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Null-controllability of linear hyperbolic systems in one
dimensional space

Jean-Michel Coron*and Hoai-Minh Nguyen'

Abstract

This paper is devoted to the controllability of a general linear hyperbolic system in one space
dimension using boundary controls on one side. Under precise and generic assumptions on the
boundary conditions on the other side, we previously established the optimal time for the null
and the exact controllability for this system for a generic source term. In this work, we prove the
null-controllability for any time greater than the optimal time and for any source term. Similar
results for the exact controllability are also discussed.

Keywords. Null-controllability, hyperbolic systems, backstepping, Hilbert uniqueness method, com-
pactness.

1 Introduction and statement of the main result

Linear hyperbolic systems in one dimensional space are frequently used in modeling of many systems
such as traffic flow, heat exchangers, and fluids in open channels. The stability and boundary stabi-
lization of these hyperbolic systems have been studied intensively in the literature, see, e.g., [3] and the
references therein. In this paper, we are concerned about the optimal time for the null-controllability
using boundary controls on one side. More precisely, we consider the system

Qw(t, ) = X(x)0,w(t,z) + C(z)w(t, x) for (t,z) € Ry x (0,1). (1.1)

Here w = (w1, ,w,)" : Ry x (0,1) = R™ (n >2), ¥ and C are (n x n) real matrix-valued functions
defined in [0,1]. As usual, see e.g. [II], we assume that, may be after a linear change of variables
w — R(z)w, X(z) is of the form

Y(x) = diag( —Ai(x), - = (@), A1 (), - - ,)\n(x)), (1.2)

where
—Ax) << =) <0 < Apga(x) <o < Mg (). (1.3)

Throughout the paper, we assume that
A; is Lipschitz on [0,1] for 1 <i <n(=k+m) (1.4)
and
C € [L*=(0, 1)) ™. (1.5)

We are interested in the following type of boundary conditions and boundary controls. The boundary
conditions at « = 0 is given by
w_(t,0) = Bw4(t,0) for ¢t > 0, (1.6)

where w_ = (wy, - ,w;)" and wy = (Wgt1, -+, Whim)', for some given (k x m) real, constant matrix
B, and the boundary controls at x = 1 is

wy (t,1) = W(t) for t > 0, (1.7)
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where W = (Wii1,..., Wiim)' are controls.

Let us recall that the control system , , and is null-controllable (resp. exactly control-
lable) at the time T > 0 if, for every initial data wp : (0,1) — R™ in [L?(0,1)]™ (resp. for every initial
data wp : (0,1) — R™ in [L?(0,1)]" and for every (final) state wr : (0,1) — R™ in [L?(0,1)]"), there
is a control W : (0,7) — R™ in [L?(0,T)]™ such that the solution of (L.1]), (L.6), and satisfying
w(0,z) = wo(x) vanishes (resp. reaches wr) at the time T: w(T,z) = 0 (resp. w(T,x) = wr(x)).
Throughout this paper, we consider broad solutions in L? with respect to t and x for an initial data
in L?(0,1) as in [I1, Definition 3.1]. The well-posedness for broad solutions was given in [I1, Lemma
3.2]. In fact, in [II], Definition 3.1] and [II], Lemma 3.2], bounded broad solutions with respect to ¢ and
x for an initial data in [L>°(0,1)]" are considered, nevertheless, the extension for L2-setting is quite
straightforward (see also []).

Set

/1 L d¢ for 1 <i < (1.8)

T = or 1 <i<n, .

' o Ai(é)
and

T maX{Tl+Tm+1,...,Tk+Tm+k,Tk+1} if m >k, (1.9)

opt = . .

max {Tkﬂ,m + Tha1, Tkt2—m + Tk42s - Tk + Tk+m} ifm < k.

In this paper, we are mainly concerned about the optimal time for the null controllability of ,
7 and for k > m > 1. The null-controllability was known from [21] for the time 75 + 7511
without any assumption on B (see also [T}, 8, 12, [13] for feedback controls using backstepping). In our
previous work [I1], we established the null controllability of , , and at the optimal time
Topt with B € B defined in below, for a generic C, i.e. for yC' with v € R outside a discrete
subset of v € R. When C = 0, we also show that there exists a linear time independent feedback which
yields the null-controllability at the time T,,;. Similar results for the exact controllability at Ty, were
also established there (see Section |3| for a discussion). The optimality of T,y even for C' = 0 was also
discussed in [II]. It is worth noting that there are choices of constant ¥, B, and C when m = 2 and
k > 2 so that the system is not null-controllable at the time T, [T, part 2 of Theorem 1] (see also
[21, pages 559-561]). It is easy to see that B is an open subset of the set of (real) k x m matrices and
the Hausdorff dimension of its complement is min{k,m — 1}.

In this work, we prove the null-controllability of (1.1)), , and (|1.7) for any time greater than
T,pt and for m > k > 1 without the generic requirement. Here is the main result of our paper:

Theorem 1. Let k > m > 1, and set

B:={B e R"™; such that (L.II) holds for 1 <i < min{k,m — 1}}, (1.10)
where
the i X i matrixz formed from the last i columns and rows of B is invertible. (1.11)

Assume that B € B. The control system (1.1)), (1.6), and (1.7)) is null-controllable at any time T greater
than Typ;.

To our knowledge, the null-controllability result of Theorem [I] in the case m < k with general m
and k is new. The sharpest known result on the time to obtain the null-controllability is 7 + T41.
When m = k, Theorem || can be derived from the exact controllable result in [I5] under the additional
assumption that holds for i = k (see Sectionfor a discussion). The starting point of our analysis
is the backstepping approach. More precisely, as in [11], we make the following change of variables

u(t,z) = w(t,z) — /Ox K(z,y)w(t,y)dy.

Here the kernel K : T = {(x, y)€(0,1)%0<y < x} — R"™ is chosen such that u satisfies

Opu(t, z) = B(x)dpu(t, ) + S(x)u(t,0) for (¢t,z) € (0,T) x (0,1), (1.12)



where S € [L°°(0,1)]™*™ has the structure
Ok,k S_
5= < * ) , (1.13)
Omk S+t

(S44)pg =0 for 1 < g <p,

S_y € [L>=(0,1)]**™ and S;4+ € [L>(0,1)]***. Here and in what follows, 0; ; denotes the zero matrix
of size ¢ x j for 4, j € N, and M, denotes the (p,¢)-component of a matrix M. It is shown in [1I]
Proposition 3.1] that the null-controllability of , , and at the time T' can be derived from
the null-controllability at the time T of equipped the boundary condition at £ = 0

with

u_(t,0) = Buy(¢,0) for t > 0, (1.14)
and the boundary controls at z = 1
uy = U(t) for t > 0 where U is the control. (1.15)

To establish the null-controllability for u, we use the Hilbert uniqueness method which involves crucially
a compactness result type in Lemma [4| with its roots in [I1].

The backstepping approach for the control of partial differential equations was pioneered by Miroslav
Krstic and his coauthors (see [I7] for a concise introduction). The use of backstepping method to
obtain the null-controllability for hyperbolic systems in one dimension was initiated in [12] for the
case m = k = 1. This approach has been developed later on for more general m and k in [T}, 8 [13].
The backstepping method is now frequently used for various control problems modeling by partial
differential equations in one dimension. For example, it has been also used to stabilize the wave
equation [16] 25] 22], the parabolic equations in [23 24], nonlinear parabolic equations [26], and to
obtain the null-controllability of the heat equation [10]. The standard backstepping approach relies on
the Volterra transform of the second kind. It is worth noting that, in some situations, more general
transformations have to be considered as for Korteweg-de Vries equations [5], Kuramoto—Sivashinsky
equations [9], Schrodinger’s equation [7], and hyperbolic equations with internal controls [27].

The rest of the paper is organized as follows. In Section [2] we establish Theorem The exact
controllability is discussed in Section
2 Optimal time for the null-controllability

In this section, we study the null-controllability of (1.12)) and (1.14]) under the control law (|1.15]).
The main result of this section, which implies Theorem [I| by [I1 Proposition 3.5], is:

Theorem 2. Let k > m > 1. System (1.12)) and (1.14]) under the control law (1.15)) is null-controllable
at any time larger than T,p;.

The rest of this section contains two sections. In the first section, we present some lemmas used in
the proof of Theorem [2] The proof of Theorem [2]is given in the second section.

2.1 Some useful lemmas

Fix T > 0. Define
Fr: [L*(0,T)™ — [L*(0,1)]"

‘FT(U) = U(T7 ')7
where u(-,-) is the solution of the system (|1.12)-(1.15) with u(t =0,-) = 0.
Lemma 1. We have, for v € [L?(0,1)]",

Fr(v) = E (Wi, 1) in (0,7T),



where v(-,-) is the unique solution of the system

Ov(t, ) = X(2)0v(t, ) + X' (x)v(t, x) for (t,x) € (—o0,T) x (0,1), (2.1)
with, fort < T,
v_(t,1) =0, (2.2)
1
¥, (0)vy(t,0) = —BTY_(0)v_(t,0) + /0 ST (z)v_(t,z) + ST, (z)vy(t,x)da, (2.3)
and
v(it=T,)=wv in (0,1). (2.4)

Throughout this paper, (-,-) denotes the Euclidean scalar product in the Euclidean space and
(*-)12(a,p) denotes the scalar product in L?(a,b) for a < b.

Proof. We have

(U, Frv) 20,1y =(FrU,v)p2(0,1) = (W(T,-), (T, ) 2(0,1)
/ O (u t,-))p2(0,1) dt

:/ (Opu(t, ), v(t, ) p2(0,1) + (ult, ), Orv(t, -)) 12(0,1) dt

/ / 2)dpult, x) + S(@)u(t, 0),v0(t,2)) + (ult,-), u(t, ) de dt by ([TII).

An integration by parts yields

/ / x)Ogu(t, z),v(t, z)) dedt = / / v(t,x) + X(x)0pv(t, x), u(t, z)) dt

+/0 (u(t, 1), B(1)o(t, 1)>—/0 (u(t, 0), 2(0)u(t, 0)) dt.

Using the conditions on v at =0 and x = 1 (see (L.14]) and ( - and (| .7 we have
T T T
[ttt .2 1)) - [ 0(t,0),20)0(t,0)) e = / (S vs )0, 1)
0 0 0

T
7/0 (BTS_v_ + X v, uy)(t,0)dt.

We then obtain

T /1 T

W.F) = [ [ (S@u0) o) + [ (Sevnune ) d
o Jo 0
T
—/ (B v+ X vy, uy)(t,0)dt.
0

Using the boundary condition ({2.3]), we obtain

T
<U’ ]:’;U>L2(O,T) = / <E+U+a u+>(tv 1) dta
0

which implies the conclusion. O



Similarly, we have the following result whose proof is omitted.

Lemma 2. Let T > 0 and ug € [L*(0,1)]". Assume that u is the unique solution of (1.12)) and (1.14)
with u(t = 0,-) = ug and uy(-,0) =0 fort > 0. Then, for v € L*(0,1), we have

1 1
[ ), o@)do = [ o), w0, )
0 0
where v(-,-) is the solution of ([2.1)-([2.4).

Combining Lemma [[]and Lemma 2] making a translation in time, and applying the Hilbert unique-
ness method (see e.g. [0 Chapter 2]), we obtain

Lemma 3. Let T > 0. System (1.12)-(L.15)) is null controllable at the time T if and only if, for some
positive constant C,

0 1
/ o (1) dt > c/ (=T, 2)[2 dz ¥ € [L2(0, 1)]", (2.5)
T 0

where v(-,-) is the unique solution of the system

Ov(t, ) = B(2)0v(t, ) + X' (x)v(t, z) for (t,x) € (—00,0) x (0,1), (2.6)
with, t <0,
v_(t,1) =0, (2.7)
Y1 (0)vy (t,0) = —BTS_(0)v_(t,0) + /0 ST (z)v_(t,z) + ST, (z)vy(t,x) dz, (2.8)
and
v(t=0,-)=wvin (0,1). (2.9)

Finally, we establish a compactness type result which is one of the key ingredients in the proof of
Theorem 2

Lemma 4. Letk >m > 1, B € B, and T > T,,:. Assume that (vy) be a sequence of solutions of

2.6)-2.8) (with vy (0,-) in [L*(0,1)]™) such that

s%p low (=T, )| z2(0,1) < +o00, (2.10)
o, ()l -r) = 0. (2.11)

We have, up to a subsequence,
on(=T,-) converges in L*(0,1), (2.12)

and the limit V € [L?(0,1)]™ satisfies the equation
V=KV, (2.13)

for some compact operator K from [L2(0,1)]"™ into itself. Moreover, K depends only on %, S, and B;
in particular, IC is independent of T.

Proof. Denote, for 1 < £ < m,

T
VN = (UNk—mtt+1:" " sUNK) s
T
W= (UN k15 UNk+e)
and set, for 0 </ <m —1,
pe=—(T = Tht+41)s

@é+1 = {(t,S) 2t € (Peg1,P0); prm—1 < 5 < t}7



and
Doy1 = {(t,S) it € (peg1,pe)it <5 < Po},

with the convention p,, = —T.

Note that vx,—(-,0) = 0 for t € (pm, pm—-1).

e We are first concerned about the time interval (p1, po) and x = 0. Using and the charac-
teristic method one gets that, for k+2 < j < k 4+ m,

oy ;(t,-) = 0in L*(0,1) for t € (p1, po) (2.14)

and
un(+,0) = 0 in L*(p1, po). (2.15)

Recall that, for t € (—T,0),

Y (0)oy 1 (t,0) = —B"S_(0)oy,_(t,0) + /0 ST (x)vn,—(t,2) + ST, (2)vn 1 (t, ) da, (2.16)

and note, since vy, _(-,1) =0 in (=7}, 0), that, in (0, 1),
un,j(t,-) = 0for t € (p1,po), for 1 <j<k—m+1. (2.17)

First, consider the last (m — 1) equations of (2.16) for t € (p1, po). Using (1.11) with i = m — 1,
and (2.17), and viewing vy ;(-,0) in (p1, po) and vy ;(t,-) in (0,1) for k+2 < j < k+m as parameters,
we obtain

t PO
Vna(t,0) = / G1(t,5)Vn1(s,0)ds + Hy(t, s)Wn 1(s)ds + Fn1(t) in (p1, po),

Pm—1 t

for some G € [Loo(bl)] (m=1xtm=1) 4nd H, € [LOO(Dl)] (m=DX1 hich depends only on 3, B, and S,
and for some Fy 1 € [L?(p1, po)]™ ', which depends only on ¥, B, and S, and vy ;(-,t) and vy, ;(t,-)
for t € (p1,p0), and for k + 2 < j < k + m. Moreover, by (2.14) and (2.15),

Fyi1 — 0in L?(p1, po) as N — +oo.

Next consider the first equation of (2.16) for ¢ € (p1,po). Using the fact (ST )1 =0for1 <g<m
by (1.13)), and applying the characteristic method, we have

t
Wi i(t,0) = Q1Vn1(t,0) +/ Lq(t,8)Vn,1(s,0)ds,

Pm—1

for some constant Q; € R** (™1 and for some L, € [LOO (151)] D= oth depending only on X, B,
and S.
e Generally, let 1 < ¢ < m, and consider the time interval (pg, pe—1) and = 0. As N — +o0, since,

lon (-, Dllzz(~7,0) = 0,

it follows that, for k + ¢4+ 1 < j < k+ m,

vn;(t,-) = 01in L*(0,1) for t € (pe, pe—1) (2.18)
and
N, (5 0) = 0 in L(pg, pe-1)- (2.19)
Note that, in (0, 1),
un,j(t,) =0 for t € (pg, pe—y) for 1 < j <k —m+ L. (2.20)

Consider the last (m — ¢) equations of system (2.16)) for ¢t € (pg, p¢—1). Using (1.11)) with i =m — ¢,
and (2.20), and viewing vy,;(-,0) in (pg, pe—1) and vy ;(t,-) in (0,1) for k+£4+1 < j < k+m as
parameters, we obtain, for t € (pg, pe—1),

t PO
Vive(t,0) = / Golt, )V o(5,0)ds+ | Hu(t,s)Wio(s)ds + Fo(t), (2.21)

Pm—1 t



m—~£) X

for some Gy € [Loo(ﬁe)](miz)x(mie) and Hy € [L(’O(Dg)]( * which depends only on ¥, B, and S,
and for some Fi ¢ € [L%(pg, pe—1)]™ ¢ which depends only on ¥, B, and S, and vy ;(+,0) and vy ;(t, )
for t € (pg, pe—1), and for k+ 241 < j < k 4+ m. Moreover, by (2.18) and (2.19)), we have

Fyyo— 0in L%(ps, pe—1) as N — +o0.
Next consider the first ¢ equations of (2.16) for ¢ € (p¢, pr—1). We have

t PO
WNj(t, 0) = Q@VN’e(t, 0) + / Lg(t, S)VNﬁz(s, 0) ds + / ]\4'3(157 S)WN,g(S, 0) ds. (2.22)
t

Pm—1

for some constant Qp € R*(m=8 for some Ly € L‘X’(ﬁgﬂzx(m_@ and M, € [LOO(DZ)]EM’ all depend-
&

ing only on X, B, and S. In the case ¢ = m, (2.21)) is irrelevant and (2.22) is understood in the sense
that the first two terms in the RHS are 0.
We have

i) vy, (=T,-) =01in (0,1);

ii) the information of vy +(—T,-) in (0,1) is encoded by the information of vy k+1(-,0) on (pm, po),
of vn g+2(+,0) on (Pm, P1), - -5 Of UN ktm (-, 0) on (P, Pm—1), by the characteristic method,;

iii) Using (2.21) for £ = m —1, one can solve Vi ,,—1 as a function of Wi ,,,—1 and Fi ,,,—1. Continue
the process with ¢ = m — 2, then with { =m — 3, ..., and finally with £ = 1. Noting that

UN k—m—+e+1(-,0) =0 in (pm—1, pe),

one can solve
VNi(50) € L*(pm—1,p0) X -+ X L*(pm—1, pm—2)

as a function of Wy 1 € L%(pm, po) X - -+ X L*(pm, pm—1) and Fn; with j =1,...,m, and one has
Vni(-0) = KiWn1(-,0) + gn.

where gy € L2(pm_1,p0) X -+ X L*(pm_1, pm—2) converges to 0 in the corresponding L2-norm
and K; is a compact operator depending only on ¥, S and B.

The conclusion now follows from ([2.22)). The proof is complete. O

2.2 Proof of Theorem [2]
The arguments are in the spirit of [2] (see also [20]). For T' > T, set

Y = {V € L*(0,1) : V is the limit in L?(0, 1) of some subsequence of solutions (vy(—T,-))

of (2.6)-(28) such that and bold}. (2.23)

It is clear that Yr is a vectorial space. Moreover, by (2.13]) and the compact property of K, we have
dimYy < C, (2.24)

for some positive constant C' independent of T'.
We next show that
Yr, CYp, for Tpp < Th < Tb. (2.25)
Indeed, let V' € Yr,. There exists a sequence of solutions (vy) of (2.6)-(2.8) such that
on(=T,) = V in L2(0,1),
(2.26)

thﬁ%»oo ||vN,+(" 1)||L2(—T270) =0.



By considering the sequence vy (- — 7, -) with 7 = Ty — Ty, we derive that V € Yr,.
By Lemma [3| to obtain the null-controllability at the time T > T, it suffices to prove (2.5) by
contradiction. Assume that there exists a sequence of solutions (vy) of (2.6)-(2.8) such that

0 1
N/ |UN,+(t,1)|2dtg/ lon (=T, 2)|2 dar = 1. (2.27)
-T 0

By (2.12), up to a subsequence, vy (=T, -) converges in L?(0, 1) to a limit V. It is clear that ||V||r2(0,1) =
1; in particular, V' # 0. Consequently,
Yy # {0}. (2.28)

By (2.24)), (2.25)), and (2.28)), there exist Tppe < T1 < T < T such that

dim YvT1 = dim YT2 75 0.
We claim that, for V € Yp,
0,V + X'V is an element in Y7, . (2.29)

Indeed, since Y7, = Y1, by the definition of Yr,, there exists a sequence of solutions (vy) of (2.6)-(2.8])
such that

limN o ||[UN,+\" 1) 2(— = O,
oo lvn+ (5 DllL2(-10) (2.30)
V =limy_ 100 vn(=Tk,-) in L?(0,1).
Using (2.25)), one may assume that To — 73 is small. We claim that, for ¢t € (=T, T1],
sup |lon (=2, )|l 22(0,1) < +oo0. (2.31)
Noting that ¥ and ¥’ are diagonal, we have, by the characteristic method, for t € (=T2, —Topt)
un,—(t,-) =01in (0,1). (2.32)
Using the characteristic method again, we also have, for ¢t € (=T, —=T1],
lvw,+ (s )l z20,1) < C<||7JN,+(*T2a Mrz,1) + llow+ 1)\|L2(—Tz,t))- (2.33)
We derive from (2.30) that
sup [lun 4 (¢, )| 220,1) < +00. (2.34)
Combining (2.32)) and (2.34)) yields (2.31).
Using (2.12)), without loss of generality, one may assume that
on(=Ty,-) — V in L?(0,1) for some V € L?(0,1).
Let © be the unique solution of the system
O4i(t, x) = B(x)0,0(t, ) + X' (2)d(t, z) for (t,z) € (—o0, —T1) x (0,1), (2.35)
with, for t < —T17,
v_(t,1) =0, (2.36)
1
2 (0)04(t,0) = —BTS_(0)0_(t,0) + / ST (z)0_(t,z) + ST, (2)4(t,2) dx, (2.37)
0
and R
ot =-Ty1,-)=V. (2.38)
One then has, for 7 < —T7,
oy — 0 in C°([—7, =T1]; L*(0,1)). (2.39)



In particular, by (2.25)), we have
’lA}(t7 ) S YT1 for t € [—Tg, —Tl) (240)

and
V =v(-Ty,-) in (0, 1).

Since, in the distributional sense and hence in Yr,,

8y0(—Ty,-) = lim 1[@(—@ te,) —@(—Tz,-)},

€A)O+ £

and, for € > 0 small,

[@(—TQ tex) — @(—TM)] € Yr, by (240),

M | =

one derives that
E@,ﬂ}(—T% ) + Z/ﬁ(—TQ, ) S YT17

which implies (2.29).
Recall that Y7, is real and of finite dimension. Consider its natural extension as a complex vectorial
space and still denote its extension by Y7,. Define

A: Y, — Yr,
V = 30,V+XV.

From the definition of Yr,, it is clear that, for V € Yp,

V_(1)=0 (2.41)
and )

24 (0)Ve(0) = —=BTS_(0)V_(0) + / ST (@)V_(z) + ST (x)V(x) da. (2.42)

Since Y, # {0} and Y, is of finite dimension, ther(:e exists A € C and V € Y, \ {0} such that

AV = AV.

Set
v(t,x) = MV (z) in (—o0,0) x (0,1).

Using (2.41)) and (2.42)), one can verify that v(t, x) satisfies (2.6))-(2.8). Using (2.41]) and applying the

characteristic method, one deduce that

v_(t,") =0for ¢t <0. (2.43)
From 7 we then obtain )

S (0), (1, 0) = / ST, (@)vs (¢, ) da. (2.44)
Using the structure of Sy, we then have i
Vg+1(£,0) = 0 for t < 0.

By the characteristic method, this in turn implies that, for t < —7541.

Vps1(t,-) = 0in (0,1)
Similarly, we have, for ¢t < —711 — Ti+2,

Uk+2(t7 ) =01in (O? 1)

...yand for t < =Ty — 0 — Thbm,

Vkgm (t,-) = 0'in (0,1).
Then v(t,-) =01in (0,1) for t < =741 — -+ — Thm. 1t follows that V' = 0 which contradicts the fact
V # 0. Thus (2.5) holds and the null-controllability is valid for T' > T,;. O



3 Optimal time for the exact controllability

This section is on the exact controllability of (1.1)), , and (1.7) for m > k > 1. We give a new
short proof, in the spirit of the one of Theorem |1} of the following result due to Hu and Olive [I5].

Theorem 3. Assume that m >k > 1. Set
B. = {B € R**™; such that (L.11) holds for 1 <i <k},

Assume that B € B.. The control system (1.1)), (1.6), and (L.7) is exactly controllable at any time T
greater than Top;.

The exact controllability of , 7 and for m > k has been investigated intensively in
the literature. When m = k under a similar condition, the exact controllability was considered in [2T],
Theorem 3.2]. In the quasilinear case with m > k, the exact controllability was derived in [19, Theorem
3.2] (see also [18]) for m > k and for the time 74 + 7441 under a condition which is equivalent to the
fact that holds for 1 < ¢ < k. The result was improved when C' = 0 in [I4] when the time of
control is max{741, Tk + Tm+1} involving backstepping. The exact controllablility of , , and
at the time T,,; was recently established in [I1] for a generic C, i.e., for vC' with v € R outside a
discrete subset of v € R using the backstepping approach. The generic condition of C' is not required
for C' with small L°°-norm by the same approach. It is worth noting that B is an open subset of the
set of (real) k x m matrices and the Hausdorff dimension of its complement is k. The generic condition
is then removed recently in [I5] by a different approach.

In this section, we show how to adapt the approach for Theorem [I| to derive Theorem |3] As in the
study of the null-controllability, it suffices, by [I1, Proposition 3.1], to establish

Theorem 4. Let m >k > 1. System (1.12))-(1.14) under the control law (1.15)) is exactly controllable
at any time larger than T,p;.

As a consequence of Lemma by the Hilbert uniqueness principle, see, e.g., [6, Chapter 2], we have

Lemma 5. Let T > 0. System (1.12)-(1.15)) is exactly controllable at the time T if and only if, for
some positive constant C,

0 1
/ log (t,1))% dt > C/ [v(0, 2)|* dz Vv € [L*(0,1)]", (3.1)
T 0

for all solution v(-,-) of (2.6)-(2.8].
As a variant of Lemma (4] we establish

Lemma 6. Let m > k > 1, B € B, and T > T,,;. Assume that (vn) be a sequence of solutions of

(12.6)-(2.8) such that
Slj\llp||UN(07')HL2(o,1) < too, and  lim lvv,+(, Dllzzo,7) = 0. (32)
We have, up to a subsequence,
vn(0,-) converges in L*(0,1), (3.3)
and the limit V € [L?(0,1)]™ satisfies the equation

V=KV, (3.4)

n

for some compact operator K. from [L?(0,1)]" into itself. Moreover, K. depends only on X, S, and B;

in particular, K¢ is independent of T'.

Proof. Since limy 4 oo [[vn,+ (-, 1)||2¢0,7) = 0 and T' > T, it follows from the characteristic method
that, for ¢ € (=T + 7441, 0],
H'UN7+(t7 ')||L2(0,1) —0as N — +oo. (35)
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By the characteristic method, we also have, for 1 < j < k,

low; (8 )llz2(0,1) = 0 for t € (=T, —7;). (3.6)
Recall that, for ¢t < 0,
Y (0)vn 1 (t,0) = —B"E_(0)vn,_(t,0) + /01 ST (z)on,—(t,2) + ST (z)vN,+(t,2) da. (3.7
Denote, for 1 < j <k,
Vi ;= (ong,-onm)T
W5 = Nkt UNmtj—1)

and set, for 1 < j <k,

75; = {(t, s):te€ (—7j,—Tj—1);t <s< 0}7

and

D5 = {(t, s)te€ (=715, —Tjm1); —Te < s < t}7

with the convention 79 = 0. When m =k and j = 1, W, is irrelevant.
For 1 < j <k, consider ¢t € (—7;, —7;_1) and x = 0. First, consider the last (k —j + 1) equations of
(3.7) for t € (—7;, —7j—1). Using (3.6) and (L.11) with ¢ = k — j+ 1, and viewing vy ¢(¢, -) for = € (0, 1)

and vy ¢(+,0) for t € (—7;,—7;_1) for m+ j < ¢ < k+ m as parameters, we have, for t € (—7;, —7;_1),

t

0
Vlf,,j(t,O):/ G;(t,S)VJ\e,J(s,O)der/ H3(t,s)WR ;(s,0)ds + F (1), (3.8)
t

— T

for some G¢ € [Loo(ﬁj?)](k’j“)x(k*j“) and H¢ € [L>(D5)]th=a+1)x(m=k+i=1) and which depends
only on X, S, and B, and for some F ; € [L?(—7j, —7j—1)]¥7771, which depends only on ¥, S, and B,
and vy 4. Moreover, by (3.5) and (3.6),

Fy ;= 0in L*(—7j,—7j—1) as N — +o0. (3.9)
When k& = m and j = 1, the second term in the RHS of (3.8) is understood by 0.
Next, consider the first (m — k + j — 1) equations of (3.7)) for t € (—7;,7j_1). We have

t

0
Wi ;(t,0) = Q5Vy ;(t,0) + / L5(t, s)Vy ;(8,0) ds + / M (t,s)Wx ;(s,0) ds. (3.10)
t

—Tk

for some constant Q¢ € R(m=F+i=1x(k=i+1) for some L € [L*°(DS))(m=k+i=Dx(k=i+1) "and for some
M¢ € [Lo°(D;))(m—k+i—1x(m=k+j=1) 4]l depending only on ¥, B, and S. When k = m and j = 1,
(3.10) is irrelevant.

Using (3.9) with j = 1, one can solve W§ , as a function of Vi | and F, (if m = k, then this is
irrelevant). Continue the process with j = 2, then j = 3, ..., finally with j = k. Noting that

ONmtj—1(-,0) = 0 in L*(1;_1,0),
considering it as a parameters, and using , one can solve
Wik € [LQ(—Tk,O)]m_k X L2(—’Tk, —T1) X -+ X L2(—Tk, —Tk—1)
as a function of Vg, € L?(—71,0) x - -+ x L?(—7%,0), and Fg ; with j =1,...,k, and one has
Vi =KiWR . + 95

where g% € L*(—71,0) x -+ x L*(—7%,0) converges to 0 in the corresponding L*-norm and K¢ is a
compact operator depending only on ¥, S and B. The conclusion now follows from after noting
that the information of vy _(0,-) is encoded by the information of vy 1(-,0) on (—71,0), of vy 2(+,0)
on (—72,0), ..., of vy k(-,0) on (—7%,0), by the characteristic method. O
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We are ready to give the
Proof of Theorem [, The proof of Theorem [ is similar to the one Theorem [} For T' > Toy, set

YF = {V € L*(0,1) : V is the limit in L?(0,1) of some subsequence of solutions (vx (0, -))

of (2-6)-(2-8) such that holds}. (3.11)

As in Theorem [2| Y7 is a vectorial space of finite dimension and there exist T, < 11 < To < T such
that
dim Yfl = dim Yfiz.

Fix such T7 and T5. By Lemma [5] it suffices to prove (3.1)) by contradiction. Assume that (3.1)) does
not hold. Then, as in the proof Theorem [2} there exist A € C and V € Y \ {0} such that

Y9,V + X'V = V.
Set
v(t,z) = eMV(z) in (—o0,0) x (0,1). (3.12)

As in the proof of Theorem one can verify that v(-, ) satisfies (2.6])-(2.8). Applying the characteristic
method, one deduce that
v_(t,") =0for t < —7. (3.13)

As in the proof of Theorem [2] we also have
v(t,-) =01in (0,1) for t < =T — Th1 — ==+ — Thtm- (3.14)

It follows that V' = 0 which contradicts the fact V' 2 0. Thus (3.1) holds and the exact-controllability
is valid for T > T. O

Remark 1. Theorem |3| can be also deduced from Theorem |1} Indeed, consider first the case m = k.
By making a change of variables

w(t,z) =w(T —t,x) for t € (0,T), x € (0,1).
Then ~
w- (tv 0) = Bil{/j-i— (ta 0)7

with w_(t,-) = (wag, ..., wes1) (T —t,-), and wy (¢,-) = (wg,...,w1) (T —t,-), and EZ—J— = By, with
p=k—iand ¢ =k — j. Note that the ¢ x ¢ matrix formed from the first ¢ columns and rows of B is
invertible. Using Gaussian elimination method, one can find (k x k) matrices 71, ..., Ty such that

Ty...ThvB =1,

where U is a (k x k) upper triangular matrix, and 7; (1 <7 < N) is the matrix given by the operation
which replaces a row p by itself plus a multiple of a row ¢ for some 1 < g < p < N. It follows that

B l=U"'Ty...Tn.

One can check that U~! is an invertible, upper triangular matrix and Ty ... T} is an invertible, lower
triangular matrix. It follows that the ¢ x i matrix formed from the last i columns and rows of B!
is the product of the matrix formed from the last i columns and rows of U ~! and the matrix formed
from the last 4 columns and rows of T ...T;. Therefore, B! € B. One can also check that the
exact controllability of the system for w(-,-) at the time T is equivalent to the null-controllability of
the system for w(-,-) at the same time and the conclusion of Theorem [3| follows from Theorem [1] The
case m > k can be obtained from the case m = k as follows. Consider w(-, ) the solution of the system

b = B(x)dp (¢, ) + Clz)w(t, z),

12



Here

with

w_(t,0) = Bw4(t,0), and 4 (t,1) are controls.

i} = diag(—;\l, ey _j\maj\m-&-la ‘e S\Qm),

5\j = —(14+m—k—j)e L for 1 < j < m—k with positive small ¢, ij = Nj_(m—k) ifm—k+1 < j <m,

and 5‘j+m = )\j+k for 1 S] S m,

and

~ Om—k,m—k} Om—km
C(z) = ;
On,m—k O(SE)

N Imfkr Omfkr,m
B= ,
Om—k,m B

where I, denotes the identity matrix of size £ x £ for £ > 1. Recall that 0; ; denotes the zero matrix of
size © x j for 7, j,£ > 1. Then the exact controllability of w at the time T' can be derived from the exact
controllability of @ at the same time. One then can deduce the conclusion of Theorem [3| from the case

m =
time

k using Theorem [I| by noting that the optimal time for the system of w converges to the optimal
for the system of w as ¢ — 0.
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