J Lefieux 
email: julien.lefieux@onera.fr
  
E Garnier 
email: eric.garnier@onera.fr
  
N D Sandham 
email: n.sandham@soton.ac.uk
  
  
  
DNS Study of Roughness-Induced Transition at Mach 6

In hypersonic flows, it is useful to be able to trip the transition to turbulence upstream of air intakes for example. In the present work, direct numerical simulations have been performed of the flow past an isolated roughness element at Mach 6. First, the capability of two solvers to compute laminar and transitional flow involving freestream disturbances was demonstrated. A series of simulations was then carried out without acoustic perturbation of the freestream. The Reynolds number was increased from 14,000, to 28,000 and then to 40,000. The first two cases remain laminar within the computational domain, whereas the last case undergoes a selfsustained transition to turbulence. A response to a perturbation impulse shows the presence of a varicose mode at the intermediate Reynolds number and a sinuous mode at the largest Reynolds number. 

I. Nomenclature

II. Introduction

I Mach 6 flows, the weak growth factor of natural instabilities makes it difficult for the flow to go through transition to turbulence. Shock-wave interactions with boundary layers are likely to create separation upstream of engine intakes, thus decreasing the flight performance of future hypersonic vehicles. Prediction of transition in hypersonic flows is also very important because of the impact it has on heat and drag [START_REF] Wang | Response of a hypersonic boundary layer to wall blowing-suction[END_REF]. Roughness elements may be used to act as a source of disturbance for a developing laminar boundary layer to trigger the transition to turbulence upstream of the engine intakes.

An analogy to low-speed flows can be made with respect to the following mechanisms. Due to the recirculation region upstream of the roughness element, a steady horseshoe vortex which is similar to the laminar horseshoe vortex system from Baker [START_REF] Baker | The laminar horseshoe vortex[END_REF] is wrapped around the roughness [START_REF] Bartkowicz | Numerical Simulations of Roughness Induced Instability in the Purdue Mach 6 Wind Tunnel[END_REF] [START_REF] Iyer | Roughness-induced transition in high speed flows[END_REF]. The streamwise vortices and the associated low-momentum streak can lead to a convective Kelvin-Helmholtz instability in the wake, characterized by periodic shedding of hairpin-shaped vortical structures [START_REF] Acarlar | A study of hairpin vortices in a laminar boundary layer. Part 1. Hairpin vortices generated by a hemisphere protuberance[END_REF], having a dominant role in transition. In hypersonic flow conditions, early experiments focused on the effect of roughness elements on a cone [START_REF] Van Driest | Boundary layer transition at supersonic speeds -Three dimensional rougness effects (spheres)[END_REF]. The importance of using physics based models such as the e N based on linear stability theory over empirical considerations [START_REF] Reshotko | Is Re θ /M e a meaningful transition criterion?[END_REF] had already been given in [START_REF] Morkovin | Transiton in open flow systems: a reassessment[END_REF]. The criteria commonly used to predict the transition, such as the Van Driest and Blumer correlation for cones and hemispheres, Re k , or the Shuttle Orbiter correlations, didn't take into account the three-dimensional shape of the roughness. An alternative transition prediction, based on momentum deficit due to the roughness element and taking into account the shape of the roughness was mentioned by Bernardini et al. [START_REF] Bernardini | Parameterization of Boundary-Layer Transition Induced by Isolated Roughness Elements[END_REF].

Advances in numerical methods and computing capabilities now make it possible to study hypersonic transitional flows with a good accuracy. The factors affecting whether or not a roughness element will be effective in tripping a high-speed flow to turbulence, include the Reynolds number [START_REF] Subbareddy | Direct numerical simulation of high-speed transition due to an isolated roughness element[END_REF], the roughness size, and its shape [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF], but also the wall temperature [START_REF] Redford | Compressibility Effects on Boundary-Layer Transition Induced by an Isolated Roughness Element[END_REF] and Mach number [START_REF] Iyer | Roughness-induced transition in high speed flows[END_REF]. The way in which roughness induces transition is now better understood. As described in [START_REF] Schneider | Effects of Roughness on Hypersonic Boundary-Layer Transition[END_REF], a wake with counter-rotating streamwise vortices and a possibly unstable shear layer are generated. The likelihood that transition in the wake of an isolated roughness element will occur depends on "... a race between unsteady fluctuation growth and the rapid relaxation of the basic state toward a spanwise-uniform Blasius flow". The streamwise vorticity behind small roughness elements is likely to grow via instability mechanisms such as stationary crossflow [START_REF] Saric | Stability and transtion of three-dimensional boundary layers[END_REF], Görtler vortices [START_REF] Saric | Görtler vortices[END_REF] or transient growth [START_REF] Reshotko | Role of Transient Growth in Roughness-Induced Transition[END_REF]. Transition starting from a receptivity process is also possible, due to an interaction between the roughness and the acoustic waves or other freestream disturbances leading to instability waves.

Global stability analyses have been carried out for subsonic flows but remain relatively scarce for hypersonic flows. Subbareddy et al. [START_REF] Subbareddy | Direct numerical simulation of high-speed transition due to an isolated roughness element[END_REF] performed a dynamic mode decomposition and mentioned a self-sustaining mechanism that causes the flow to transition at Mach 6 and a sufficiently large Reynolds number. Two possible feedback mechanisms were found: one due to the unsteadiness of the strong bow shock inducing pressure variations and providing energy for the periodic vortex motion; another one caused by oscillations in the near wake that trigger motion of the stagnation point which thus affects the bow shock. A global instability whose symmetric core is located in the shear layer separating the outer flow region and the boundary layer immediately downstream of the roughness element was observed at low speeds [START_REF] Citro | Global stability and sensitivity analysis of boundary-layer flows past a hemispherical roughness element[END_REF]. A global stability and sensitivity analysis of a three-dimensional Falkner-Skan-Cooke (FSC) boundary layer with a cylindrical surface roughness was performed in [START_REF] Brynjell-Rahkola | Stability and sensitivity of a cross-flowdominated Falkner-Skan-Cooke boundary layer with discrete surface roughness[END_REF] where unstable global modes responsible for transition were observed. A global stability analysis made in [START_REF] Loiseau | Investigation of the roughness-induced transition: global stability analyses and direct numerical simulations[END_REF] showed that the global instability of the near-wake region and the associated recirculation region were responsible for the sinuous instability, whereas the whole three-dimensional shear-layer surrounding the central low-speed streak induced the varicose instability.

The aim of the present work is first to validate elsA and OpenSBLI solvers on a laminar and a transitional cases. Then a numerical global stability study based on DNS at Mach 6 will be presented.

III. Numerical methods

A. Governing equations

In this work, the full compressible Navier-Stokes equations are solved for a Newtonian fluid with viscosity µ.

∂ ρ ∂t + ∂ ρu j ∂ x j = 0 ∂ ρu i ∂t + ∂ ρu i u j ∂ x j + ∂p ∂ x i = ∂τ i j ∂ x j ∂ ρE ∂t + ∂(ρE + p)u i ∂ x i = - ∂q i ∂ x i + ∂u i τ i j ∂ x j ,
where ρ is the density, u i is the velocity component in the i-coordinate direction (i=1,2,3); E = p/ρ/(γ -1) + u i u i /2 is the total energy per unit mass. The symmetric viscous stress tensor τ i j is defined as

τ i j = µ Re ∂u j ∂ x i + ∂u i ∂ x j - 2 3 
∂u k ∂ x k δ i j ,
where δ i j is the Kronecker delta function defined as δ i j = 1 for i = j and δ i j = 0 for i j. The equation of state is considered for the calculations of the fluid properties. Fourier's law of heat conduction is used for the heat flux vector q j .

q j = - µ (γ -1)M 2 ∞ Pr Re ∂T ∂ x j .
The molecular viscosity is computed using Sutherland's law 1 gathers the numerical parameters which have been used in the validation of elsA and OpenSBLI, as well as those used in the reference test case with SBLI (Legacy) [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF].

µ(T) = T 3 2 1 + S * /T * r T + S * /T *
The governing equations are discretized onto a structured grid. OpenSBLI has capability for full three-dimensional curvilinear coordinates. The curvilinear system transforms the equations from a curved to an orthogonal base. A fourth-order central difference method is used to compute the spatial derivatives at the interior points of the domain. The stable boundary treatment of Carpenter et al. [START_REF] Carpenter | A Stable and Conservative Interface Treatment of Arbitrary Spatial Accuracy[END_REF] is used at the boundaries of the domain to ensure overall fourth-order accuracy. All metric terms for the coordinate transformation are also computed with a fourth order accuracy to avoid additional numerical error. The 3 r d order explicit Runge-Kutta low-storage time-stepping scheme described by Jacobs et al. [START_REF] Jacobs | OpenSBLI: A framework for the automated derivation and parallel execution of finite difference solvers on a range of computer architectures[END_REF] was used in the present simulations. High-order Weighted Essentially non-Oscillatory (WENO) and Targeted Essentially non-Oscillatory (TENO) schemes were used with OpenSBLI in the present work. A validation for the WENO-Z implementation/similarity solution is available in [START_REF] Lusher | Shock-wave/boundary-layer interactions in the automatic source-code generation framework OpenSBLI[END_REF]. Instead of selecting only one stencil over the smoothest region of the flow, WENO schemes take a weighted linear combination of all stencils. The weighting is proportional to the local smoothness over each. TENO (Targeted ENO) schemes [START_REF] Fu | A family of high-order targeted ENO schemes for compressible-fluid simulations[END_REF] have lower numerical dissipation than standard ENO and WENO methods. Instead of weighting all candidate stencils to build a flux reconstruction, they discard stencils deemed to contain discontinuities while retaining as many smooth stencils as available. In that way it benefits from improved weighting formulations and a staggered stencil arrangement to decrease the number of stencils crossed by a shock.

elsA is based on a finite volume discretization method. It has capability for implicit and explicit time integration schemes. In the first part of the validation (laminar case), the implicit Gear method of 2 nd order was used, with 20 Gear sub-iterations in order to increase the time step and reduce the computational time. In the second part of the validation (transitional case), the Runge-Kutta 4 th order explicit scheme was used to be compatible with the compact scheme. The second order AUSM+PW [START_REF] Kim | Methods for the accurate computations of hypersonic flows. I. AUSMPW+ scheme[END_REF] scheme was improved from the previous AUSM schemes by introducing pressure-based weight functions. The 6 th order compact scheme from Lele [START_REF] Lele | Compressibility effects on turbulence[END_REF] was also used in the transitional case, coupled with a 10 th order low-pass filter [START_REF] Visbal | On the Use of Higher-Order Finite-Difference Schemes on Curvilinear and Deforming Meshes[END_REF].

C. Global stability method

The 3D compressible Navier-Stokes equation may be written in a generic way as

∂q ∂t = RHS(q),
where q is the conservative variable vector ρ, ρu, ρv, ρw, ρE T . Let us consider q b as a steady flow field obtained with an implicit time-integration scheme, which will be referred to as the base flow. We use this base flow as the initial condition of the simulation. The rate of change of q to satisfy the equilibrium can then be written

∂q b ∂t = RHS(q b ).
If the flow is decomposed into its base-flow component q b and a perturbation q (q = q b + q ), then we obtain

∂q ∂t = RHS(q) -RHS(q b ).
RHS(q b ) acts like a forcing term in the governing equation. Thus, one can track the time and spatial evolution of an initial disturbance on the base flow, while the flow goes back towards the undisturbed base flow. Therefore, the most unstable (or least damped) mode can be detected. To check the validity of this method, simulations were performed with no initial disturbance and the base flow could be maintained for four flow through times. This method was found to be useful in cancelling out any discretisation differences between the implicit and explicit methods in elsA. Then, white noise disturbances were introduced in the density close to the bump and upstream of it, with a maximum amplitude four orders of magnitude smaller than the freestream.

IV. Comparison of OpenSBLI to elsA on a 3D laminar case

A. Computational set up

Computational domain & roughness element geometry

The same principle as in [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF] was used for the computational domain and for the grid generation. The numerical domain and setup can be seen on figure 1. The dimensions of the domain L x , L y and L z are respectively 150, 20 and 50 inflow displacement thicknesses. It has periodic boundary conditions at the spanwise boundaries and an isothermal no-slip condition at the wall. OpenSBLI uses Neumann boundary conditions at the outflow and top boundaries. At the inlet, the pressure is extrapolated from the interior of the domain. In elsA, the outflow and top boundaries have a supersonic outlet boundary condition. To make the compact scheme stable, a characteristic boundary condition was used for the outflow, along with a sponge layer. The inflow boundary condition in elsA is decomposed into a subsonic and a supersonic part. The subsonic part is an injection boundary condition where the total pressure and total enthalpy are given in each cell. The supersonic part imposes the conservative variables in each cell, so as to match the full similarity solution.

An isolated roughness element is placed at a distance of x r = 53 inflow displacement thicknesses from the inlet. The grid was stretched in the wall-normal direction to ensure a sufficient resolution of the boundary layer. The stretching function between the uniform computational grid (0 < η < 1) and the uniform physical grid (y 0 < y < L y ) is the following:

y = y 0 + (L y -y 0 ) sinh(b y η) sinh(b y )
, where b y = 3.19 is chosen as the stretching factor. The geometry of the bump can be described by the following equation:

y 0 ( r) = -k 2 tanh S W k tanh S H (2 r -W) + tanh S H (-2 r -W) ,
where r = √ x2 + z2 and S = cot S * . The variable S * can be seen as a smoothness factor, which controls the slope of the roughness sides and is equal to S * = 1.35 for the smooth bump case, and S * = Π 4 for the flat-top roughness element case.

Polynomial fit for boundary layer

The initialization of the flow was done based on the full compressible laminar similarity solution in [START_REF] White | Viscous Fluid Flow[END_REF]. The laminar boundary-layer profiles for u, v and T were generated numerically in Python during the code generation process in OpenSBLI. The profiles obtained at the inlet were copied over the whole domain for the initialization. This similarity profile is normalized such that the laminar displacement thickness at the domain inflow δ * 0 is unity and grows according to

δ * ( x * ) δ * 0 = ∆ √ 2Re x * Re δ * 0 , with Re x * = 1 2 Re δ * 0 ∆ 2 + Re δ * 0 x * δ * 0 ,
where x * is the dimensional streamwise coordinate in a reference frame starting from the leading edge; and ∆ is a scaling factor, depending on Mach number (Mach 6 in the current work) and wall temperature (T w = 7.02 T * r ) which is equal to ∆ = 9.071.

B. Grid convergence study

In the following simulations, a 5th order WENO-Z scheme and the AUSM+PW scheme were used in OpenSBLI and elsA respectively.

A grid convergence study was performed with both elsA and OpenSBLI. Three different grids were used and compared: Fine (900x225x350), Medium (600x150x234), and Coarse (300x100x200). The Fine mesh is close to the one used in [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF] which used a grid as fine as in the work of De Tullio and Sandham [START_REF] De Tullio | Influence of boundary-layer disturbances on the instability of a roughness wake in a high-speed boundary layer[END_REF], based on an extensive grid convergence study.

figure 2 shows a pseudo-Schlieren plot of the density gradients to better understand the topology of the flow. Note the edge of the boundary layer relative to the bump height (δ/h = 1.6). One can also notice the separation and reattachment shocks occurring near the bump. The separation/recirculation regions upstream and downstream of the bump are shown in red, using contours of small negative streamwise velocity (u = -10 -5 ). The recirculation regions are better seen 

C. Results of the comparison

For elsA, the results obtained with AUSM+PW are presented here. Jameson and Roe schemes were also used and gave similar results. The Fine mesh was used for the comparison of elsA and OpenSBLI. Very good agreement was reached between them. As can be seen on figure 4, the change in velocity in all three directions is predicted the same in both codes. The only noticeable discrepancies can be found on v for instance at x = 53 or x = 58. The maximum deviation found at the reversed flow peak location (most negative value of v) at x = 53 by elsA with respect to OpenSBLI is 2.5%. ρ and T profiles also show good agreement between the two codes.

This first comparison validates the computation of viscous and metric terms in OpenSBLI, as well as the ability of 2 nd order schemes in elsA to predict hypersonic laminar flows accurately.

V. Comparison of elsA and OpenSBLI to SBLI on a transitional case A. Computational set-up

Validation of elsA and OpenSBLI with reference to the work done in [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF] with the code SBLI was carried out. The comparison is made on a transitional case, which is more discriminating for the choice of the numerical schemes used for the simulations and more sensitive to boundary conditions. The same grid as in [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF] was used for this case. The numerical domain and setup can be seen on figure 1. The grid and domain sizes are shown in Table 2. The domain was shortened in the streamwise direction from 300 to 190 inflow displacement thicknesses as the transition, which we are interested in, is supposed to occur before the end of the domain. Once again the initialization of the flow was done based on the full compressible laminar similarity solution. The Reynolds number based on the inflow displacement thickness is now Re δ * 0 = 14, 000. The freestream reference temperature is T * r = 273.15K, and the static pressure is p = 9451.319Pa. A normalization of the parameters was performed on ρ, u and T, leaving an adimensionalized static pressure of p ad = 0.01984. Figure 5 shows what the In order to keep the Reynolds number moderate and still be able to trigger instabilities, acoustic disturbances were introduced in the freestream in the work of [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF], with a 3-dimensional source placed at x f = 12.0 and y f = 6.0. The same acoustic forcing was used in the simulations with elsA and OpenSBLI solvers. This forcing consists of a source term s, added to the right hand side of the continuity equation and described by

s(x, t) = a exp(-r 2 ) M m=0 N n=1 cos(β m z + φ m ) sin(ω n t + φ n ),
where a = 3x10 -4 is the amplitude, r = (xx f ) 2 + (yy f ) 2 gives the distribution, β m = 2πm/L z is the spanwise wave number and ω n = 2πnF 0 is the frequency with F 0 = 0.02. The acoustic source has thus M = 20 spanwise modes and N = 20 temporal modes to mimic the broadband nature of acoustic fluctuations in turbulent boundary layers. The simulation integration time of statistical quantities is governed by the lower and upper bound of the frequency, while the spanwise wave number range sets the required grid resolution. φ n and φ m are random phases which prevent large spikes in the imposed forcing. These random phases used in the older simulations with SBLI were unknown meaning that different phases with elsA and OpenSBLI are likely to be present.

B. Results

Figure 6 shows the instantaneous contours of density gradient magnitude in the centreplane, computed with elsA. The contour range was adjusted to highlight the interaction between the density fluctuations caused by the acoustic forcing, the roughness element and the boundary layer, leading to transition at the end of the domain. Again the red zones show the recirculation regions which are larger than in the laminar case, due to the shape of the roughness element which is now a flat-top cylindrical roughness element. First, elsA and OpenSBLI can be compared qualitatively, by looking at figure 7 which shows instantaneous Q criterion iso-surfaces (Q = 0.003) coloured by the streamwise vorticity at different time instances. Good agreement is obtained in terms of the flow structures predicted by both solvers. They display longitudinal streaks, rolling up in the wake of the roughness element, forming hairpin-like vortices that eventually break down to turbulence.

A quantitative comparison of the three solvers is made by looking at the skin friction coefficient, averaged over one period of the forcing along the domain centreline, as shown on figure 8(a). Good agreement is obtained in the laminar part of the flow and the recirculation regions are predicted the same by both codes. The disturbance energy e is integrated over 99% of the boundary-layer thickness at the roughness centreline and shown for each code as a function of x in figure 8(b). Also the average exponential growth rate σ is computed as the average growth rate σ in the range of 100 < x < 140, and shown in the legend of figure 8(b). The receptivity process is linear, and the boundary-layer disturbances grow exponentially before reaching saturation, indicating the occurrence of nonlinear interactions. The black solid line in figure 8(b) corresponding to SBLI results [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF] exhibits an offset due to different forcing. The work of [START_REF] Van Den Eynde | Numerical Simulations of Transition due to Isolated Roughness Elements at Mach 6[END_REF] showed minor impact of the freestream disturbance amplitude on the growth rate of linear instabilities. This is also observed in the present validation, where the exponential growth rates of all four cases agree very well. The breakdown to turbulence, however, takes place earlier for the SBLI test case due to the increased integrated forcing energy compared to the computations by elsA and OpenSBLI.

VI. Global stability study

A. Numerical methodology

Numerical domain and grid

The same roughness element as in section V was used for this study. The domain was shortened in the streamwise direction to L x = 90 and in the spanwise direction to L z = 40. The roughness element is now placed at a distance of 40 inlet displacement thicknesses from the inflow. The Reynolds number was increased from 14,000 to 28,000 and then to 40,000.

A grid convergence study was made at Re = 40, 000 with OpenSBLI, with a Coarse, Medium and Fine grids having respectively (N x ,N y ,N z ) = (800,100,200), (1200,150,300) and (1800,225,450) grid points in each direction. This showed consistency of the results, in terms of whether or not transition occurs, although refining the grid resulted in earlier transition, as shown by the increase of skin-friction coefficient on figure 9, suggesting that even finer grids are needed. Under these considerations, the number of grid points in each direction was chosen as (N x ,N y ,N z ) = (1800,300,875) 

Calculation of the laminar base flow

The numerical solution of the laminar base flow was obtained by using elsA. The convective fluxes were computed using a second order Roe scheme, along with a minmod limiter. Time integration was achieved using an implicit (backward Euler) scheme. Once again the flow is initialized with the compressible similarity solution for the boundary layer. The system is integrated in time until a decrease of sixth order of magnitude in the average residual is achieved. This method was found to be successful in obtaining a steady base flow, even though the Re = 40, 000 undergoes a self-sustained transition to turbulence. Figure 10 shows iso-surfaces of Q criterion (Q = 0.005) coloured by the streamwise velocity for both base flows.

B. Results

Reynolds number comparison

Unsteady simulations were first carried out with OpenSBLI, using a 5 th order TENO scheme for the spatial discretization. Figure 11(a) compares the three Reynolds number in terms of vortical structures induced by the roughness. It is clear that case Re = 14, 000 (i) stays laminar, whereas case Re = 28, 000 (ii) is on the edge to transition. Case Re = 40, 000 (iii), however, is experiencing a self-sustained transition to turbulence. As can be seen in figure 11(b) which is based on a time-averaged flow field, increasing the Reynolds leads to a larger upstream recirculation region (shown by the red line) but a smaller downstream recirculation region in the symmetry plane. The highest Reynolds number cases also exhibits more vortices within the horseshoe vortex system. The time-averaged pressure contours are also shown on figure 11(b).

The Re = 40, 000 case undergoes a self-sustained transition to turbulence, in the sense that no artificial disturbances are needed for instabilities to develop and to sustain by themselves. This is likely to be due to the presence of a global instability with its origin near the roughness element. The fact that the bow shock wrapping around the roughness-element is a potential source of vortex structure unsteadiness was mentioned in [START_REF] Subbareddy | Direct numerical simulation of high-speed transition due to an isolated roughness element[END_REF] and cannot be ruled out. Figure 12 shows an instantaneous of the Q criterion coloured by streamwise vorticity. One can notice the presence of counter-rotating streamwise vortices away from the symmetry plane due to the upstream separation-induced vortices wrapping around the roughness. As described in [START_REF] Chaudhry | Direct Numerical Simulation of Roughness-Induced Transition in the VKI Mach 6 Tunnel[END_REF], the shear layers bounding these streaks roll up and result in hairpin-shaped structures. Close to the symmetry plane and downstream of the roughness, large streamwise streaks are also present, inducing the formation of hairpin-shaped structures. Farther downstream, these trains of hairpin vortices eventually lead to the formation of secondary vortices, resulting in the spanwise spreading of turbulent structures, in a similar way to the results of [START_REF] Iyer | Boundary layer transition in high-speed flows due to roughness[END_REF].

2. Response to a perturbation impulse at Re = 28, 000 and Re = 40, 000

The response to a perturbation impulse was carried out at Re = 28, 000 and Re = 40, 000, following the method described in section III.C. The initial disturbance consists of an increment of 1 × 10 -4 in the density, in a region of 3 × 3 grid points around the location (x, y, z) = (0.33, 0.5, 0.75), corresponding to a location within the boundary layer, upstream of the roughness element. This effectively introduces a disturbance with a sharp-edged distribution, which will excite a range of frequencies at low amplitude. The simulation restarts from the base flow with this initial disturbance and the response of the flow to this perturbation is monitored for four flow-through domains. First of all, the power spectral density (PSD) computed from the wall pressure perturbation response at (x, z) = (88, 0.75) is shown on figure 13. The PSD was adimentionalized by the variance of the signal for better comparison. The non-dimensional frequencies F = 0.14 and F = 0.24 are the most amplified frequencies for Re = 28, 000 and Re = 40, 000 respectively. F = 0.14 was often mentioned in the literature [START_REF] De Tullio | Influence of boundary-layer disturbances on the instability of a roughness wake in a high-speed boundary layer[END_REF] and was related to a varicose instability (or Mack mode). F = 0.24 is also mentioned by [START_REF] De Tullio | Laminar-turbulent transition induced by a discrete roughness element in a supersonic boundary layer[END_REF] as being related to a sinuous mode.

Figure 14 shows the time histories of the wall pressure perturbation p for different streamwise location. On the vertical axis, x indicates the streamwise distance. The maximum amplitude of the pressure perturbation obtained at the end of the domain (x = 90) is ±2.5 × 10 -6 and ±5 × 10 -8 for Re = 28, 000 and Re = 40, 000 respectively. In the Re = 28, 000 case (figure 14(a)), a first wave-packet induced by the initial disturbance can be observed (0 < t < 100). It convects downstream towards the end of the domain. At t = 150, a second wavepacket has reached the end of the domain and undergoes an exponential growth, before converging towards a self-sustained oscillatory state (red line in figure 14(a)). In the Re = 40, 000 case (figure 14(b)), the initial disturbance once again convects downstream, but the exponential growth at x = 90 occurs more rapidly. Even in the absence of disturbances, oscillations self-sustain in the wake of the roughness element, indicating the presence of a global instability. Figure 15 shows the remaining modes at t = 180 by displaying the density perturbation. The structures left at this time show a varicose (symmetrical) mode at Re = 28, 000, whereas a sinuous instability is present for the highest Reynolds number. The shape of the structures is qualitatively similar to the modes found by De Tullio [START_REF] De Tullio | Laminar-turbulent transition induced by a discrete roughness element in a supersonic boundary layer[END_REF] at a lower supersonic Mach number (M=2.5). 

VII. Conclusion

The flow over an isolated roughness element has been studied using direct numerical simulations at Mach 6. Comparison of elsA and OpenSBLI was made on a laminar case (Re = 8, 200) over a smooth bump and was found to be successful. This validates the computation of metric and viscous terms in OpenSBLI as well as the ability of 2 nd order schemes in elsA to predict hypersonic laminar flows accurately. Validation of elsA and OpenSBLI with respect to SBLI on a transitional case (Re = 14, 000) where the transition is triggered by acoustic perturbations was also satisfying. The second order AUSM+PW scheme as well as the 6 th order compact scheme in elsA are found to give close results to the 5 th order TENO scheme in OpenSBLI. A global stability study has been carried out using a DNS approach. The flow for three Reynolds numbers was compared without addition of acoustic disturbances. The lowest Reynolds number case stays laminar. At the intermediate Reynolds number, the flow in on the edge to transition but remains laminar within the simulated domain. The largest Reynolds number undergoes a self-sustained transition to turbulence. This is due to the presence of a global instability. The response to an initial perturbation impulse at both the intermediate and large Reynolds numbers shows evidence of a varicose instability (at F = 0.14) and a sinuous instability (at F = 0.24) respectively. The origin of the self-sustained oscillatory mechanism has not yet been determined although the instability appears to be linked to the downstream recirculation region and to the shear-layer induced by the roughness element.
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 121314615 Fig. 12 Visualization of instantaneous Q criterion coloured with streamwise vorticity w x at Re = 40, 000

  

  

th order Runge-Kutta Table 1 Numerical parameters for each code used in this study Table
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			r	
	where S * = 110.4K is the Sutherland reference temperature and T * r = 273.15K	
	B. Numerical method			
		elsA	OpenSBLI	SBLI (Legacy)
		[ONERA]	[University of Southampton]	[University of Southampton]
		Finite volume	Finite difference	Finite difference
	Convective fluxes AUSM+PW (2 nd order)	5 th order WENO	4 th order central difference
		Lele (6 th order)	5 th order TENO	+ Total Variation Diminishing (TVD)
	Viscous fluxes	5 points centred stencil	4 th order central difference	4 th order central difference
	Time integration	2 nd order Gear	3 r d order Runge-Kutta	3 r d order Runge-Kutta
		4		
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