsection.
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The Eisenstein series £(m;p};) defines a non-zero rigid analytic function Q — Eg x1
with N = 2°. Hence the evaluation ev(€(m; p3;)) can be viewed as a rigid analytic function
Q — CN*1 We recall, from [67], the series

(7.10) frm =Y a""Gr(ug) € K[[ul],

acAt

where the sum runs over the monic polynomials in A. This series converges in K[[u]] (for
the u-adic valuation) for every m > 0 and k € Z.

We show the following result, where we use the notion of Drinfeld quasi-modular form
introduced in [14], Definition 2.1], answering a question of D. Goss on the general nature of
the A-series defined in (7.I0). We suppose that s = |X| and the integer m > 0 are chosen
so that s =m (mod ¢ — 1). We also set | = Y, . ¢", so that [ = s (mod ¢ — 1).

Theorem 7.8. The first entry of ev(E(m; p%;)) equals —7™ fiym m and is a non-zero quasi-
modular form of weight I +m type m and depth <.

7.4.1. Preliminaries, Hypothesis H. We choose a representation of the first kind p : I' —
GLy (F,(ty)) satisfying the next:

Hypothesis H. We suppose that p is constructed starting from the basic representations
pt, with i € ¥ applying the usual elementary operations ®,®, S, AP, ()*.

Assuming the Hypothesis H amounts to make an initial restriction on the basic represen-
tations used to define p. This condition can be relaxed but is convenient for our exposition
because it allows us to refer to existing literature, so we assume it, but many properties
described here extend to the general setting of arbitrary representations of the first kind,
with appropriate modifications of the statements.

We note that the matrix functions Z,, ®, introduced in §4.2.T] and §4.2.2] belong to
GLy (ES(e)?) for N > 1 so that

¢, :=ev(®,), Z,:=ev(E))

define entire functions Co, — CY*V,

Lemma 7.9. Assuming the Hypothesis H we have &)p,ép € GLy(Cx[2]).

Proof. We begin by proving the property for &)p. The Hypothesis H implies that every
entry of ®, ‘comes from Perkins’ series’ in that they are of the type

Y (z—a)7'6(a)
acA

where © : A — F,[ty] is a map such that there exists a polynomial P € F,[X;,...,X,]
(for some r) and semi-characters o1,...,0, : A — F[ts] (see Definition [6.8)) such that
O(a) = P(o1(a),...,o.(a)) for all a € A. Hence, to prove the lemma, it suffices to show
that, with f = egy)(1;0x) (¢ is a Perkins series, see Definition [6.9]). We have

fi= ev(f) € Cxlz].
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To justify this we appeal to [62, Theorem 2]. After this result we see that
7 [Liex expc (0%&1)
[Ties w(ts)

where g : Co, — Ex; is an entire function which vanishes identically after evaluation ev at
k
ty, = 67", Recall that

flz) = +eog(2)

for all i € ¥ and for all z € Cy. It is therefore easily seen that
ev(xe,(2) = 27"

Hence the claimed property of ffollows, and together with it, that of (TJP.

To show that Ep € GLn(Cx[z]) it suffices to verify it for p = p;, with i € ¥ so we
assume now X = {i} and k = k > 0. In this case however, &)p = ép = ((1) Z‘ik ), and thanks
to the Hypothesis H,

(7.11) Z, =ev <p(T9)>6Hz € GLy(F,[2]).
The proof of the lemma is complete. O

We can now prove:
Lemma 7.10. Under the Hypothesis H we have CTDP = Ep.

Proof. By Proposition .10l (¢) we have =, = ®,(Iy + N1) with A} a function belonging
to egEx[eo]V*N. evaluating we get

Ep = (AISP([N —l—NQ)

for Ny € egCooleo)V* . By Lemmal[Z9 we see that Iy +AN3 € GLy(Cyo[2]) and this shows
that N3 = On because the functions z — z and z — eg(2) are algebraically independent
over Cy, as is easy to see. O

We now choose an integer n > 0 and we study ev(G,,(p)) where G, (p) has been defined
in [6.5). We recall that G1(p) = 711 (p) = u®,. It is easy to see (we leave the verification
to the reader) that for all p satisfying the Hypothesis H, ®, can be expanded into an N x N
matrix of entire functions of the variables z and ¢y, (]3| + 1 variables). It follows that for
allm > 1,

Dm—l(ép) = Dm—l(&)p) = eV(Dm—l(cI)p))a

so we have:

(7.12) ev (Gm(p)> =Dp1 <u§p>.
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7.4.2. Matriz functions and proof of Theorem [7.8 From now on we suppose that p = p5;
and that || = m (mod ¢ — 1) with m > 0. Recalling the matrix functions € of §7.3] from
([T12) we obtain the series expansion:

(7.13)

Fmev (E(mipg)) = D ev (pu(§9)) Dot (w5 ) +7 " Exev (D2 d"ph(Ta) )
deA

ce

where (-). indicates that we have applied the substitution z +— cz. We rewrite the identity
([T13]) at the level of the first columns in a more convenient way. Our next task is to show
the subsequent identities ((T.14]) and (7.I6]). We note that the first column of

/
Ex ) d mps(T-
deA

equals

0
Z
where Z = (4(m;oy) is the (-value (EI:I:I:I) and we get
ev(2) = Z Z al=m
d>0 ac At (d)

(sum over the polynomials of A which are monic of degree n), a special value of the Goss
zeta function. We resume the computation as follows (the index 1 indicates that we are
extracting the first column):

(7.14) T <Ez > d‘mpw_d)) =- :
deA 1 0
T "Ca(m — 1)

We now compute Dm_l(uépg). For this, set, with I C X,y =) ;; ¢ (note that I C J
implies I; <ljandif IUJ =X, l;+1; =1). In place of (ZI1I]) we have the explicit formula

= 10
=% = ® <—zqki 1)’
€Y
and Dj(§p§) =) RkexDi,( _Zlqki (1)) where the sum runs over the families (i : k € ¥) C N
such that ), i, = j. Since Di(zqk) =1, (—%)q’“zq’“,o depending on whether i = ¢*,0 or
another value distinct from the previous ones, we see that

pEa)= ¥ ®(Lnt)e@( )

IuJj=>X ieJ
lr=j
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By Dy—1-1, () = Gpy—y, (u) we deduce the formula

(7.15) Dm_1(u§pg) = Z Gm—lz(u)®( i 1) ®®< —a*h 0>

uJj=x ied hel
l;<m

Note that, with ¢ € A,

o () (@ (L ) o @

icJ

)
~@ (4 1) (L) @ (4 1) () -
(@) e @ ()

1eJ

Considering (7.I5]) we get (remember that the index (-); means that we are extracting
the first column):

(Z’ev <p2(8(1)))Dm_1 <u§p§>0) —
ceA 1
= Z <Z’ ClJGm—lI (uc)> <® (_Zlqki (1)) ® ® (%jkh 8)) .
ILJ=% \ceA ieJ hel 1

li<m
Note that ZCEA\{O} AT Gt (We) = = fnety41,m—1; (see (TIN)) if I = Iy = m (mod q —

1), and it equals zero otherwise (because | = I; + ;). But |X| = [ (mod ¢ — 1). Hence,
writing Fr for fy,—i,41, m—i, for simplicity:

(7.16)
<Z/ev (pz(ﬁ?))Dm—l (uépi)c> = — Z Fr <®(_;qu> ®®<%gkh)> .
cEA 1 14J=x ieJ hel

Proof of Theorem [7.8 We study the first column of 77" ev(€(m; p};)). Gathering together

([CI4) and (7.I6) we find
(7.17)

oo (em) =7 1 (@( 1)o@ ()|

IJj=x e hel
lr<m Ca(m —1)
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Observe, from the modularity of £ := £(m; p%,), the following identity, where (v); now
denotes the first entry of an element v € RV*! for some ring R, and where y = (% %) € T':

(£02)) | = K™ (pEMIER)) = det(1) ()™ @) (X6 () —x1, () ) €(2):
iex
This is obtained by noticing that det(y) ™1™ ®;ex (x4, (d), —xu,(¢)) is the first row of p%(7),

and |X| =m (mod ¢—1). Evaluating at t; = 97" for all i € X this becomes det(7)™" Rjex
(d"*, —c7"*). Observe that, for any = € CX,

SC (® (v ) e @ (- )) = Jy(2)" (e

iex icJ hel
Moreover,
0
Q[ = (=0 lm 1),
1€X 0
Ca(m —1)

Using (717)) yields the identity for f := (£); (first entry):

(718) F(3(2) = det(y) ™™, ()" ) (a, =" ).

1EX
0
=y n(@)eetn)-| |-
IuJj=x ieJ hel
lr<m Ca(m —1)

= det(’y)_mJy(z)mH — E %m_lIFILV(z)ZI —Ca(m —l)LV(z)l ,
Ilquz
<m

where L (z) = — g+ This implies that f is a Drinfeld quasi-modular form of weight I +m
type m and depth < [ in the sense of [14, Definition 2.1]. Basic properties of quasi-modular

forms imply that f = —7""F} and the proof of our theorem is complete. O

These results overlap, at least partially, with Petrov’s work [67]. In his Theorem 1.3
Petrov shows that if in addition to the necessary conditions [ > m and | =m (mod g — 1)
we also impose m < p~% (") where vp is the p-adic valuation of Z, then fj4,, ,, is the u-
expansion of a Drinfeld cusp form in Sj(det™™; C), a Drinfeld cusp form of weight [ +m
and type m in the terminology of [25] and therefore a quasi-modular form of depth zero.
The reader can easily deduce the following result which is however slightly weaker than
Petrov’s (note that prrl) = gra@)por(ta®)  with vg denoting the order of divisibility by ¢
and ¢, denoting the sum of the digits in the ¢g-ary expansion).
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Corollary 7.11. If Il > m with I = m (mod ¢ — 1) and m < q"") then fi4m,m 1s the
u-expansion of a modular form in S;(det™; Cso).

Proof. Indeed with this hypothesis on the order of divisibility by ¢ in the sums in (Z.I8])
there is no I such that I; < m, unless I = (). Moreover, (4(m — 1) = 0 (trivial zero) and
the depth of f is zero. O

7.4.3. An example of Hecke eigenform. Consider ¥ such that s = |X| =1 (mod ¢—1) and
set m = 1. Both Corollary [ 11l and Petrov’s [67, Theorem 3.1] imply that f := fi411 is
the u-expansion of an element of Sy, i(det™!;Cs) \ {0}. It is proportional to an entry of
ev(E(1;p%)). It is easy to see that this cusp form is not doubly cuspidal. It is also well
known that f is the u-expansion of an Hecke eigenform. We can deduce this property from
the fact that £ := £(1; p3;) is a Hecke eigenform. We come back to ([@.20). We have, for all
P ¢ AT irreducible, that

(70 (6))

s (ern) <7 Y (e(57),

[bl<|P|

and this equals (£); by Corollary Evaluating at t; = 69" for all i € ¥ implies the
identity

FP2)+ P Y f(FER) = Pl

bl <|P|

which tells us that f is a Hecke eigenform for all the Hecke operators 7p, with eigenvalue
P € A" irreducible (the operators Tp are those of [25], we use the normalisation of [25] to
allow an easier comparison with existing results).

7.4.4. Ezxamples of quasi-modular forms. The content of this subsection is also related to
the sequence of extremal quasi-modular forms (xy)r>o introduced in [15], where the initial
explicit elements are xg = —F, ©1 = —FEg — h, in the notations of [25], and where F is the
normalized false Eisenstein series of weight 2 already used in §6.7], which is a quasi-modular
form of weight 2, type 1 and depth 1 in the sense of [I4]. From Theorem [7.8 we deduce
that £(q"; p})i=o = —79 fyni14n for all n > 0 and z, = — fyni1,4n. If n = 0, we deduce
Gekeler’s series expansion [25, p. 686]:

(7.19) E= )" au,.

Taking £(1; py);—pan for n > 1 we get, up to a proportionality factor, Petrov’s sequence of
Hecke eigenforms
F, = Z a?" u,

acAt

of weight ¢" + 1 and type 1, notably the initial values F; = h and F, = hg? (see [67, §3.2]
and the proof of Theorem 3.6 ibid.).
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7.4.5. v-adic modular forms from FEisenstein series. In this short subsection we quickly
introduce further desirable directions of investigation, with few details to preserve the flow
of the main topics of the present work. Consider an element f € K (t5) +uK (t5;)° ()’ [[u]]-
We say that f is an entry of a rational Drinfeld modular form if there exist w € Z,
p: I - GLy(K(ty)) a representation of the first kind, F' € M, (p : Ky) and a linear
map A : KY — Ky such that f = A\(F). We denote by X the set of all entries of rational
Drinfeld modular forms.

For f € K(ty) + uK(tg)°(e)’s[[u]] we write f = fo + > ;. fiu' with fo € K(tg)
and f; € K(ts)°{e)® for i > 0. This expansion exists and is unique (see Proposition
B20). Let v : K(ty;)) — Z U {oo} be an additive valuation. We say that f is v-integral if
fi € O2((e)?, where O, is the subring of K (ty;) of elements with non-negative v-valuation,
i. e. f€ 0, +u0i{e)[[u]]. Over the ring O, + uOZ(e)’[[u]] of v-integral series we have
the infimum v-valuation (relative to the series expansion f = Y, f;u’) and we denote by
X, the matric space of all entries of rational Drinfeld modular forms which are v-integral.

I)eﬁnition 7.12. A v-adic Drinfeld modular form is an element of the completed space
Xu»

Following the ideas of Goss in [40] the reader can check the following explicit example.
Consider ¥ = ¥/ U {1} with s’ = |¥’| and set v to be the yy, (p)-adic valuation of K (t)
with p = (P) a prime ideal of A of degree d (and P monic). We choose m > 0. We consider
a sequence of positive integers (k;);>0 with k; = r + a;(¢? — 1), with r € {0,...,¢% — 2}
with k; — oo as i — oo and with a; converging p-adically. We also suppose that for all 4,
k; + s =m (mod ¢ — 1). Then, as i — oo, the sequence of series

> X (@) 05 (@) G (ua) € K (t)[[u]]

acAt

Pta
all v-integral, defines a v-adic Drinfeld modular form which is non-zero. Of course, it is
related to an Eisenstein series £(m; p%, ), for a suitable ¥, after an appropriate evaluation.

A remark. It is an interesting problem to determine an appropriate complete topological
group of weights for v-adic modular forms in the sense of our Definition [[. 121 We note
indeed that the union

U My(p;Ky), w>0, X CN* pof the first kind,
w,X,p

3 being finite, generates an algebra over UyKy with multiplication ®. It is not difficult
to show that this algebra is graded over the monoid (Z,+) @ ({p : of the first kind}, ®).
To define his co-adic and v-adic zeta and L-functions, Goss introduced several complete
topological spaces containing a copy of Z, see [38, Chapter 8]. For instance, the complete
topological group S projective limit of the groups Z/((¢* — 1)p™)Z as n — oo with d =
degy(P) and ¢ = p®, isomorphic to Z/(¢? — 1)Z x Z,, contains the weights of the p-adic
modular forms of [39], with p the ideal of A generated by P irreducible. The same question
arises when one wants to define a topological space over which interpolate the L-series
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of [56], see [39]. At the time being, there is no complete topological group containing
({p: of the first kind}, ®) behaving as nicely as S, allowing to give rise to a nice space of
weights for our v-adic modular forms. A similar question has been addressed in connection
with multiple zeta values in Tate algebras, see [34] Remark 3.1.2].

8. MODULAR FORMS FOR THE REPRESENTATIONS p5,

In this section we consider modular forms associated to representations of the first kind,
with values in vector spaces over Ky, rather than vector spaces over Ly;. To classify them
we cannot use the techniques of specialization at roots of unity of §5.2.71 We are therefore
led to introduce other techniques which, however, are harder to apply in the general setting
of all the representations of the first kind. At least, they lead to proofs of Theorems E,
F in the introduction. We will focus on the representations p = p3, only, as they seem to
have a larger spectrum of applications. We are going to determine the complete structure
of the spaces M, (p;Ks) in Theorem Il An important tool introduced in this section
(see §8.2 is the notion of strongly regular modular form. the v-valuations of the entries
of a strongly regular modular form are submitted to certain strong lower bounds making
them into a module over the scalar modular forms, the structure of which can be easily
computed, see Theorem B8 If |X| < ¢ — 1, then the notions of modular form and strongly
regular modular form agree (Corollary RI4). If [¥| > ¢, this is no longer true but in
Theorem 811l we show that twisting an element of M, (p%;; Ky;) by a large enough power of
the operator 7 defined in the corresponding section (the exponent depending on w and X)
yields a strongly regular modular form. Besides these properties, the precise structure of
the Ky-vector spaces M, (p%;; Ky:) for a general choice of ¥ subset of N* remains presently
unknown.

8.1. Structure of weak modular forms. We consider a finite non-empty subset ¥ C N*.
The structure of the Ky-vector space MLJ(,O;KE) is quite simple to describe. The main
result of this subsection is the following.

Theorem 8.1. Assuming that p = p5, det™, we have:
M, (p:Ks) = My, _1 (0 Ks) ® E(L; pf, ) + Myy_y (0 K) © E(g; p7,)-
We choose k € ¥. We set X' = X\ {k}. We denote by p5,, the Kronecker factor of the
representation p5,. Hence:
(8.1) Py = Pxy ® py, -

We can suppose, without loss of generality, that & = min(X). The natural ordering of
> C N* has to be considered to write the Kronecker product. We set p = p5, det™™.

Proof of Theorem [8. We consider the Eisenstein series £(1;p;) of weight 1 associated
with the representation p;. Explicitly, this is the series:

ELip) =3 (az+b)""! <Xt(“)>, n> 0.

abeA Xt(b)
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We denote by £ the transposition (row function) of £(1; pf). We also set

— € 2x2
¢ = <T(5)> € Hol(2 — KX2).
Note that 7(€) = t€(q; p;). Let h = —u + o(u) be as in §§.3.31 By [64, Theorem 3.9]:

det(€) = —7Ca(g; xe)h(2),
which is also equal to
B 79T Rh(2)
(09 —1)(0 — t)w(?)

by the formula

(8.2) Callixe) =

(0 — t)w(t)

which holds in T and can be found in [55], after application of 7. The function h does
not vanish on  and v(h) = 1. Since the function det(€) can vanish identically for certain
values of ¢ with [t| > 1, the matrix function &(z)~! belongs to Hol(Q — T?*2) but not to
Hol(Q2 — E2*2). Note that 72(w) '€&(2)~! defines a function of Hol(Q2 — E2*2). We are
going to generalize some aspects of the proof of [64, Theorem 3.9]. Let G be an element of
M, (p; Ks). Then by definition for all v € T and z € , we have

G(v(2)) = J3 det() "™ p5(1)G(2)-
We now set E = 7%(w(t))"'€*, E;, the same function in the variable #; instead of ¢, and

(8.3) F:=Iy ®E,;, € Hol(Q — E%N),

with N =25 s’ =s—1, and N’ = 25. We have:
J(2)7t 0 >>
F = (1n/ F 1n/ v _ .
() = v o (PG (1w (76, 0

Now setting G = G and, denoting with H the row function GF, with values in KIEXN , We
have:

H(y(2)) =
= Jy(2)" det(7) "G (2)p5! () (Lnr @ pr, (7)) (Lvr ® By, (2)71) %

(e (5 00

— det) G o () @ el @ By )7
= det(7)"™G(z)(1n ® By, (2) ") (p5 (7) ® 12) <1N/ ®
-1

0
= detl) HEGE ) @ 1) (e (P 50))
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In the above computation, we have observed the distributive property of the mixed product
(A® B)(C ® D) = (AC) ® (BD) (for matrices A, B,C, D). This identity that we have
found,

H(3(:) = det) " HE) o ) o1 (1v0 (P 5))

means the following. The column holomorphic function H := *H, with values in Kg x1

can be written as H = Hi ® Ho with both H; and Ho columns of size N/ = 22,,
where the symbol ® is defined, if a = *(ay,...,an’) and b = Y(by,...,bnr), by a ® b =

(a1,b1,a2,ba,...,an7,byr). Then, both Hi,Hs are separately weak modular forms for
p3y det™™, with values in Ky, and the weights are respectively w — 1 and w — q. O
We have:

Theorem 8.2. The following equality of Kx-vector spaces holds, for any w € Z, m €
Z/(q—1)Z and finite ¥ C N*:
(8.4)

M, (p5 det ™™ Ky) = P <®5(1;PZ)>® @ E(g: 1) | My, j11—g(det ™5 Ky).

IuJ=% \iel jeJ

Denoting by M'(det®;Kyx) the Z x Z/(q — 1)Z-graded B-algebra of scalar weak Kyx-
valued Drinfeld modular forms for I' of any weight and type, and setting M'(p% det®; Ky,) =
@w,mMz!u(P*z det™™; Ky), which is a graded module over M'(py; Kyx), we obtain:

Corollary 8.3. The Kx.-vector space M'(p% det®; Ky) is a graded free M'(det®; Ky)-module
of rank N = 2%,

Observe that further, the generators of this module are explicitly described in Theorem
Denoting by M'(p&;Ks) = @uwezM,(p%;Ks) the sub-module of M'(det®; Ks) of
weak modular forms for p5, and setting M "pp; Ks) = @M., (pp; Ks), We also deduce the
following corollary:

Corollary 8.4. The Kyx-vector space M!(p*z;Kg) s a graded free M!(p@;KZ)—module of
rank N.

Proof of Theorem[8.2. We deduce from Theorem Rl by induction on ||, that a weaker
version of (84]) holds, with > in place of €. It remains to show that the sum is a direct
sum. For this, it suffices to show that the N = 2° functions ®;er€(L; ;) ® Qe s E(a;07,),
for I U J = X, which define elements of Dg *1 are linearly independent over the field
Ks((u)). Note indeed that Mt!u—\l\—q|J\(det_m; Ks) — Ks((u)) because all the elements of
the space on the left are A-periodic and tempered.

Let a,b be two elements of Ry. We write a ~ b if v(a) = v(b) (note that if a = 0 and
a =~ b then b = 0) and we extend the definition to vectors and matrices whose entries are
all in 8% by saying that (a; ;) =~ (b; ;) if for all 4, j, v(a; ;) = v(b; ;). Then by Proposition
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L2 we have £(1; ;) ~ () and E(q; p},) ~ (ulq) Hence, up to permutation of rows and

columns, we have the ~-equivalence of N x N-matrices in Dg XN,

A= (@5(%)) o(@ewy] (1 1)

el jeJ ILJ=%

The anti-diagonal of the matrix on the right is equal to (1,u)®* (up to reordering). This
corresponds to a unique monomial which minimises the v-valuation in the series expansion
of the determinant of N. We deduce that det(N) =~ u%, where (as)s>1 is the sequence
defined, inductively, by a1 = 1 and a5 = 2as_1 + 257! for s > 1. The matrix N is therefore
non-singular, and the functions ®;cr&(1;p},) @ ®j€J€(q;pZ‘j) for I U J = X are linearly
independent over Ky ((u)), from which the result follows. O

8.2. Strongly regular modular forms. We keep considering a finite non-empty subset
¥ C N* of cardinality s, the representation p = p%;, k := max(X). We discuss quite a
restricted but useful class of modular forms which have a particularly simple behaviour at
infinity.

Definition 8.5. A tempered p3,-quasi-periodic holomorphic function
G:Q— Ky

is called strongly regular at infinity if

-1 0 ®s N
<“0 1> G(z) € OV,

Note, with Diag denoting a diagonal matrix, that

u ™t 0 @2
< > = Diag(v 3, u tu™t 1)

0 1
u ™t 0 @3
< 0 1> = Diag(v 3, v v % u w2t u w1,
Note also that writing
—1 ®s
(8.5) <u0 (1)> = Diag(u™",...,u™™ u™ "),

and letting s tend to infinity, an integer sequence (n;);>o is defined and coincides with the
one’s-counting sequence (compare with the sequence (a;); in the proof of Theorem [R.2).
We need the next Lemma, where we use the sequence introduced in (85) and the notation
® introduced in the course of the proof of Theorem [R.11

Lemma 8.6. We have (n;)i>0 = (n2;)i>0 © (n2i+1 + 1)i>0-

Proof. Straightforward computation of the carry over in binary addition when we add one
to an integer. O
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The above serves to make the next definition.

Definition 8.7. A weak modular form G € M, (p% det™™; Ky) is said strongly regular (of
weight w) if it is strongly regular at infinity after definition

The Ky-vector spaces of strongly regular modular forms have quite a simple structure
which can be described essentially by adapting the proof of Theorem B} see Theorem
B8 Also, regarding the Definition of strongly regular functions, if we want to use
the indexation of the components of G, G = (G”)jLj—x, (so that the first entry G? has a
u-expansion) we then get that the above condition is equivalent to

(8.6) G/ (z)u=Ml € Oy, VI, J such that T U J = 3.

We denote by M, (p% det™™; Ky) the Kg-sub-vector space of M., (p% det™™; Ky) generated
by the strongly regular modular forms of weight w for p3, det™ (with values in Ky).

Examples of strongly reqular modular forms. Any scalar Drinfeld modular form is strongly
regular. In fact, we have M), (det™; Ky) = My (det™™; Ky) for all w, m. From Proposition
we immediately see that E(1;pf) € Mf(pf,K) and E(q;p;) € Mg(p;f;K). In particu-
lar, after Theorem and Corollary B3] the generators of the module M'(p% det®; Ky)
described in the statements are all strongly regular modular forms.

8.2.1. Structure of strongly reqular modular forms. We shall prove:

Theorem 8.8. The following equality of Kx-vector spaces holds, for any w € Z, m €
Z./(q — 1)Z, finite ¥ C N*:
(8.7)

usan i) = @ (@esi) ) o | @etws) | iyl s

IuJ=% \el jed

The direct sum MT(p% det®; Ky) := @w,mMJ,(pg det™™; Ky) is a graded module over
the graded algebra M (det®; Ky) of scalar Drinfeld modular forms Q — Ky for any power
of the determinant character. We immediately deduce:

Corollary 8.9. the M(det®; Ky)-module MJf(p*E det®; Ky) is free of rank N generated by
the functions (@ic1€(1; p},)) @ (®jes€(q; p5,)), for I, J C X such that IUJ = X.

After the work of Marks and Mason [48] and Bantay and Gannon [5] in the setting of
complex vector-valued modular forms, this is expected. These authors prove that vector
spaces of vector valued modular forms for SLy(Z) associated to an indecomposable finite
dimensional complex representation of this group (and satisfying some additional mild
technical conditions) all are free of dimension that of the representation.

Similarly, we have, writing M (1;Ky) for the graded algebra of scalar Drinfeld modu-
lar forms for I" (it is equal to the graded algebra Kx[g, A] see [25, Corollary (6.5)]) and
WAl (p%; Ky) the M(1;Ky)-module of strongly regular modular forms for p3::

Corollary 8.10. The graded M(1;Ky)-module MT(,O*E;KE) s free of rank N = 25,
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We can take in the above result the generators of Corollary B9

Proof of Theorem [8.8. Tt is easily seen that the left-hand side of (87 is contained in the
right-hand side and we have to prove the reverse inclusion. Corollary ensures the
equality of the corresponding Ky-vector spaces of weak modular forms (“when f is replaced

with !”). This means that if G € MJ;(,O*E det™™; Ky), then

G € M,,(p5det ™™ Ks) = P (@5(1;,02*1.))@ QR (@) | My gj(det ™™ Ks).

IuJ=%X \iel jeJ

All we need to prove is that the coefficients occurring in the various spaces of scalar weak

modular forms M, _, ;(det ™" Ky) are in fact Drinfeld modular forms (regular at infinity).

To see this it suffices to show that
G € My-1(psy det™ " Ky) ® E(1; py, ) + Muw—q(p5y det™ " Ks) @ E(q; p5, )

where k is an integer such that & < min(¥’) with ¥ = ¥’ U {k}. A simple induction will
then allow to complete the proof.
Lemma [B.0] implies that for all s > 1, writing

-1og\®
<u0 1> = Diag(Uy),

then
(8.8) Us=u"'Us_1 ©U,_y.

Now, we set G = G1 ® G2 with G = 'G an element of Mi)(pg det™™; Ky). We know by
the proof of Theorem [R1] that

H=H,cH;=GF
(with F as in (83))) is such that
Hy="H; € M,,_,(p% det 7™ Ky), and Ho ="H, € M,,_ (p¥ det™™; Ky).
It remains to prove that 71 and Hq are both strongly regular. We have to show that
H ;(z)Diag(U,_1) € OFN | j=1,2.

By hypothesis, we know that the entries of G(z) Diag(Us) are in Ox. Explicitly, the entries
of u(z)71G1(z) Diag(Us—1) and of Ga(z)Diag(Us_1) are in Ox. We recall the relation
a ~ b, for elements of &5, and its extension to matrices with non-zero entries. We note
that H1, Ho are given, explicitly, by the formulas:

_ —Gi1(e2) + Gat(er)

H1 _ 7 - G1€2 — G2€1
7CA (g Xty )

) H —— )
27 Fa(g xn)h
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where € = (e, e2) (ﬁ) By the well-known u-expansion h = —u + o(u) (which tells us that
v(h) =1 and h ~ u), we thus have
uH, =~ —Gi7(e2) + Gat(e1), uHg ~ Gres — Gaey.
We first study Hi. We have:
H,Diag(Us—1) ~ u~'(—Gi7(e2) + Gar(er)) Diag(Us—1)
~ —u Gy Diag(Us_1)7(e2) + G2 Diag(Us_1)u™'7(e1).

Now, by hypothesis u=1G Diag(Us_1) € DIEXN,, while v(7(e2)) = 0, from which we deduce
that u=1G4 Diag(Us_1)7(e2) € D%XN,. On the other hand, we have that 7(e;) ~ u9. hence,
we have that G Diag(Us_1)u~'7(e1) ~ Gy Diag(Us_1)ud~t € E)ﬁlzxjvl C D%XN,. Therefore
all entries of H; Diag(Us—1) are in Oy, and H; is strongly regular.

Let us now deal with Ho. Similarly, we have that

H;Diag(Us—1) =~ u”'(Giez — Gaer) Diag(Us—1)
~ uwl'Gy Diag(Us—1)ez — G2 Diag(Us_l)u_lel.
Since v(e3) = 0, we have that the term u =!G Diag(Us_1)es has all the entries in Oy
Moreover, e; = u so that all the entries of G Diag(US_l)u_lel are in Oy, by the hypothesis

on Gs. Hence, Hy Diag(U,_1) € D%XN "and Hs is strongly regular. This completes the
proof of the Theorem. O

8.3. More structure properties. In contrast with that of strongly regular modular
forms, the structure of the vector spaces M,,(p%; det™™;Ky;) is more difficult to describe.
In this subsection, we give some properties of them. Let » > 0 be the unique integer such
that 7(¢ — 1) +1 < s < (r+1)(¢ — 1). We want to show:

Theorem 8.11. Let f € M, (p5 det™™;Kx). Then, 77(f) € Miqr(p*z det™"; Ky).

To prove this result we need some preliminary results with some tools to handle the
representations py, and p%. We order, for v € v, the columns of ps () from () to ¥ along
the total order described in §7.I1 and we order the rows from X to () along the opposite
of this order. Let M = (My j)rjcx € BN*N be a matrix with entries in some ring B,
with rows and columns indexed as above (the first index always indicates rows). Since
the opposite order of the inclusion order on the subsets of ¥ is obtained by computing
complementaries [ +— I¢:= X\ I, we have the following transposition rule:

(8.9) "M = (Mge 1e)r,ycx € BVN,
Now we write with a € A:
ps(Ta) = (pra(Ta)rcs € Fy(ts) VY,
and we do similarly for p3,(7,) = (p} ;(Ta))1,cx- For U C ¥, we recall the semi-character

ov = [Licr Xt;- An elementary computation, the fact that the inverse of py, (T%) is pg, (T-a),
and an application of (89, lead to:

8The reader will not mix these functions with the functions e; of §l
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Lemma 8.12. For I,J C X, we have:

B 0ifIUJCY . B 0ifJNI#(
ora(Ta) = {omw) grus=x> il = {(—1)|<JUI>CI0(JUI)C<CL> FInI=0"

Note that px(T,) is symmetric with respect to the anti-diagonal (we can switch I,.J)
and that the entries in the diagonal are all equal to 1 because these are the entries indexed
by I,J with I UJ = X. The coefficient of px(T,) in the upper-right corner is equal
to ox(a) = [liex xt:(@). We deduce the explicit expression of the coefficients of ®,; =
(®r,7)1,7 (defined in §4.2.2)) in term of Perkins’ series. In particular, since the function
k in (6.9) is strictly decreasing, we deduce from Theorem the following property. If
I,JCc X withINJ=0and I UJ # X (not corresponding to a diagonal coefficient), then

(8.10) v(®ry) > k() — 1.
We set p = p3. det™™. The above properties can be used to prove:
Lemma 8.13. Let f = (f1); be a p-quasi-periodic function with 1s(f) € Ox. Then, if
1S3, o(fh) > k().
Proof. By the proof of Proposition E.13] we have
f= (I)pg
where g = (¢%); € Kg[[u]]V*!. Since the entries of ®, are in K2((e))® (valuations in

] — 1,0] U {oo}) we see, inductively, that g’ € uKg[[u]] if I € ¥ (while ¢* € Kyx[[u]]) and
(BI0) allows to conclude. O

This generalizes Corollary [[.3l Theorem RBITl now follows easily. Thanks to the alterna-
tive condition for strong regularity (8.6) and Lemma [8I3] the property of the Theorem is
verified taking into account that if I C X then ¢"x(I) > |I|, which is easily seen.

Note that if s = 1, every Drinfeld modular form for p; is strongly regular, which is a
restatement of Theorem 3.9 of [64]. We have

M (p3; det ™™ Ks) € Moy (p%; det ™™ Kx) C M,y (p3 det ™™ Ky),

and the inclusions are in general strict. However, as an immediate consequence of Theorem

RITI, we have:

Corollary 8.14. If s = |X| < ¢, then M;L(p*E det™™; Ky) = My (p% det™™;Ky). For any
s, My (py det™™; Ky) is of finite dimension over Ksy,.

In particular, one can easily check that, in the above hypotheses,

(8.11) E(s;0%) = (—=1)° Q) E(L; p},).
i€EX
In fact, the formula BTl can be proved also for s = ¢ by using the methods of §9 This
implies and generalizes [22, Theorem 4.4] (see the identity at the level of the first coeffi-
cients).
We also deduce the next result which asserts, in particular, that there are no non-zero
modular forms of negative weight:
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Corollary 8.15. We have M, (p5 det™; Ky;) = {0} for w <0, for w =0 and m # 0, or
forw =0 and X # 0.

Proof. Note that MJL(,{)*Z det™™;Ky) = {0} if w < 0. Hence we obtain the first assertion,
combining with Theorem BITl The other properties are easy. O

9. HARMONIC PRODUCT AND KEISENSTEIN SERIES

In this section we study another aspect of the Eisenstein series of §7 associated to
representations of the form p5, with ¥ a finite subset of N*. The first entries of these
Eisenstein series are proportional, by Proposition [[.2] to combinations of series such as

(9.1) > os(a)Gm(uq) € Alts][[ul]

acAt

where oy, is the semi-character a + [[;cs x¢,(a) and G, the m-th Goss polynomial associ-
ated to the lattice 7TA C Coo. In [59] 34] an Fp-algebra structure is described, over the set
of multiple zeta series in the Tate algebras Ty, (or more precisely, in Ey, C Ty) generalizing
Thakur’s multiple zeta values (see for example [I] [76]). We will see, in this section, that
this algebra structure determines a multiplication rule for the series and can be viewed
as a source of explicit relations connecting Eisenstein series.

The results of the present section cover various aspects of an harmonic product formula
(Theorem [0.4] and complements) generalizing [59, Theorems 2.3, 3.1]. We present now the
basic tools.

We recall that, as usual in this text, 3 denotes a finite subset of N* of cardinality s (the
empty set is allowed). Let L/F, be a field extension.

Data 9.1. Let us suppose we are given with:
(1) Injective F-linear maps d; : A — L, for i € X.
(2) For a;j € N (1 € ¥ and j = 1,...,7), maps 0; : A — L defined by oj(a) =
[Lics 0i(a)*i. We call semi-characters such maps A — L @.
(3) Injective Fy-linear map v : A — L (we adopt the notation ~, for the evaluation of
vina € A).

We consider a semi-character o =[]y, 6; with linear maps J; as above, i € ¥ (empty
products are allowed). The map 1 sending A to 1 € L is the trivial semi-character.

Together with the objects that we have introduced so far, we consider, for integers
n; € N* with ¢ =1,...,7 composition arrays

o o1 cee O
0 ]
When r = 1, we may sometimes write (n; o) instead of (7). If C = (1, 77,1 ) we simplify it
to C = (n1,...,n,). The degree of C is (Z) where 0 = 01 ---0, and n =), n;. The weight

1

Ty

INote that they generalize the semi-characters that we have discussed so far.
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is n and the type is 0. If 0 = 1 we say that the type is trivial. For a composition array as
in (9.2), we introduce the twisted power sum

Sqa(C) = Z oi(a) - or(ar) € L.

nl ) n"‘
di>->dr>0 Yan TYar

alwwar-EAJr
dogg (ar)=d; Yi=1,...r

These twisted power sums generalize the classical power sums of Thakur in [75], as well as
the twisted power sums of [63]. We shall show the following generalization of [59, Theorem
3.1]:

Theorem 9.2. Let 0,9 be two semi-characters and m,n two positive integers. For any
a, B semi-characters and i, j € N* there is an element fo g;; € F) such that, for all d >0,

Sq <§z> Sy <;§> —Sg (mgfn> _ ;_:d} fo5.i35d <(j f) .

i+j=m+n

In the theorem, the sum is on the couples of semi-characters («a, 8) such that af = o,
and over the decompositions n + m =i + j, so there are only finitely many terms in it.

Data 9.3. Let us assume that:
(1) L is endowed with a valuation v : L — QU {oo}, it is complete for this valuation
(2) v(6i(a)) € {0,00} for all i,j and a € A
(3) (3) 95t — 0 as a runs in A (for the valuation).

Then, the series

(9.3) fa€) =2 Sa4(C)

d>0

converges in L for any composition array C as in ([@.2]). Let n be a positive integer, and let
o : A — L be a semi-character such that v is trivial over its image. We denote by F7 the
[F,-sub-vector space of L generated by the elements fa(7} 0 77 ) with » > 0, [[, 05 = o,
Sin; =n (with n; > 0 for all i). We also set 7 := F, and F§ := (0) if 0 # 1. We consider
the sum F := Zn’o F7. The above result can be used, in a lengthy but straightforward
way very similar to that of [59], to prove the next result.

Theorem 9.4. For all m,n > 0 and o, semi-characters, We have that }',‘7’1}}? C f;ﬁn,
and the Fy-vector space F is an IFp-algebra.

9.1. Existence of the harmonic product. We prove Theorem We will use the
methods of [59, §3.1.2 and §3.1.3] which deeply borrow from Thakur in [76]. The following
result can be found in [59].

Proposition 9.5. Let X be a finite subset of N*. Consider U,V such that ULV = X. Let
L/F, be a field extension and let us suppose that x; (i € ¥) are elements of L and let z be
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an element of L\ Fy. Then, the following formula holds:

Z [Licv(@i+ ) ILiev (@ +v) Z Z erl T, +M)‘

(z+up)(z+v) B

w,rEF2\A Iuj=x peEF,

|J|=1 (mod g—1)

JCU or JCV

With appropriate choices of the set 3, of the subsets U, V', of the elements x; and z and
applying a power of an endomorphism of L which is F,(z; : ¢ € ¥)-linear and which sends
z to 24, and specialization of some x; to z, we deduce:

Corollary 9.6. Considering a finite set ¥ C N*, a partition ¥ = U UV, a positive integer
N and two integers a, B such that N = a+ 3, for all1 <k < N and I C X, there exists
cr i € Fp such that

Z HieU(wi"i'N) Hjev(xj +v) _ Z erk Z Hzel JUZ—F,M '

(z + )z +v)f

;,L,VE]FE\A k=1,....N neF,

Icx
In the above formula, A denotes the diagonal subset. We can now prove Theorem
We recall that we have denoted by A™(d) the set of monic polynomials of degree d in A.
We also denote by AT (< d) the set of monic polynomials of A which have degree < d. For
n € At(d) and m € AT (< d), we write

Smn:

)

{(n+ pm,n+vm);p,v € Fy,p # v} C <A+(d) X A+(d)) \ A,

where A is the diagonal of AT (d) x A (d). Similarly, we define for n € A*(d) and m €
At (< d):

Spam = {(n+pm,m); p € Fg} € AT(d) x AT(< d).

From [59, Lemmas 3.10 and 3.11] and following the original ideas of Thakur in [76], we
deduce that the sets Sy, , determine a partition of A*(d) x A*(d) \ A and the sets S, ,
determine a partition of A (d) x A¥(< d). Moreover, Sy, , =S, ., if and only if Sy, , =
St -

Now, let us choose d > 0. We write 01 = [[;c5; d; with 0; an injective Fy-linear map
A — L for all i € ¥ (there can be repetitions), and o = [[;cy i, ¥ = [l;ey i with
U UV =3. We have, with U a set of representatives of the above-mentioned partition:

A0) ) T, 2

(a,b)EAT(d)x At(@d\A  TaTb

o(a)yp(db
-y oy e

(m,n)eU (a,b)ESm.n Ya Ty
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We focus on the sub-sum corresponding to the choice of a set S, ,. We want now to
compute:

s o) _
(@,b)ESmn  Ta b
B Z o(n+ pm)(n + vm)
N o B
(u,u)ng\A fYn+,umen+um

_ Z HiEU di(n + pm) HjEV 0i(n + vm)
N (M + 1Ym)* (Y + vYm)?

(1) EF2\A

_ am)yim) 3 [iev <6f((:z)> +N> [Lev <(§?((—Z)) +v).

N B
Tm (w,v)EF2\A (’YZL + M) (;/—:L + V)

Note that we have used the Fy-linearity of ¢; for all i € ¥ so that §;(n+pm) = 6;(n)+pd;(m)
and the hypothesis of injectivity, to divide by d;(m) which needs to be non-zero. Similarly,
we have used the [Fy-linearity of the map a — <, and the fact that v, 4+ Ay, does not
vanish, because n, m, in the above computation, have distinct degrees. Applying Corollary
with x; = gz((;?) for i € ¥ and 2z = 3—:1 which does not belong to F,, we obtain the
identity:

(a)y(b)
(9.4) RAPV) _
(a,bé;qm,n s

5i(n)
= o(m)p(m)y,™ Z ClLk Z ZEI( o) +M) =

&
Icx P (“’” + )
k=1,...N ! H

_ [Lics 0i(n+ pm) I, 6;(m)
= > ar ) N—k :
IUJ=% pEF, 7n+um7m
k=1,..N

The latter is a sum over Sy, ,. In view of our previous observations, this concludes the
proof of our Theorem. The deduction of Theorem from Theorem is standard and
we omit it. If we choose 6; = x¢, for i € ¥ and v, = ec(az), and we follow closely the
above proof of Theorem [0.4]in conjonction with [59, Theorem 3.1], we deduce the following
explicit result that will be used later, with ox = [[,cx x¢; and 74 = ec(az) for a € A\ {0}.
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Theorem 9.7. The following formula holds, for all > C N* and UUV = X:

fa ("{f > fa ("f > ~ fa <”§> =

oy Oy oy ou\ o; o0gJ
fA<1 1>+fA<1 1) > fA<1 1)-
IuJj=x
|[J|=1 (mod ¢—1)
JCU or JCV
In the next three short subsections we give the three main sets of Data that are

considered in this paper (we will mainly consider the second one, described in §9.1.2]).

9.1.1. Multiple zeta values. To choose the Data [0.1] we consider variables ts, = {t; : i € ¥}

and the field L = Ky, := K(ty),_ obtained by completing K (t5;) with respect to the Gauss’
valuation v extending the valuation v, of K. We consider further the injective I -algebra
morphisms 0;(a) := xy, (a) for all ¢ € ¥ to build our semi-characters. As we did previously,
we write, for U a finite subset of N*, oy(a) := [[;cpy xt:(a). More generally, we can also
consider elements in the monoid of degrees of [34, §2.1] in place of U; this amounts in
considering semi-characters ¢ defined by

(9.5) o(a) =[] xu (@)™

1€X

with ¥ C N* finite and n; > 0. Finally, we choose v the identity map, so that for all
a € A, v, =a € L. Then we also have the Data and we are in the settings of [59].
In the notations of ibid., we have (4(C) = fa(C) for any C as in (9.2]) and we can speak
about degree, weight and type of (4(C). One proves (see [34, Corollary 3.3]) that the
K ty]-algebra they generate is graded by the degrees. Note also that for any such element
there exists a finite subset ¥ of N* such that it belongs to Ex. C Ky . If we consider the
particular case of composition arrays C as in ([@.2]) such that the semi-characters o; are all
equal to the trivial semi-character 1 (trivial type), then it is easy to see that the series
CA(C) € K are the multiple zeta values of Thakur (the reader can find more in the papers
[1, [76] and the survey [77] also provides a wider set of references).

9.1.2. A-periodic multiple sums. These are related to first entries of Eisenstein series for
py,- We choose, for the Data

Yo :=ec(az), ae A\{0}.

This choice leads us to work with the same semi-characters as in §9.1.1], and in the field
L = K(ty)((u)) which is complete for the valuation v = v, giving the order at u = 0 of
a formal power series of u. We also have the Data In this case, for C as in ([@.2]), we
set pA(C) = fa(C) and we can continue to speak about degree, weight and type of such a
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sum. Explicitly:

va(C) = Z o1(ar)---op(ar)ug! - -up" € L,

di>-->dp >0

a17~~~7a7-€A+

degg(ai):di,

Vi=1,...,r

(with uq = ec(az)™!). These series define formal series of K (ty)[[u]] and each of them is
also converging for u in a non-empty disk of C, of radius < ¢ for some ¢ € |C|N|0, 1],
containing 0. From Theorem we deduce:

Corollary 9.8. The F,-vector space spanned by 1 and the series o A(C) with C as in (3.2)
is an Fp-algebra. The multiplication rule is compatible with the filtration induced by the
semigroup of the elements (w,o) with w € Z and o semi-characters as in {911l

Again with C as in (@2), we consider a variant of the above sums based on Goss’
polynomials:

(9.6) Pa(C) = Z o1(ai) -+ op(ar)Gny (Uay) - - - G, (Ua,)s

lai|>->|ar|>0

with the sum running over elements a1,...,a, € AT. These sums are more closely related
to the first entries of our Eisenstein series. We have the next result.

Corollary 9.9. The K -vector space spanned by 1 and the series ¢ 4(C) with C as in (22)
is a K-algebra and equals the K -vector space spanned by the series ¢ 4(C).

Proof. We claim that the family (G, (X))m>o0 is a K-basis of XK[X]. First of all, these
polynomials are linearly independent over K because the functions z — G,,(u(z)), mero-
morphic over C,,, have poles of distinct orders at the elements a € A C Co. To show
that these polynomials span X K[X] it suffices to prove that for & > 0, u* belongs to the
K-span V of the polynomials G,,(u) with m > 0. This is clear for k¥ = 1. Now assuming
that ©*~! belongs to V, by the fact that u* = uu®~1, it suffices to show that uG,,(u) € V
for all m, but this easily follows from [25] Proposition (3.4) (ii)] and induction on m hence
proving the claim. The result now follows from Corollary ]

Remark. The product rule of Corollary [0.9does not seem to be compatible with a filtration
involving the composition arrays in a simple way, unlike Corollary Note however the
following formula, which is homogeneous in the orders of the Goss’ polynomials:

S G(X)Ga(X) = <<’;> _ 1) Gr(X), k> 0.

m+n=k

To prove this formula we use ([6.6) and Lemma [6.4] and

G(1) = 2Tp,e(G1(u)) = #}Z(;(m)'
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Hence we obtain the next Riccati-like differential equation from which the above identities
can be derived:

9.1.3. Multiple sums in Ry. There is a third important type of multiple sums that is
determined by making the following choice of Data [0.1] it will be only used in §I0.11 We
consider L = R the field of uniformizers with the valuation v = v. As in §9.1.2] we use
Yo = ec(az) for a € A\ {0}. Instead of the semi-characters of §9.1.1] we use, for i € N*,
0; : A — L defined by

di(a) = x¢;(az) =

)

expe (72)
e \7%)

seen as a tame series. These maps are clearly F,-linear and injective, and they give rise to
semi-characters

oula) = H Xt (az)

icU

with U a finite subset of N* (@) With them we can construct the formal series

(9.7) Ga(mum) = X aia) Gola)un o,
la1[>--->]ar|>0

where the semi-characters o; are of the above form, where ny,...,n, are positive integers,
and with the sum running over elements aq,...,a, € AT. This time however, we do not
have a consistent set of Data The condition (2) does not hold in general. We cannot
guarantee the convergence of the series in ([Q.7)) for the v-valuation. However, when these
series converge for the v-valuation (this can happen), they give rise to well defined elements
of L.

We have:

Corollary 9.10. There is a multiplication rule on the series (9.7) that are convergent for
the v-valuation. Choosing the correspondence Xy, <+ 0; identifies, if all the terms are well

defined, the multiplication rule with that of Corollary and that of §9.1.11.

Example. We have the following formulas expressing the same harmonic product rule in
the three different settings of §9.1.11 0.1.2] and @.1.3l We use ¢ the semi-character defined

100r more generally, an element of the monoid of degrees as in §9.1.11
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by 8(a) = xi(az) E):
(98) Callixe)ala — 1) = Calasxa) + Ca ¥ o1 ).
ealixe)palg —1) = vala; xe) + sDA(Xf 1 )

Ba(1:0)Pala — 1) = Bala:0) + 31,11 ).

It is not difficult to verify that all the multiple series involved in the third formula converge
for the v-valuation. To prove the identities (O.8]) one observes that the first identity follows
from identities on multiple power sums (see [34, §7.2]), then uses that the product rules
of §9.1.11 0. 121 are the same upon choice of the appropriate correspondence between
the semi-characters.

9.2. Examples of formulas. The harmonic product can be applied to obtain identities
for certain modular forms, notably Eisenstein series. We give three examples. In §9.2.1] an
identity for Eisenstein series of weight ¢ + 1 for p?lﬂ}’ in §9.2.2] an identity for Eisenstein
series of weight 2 for pj, with |X| =2 (mod ¢ — 1) and in §9.2.3] we present a question on
Serre’s derivatives of Eisenstein series of weight 1 and their possible relation with Poincaré
series of weight 3.

We begin with two lemmas.

Lemma 9.11. Let p : I' — GLn(Fy(ty;)) be a representation of the first kind. Assume
that p is irreducible and let f be an element in M. (p;Ks). If the entries of f are linearly
dependent over Ky, then f vanishes identically.

Proof. This is straightforward but we prefer to give the details. Let V be the Kx-subspace
of K%XN the elements of which are the v’s such that vf = 0. Assume that V' # {0} and let
us consider v € I". Then

0=0vf(y"(2)) = vly-1(2)"p(v"1) f(2).
Hence vp(y~1) € V and this, for all v € I'. This means that p* has the space W = 'V

which is invariant that is, for all v € T, p*(7)W C W with W # {0}. But p is irreducible
if and only if p* is irreducible. O

Lemma 9.12. For all 3 finite subset of N* the representations
px, ps ' = GLy(Ky)
are irreducible.
Proof. Since Fy(ty;) is contained in the residual field Fg¢(ty,), if the statement of the lemma
were false there would exist a non-trivial subvector space {0} C U C FZC(LE)N *1 guch that

px(y)U C U for all v € T'. This would be, however, in contradiction with [58, Theorem
14]. O

HNote that for coherence with other references, we render in different ways the multiple series of ‘depth’
r = 1 or with trivial semi-character (scalar). In particular, we sometimes write, for the arguments of

multiple sums, (n; o) instead of (7), and (na,...,n,) instead of (,;, = . ).
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In particular, the representations p3, are irreducible for 3 a finite subset of N*. We
are going to use Lemma by means of the following consequence: if an element of
M, (p5; Ky) has vanishing first entry, then it vanishes identically. This can be applied to
prove (BII) for s < g. To see this we choose k € ¥ and we write X' := ¥\ {k}, with
>} non-empty finite subset of N* of cardinality s < ¢q. The harmonic product formula of
Theorem [0.7] yields inductively

QOA(S - 170-2’)Q0A(17th) = @A(SuaZ)'

This formula can also be written more explicitly in the following way:

H Z Xt (@)ug | = Z ox(a)u).

1€X \a€At acAt

This implies (81IT); we leave the details to the reader.

9.2.1. An identity for Eisenstein series of weight ¢+ 1. We use ¥ = {1,2} and we suppose
that ¢ > 2. We denote by g the (scalar) normalized Eisenstein series of weight ¢ — 1 for 1
(following Gekeler’s notations in [25]).

Proposition 9.13. The following identity holds when q > 2:
—E(a+1;p%) = E(L5p3,) ®E(a p3,) +E (a5 03,) ® E(L p7,) + (07— 0) 7 g€ (L, pi, ) @ E(L, i, ).
To prove it, we use the next Lemma in the settings of Theorem
Lemma 9.14. The following formula holds:
(9.9) falg+1,0%)=
= fall,xu)fa(g; xen) + Fag; X)) fa(L xe2) — fala = 1) fa(l, xio) fa(l, xe, )-

Proof. We have the following formulas where we also observe, with ¥ = {1, 2}, the formula
F(Lxe) fa(lixe,) = fa(2505):

fA(l,th)fA(%th) = fA( ox >+fA (0'22 qi1> 1 fa <X2tz Xt1 )

q+1 q—1
o oy, oy 1 Xt1 Xto

fal,xe)fala x,) = fA<q+1>+fA<2 q_1>+fA<2 q_1>

oy oxn 1 Xta Xt

-1 2 = 2 - —
=) = £ )+ (B0 ) (s )
o th th
fa ( 2 q-— 1) ‘
The formula ([@.9]) follows easily; it also holds for ¢ = 2. O

Proof of Proposition [J.13. We note that since ¢ > 2, £(2,p5) = £(1,p;,) ® E(1,pf,) by
(BII). The first coordinates of the modular forms £(g+1; vx), E(1; @1, )RE(q; 1, ), E(q; @1, )R
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E(1;1,),9E(2, px)) are proportional to the following A-expansions (where we recall once
again that G, (X) denotes the n-th Goss polynomial [25] §(3.4)]):

X = ZUZ(Q)Gq+l(ua)7

acAt
Vo= Z Xt1 (a)ua Z th(b)ug = SDA(lath)SDA(q,th)a
acA+t be A+
Vo = | Y xw(@ua | | DD xu®uf | =vala, xu)eala xn),
acA+t be A+
Z o= |1-(07-0) > ul > os(a)ul | =1 = (07— 0)palg — 1)pa(2,05).

acAt acAt

Note that V1,Y» € ;7). A simple computation yields Ggq1(X) = X7 + (67 — 6) 7' X
Hence

X =(09-0)"pa(2505) +palq+1;0%).

By using Lemma 0.14] with f4 = ¢4, the first entry of the modular form given by the
difference of both sides of the identity of our statements vanishes identically so this modular
form vanishes identically by Lemmas [0.11] and [0.12 O

9.2.2. An identity for Eisenstein series of weight 2. We prove here a more complicate
identity involving Eisenstein series of weights 1 and 2 in the case of ¢ odd. We suppose
that |X| =2 (mod ¢ — 1) and we write s = [X| = a(¢ — 1) + 2, o € N. We have:

Proposition 9.15. If q is odd the following formula holds:

> ELipr) ®E(Lpv) = —E(2;0m).
vuv=x
[U|=1 (mod g—1)
[VI=1 (mod ¢—1)

Proof. This is a simple combination of Lemmas[0.11land[0.12]and the next Lemmal[@.16l [

Lemma 9.16. The following formula holds:

(9.10) S an(T)a(r)-m(%):
(U,V) such that ULV =X
[UI=1 (mod ¢—1)

[VI=1 (mod ¢—1)
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Proof. We set m = a(q—1)+2and n = a(q—1) + 1, for &« > 0. We claim that

(9.11) - (%;d . <Z> =0 (mod p),
0<k<a
(9.12) 3 <7Z> =2 (mod p).

k=1 (mod ¢—1)
0<k<La

To see this we consider more generally N € N and we write N = a(q — 1) + 1 with a > 0
and 0 <1 <q—2. Let A\, u be in F,. Then,

()\—I-,u)l :()\+M)N:§: <]:7>)\7«MN—TZ qz_f)\’“ou”(m) Z (i\f),

r=0 ro=0 r=ro (mod gq—1)
0<r<N

::Bro

where v(rp) is the unique integer in {0,...,q — 2} such that | — ro = v(r¢) (mod ¢ — 1).
Setting further A = 1, we have the polynomial

q—2
P(X)=(X+1)' =) B, X" e Fy[X],

ro=0

which vanishes identically over F,, and has degree < ¢—2. This implies that it is identically
zero. Taking N = m = a(q — 1) + 2 we have [ = 2 and computing the coefficient of X in
P, we deduce ([@II). Taking N =n = a(q — 1) + 1 and computing the constant term of
P, we deduce (@.I2)). This shows the claim. We can complete the proof of formula
We use Theorem [0.7] which tells us that if ULV =X with [U| = |[V|=1 (mod ¢ — 1),

fa <01U> fa (le> —fa <022> =
AT ) (T X w1 T)

|JI=1 (mod ¢—1)
JCU or JCV

We sum these identities over all such partitions ¥ = U U V. First of all, the number of

which is congruent to 2 modulo p by (O.I1). Let
f:PX)?* =L
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be any map with values in a field L of characteristic p, where P(X) is the set of subsets of
>.. Then,

3 S LD - fOV) - F(VU) | =
uvuv=x IuJj=x
[UI=1 (mod ¢—1) |[JI=1 (mod ¢—1)
JCU or JCV
- Z Z f(I7 J) =

vuv=x IuJj=x
[U|=1 (mod g—1) |J|=1 (mod g—1)
JCU or JCV

= Z f(I’J) Z 1,

IuJj=x vuv=x
|JI=1 (mod ¢—1) [U|=1 (mod g—1)
UDJor V2J

which vanishes by (@.I2)). Observing that we can choose f(I,J) = fa(% %) terminates
the proof. O

As a complement of Proposition [9.15] we propose the following question, to be compared
with Cornelissen, [20, Proposition (1.15)]. We assume that |X| =2 (mod ¢ — 1).

Question 9.17. Do the forms E(1;pf;) @ E(L;p7), for ULV =3 and |U| = |V| =1
(mod g — 1) generate the module M>(p%;Ky)?

9.2.3. Serre’s derivatives of Fisenstein series. We return to the operators 87(50)( f) intro-
duced in §6.71 We suppose that ¥ C N* is such that s = || =1 (mod ¢ — 1) and we study
the u-expansion of the first entry (indexed by @) of

o (E(1; p3)) € Ss(pk det 1 Ky).

By Proposition [Z.2] the first entry of £(1;p%) is equal to —7Tpa(1;0%). We compute, by
setting X' = ¥ U {0}:
Y (fa(tiox)) =

= Z ox(a)au? — Z alq Z os(b)up

acAt a€A+ beA+
= —[lpa(l;xe0)pa(lion) — wa(2;05)] =0

Hence:
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Lemma 9.18. We have the formula:

g g g g
Y (fa(tion)) = Y ea ( ! 1") ~ A (XltO f) ~ A ( s Xlt°>
uJj=y’
|[J|=1 (mod ¢—1)
| J={0} or JC¥’

4 to=60

Proof. This follows directly from Theorem (we interpret Serre’s derivatives in terms of
specializations of the harmonic relations of §9)). 0

In particular we have, applying again Lemmas [9.11] and [9.12
Lemma 9.19. If s = |¥| < ¢ — 1, then 8&5)(5(3;,0*2)) =0.
We propose the next question if s = [X| =1 (mod ¢ — 1):

Question 9.20. Is the form 8%1)(5(1;02)) and the last column of the Poincaré series
P3(G) proportional with a proportionality factor in L ?

In the above question, G is as in Proposition [B.19 with m = 1. This is suggested by the

fact that the scalar cusp forms 8§q_1)(g) and h are one proportional to the other (notations

of [25]). We do not know if, in the case s = g, &(Lq_l)(é’(l;ag)) #0forn=1,...,q—2.

9.3. A conjecture on multiple sums. We write Z; for the IF,-algebra F = Zn,o Fr.o
where F,,, is the Fj-subvector space of F,[t; : i € N][[3]] (with the Gauss norm || - ||
extending | - |) generated by the sums f4(C) of (O.3) in the settings of §9.1.1] so that the
semi-characters o involved in the compositions arrays (9.2]) are maps from A to Fy[t; : i € N]
defined by

(9.13) ola) = thi (@)™, a€A,

€N
with n; € N and n; = 0 for all but finitely many i € N (so a variable ¢y is allowed). In
this case we prefer to write (4(C) instead of fa(C). The algebra Z; is the F,-algebra of
the multiple zeta values (in Tate algebras).

Similarly, we write Z, for the F,-algebra F = Zn o Fn,oc Where F, ; is this time the
[F,-subvector space of Fp[6][t; : i € N*|[[u]] (with the v-valuation) generated by the sums
©a(C) of (@.1.2)). Theorem [@.4limplies that Z and Z, are [F,-algebras. However, we do not
know if Z, is graded by the degrees like Z;. The algebra Z, is the algebra of A-periodic
multiple sums. We propose:

Conjecture 9.21. The correspondence (a(C) < pa(C) induces an isomorphism of F-
algebras Z; = Z,,.

Conjecture [0.21] implies that Z, is graded by the degrees. Moreover, all the identities
for multiple zeta values in Z; correspond to identities for multiple A-periodic sums, many
of which can be proved directly (e.g. Lemmas [0.14] and 0.T6]). For example, assuming this
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conjecture, note that in the proof of Proposition @.13] X and Z are not homogeneous for
the degrees. By Conjecture [0.21] any linear dependence relation among X, Y;,)s and Z
must come from two homogeneous ones, one in fgfl and another one in F5~, both defined
over F,,. Through Conjecture [0.2I] we see that these relations are indeed derived from (©9.9])
and the identity pa(2;0%) = @a(1;x4,)pa(l; xt,)-

10. PERSPECTIVES ON ALGEBRAIC PROPERTIES OF EISENSTEIN SERIES

We give here some conjectures which allow to produce examples of relations which can
be in certain cases verified by explicit computations. This section provides perspectives
suggested by experimental investigations we did for modular forms associated to the repre-
sentations p3,. Conjecture [[0.4] using the notion of multiple Eisenstein series, and Conjec-
tures [10.6] [10.7] and together provide a collection of identities between our Eisenstein
series, introduced in §71 Some special cases can be verified by explicit computation.

10.1. Multiple Eisenstein series. In [19], Chen introduces a function field variant of
FEisenstein and double Fisenstein series as initially defined by Gangl, Kaneko and Zagier
n [24]. We propose here a generalization of her viewpoint. We begin with a description
of the required settings, introducing a vector-valued generalization of multiple Eisenstein
series. We state Conjecture [[0.4] suggesting natural correspondences between multiple zeta
values and multiple Eisenstein series.

We consider pq, ..., p, representations of the first kind which are constructed starting
from basic representations by using the operations @, ®, A%, S? as well as the ‘comatrix
operation’ Co, defined through the comatrix map. All these representations extend to
monoid maps defined over A2%2, with its standard matrix product. Before going on we
need some notation: we need to work with composition arrays having the first line composed
by representations of the first kind.

We consider positive integers nq,...,n, and composition arrays (with (-)* contragredi-

ent)
oo <p1 pr>7 CA*:<PT pif>'
nl .. nT nl oo n/r

We also set, for j € {0,...,r}

> (PL Py A [ Pi+1  Pr
so that CAgr:CAand we set CA<1:Q). We now define:
3= Y a8 e en(§) ulha® @ V(o)

la1|>+>|ar|>0

with the sum running over elements a1, ...,a, € A*. The dot - is the usual matrix product,
and the index (-), with a € A designates the substitution 2 — az. The matrices (‘4 ?) do
not belong to I' but all the terms of the series are well defined thanks to the hypothesis
on pi,...,pr. This series converges to a rigid analytic map 2 — Kg *N for appropriate

¥ C N* and N > 0 and to an element of EmgXN.
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In the case p; = py, with, for i =1,...,r, U; finite subsets of N*, the case that interests
us the most in the present paper, we have:

[i(c*)] :%Z'an Z PUl(%l(1)>®“‘®PUT<GOT'(1))‘V(nl§P51)a1®'"®V(nr§l);‘]¢)ar
! a17~~~7ar€A+
lat]|>-->|ar|

where [-]; denotes the first column of a matrix and V' (n; p;) is defined in (Z1)).
We also set

EC)=(meop)(80) X amea ol (Tew) @ @ pf(Toa, ),
a17~~~7ar€A+
a1 |>->]ar|>0
a series which converges in F,(ty;)((071))V*Y (we follow the same conventions used in the
definition of ®(C*)). In the case p; = py, for all i, we have

0

e =| o |em”

Ca( o)
where ¥ = U;U; and N is the product of the dimensions of the representations p;, agreeing

with (T2]).

Definition 10.1. The multiple Fisenstein series associated with the composition array C*
is the series

Ea(CY) = [?{3(5*) +B(C_ )@ Z(C) e+ 2(5*)] eop.

We say that SA(CA*) is of degree (ﬁ%::?fﬁ),

It is easy to verify that, if the representations p; are all equal to 1 (case in which N =1
and ¥ = ()) and r = 1,2, this coincides with [19] Definition 3.2], namely, the function
E}(z) defined in ibid. coincides with our £4(k) (for £ > 0) and similarly, E,s (z) of ibid.
coincides with our £4(r’, s’). The case of depth » =1 can be resumed in the next formula
which follows easily from (7.9) and Proposition [.2] where m > 0 and ¥ C N* a finite
subset such that |X| =m (mod ¢ — 1):

(10.1) Ex (fﬁ) = {«i <pn§> + z<f§>} = —&(m; pt).

It is also easy to verify the next lemma, where pJ, ..., p} are representations of the form p*Uj

with U; C X for some finite subset ¥ of N*, and where o1, ..., 0, denote the projections
of p1,...,pr on their upper-right coefficients (these are semi-characters). We recall the
multiple sums ¢4 defined in (O.0).
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Lemma 10.2. Writing
CA*:<p’1F epE 1 e 1> C:<Jl e oy 1 e 1)
ny o my omy oco- M)’ ny o+ my omy oco- M)’
forr > 0,5 >0, the first entry & of £ = 5A(5*) satisfies, with n =, n;,
& = %"<%Za-9mj¢A(g§ g o ,,13)+%Za'swmfm<$} T mil)cA(msH' -
ok o (g g ) Calma,om) + oa (78 ) Calma, o my))

and the last entry En € Oy, of £ = €A(5*) satisfies
En —Ca(C) € M.

10.1.1. Eulerian multiple zeta values. We consider semi-characters o1, ..., o0, defined as in
@3) and positive integers ni,...,n,. We write 0 = [[,0; = Hj X;jj for the type and
n = Y .n; for the weight of the multiple zeta value (4(7! 2 77). In this subsection we
return to the settings of §9.1.7] to make the following definition.

Definition 10.3. Let Z be a K-linear combination of multiple zeta values of degree (Z)
We say that Z is Fulerian if

%TL

[, w(ty)

This agrees with the notion of eulerian multiple zeta value of Thakur as in [74], Definition
5.10.8] because in the case of trivial type the product involving the Anderson-Thakur
function is equal to one. See also [18]. Examples of Eulerian combinations of multiple zeta
values in our settings are given by the elements (4(n;oy) with || =n (mod ¢ — 1). By

using [34, (39)] we see that the elements (¥’ qil qr(ql_l)) are eulerian for all r > 0.

Z € K(ts)

10.1.2. A conjecture for multiple Eisenstein series. We denote by Wﬁ* the F),-vector space
of multiple Eisenstein series of degree (pn ), with n > 0 where p* a product of representations
of the type pf;.. Writing p* = ®j(pf{j)®”j, we set 0 = [[; Xtuj” We consider C,C* as in Lemma
We address the following:

Conjecture 10.4. The following properties hold:
(1) We have inclusions Wh @ Wy C ngf*.
(2) The correspondence (4(C) 5A((?*) defines an isomorphism n of Fp-vector spaces
between the space Z7 of multiple zeta values of degree (;’;) and WY which is com-

patible with the multiplication rules in such a way that the sum W = Zn,p* Wﬁ* 18
graded, and endowed with a structure of Fy-algebra with multiplication ®, isomor-
phic to the algebra @mf Z7.

(3) An element f € Z7 is eulerian if and only if n(f) is a modular form in M, (p*;Lx).
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The next result describes a depth two identity which illustrates the pertinence of the
above conjecture in a special case, interesting because lying outside the case of Eisen-
stein series. The reader will notice that the proof given is quite ad hoc and not easily
generalizable. While the first item of the conjecture is likely to be at reach by an appro-
priate generalization of the harmonic product of §9 the equivalence between eulerianity of
constant terms and modularity of vector functions may require deeper arithmetic tools.

Proposition 10.5. The following identity holds:
E(spf) @ Ea— 1i1) +Easpf) = Ea (] 1))
Proof. We claim that

(10.2) E(1;p}) = < (( ﬁt)> <CA(S;Xt)>’
)

where 0 is the semi-character a — x¢(az) and ¢4 has been introduced in §9.1.31 This
follows easily from (I0.]), Perkins’ identity (€.I2]) and Proposition In a similar way,
we can easily prove the identity

(PA( ) 74 0 0
(10.3) E(gip1) = ( gA(g) ) + W(@(q - 1)) - (CA(q; Xt)>'

To see this, note that 7(E(1;p7)) = E(q¢; p}) and use ([2.15); all the series involved in these
formulas are convergent for the v-valuation. We deduce from (I0.2]) and (I0.3]) that

Espp) @ E(q— 11) + E(g;p7) =
o 90A<1 qll) . (PA<Xf) - 0
- —GA(?qh) o —@x(‘f) Galg=D+ (CA()? ;1))'

This identity is reached applying the second and the third identities in (9.8]) and the formula
(B2). But a direct computation shows that

i 1\ _ |z (rt 1 1 i1
(L)) e () o2 (2 2 (T L)
equals the right-hand side of the above identity. O

We deduce that & A(pl’t qil) is in My(pf;L). One further proves that it is non-zero and
is not a cusp form. In fact we have that

5A< 1 q11> <CA( 10q 1)) € Myt

with 9)?2 the maximal ideal of the valuation v, and ¥ a singleton, so that n(a (X qil ) =
Ealy . 1) and we see, by [34, Lemma 6.12] that (4 (%' ql ) is Eulerian. One proves easily

that §A< 1 qil) gq QC < ) However, the cusp form 5A< 1 qll) 9% %5 ( )does
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not vanish identically by Corollary BI4l Hence the item (3) of Conjecture [[0.4] does not
extend to K-linear combinations of multiple Eisenstein series.

10.2. A conjecture for zeta values in Tate algebras. We now focus on zeta values in
Tate algebras (LI]). Recall from the introduction that ¢ = p® with e > 0. Hence 7 = u°
where p1 is the IF)-linear automorphism of C., given by ¢ — ¢ for ¢ € C,, which can be
extended I, (ty;)-linearly to Ky, for any finite set ¥. We introduce the following F,-algebra

c Tt i e N[ ],
k>0

m 1 € N*
i By (1 Catlo))

We set (4(0) := 1. The Fp-algebra I is thus generated by all the p-twists (negative or
positive) of the functions (a(1,x:,) for ¢ € ¥. It is very important to allow negative
values for m, and for this reason this IF,-algebra carries a structure of inversive u-difference
algebra. We address the following

Conjecture 10.6. For all n € N* and ¥ C N* such that |X| = n (mod g — 1) we have a
UNIQUE eTPansion

(10.4) Ca(nyos) = > Calk)ne, mi €L
0<k<n
k=0 (mod ¢g—1)

Recall that in our conventions, (4(k) = Ca(k;1) are the usual Carlitz zeta values. We
are going to give some examples of relations along the predictions of this conjecture. Note
that the factors 7, need not to lie in Fy[t; : i € N*]((3)). However, there exists | € N such
that p!(ny) € Fplt; : i € N*]((4)) for all k = 0 (mod ¢ — 1) in the range 0 < k < n and
all the terms involved are products of zeta values. Since u'(Ca(k;ox)) = Ca(kp';ox), the
identity (I0.4)) is equivalent to an algebraic identity of zeta values as in (ILTI]) defined over
F,. We recall from Thakur conjectures in [76, §5.3] that the only F,-relations among his
multiple zeta values in K, are those which come from the harmonic product.

Conjecture 10.7. The only IF,,-algebraic relations in 1 are those coming from the harmonic
product.

After Conjecture [[0.7), all the algebraic relations defined over F,, between the elements
Ca(n;ox) with n = |¥| (mod ¢ — 1) can be derived from the harmonic product and for
each zeta value (4(n;oy) it should be possible to derive explicit formulas like in (I0.4]) by
using the harmonic product of Theorem (or in [59]). However, carrying this program
might be very difficult in practice due to the combinatorial computations involved. The
challenge is to introduce other techniques to tackle it. This was accomplished by Hung Le
and Ngo Dac in [44], where they proved a particular case of this conjecture hence proving
a conjectural formula of the author of the present text. Their result is reviewed in the

following §10.2.71
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10.2.1. Some evidences. We focus on the case n = 1 in Conjecture 0.7 so that we can now

suppose that |X| = m(q — 1) + 1 with m > 0. We know from [2, [4] that
— B
(105) Gtion) = CUTE mi =1 (mod g - 1), 5l > 1,
)

where By, € Alts] () is a monic polynomial in 6 of degree m — 1 when m > 1 and
wy, = [[;exw(ti) € Ts. If m = 0, the conjecture is clearly verified thanks to the formula
®2). If m =1 then IB%Z =1 by [, Corollary 7.3] so that

Ca(l,ox) =7~ (HcAlxtl>

€Y

confirming Conjecture [10.6] also in this case.
To describe the case m = 2 (so that |X| = 2¢ — 1) we shall introduce the notation

" (H <A<1,xn>) ,
ieU

for U C X. Then it is possible to show the following explicit formula:

o)=Y 5 ey?,
Y=U1UUy
|U1|=q—1
|Uz2|=¢

where LI denotes disjoint union. Now, recall that the right-hand side is equal to %, with
1
= % T1 (o),
UaCY €Uy
|U2|=¢

while the left-hand side is easily seen to be equal to £ w— with

By, =60 — Z th— eq(t —9f1 zeE)

(with e,, denoting here the n-th elementary symmetric polynomial), and it is easy to see
1

that By, = B, (all the terms defined over F,[f <] but not over F,[f] cancel. More generally

we have the next result (see [44] Theorem 1.3)):

Theorem 10.8 (Hung Le and Ngo Dac). For all m > 0 and for all ¢ > m the following
formula holds:

(10.6) Ca(lyox) = 3 i,
UiU---UUpm =%
G UL g™ U =1

128 stands for *Bernoulli’.
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The formula (I0.6) has been conjectured by the author of the present manuscript and
incorporated in a previous version of it. The work [44] has been anticipated by the veri-
fication of the cases m = 1,2,3,4 by Ngo Dac in [2I]. Although Conjecture [[0.7] predicts
that such formulas can all be derived from the harmonic product the method of Hung Le
and Ngo Dac does not use it, and introduces new tools which do not reduce it to a mere
computational verification, the latter being most likely out of reach.

10.2.2. More about Theorem [10.8. It is not hard to show that Hung Le and Ngo Dac’s
Theorem is equivalent to the following corollaries that were stated as Conjectures in the
earlier versions of the present manuscript:

Corollary 10.9. Assuming that m > 2 and that ¢ > m, we have the formula

A(1,0%) Z S o))y VLY.

r=0 yuvux'=x
[V|=g—r—1
|Ul=rq
The interest of Corollary [[0.9]is that it can be considered in parallel with similar (but not
analogue) classical formulas by Euler. We recall that the well-known Riccati’s differential
equation f’ = —1 — f? satisfied by the cotangent function f(x) = cot(x) implies, via the
formula —%F cot(rz) = 3. C(28)z?

<n+> ZC2Z (2n —2i), n>1

Note that the coefficients in the quadratlc expression on the right-hand side are all equal
to 1.
Theorem [10.8] implies nice formulas for the polynomials By, € Alty] (when |X| > ¢.
Indeed, observe that for all m > 1,
1 1 1
(t - WH) (t - eq)w

(10.7) (- Q)w) !
m(gA(l,Xt)> :_7r_m< qu* )...(t—@E) I

)
w

Hence,

1
Setting b}, = (t - 0(17”’1) (t - 9%) (again for m > 1) and B}, (ts) = [L.ex b5, (8:), we

€Y Ym
thus have:

Corollary 10.10. The following formula holds, when q > m.
By = (—1)™! Z Bi(ty,) - Bn(tu,,)-

UU---UUp, =%
q MU+ +q" " Um|=1

Similarly, Corollary [0.9]is equivalent to:
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Corollary 10.11. The following formula holds, for |X| =m(q— 1)+ 1 with ¢ > m > 2.

m—2
r=0 vuvuy'=x ieuuy’
|U|=qr
[V]=¢—r—1

[~ |=(m—r—1)(¢g—1)+1

10.3. A modular analogue. We end this work with a conjectural formula which can be
derived from Theorem [[0.8] We set, with U C N* a finite subset and j € Z:

&) =17 <® E(1; p;:.>> ,
iceU
for U C X. Note that this needs not to represent an analytic function 2 — Lg *Lfor N > 1
if j < 0.
Conjecture 10.12. For allm >0, || = s = m(q—1)+1 and for all ¢ > m, the following
formula holds:

(10.8) E(15p%) = > eV wEl™.
UiU---UUp=%
¢ UL g U =1

We note that (I0.8]) expresses the analytic function £(1;p3;) as a combination of non-
analytic functions if s > 2¢g — 1. Clearly, Theorem [[0.8] and Conjecture [@.2T] or Conjecture
0.4l imply Conjecture (and the latter implies Theorem [[0.8]). The cases s = 1,q are
obviously verified, see (811]). The case s = 2¢ — 1 is at the moment unsolved. The author
was only able to see that the u-expansions of the (-coordinates of both sides in (I0.8]) agree
up to a certain order but this is not enough to conclude.

ADDENDUM

Between the second and the third version of the present manuscript the author wrote
[34], in collaboration with O. Gezmis. The reader may notice that some results in that
preprint partially depend on results written here (for instance on the content of our §9)
and that, in this third version, references to [34] have been introduced. However, there is
no loop in the chains of deductions and the references to [34] have been introduced for the
sake of completeness.
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