\

Substitutive normal sets
Christian Mauduit

» To cite this version:

Christian Mauduit. Substitutive normal sets. Colloquia Mathematica Societatis Janos Bolyai, 1990.
hal-02333726

HAL Id: hal-02333726
https://hal.science/hal-02333726
Submitted on 25 Oct 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02333726
https://hal.archives-ouvertes.fr

SUBSTITUTIVE NORMAL SETS

CHRIST AN MAUDUET

Let u = Cun)nEN be an infinite sequence of integers.
Define B{u) as the set of those real a's such that the
geguence (una)neN is uniformly distributéd modulo 1. A
set B of real numbers is said to be normal if there
exists a sequence u such that B =B(u). G. Rauzy has giﬁen-
a complete characterization of normal sets {(cf. 14]1),
ﬁamely, a4 sét B is normal if and only if (i) 0 ¢B, B+1=B;
(ii) v g€ 2*, gB CB; (iii) there exists a sequence

of continuous real functions such that

(fn)nen

lim fn(x) ={ exactly for those x's which are elements
I}-wce N
of B.

We will say that a set B of real numbers is I-normal (ox

a substitutive normal set) if there ekists an increasing



‘sequence u generated by an 'irx.ed_qci'ble'.'substitution- such-
that B =B{u). We give the following characterization of

£-normal sets (ef. [2]):

THEOREM: B is & I-normal get if and only if R\B is

an ‘algebraic extefision of finite degreae o0f Q.

I. SUBSTITUTION OVER A FINITE ALPHABET

Let g2 2, A= (a.l.,.. ._,ag) an alphabet and I a
substitution over A (cf. [61).
I is given by the set E(ai) =aoi_(-.1_), . r'.aci'(-‘q"i("i v)
(1€ [1,00e,91) where R,i(n) is the length of the word
Zn;(_ai} (ﬁ EN) and 'ci a map from '{1,.;.,21(1)} to
£1,...,91.
We will suppose that I is irreducible, that is to say
'1::hat_ for any (i,j) €{1,...,q} 3' there exists an integer
n sﬁé‘h that the word r™( ai-) contains the letter aj.
.;W'e remark that L(n) =M" T('1,._._.,1'), ‘where
L{n) =T'(E;t (n)yaue, -Eg(n-.)) and

M= (M,

137 (1,30e0, .., W My =cardloy (G).

. Definition: Let m EAN and t € {.1 rees G, We call support

of m with respect to a and we denote by _{m]t ; the

increasing sequence of those integers n' suc_h that a, is



the (n+1)-th letter of the word m.

We say that a seqﬁence u of integers is generated by a

gubstitution I if there existé‘RLEAN such that -£(m) = m
and t € {1,...,9} such that u is the support of m with

respect to at'

II. A FUNCTIONS ASSOCIATED TO I

Statistical properties of sequences generated by &
are determined by the behaviour of the followihg func-
tions.

If c;'([j}) is non empty, let us denote by k;,....ky

ij
the increasing sequence of its elements..
; _ (v} _
For any v €[1""’Mij} we put Aij -Hk'ik ﬁdi(k;),
v
Ay = ;\i‘.’),. VE{T)everM, .3 \§0} and A= U 2 Byie
+ ] i (i,3)€(l,0u0,gt

How we define the set Ex

E={o € R,3IkEZ%*, vi € A lim elkAi(nlo) =1}

n-DOD
{where e(x) = exp(2inmx)) and we show that

E={a€R, 3k € z*, vi € {1,...:,9} lime(kﬁi(_n)oa)——-"t}

n-e

is an algebraic extension of finite degree of Q.



‘Example 1. If I is a substitution of constant length
{i.e. Eit1) =1 for'ah§ i €{1,44.491), that: is to say
if u is generated byﬁa finite autcmaton {cf. [1]), we

_have A = {X} with A(n) = r™, and so E = Q.

Example 2, If I is defined by £(a4) = asaza. and
L{az) = azas, we have A1r = Azz = #, Aqz = {4, L4 f Rz}

22(0) = 1, 2,(1) = 3,

and Azq = {Raz} with 21(0)
22{1) = 2 and for any i € {1,2} 8 tae1) =28, (n)+4, (n=1).

We deduce from this that E = q(v2).

III. NORMAL SET WITH RESPECT TO A SUBSTITUTIVE

SEQUENCE

First, we have to show that if u is generated by %,
then B{u) = RA\E. We.xecall that; according to Weyl's
cfitérium.(cf; f5]1), the séquence fun~a)neN is uniformly
digtributed modulo 1 if and only if, for any k £ Z%,

lim ﬁ I ek unu) = 0.
Newoo . n<N

Let us consider the Weyl sams &, (a,n) = I el{pa}
. pelr (a;)] :
t

~and the vector w{a,n) = (wi(a,n))ie{1,.~.1g}'



Sl( cx.-,_n)

with Wifﬂrn) = EITETHT )

Then w{a,n+1} = A{a,n) w(a,n) where A(g,n) is a
g x g~-matrix. We remark that every coefficient of Al{a,n)
depending on ¢ is a real linear combination of e{A(n}a)

with A €A,

S0, if o ER\E the arguments of these complex numbers
are "well distributed* modulo 2w, and we show that

lim Bla,n) = 0 (we put B{a,n) = Ala,n) Al{a,n=1)...

n-==

«esh{a,0)).,

Wwe deduce from this that w(a,n) € o(1) and then

E e{pa} € o(N}, i.e. (u_.a) is uniformly
Pe[m]t n neN .

distributed modulo 1.

Conversely, let a € E.
As (A(e,n) - A(p,n)) converges to 0 with an exponential
speed, (B(a,n) - B(0,n)) is smaller than some constant
related to the spectrum of M. By iterating I, this
constant can be made arbitrarely Smail.

As wi{ ,n+1)=B(a,n} wia,n)

= T(1,.4.,1) +(Bla,n) - B(0,n))T(0,e00,0,1,0,...,0),

it follows that limlws{a,n}lI>0 and so the sequence

(u n'“)neu is not uniformly distributed modulc 1.



IV, CONVERSE

Let I be an algébraic extension of finite degree
of Q. We know that there éxists a Pisot number § such
that F = @{8) (ef. [3]).

On the other hand, we can show that for any Pisot number
0 of degree g, there.existq an integer v and an
irreducible non negative integral ¢ xg matrix

M= (M,,) gsuch that the spectriim contains

. 2
1] (113)6{1 P "lg}
only 6Y and its conjugates.

Now consider the substitution I given by

vietl,. '.--_r-g_} ’ E(ai) = a1...a1:....q.aj.,._,aj Ve wbn .a.g;._.ag
' — Syt
My times .bi'Mij times ...N%g,tlmes

By itérating I, we can suppose Mi.'> 0. Then, let m bhe

]
the’ fixed point of ¢ beginning with a; and u = [m}; be
the sequence generated by m and a. ' '

‘Using the same'mefhod as in § ITI, we show that

E = a(eV).
As & is a Pisot ndhber,'Q(Gv) = Q(8) and
B(u) = R\E = M\@(8") = R\Q(8) = R\F.

So, R\F is a I-riormal set.
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