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SCHWARZSCHILD FIELD OF A PROPER TIME OSCILLATOR A PREPRINT

We show that an oscillator in proper time can mimic a point mass at rest in general relativity. The spacetime outside this proper time oscillator is static and satisfies the Schwarzschild solution.

Introduction

Nature has a preference for symmetry [START_REF] Gross | The role of symmetry in fundamental physics[END_REF][START_REF] Livio | Why symmetry matters[END_REF]. In classical mechanics, oscillations are considered only in the spatial dimensions. On the other hand, the structure of spacetime is dynamical. Time and space are to be treated on an equal footing in general relativity. Therefore, in theory, we can construct an oscillator that has oscillation in time, if the symmetry between time and space prevails. This oscillator is an analogy of the classical system, except the oscillation is in time and not in space.

Two recent findings intrigue us to study the properties of an oscillator in time. In refs. [START_REF] Yau | Emerged quantum field of a deterministic system with vibrations in space and time[END_REF][START_REF] Yau | Probabilistic nature of a field with time as a dynamical variable[END_REF][START_REF] Yau | Temporal vibrations in a quantized field[END_REF][START_REF] Yau | Time and Space Symmetry in a Quantum Field[END_REF], it is demonstrated that the basic properties of a non-interacting spin-zero bosonic field can be reconciled from a system with vibrations of matter in time. The temporal vibrations are physical quantities introduced to restore the symmetry between time and space in a matter field. Besides, the internal time of this field can be described by a self-adjoint operator. Unlike the use of positive operator valued measures (POVM) [START_REF] Muga | Arrival time in quantum mechanics[END_REF][START_REF] Egusquiza | Free-motion time-of-arrival operator and probability distribution[END_REF][START_REF] Galapon | Pauli's theorem and quantum canonical pairs: the consistency of a bounded, self-adoint time operator canonically conjugate to a hamiltonian with non-empty point spectrum[END_REF][START_REF] Wang | How to introduce time operator[END_REF][START_REF] Galapon | Post Pauli's theorem emerging perspective on time in quantum mechanics[END_REF], which is typically encountered in the study of a time operator, the spectrum of the internal time operator is unbounded. It is not restricted by Pauli's theorem that time cannot be treated as an operator because the Hamiltonian of the system is bounded from below [START_REF] Pauli | General Principles of Quantum Mechanics[END_REF]. One of the reasons to develop a self-adjoint time operator is to assuage the conflict in how time is treated differently in quantum theory and general relativity [START_REF] Rovelli | Quantum Gravity[END_REF][START_REF] Anderson | Problem of time in quantum gravity[END_REF][START_REF] Bauer | A dynamical time operator in Dirac's relativistic quantum mechanics[END_REF].

In the field with vibrations of matter in time, a stationary particle observed has oscillation in proper time. As a part of the spacetime geometry, this proper time oscillation shall curve the surrounding spacetime. In this paper, we explore the gravitational field of the same proper time oscillator but without considering the quantum effects. The oscillator, as defined in the next section, is assumed to be at rest over time. Our results show that the spacetime outside this proper time oscillator is static and satisfies the Schwarzschild solution.

Another finding involves the free-falling velocity in a gravitational field. As shown in general relativity, the Schwarzschild metric has an extremely simple form which can be expressed as,

ds 2 = [1 -v(r) 2 ]dt 2 -[1 -v(r) 2 ] -1 dr 2 -r 2 dΩ 2 , (1) 
where v(r) = -(2GM/r) 1/2 . It happens that v(r) is also the free-falling velocity in the gravitational field. The diagonal time component (g tt ) of the metric is inversely proportional to its diagonal radial component (g rr ) [START_REF] Jacobson | When is g tt g rr = -1?[END_REF].

Because of this simple form, many attempts have been made to reconcile the metric, by invoking the reciprocity of time dilation and length contraction for a moving object with velocity v(r) [START_REF] Lenz | Electrodynamics[END_REF][START_REF] Schiff | On experimental tests of the general theory of relativity[END_REF][START_REF] Harwit | Astrophysical Concepts[END_REF][START_REF] Rowlands | A simple approach to the experimental consequences of general relativity[END_REF][START_REF] Czerniawski | The possibility of a simple derivation of the Schwarzschild metric[END_REF][START_REF] Cuzinatto | Schwarzschild and de Sitter solution from the argument by Lenz and Sommerfiled[END_REF]. These results have led to an erroneous belief that it is possible to derive the Schwarzschild metric, by insinuating the concepts of the equivalence principle, special relativity, and Newtonian gravity into the formulation, without referencing the Einstein's field equations.

The analyses carried out by Schild [START_REF] Schild | Equivalence Principle and Red-Shift Measurements[END_REF], Rindler [START_REF] Rindler | Counterexample to the Lenz-Schiff Argument[END_REF], Sacks and Ball [START_REF] Sacks | Simple derivations of the Schwarzschild metric[END_REF], Gruber [START_REF] Gruber | The impossibility of a simple derivation of the Schwarzschild metric[END_REF], and Kassner [START_REF] Kassner | Classroom reconstruction of the Schwarzschild metric[END_REF][START_REF] Kassner | A physics-first approach to the Schwarzschild metric[END_REF] have affirmed the result that there is no simple derivation of the Schwarzschild metric. It is a mere coincidence that the application of time dilation and length contraction can come up with a metric that looks like the correct one. Einstein's field equations cannot be neglected in the formulation. Although it has been vindicated repeatedly that the application of time dilation and length contraction is not sufficient to derive the Schwarzschild metric, the results that can be engendered from this approach are rather appealing. Instead of attempting to derive the Schwarzschild metric, there is another constructive way to adopt the prior application in the gravitational theory.

In ref. [START_REF] Yau | Thin shell with fictitious motions[END_REF], we have demonstrated that a spherical thin shell with fictitious radial velocity can replicate the gravitational effects of a massive spherical thin shell. The fictitious velocity is analogous to the free-falling velocity except it is applied only on the surface of a thin shell. Its hypothetical effects on time and distance measurements are adopted to define the spacetime metric on the surface of a time-like hypersurface. Analogous to introducing a fictitious force to describe gravity, we can utilize the fictitious radial velocity to replicate the gravitational effects of a thin shell. The external spacetime outside the thin shell is static and satisfies the Schwarzschild solution for a spherically symmetric mass. According to Birkhoff's theorem [START_REF] Birkhoff | Relativity and Modern Physics[END_REF][START_REF] Schmidt | The tetralogy of Birkhoff theorems[END_REF], the thin shell can be contracted to an infinitesimal radius. As long as the equivalent mass of the shell remains constant during the contraction, the spacetime geometry outside will not be affected. This thin shell with infinitesimal radius has the size of a point mass. Based on the time translational symmetry of the system, the same results can be applied to a thin shell with fictitious radial oscillations. In this paper, we show that these fictitious radial oscillations are the products of a proper time oscillator.

The paper is organized in the following manner: In Section 2, we define the basic properties of a proper time oscillator.

In Sections 3 and 4, we develop a Lorentz covariant plane wave with vibrations in time and space, which is applied to the Fourier decomposition of the proper time oscillation. In Section 5, we show that the proper time oscillator is encased by fictitious radial oscillations. In Sections 6 and 7, the properties of the fictitious radial oscillations are further elaborated. In Section 8, we investigate the spacetime geometry outside a thin shell with a finite radius that has fictitious oscillations in the radial direction. Based on Birkoff's theorem, the thin shell can be contracted to an infinitesimal radius which is the same thin shell obtained in Section 4. As summarized in the last section, the proper time oscillator has properties that can mimic a stationary point mass in general relativity.

Proper Time Oscillator

Consider a coordinate system (t, x). The coordinate time t is measured by the clock of a stationary observer O located at spatial infinity. In a Minkowski spacetime, we can synchronize all the stationary clocks with the clock of O. Instead of considering a perfectly flat spacetime, let us assume time tf , as observed at the origin of the spatial coordinates x 0 , is oscillating with angular frequency ω 0 and amplitude T0 = 1/ω 0 [START_REF] Yau | Emerged quantum field of a deterministic system with vibrations in space and time[END_REF][START_REF] Yau | Probabilistic nature of a field with time as a dynamical variable[END_REF][START_REF] Yau | Temporal vibrations in a quantized field[END_REF][START_REF] Yau | Time and Space Symmetry in a Quantum Field[END_REF], i.e. tf (t, x 0 ) = t -T0 sin(ω 0 t).

In addition, this proper time oscillator is stationary at x 0 ,

xf (t, x 0 ) = x 0 , (3) 
where xf is the observed spatial location of the oscillator. Therefore, time tf observed at the origin is different from time t observed at spatial infinity. Apart from this proper time oscillator, there is no oscillation in time elsewhere.

From Eq. ( 2), the relative rate of time is,

∂ tf (t, x 0 ) ∂t = 1 -cos(ω 0 t). (4) 
Not only the average of this rate of time is 1, its value is bounded between 0 and 2 which is positive. Therefore, time measured at the origin can move only forward. It cannot go back to its past. For a high-frequency oscillator, time observed at the origin will appear to travel along a time-like geodesic if the measuring clock is not sensitive enough to detect the oscillation. We shall note that the sinuating rate of time is not the result of relative motion. The proper time oscillator is stationary relative to observer O at spatial infinity.

The proper time oscillation is a part of the spacetime geometry. Outside the oscillator, the region is a vacuum spacetime.

There is no temporal vibration outside the proper time oscillator, i.e. tf (t, x) = t when x = x 0 . The temporal vibrations at and around the oscillator can be expressed as,

tf (t, x) = t - Π(x) sin(ω 0 t) ω 0 = t + ξt (t, x), (5) 
where

ξt (t, x) = - Π(x) ω 0 sin(ω 0 t), (6) 
and

Π(x) = 0 if |x| ≥ /2, (7) Π(x) = 1 if |x| < /2.
(8) Π(x) is a pulse with width → 0.

Lorentz Covariant Plane Wave

As a wave with vibration in time, ξt from eq. ( 6) can be decomposed into Fourier series of plane waves ξ tk = -iT k e i(k•x-ωt) , where T k is an amplitude for the temporal vibrations. However, in a relativistic theory, ξ tk can only be the 0-component of a Lorentz covariant plane wave. It is necessary to include a spatial component for the Lorentz covariant plane wave that has vibrations in space, i.e. ξ xk = -iX k e i(k•x-ωt) , where X k is an amplitude for the spatial vibrations. A Lorentz covariant plane wave shall have vibrations in both the temporal and spatial directions.

To study the vibrations that take place inside this Lorentz covariant plane wave, we will adopt a convention similar to the Lagrangian formulation in wave mechanics. Here, t d (t, x) and x d (t, x) are defined as the differences of the time measurement and spatial location from the undisturbed state labeled (t, x). In the Lagrangian formulation, x d (t, x) does not tell us the spatial displacement of an observer, which at time t has coordinate x, but rather as the displacement of an observer, which has coordinate x in the undisturbed condition. Similarly, t d (t, x) is the difference in time, measured by an observer originally from x, relative to the coordinate time t . An observer originally at x will be displaced to x f = x + x d , and measures a time t f = t + t d , instead of the time t at spatial infinity. The coordinate time t is used as a reference for measuring the temporal vibrations inside the wave.

Let us first consider a plane wave with only temporal vibrations as observed in an inertial frame O . We will define the wave's temporal amplitude T 0 as the maximum difference between time t f observed inside the wave and time t , observed outside the wave by an inertial observer. We may then write,

t f = t -T 0 sin(ω 0 t ) = t + t d = t + Re(ξ t ), (9) 
x f = x , (10) 
where

t d = Re(ξ t ) = -T 0 sin(ω 0 t ), (11) 
ξ t = -iT 0 e -iω0t . (12) 
This plane wave has no vibration in space.

The background coordinates (t , x ) of inertial frame O can be Lorentz transformed from the background coordinates (t, x) for the flat spacetime in another frame of reference O,

t = γ(t -v • x), (13) 
x = γ(x -vt), (14) where 
γ = (1 -|v| 2 ) -1/2 . ( 15 
)
We have assumed O is traveling with a velocity v relative to O. Similarly, the displaced coordinates (t f , x f ) can be Lorentz transformed to the displaced coordinates (t f , x f ) as observed in frame O,

t f = γ(t f + v • x f ), (16) 
x f = γ(x f + vt f ). (17) 
Substitute Eqs. ( 9), ( 10), [START_REF] Rovelli | Quantum Gravity[END_REF], and ( 14) into Eqs. ( 16) and ( 17), the displaced coordinates (t f , x f ) are,:

t f = t + T sin(k • x -ωt) = t + t d = t + Re(ξ t ), (18) 
x f = x + X sin(k • x -ωt) = x + x d = x + Re(ξ x ), ( 19 
) where t d = Re(ξ t ) = T sin(k • x -ωt), (20) 
x d = Re(ξ x ) = X sin(k • x -ωt), (21) 
ξ t = -iT e i(k•x-ωt) , (22) 
ξ x = -iXe i(k•x-ωt) , (23) 
T = (ω/ω 0 )T 0 , (24) 
X = (k/ω 0 )T 0 . ( 25 
)
Amplitude X is the maximum displacement of the wave from its undisturbed coordinate x, and amplitude T is its maximum displacement from time t. The proper time displacement T 0 can be seen as a Lorentz transformation of a 4-displacement vector: (T 0 , 0, 0, 0) → (T, X) where T 2 = T 2 0 + |X| 2 . The amplitude of the plane wave is a 4-vector. Inside a plane wave, the temporal and spatial coordinates are displaced from the undisturbed state. We can further summarize these vibrations with a single function,

ξ = T 0 ω 0 e i(k•x-ωt) . (26) 
The vibrations ξ t and ξ x from Eqs.( 22) and ( 23) can be written as:

ξ t = ∂ 0 ξ, (27) 
ξ x = -∇ξ. (28) 
In the rest of this paper, we will consider T 0 , T and X as complex amplitudes.

Fourier Decomposition of the Proper Time Oscillation

Let us define a function,

ξ(t, x) = Π(x) ω 2 0 cos(ω 0 t), (29) 
which can be decomposed into Fourier series of plane waves ξ k from Eq. ( 26), and their complex conjugates ξ * k . Since the superposition is linear, we can also apply Eqs. ( 27) and ( 28) to obtain the corresponding vibrations in time and space ( ξt , ξx ) of the superposed function ξ, i.e. ξt = ∂ 0 ξ,

ξx = -∇ ξ. (30) 
Hence, ξt from Eq. ( 6) can be obtained from Eqs. ( 29) and [START_REF] Birkhoff | Relativity and Modern Physics[END_REF],

ξt = ∂ 0 ξ = - Π(x) ω 0 sin(ω 0 t). (32) 
On the other hand, Eq. ( 31) implies that there are spatial oscillations in addition to the temporal oscillation at x 0 . These additional oscillations have their origins stem from the spatial components of the Lorentz covariant plane waves. Since the system that we are considering is spherically symmetric, we can switch to a spherical coordinate system. The oscillations in space are described by ξr ,

rf (t, r) = r + ξr (t, r), (33) 
where

ξr (t, r) = - ∂ ξ ∂r = - Π (r) ω 2 0 cos(ω 0 t). (34) 
Π (r) denotes the derivative of Π(r) with respect to r, such that

Π (r) = 0 if r = /2, (35) 
Π (r) = -∞ if r = /2. ( 36 
)
Therefore, apart from the proper time oscillation at r = 0, there are oscillations in the radial direction about r = /2.

The radial oscillations about r = /2 are revealed only after we study the Fourier decomposition of the proper time oscillation.

Fictitious Radial Oscillation with Infinite Amplitude

We can summarize our results from Section 4 as follow:

At r = 0, tf (t, 0) = t -sin(ω 0 t) ω 0 , (37)

rf (t, 0) = 0. ( 38 
) At r = /2 → 0, tf (t, /2) = t, (39) rf (t, /2) = /2 + ∞ cos(ω 0 t) with ∞ → ∞.
(40) The system is spherically symmetric with oscillations in the temporal and radial directions only. From Eq. (38), the proper time oscillator is stationary at the origin of the spatial coordinate, r = 0. It has no vibration in space where the oscillator is located. On the other hand, the region outside the proper time oscillator is a vacuum spacetime that is source free. There are no vibrations in this vacuum spacetime except about a thin shell with radius r = /2 → 0 as shown in Eq. (40).

Let us look at this system in more detail. As shown, the system has two oscillating components: the proper time oscillator at r = 0 and the radial oscillations about r = /2. They are simple harmonic oscillators. Based on our knowledge about simple harmonic oscillating systems, their total energy shall be conserved over time. Therefore, we expect the above system as a whole shall have a symmetry under time translation as stipulated by the Noether's theorem. 1 Besides, the spacetime outside the proper time oscillator is a vacuum. As shown in Eq. (39), a radial oscillation about r = /2 does not have oscillation in time.

Matter cannot oscillate in space with an infinite amplitude. This will violate the principles of relativity by allowing superluminal transfer of energy. From Eq. (40), the instantaneous velocity of the radial oscillation is,

vf (t, /2) = ∂ ∂t rf (t, /2) = -∞ ω 0 sin(ω 0 t), (41) 
which can exceed the speed of light. Transportation of an observer by the radial oscillation through space is forbidden by the principles of relativity. The radial oscillation, therefore, cannot be interpreted as a vibration that can carry an observer through space. Instead, we shall study the effects of this radial oscillation on an observer that is stationary at r = /2.

Any effects resulted from the radial oscillations are negligible at spatial infinity where the spacetime is considered as flat. An observer O, stationary at spatial infinity, is an inertial observer which is used as the reference for our study. In a Minkowski spacetime, the clock of any stationary observer can be synchronized with the clock of O. However, this is not the case for an observer O + stationary at r = /2. As shown in Eqs. (39) and (40), it is the clock of a fictitious observer Ō oscillating about r = /2 that synchronizes with the clock of O. As discussed, this oscillation cannot have physical vibration through space since it will allow superluminal transfer of energy. We shall consider its effects at r = /2, as if O + is oscillating in a fictitious frame of Ō. In this fictitious frame, Ō is an inertial observer. An observer O + , on the shell with radius r = /2, will have an oscillation rf relative to the fictitious inertial observer Ō, i.e.

rf (t, /2) = -∞ cos(ω 0 t), (42) 
vf (t, /2) = ∂ ∂tr f (t, /2) = ∞ ω 0 sin(ω 0 t), ( 43 
)
where vf is the instantaneous velocity of the fictitious radial oscillation. Therefore, O + is under the constant effects of a fictitious oscillation while remaining at rest relative to O at spatial infinity. These fictitious radial oscillations are used to study the spacetime geometry outside the proper time oscillator.

Taking the thin shell with fictitious radial oscillations as a part of the spacetime geometry, its properties are different from those of the assumed flat spacetime at spatial infinity where there is no oscillation. The geometry of spacetime at these two distant locations are different. Therefore, if the spacetime manifold outside the thin shell is smooth and continuous, its structures cannot be flat. The assumption of flat spacetime, when we carry out the superposition of plane waves in the previous sections, is only locally true at the origin of the spatial coordinates.

Fictitious Radial Oscillation with Finite Amplitude

Instead of working directly with the fictitious radial oscillations about r = /2, let us first consider an infinitesimally thin spherical shell Σ with finite radius ȓ. Relative to this shell, there are fictitious radial oscillations [START_REF] Yau | Thin shell with fictitious motions[END_REF], i.e.

rf (t, ȓ) = -˘ cos(ω 0 t), (44)

vf (t, ȓ) = ∂ ∂tr f (t, ȓ) = ˘ ω 0 sin(ω 0 t), (45) 
where ˘ ω 0 < 1. The properties of these fictitious radial oscillations with amplitude ˘ are analogous to those about r = /2, except the magnitude of the instantaneous velocity | vf | is now less than 1, and the amplitude of oscillation ˘ is finite. Apart from the fictitious oscillations in the radial direction, there are no other oscillations. The spacetime outside the shell is a vacuum and the system is spherically symmetric. We will further assume the system has a time translational symmetry, as expected for a simple harmonic oscillating system.

Analogous to the thin shell with infinitesimal radius, it is the clock of a fictitious observer Ō oscillating about r = ȓ that synchronizes with the clock of an observer O at spatial infinity. In its fictitious frame, Ō is an inertial observer. An observer Ȏ, stationary at r = ȓ, has a fictitious displacement rf and instantaneous velocity vf relative to Ō. Although Ȏ is stationary relative to O at spatial infinity, it is under the effects as if Ȏ is oscillating in the fictitious frame of Ō. As discussed before, the fictitious oscillation is not a vibration that carries an observer through space. Instead, their effects on time and distance measurements are used to define the metric on the surface of the thin shell Σ.

The properties of a moving observer with |v| < 1 are well defined in relativity. These properties can be applied in the fictitious frame of Ō. However, apart from the instantaneous velocity vf , Ȏ also has a displacement rf relative to the fictitious observer Ō. As a simple oscillating system, we expect both the fictitious displacement and its instantaneous velocity can have effects on Ȏ. Their combined effects shall remain constant such that the total Hamiltonian of the system is invariant over time. Although the effects of the fictitious displacement are not yet defined, we can obtain the metric induced on the thin shell Σ when there is only a fictitious velocity with | vf | < 1.

At t = t m = π/(2ω 0 ), the fictitious displacement and instantaneous velocity from Eqs. ( 44) and (45) are:

rf (t m , ȓ) = rfm = 0, (46) 
and

vf (t m , ȓ) = vfm = ˘ ω 0 < 1. (47) 
Ȏ is traveling with a velocity vfm in the fictitious frame with no displacement relative to Ō. To obtain the metric at r = ȓ, we need to understand how the clocks and measuring rods carried by O and Ȏ are related at the instant t = t m .

7 Measurements on the Thin Shell Σ Let us consider two events observed in frame Ȏ at the instant t = t m . The infinitesimal coordinate increments (dt, dr), observed in frame O, can be expressed in terms of the infinitesimal coordinate increments (d t, dȓ), for the same two events observed in frame Ȏ,

dt dr = Υ t t Υ t ȓ Υ r t Υ r ȓ d t dȓ . (48) 
In the local frame of O, the basis vectors in the temporal and radial directions are orthogonal,

e t • e r = 0. ( 49 
)
The same is true in frame Ȏ, e t • e ȓ = 0.

As discussed, Ȏ is stationary relative to O. The temporal basis vectors in frames O and Ȏ are, therefore, parallel to one another, e t e t .

Similarly, the radial basis vectors of the two frames are also parallel,

e ȓ e r . (52) 
Under conditions (49), (50), ( 51) and (52), the transformation matrix Υ is diagonal , i.e.

dt dr = Υ t t 0 0 Υ r ȓ d t dȓ . (53) 
To determine the element Υ t t, we will consider the infinitesimal coordinate increments (d t, dȓ = 0), where d t is a proper time measured by Ȏ. Under a Lorentz transformation, the coordinate increments (d t, d r) observed in the fictitious frame Ō are,

d t = γd t, (54) 
d r = γv f m d t, (55) 
and

γ = [1 -( vfm ) 2 ] -1/2 . ( 56 
)
Since the clocks of O and Ō are synchronized, we have

dt = d t = γd t. (57) 
Although Ȏ appears to be moving in the fictitious frame of Ō, there is no relative movement between Ȏ and O. The underlined quantity in Eq. ( 55) is a fictitious displacement that is observed only in Ō. The time interval measured by O is lengthened by the effects of the fictitious movement with respect to the measurement made by Ȏ. Based on Eqs. ( 47) and (57),

Υ t t = γ = [1 -( vfm ) 2 ] -1/2 = (1 -˘ 2 ω 2 0 ) -1/2 . ( 58 
)
To determine the element Υ r ȓ , we will consider another infinitesimal coordinate increments (d t = 0, dȓ), where dȓ is the length of a rod carried by Ȏ. Under a Lorentz transformation, the coordinate increments (d t, d r) observed in the fictitious frame Ō are,

d t = γv f m dȓ, (59) 
d r = γdȓ. (60) 
The moving length d l of the rod as observed in fictitious frame Ō is,

d l = d r -vfm d t = γ-1 dȓ, (61) 
where the underlined quantity is the distance traveled by the rod during d t. Since O and Ō are inertial observers that have their clocks synchronized, they shall measure the same length for the same rod, i.e.

dr = d l = γ-1 dȓ. (62) 
On the other hand, there is no relative movement between O and Ȏ. Therefore, the underlined quantities in Eqs. ( 59) and (61) are fictitious temporal and spatial displacements that are observed only in Ō. The length of the rod measured by O is shortened by the effects of the fictitious movement with respect to the measurement made by Ȏ. Based on Eqs.

(47) and (62),

Υ r ȓ = γ-1 = [1 -( vfm ) 2 ] 1/2 = (1 -˘ 2 ω 2 0 ) 1/2 . ( 63 
)
8 Schwarzschild Field

At t = t m , the relationships between the clocks and measuring rods of observers O and Ȏ are shown in Eqs. (53), ( 58) and (63). 2 Here, we will extend its implications further. As discussed, the simple harmonic oscillating system has a symmetry under time translation. The effects of the fictitious radial oscillations on Ȏ are constant over time. Under these conditions, we can define a constant

Ȋ = ω 2 0 ( rf ) 2 + ( vf ) 2 = ˘ 2 ω 2 0 , (64) 
2 As discussed in the Introduction, a similar approach has been taken in refs. [START_REF] Lenz | Electrodynamics[END_REF][START_REF] Schiff | On experimental tests of the general theory of relativity[END_REF][START_REF] Harwit | Astrophysical Concepts[END_REF][START_REF] Rowlands | A simple approach to the experimental consequences of general relativity[END_REF][START_REF] Czerniawski | The possibility of a simple derivation of the Schwarzschild metric[END_REF] to obtain the Schwarzschild field, by invoking the time dilation and length contraction associated with a free-falling velocity, v(r) = -(2m/r) 1/2 . However, it has also been demonstrated that Einstein's field equations cannot be neglected in deriving this solution [START_REF] Schild | Equivalence Principle and Red-Shift Measurements[END_REF][START_REF] Rindler | Counterexample to the Lenz-Schiff Argument[END_REF][START_REF] Sacks | Simple derivations of the Schwarzschild metric[END_REF][START_REF] Gruber | The impossibility of a simple derivation of the Schwarzschild metric[END_REF][START_REF] Kassner | Classroom reconstruction of the Schwarzschild metric[END_REF]. The fictitious velocity studied here is analogous to the free-falling velocity, except we have limited its application only on the surface of a massive spherical thin shell [START_REF] Yau | Thin shell with fictitious motions[END_REF]. such that Eq. (53) becomes,

dt dr = (1 -Ȋ) -1/2 0 0 (1 -Ȋ) 1/2 d t dȓ . (65) 
The first and second terms on the right-hand side of Eq, (64) are equivalent to the 'potential' and 'kinetic' components of a classical harmonic oscillating system. Their total effects are constant under time transnational symmetry.

The system is spherically symmetric with oscillations only in the radial and temporal directions. In addition, there is no rotational motion. The line element at r = ȓ for such a spherically symmetric system can be written as [START_REF] Wald | General Relativity[END_REF],

ds 2 = g tt (ȓ)dt 2 + 2g tr (ȓ)dtdr + g rr (ȓ)dr 2 -ȓ2 dΩ 2 . ( 66 
)
The coordinate time t is measured by a stationary clock located infinitely far from the source as adopted in Section 2.

The radial coordinate r can be defined as the circumference, divided by 2π, of a sphere centered around the shell. The angular coordinates θ and φ are the usual polar spherical angular coordinates. This coordinate system is the same one as adopted in the conventional Schwarzschild field.

From Eq. ( 65), the basis vectors in frames O and Ȏ satisfy the following relationships, 

e t = e t (1 -Ȋ) 1/2 , (67) 
e ȓ = e r (1 -Ȋ) -1/2 , ( 
g tt (ȓ) = e t • e t = (1 -Ȋ) e t • e t = 1 -Ȋ, (72) 
g rr (ȓ) = e ȓ • e ȓ = (1 -Ȋ) -1 e r • e r = -(1 -Ȋ) -1 , (73) 
g tr (ȓ) = g rt (ȓ) = e t • e ȓ = e t • e r = 0.

(74)

At r = ȓ, the line element from Eq. ( 66) is reduced to,

ds 2 = [1 -Ȋ]dt 2 -[1 -Ȋ] -1 dr 2 -ȓ2 dΩ 2 . ( 75 
) If we set, Ȋ = 2m ȓ , (76) 
or

m = ȓ ˘ 2 ω 2 0 2 , (77) 
Eq. (75) becomes the Schwarzschild line element on the surface of a thin shell with total mass m. From general relativity, the vacuum space-time υ + outside this time-like hypersurface is the Schwarzschild spacetime,

ds 2 = [1 - ȓ ˘ 2 ω 2 0 r ]dt 2 -[1 - ȓ ˘ 2 ω 2 0 r ] -1 dr 2 -r 2 dΩ 2 , (78) 
which is static with time translational and time reflection symmetries.

The time-like hypersurface Σ can be contracted by 'carrying' the fictitious oscillations along geodesics orthogonal to the original surface to a new sphere Σ . According to the Birkhoff's theorem [START_REF] Birkhoff | Relativity and Modern Physics[END_REF][START_REF] Schmidt | The tetralogy of Birkhoff theorems[END_REF], the external gravitational field of the spherically symmetric vacuum region is static and satisfies the Schwarzschild solution. As long as the equivalent mass m from Eq. ( 77) is kept as a constant during the contraction, the metric and curvature of the external field will remain unaffected. Under this condition, the amplitude of the radial oscillation is,

˘ = 2 ȓm . ( 79 
)
As the shell is contracted to a radius ȓ = 2m, the metric from Eq. (78) will encounter a coordinate singularity (event horizon). Although the fictitious instantaneous velocity can exceed the speed of light ( vfm > 1 when ȓ < 2m), the fictitious oscillations are not physical vibrations of matter. There is no superluminal transfer of energy by the fictitious oscillations. Only the effects of the fictitious oscillations on an observer are physical. Also, the amplitude of fictitious oscillation is well defined until the radius is contracted to ȓ = /2 → 0. 3 The shell, therefore, can be contracted even beyond a radius ȓ = 2m, as allowed by Birkhoff's theorem, while maintaining the same Schwarzschild geometry.

From Eq. (79), the amplitude of fictitious oscillation is infinitely large ( ˘ → ∞) on a thin shell with radius ȓ = /2 → 0. This thin shell with infinitesimal radius is the same one as derived from the proper time oscillator in Section 4. As a result, the spacetime geometry outside the proper time oscillator shall satisfy the Schwarzschild solution. The external spacetime geometry resulting from the proper time oscillator can, therefore, mimic the gravitational field of a point mass in general relativity.

Conclusions

In this paper, we consider the gravitational field of a proper time oscillator. By carrying out the Fourier decomposition of the proper time oscillation, we find that there are fictitious radial oscillations around the proper time oscillator. The external spacetime is curved under the effects of these fictitious radial oscillations. The resulting spacetime geometry satisfies the Schwarzschild solution and can mimic the gravitational field of a point mass in general relativity. The model establishes a direct correlation between spacetime and matter.

The criterion for a true singularity is geodesic incompleteness [START_REF] Hawking | The singularities of gravitational collapse and cosmology[END_REF][START_REF] Hawking | The Large-Scale Structure of Space-Time[END_REF]. A singularity is present when the world line of a freely falling test object cannot be extended past that point. In our model, the singularity is outside the proper time oscillator. The spacetime geometry is discontinuous at r = /2 where any causal geodesic (time-like or null) cannot be extended further. Although the singularity acts as a boundary for incoming geodesics, the spacetime structure inside this boundary is well defined. The proper time oscillator is cloistered behind the singularity of our model.

In refs.[START_REF] Yau | Emerged quantum field of a deterministic system with vibrations in space and time[END_REF][START_REF] Yau | Probabilistic nature of a field with time as a dynamical variable[END_REF][START_REF] Yau | Temporal vibrations in a quantized field[END_REF][START_REF] Yau | Time and Space Symmetry in a Quantum Field[END_REF], we show that the energy of a proper time oscillator is on shell, E = mc

. Its total energy is, therefore, conserved over time. Besides, the assumption of time translational symmetry will be falsified if we cannot obtain the Schwarzschild field solution from the proper time and radial oscillations. As we have learned from general relativity, the solution of Einstein's field equations for static spherically symmetric system is a Schwarzschild field.

The same is true for all the curvature tensors derived from the metric, which is also well defined until the radius of the shell is contracted to a radius ȓ = /2 → 0.