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We construct an infinite system of non-linear duality equations, including fermions,
that are invariant under global Fy; and gauge invariant under generalised diffeo-
morphisms upon the imposition of a suitable section constraint. We use finite-
dimensional fermionic representations of the R-symmetry K (F11) to describe the
fermionic contributions to the duality equations. These duality equations reduce to
the known equations of Eg exceptional field theory or eleven-dimensional supergrav-
ity for appropriate (partial) solutions of the section constraint. Of key importance
in the construction is an indecomposable representation of E7; that entails extra
non-dynamical fields beyond those predicted by FE7; alone, generalising the known
constrained p-forms of exceptional field theories. The construction hinges on the
tensor hierarchy algebra extension of e;1, both for the bosonic theory and its super-
symmetric extension.
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1 Introduction

Exceptional field theories [1-4] are based on generalised exceptional geometries in which diffeo-
morphisms are unified with tensor gauge transformations in such a way that the closure of the
local transformations require constraints on the fields, known as section constraints [1,5,6]. These
theories live on a space which is locally a direct product of D-dimensional ‘external’ space-time
with an ‘internal’ space whose coordinates are in a representation of a split real form of the
exceptional group E, and are subject to the FE, covariant section constraint. Here, E, is the
usual hidden Cremmer—Julia symmetry group of ungauged maximal supergravity in D = 11 —n
space-time dimensions |7], which also governs gauged maximal supergravity through the embed-
ding tensor formalism [8,9] and the associated tensor hierarchy [10,11]. The tensor hierarchy
fields play a central role in constructing exceptional field theory. Solving the section constraint
amounts to restricting the dependence on the extra coordinates so that the dynamics of an
appropriate supergravity theory emerges.

The study of exceptional field theories is interesting for several reasons. Besides providing
a unified description of supergravity theories that are related by duality transformations (like
D = 11 and type IIB supergravity [2|), they allow for the derivation of uplift formulee for solutions
of gauged supergravity [12-15] and the construction of gauged supergravities via a generalised
Scherk—Schwarz mechanism [16-21]. They are also instrumental in studying non-geometric string
theory solutions [22-28]. Further aspects of exceptional field theory have been discussed in the
recent overview [29].

It is a remarkable fact that the bosonic sector of exceptional field theory is completely deter-
mined by generalised diffeomorphisms without the use of supersymmetry. Another key property
is that these theories typically require extra p-forms of rank p > D —2 beyond those present in the
usual tensor hierarchy of D-dimensional maximal gauged supergravity. These obey constraints
that are similar to the section constraints. They are related to the physical fields by first-order

equations and do not themselves describe new physical degrees of freedom.



So far, E,, exceptional field theories have been constructed explicitly for n = 6,7,8 in [2-4]
and in [1,30-33] for smaller n. The cases beyond n = 8 involve infinite dimensional groups and
bring in formidable new challenges. A dent has been made recently in the case of Eg [34]. The
present paper studies the case of Fq.

It has been proposed by West long ago and prior to the development of exceptional field
theory that the D = 11 supergravity equations of motion should emerge from an Fy; invariant
theory formulated in the framework of a non-linear realisation of Fj; with coordinates in the
‘vector’ representation, such that the dynamics would follow from an Fq; invariant set of duality
equations [35-37].1 It has been realised recently that these first order duality equations can only
hold modulo certain equivalence relations [41-43|. These ambiguities are argued to be liftable by
passing to equations of motion that are eventually of arbitrarily high order in derivatives. These
equivalence relations may potentially be interpreted as arising from additional gauge symmetries,
although their precise form has not been determined. The section constraint was not used in
those references in connection with the gauge invariance of the equations of motion, but only
in connection with the description of 1/2-BPS states [44]. FEj; does capture the supergravity
tensor hierarchy field content in D dimensions [45,46], but not the extra constrained p-forms of
the exceptional field theories mentioned above.

In [47], it was explained that constructing linearised gauge invariant first order field equations
with F11 symmetry requires the fields to satisfy the section constraint as well as the introduction
of additional fields that do not appear in the 11 coset space. This construction is based on an
infinite-dimensional super-algebra 7 (e11), that includes e;; as a subalgebra and that generalises
the tensor hierarchy algebra 7 (e,) introduced in [48] for n < 8 to the Kac-Moody case. The
tensor hierarchy algebra then includes a non-semi-simple extension 7g(e11) of the algebra eqq
that entails the introduction of extra fields already in the linearised theory. A gauge invariant
linearised duality equation can be written in this formulation for a field strength that transforms
covariantly under Fy; provided one introduces these extra fields in the corresponding indecom-
posable representation. The extra fields are necessary to write a gauge invariant duality equation
for the graviton in eleven dimensions [47]. We exhibit here that our Ej; duality equation, in-
cluding the extra fields, gives in the linearised approximation an infinite tower of gauge invariant
duality equations of the type described in [49]. Gauge invariance of these equations as described
in [50,51] is only satisfied in the presence of the extra fields.

The primary goal of this paper is to construct the Fy; and gauge invariant non-linear duality
equation that captures all the duality equations of all F,, exceptional fields theories. We will show
that one can generalise the duality equation constructed in [47] to a non-linear equation invariant
under generalised diffeomorphism. The key observation that facilitates this construction is that
the derivative of the extra fields found in [47] at the linearised level are the cohomologically trivial
part of extra fields that turn out to underlie the extra constrained p-forms fields mentioned above
in the GL(11 —n,R) x E,, decomposition and subsequent truncation of the F1; invariant theory.
In analogy with what happens in lower-dimensional exceptional field theories, and as mentioned

The idea of extended Kac-Moody symmetries, in particular in connection with low-dimensional gravitational
systems, was first expressed in [38]. An explicit trace of Eio symmetry was found in a Belinskii-Khalatnikov—
Lifshitz analysis of eleven-dimensional supergravity [39] and was later generalised to a cosmological F19 model [40].



above, these extra p-forms are related to the propagating fields by first order equations but they
do not themselves describe new physical degrees of freedom. These first order equations for the
constrained fields are sourced by bilinear terms in the derivatives of the fields parametrizing F1.
Therefore they cannot follow from the E7; variations of the duality equation we construct in this
paper, and they must be derived separately by requiring gauge invariance and integrability of
the equations. We shall not attempt to determine these first order equations in this paper, and
will only make some comments on their expected structure.

Besides the investigation of a non-linear bosonic theory based on the tensor hierarchy al-
gebra, an important part of the present paper is the study of its supersymmetric extension.
Fermions are introduced here — as for maximal supergravity and other exceptional field theo-
ries — as representations of (the double cover of) the involution invariant subgroup K (FEj1) that
plays the role of a generalised R-symmetry group. As noticed in [52-56], this subgroup admits
finite-dimensional (a.k.a. unfaithful) spinor representations in the case of Kac-Moody groups
K(E,) with n > 9. In particular, these representations were constructed for the gravitino and
supersymmetry parameter of K(FEj;) in [57] with beginnings of the supersymmetry parameter
representation already given in [58]. The compatibility of local K (E,) symmetry with supersym-
metry, i.e. whether the supersymmetry generator transforms correctly as a spinor under K(E,)
was investigated in [56,59,60] for n = 10 where it was found that there was an inconsistency
in the transformation arising for the bosonic fields beyond the six-form, i.e. starting from the
so-called dual graviton. Based on [58| and [54-56], fermions in K (E1;) were introduced in [61]
and a similar calculation was carried out up to the level of the six-form.

In the present paper, we resolve this inconsistency starting from the dual graviton by consid-
ering not only e1; but its non-semi-simple extension T'O(ell) that appears in the tensor hierarchy
algebra. As already emphasised above, one important consequence of the tensor hierarchy algebra
is that it introduces additional fields into the theory beyond those of the standard Eyq1/K(E11)
symmetric space. These fields will resolve the inconsistencies with the supersymmetry transfor-
mations, because the supersymmetry transformation of fields in T (e11) © K (e11) can be written
consistently with K (FE71). We shall use this construction to write linearised supersymmetry
transformation rules and equations of motion for the (unfaithful) gravitino field. We also show
that one obtains a closed supersymmetry algebra at linearised order. These results will be de-
rived explicitly at low levels, including the dual graviton. At present, we do not have a complete
algebraic proof to all levels.

After establishing the linearised supersymmetry and the equations of motion for the Fermi
fields, we investigate their non-linear extension and their compatibility with the non-linear duality
equation proposed in Section 3. We present some first steps in this direction by introducing the
non-linear K (E7;) connection and a Pauli coupling to the E1; field strength. Although we do not
have the complete expression of the non-linear equations, the first few levels exhibit promising
cancellations that lead to the desired couplings of eleven-dimensional supergravity.



Structure of the paper and summary of main results

Given the length of the paper we here give a telegraphic summary of our main results for the
reader’s convenience.

e Inspired by the structure of the tensor hierarchy algebra given in Section 2, we propose
non-linear bosonic field strengths that transform covariantly under E7; in an infinite-
dimensional representation that generalises the embedding tensor representation of gauged
supergravity for finite-dimensional FE,, and that is neither highest nor lowest weight. La-
belling its component by I we show in (3.12) that the following definition is F1; covariant:

Fl=c™ J8 + C™axm®™+ ... . (1.1)

Here, J§; is the non-linear ¢;; Lie-algebra valued current constructed out of the Ey1 /K (E11)
representative M using M9y M with 9y; denoting the derivative with respect to the
infinitely many coordinates of the R(A;) representation of Fj; subject to a section con-
straint. The fields x3,% are constrained fields, i.e. they are (section) constrained in the M
index in the same way as the partial derivative dys, and & labels the representation R(As2)
of E11. However, the indecomposability of Tg(e11) is importantly such that they form an
indecomposable representation together with the adjoint current components in such a way
that the structure constants C'M, and CTM 5 appearing in the expressions above ensure
E11 covariance of the field strengths F!, whereas C'M ,.J o alone would not be covariant.
The dots indicate additional constrained fields discussed in Sections 2 and 3.

e The representation-theoretic content of the tensor hierarchy algebra permits writing a non-
linear duality equation (3.22) for the non-linear field strengths:

FI— MIEQu 7 =0. (1.2)

The tensor hierarchy algebra ensures the existence of a symplectic form 2;; that acts on
the field strengths F!. The above first-order equation is a vast generalisation of (twisted)
duality equations that have appeared elsewhere in the literature [35,62] and covers both
the matter and the gravitational sector. As we analyse in Section 3.6, the duality equation
is not sufficient to determine the dynamics of the constrained fields x3/%, just as e.g. for
E; exceptional field theory [3|. Assuming integrability conditions at linearised order, we
relate the constrained fields and their dynamics to our previously studied model in [47].

e We propose non-linear gauge transformations of all fields in (3.19) and (3.20) and show
that the duality equation (1.2) is gauge invariant under these gauge transformations if a
certain group-theoretic identity (3.26) holds. This identity is then verified at low levels in
decompositions of Eq; under its GL(11) and GL(3) x Eg subgroups in Sections 4 and 5,
respectively. We also write explicitly the duality equation (1.2) in components in the corre-
sponding parametrisations, and exhibit that it reproduces the known duality equations of
eleven-dimensional supergravity and of Eg exceptional field theory. We exhibit in particu-
lar in Section 4.3 the gauge invariance of the infinite tower of linearised duality equations
underlying eleven-dimensional supergravity [49-51].



e Starting from Section 6, we study the fermionic extension of the model. Given the unfaithful
spinors ¥ and € of K (E11), we show how their bilinears relate to the tensor hierarchy algebra
and how this can be used to define supersymmetry transformation rules and a consistent
supersymmetry algebra. We show that this consistency also connects to the reducible gauge
structure of the F; generalised Lie derivative and introduces yet more additional bosonic
fields into the theory in order to make all symmetries manifest.

e We establish a linearised, K (E11) covariant equation of motion for the gravitino field in
Section 7 that reads (see (8.1))

GUMoypapy, =0, (1.3)

where 1), are the components of W in a Spin(1,10) basis and G%*M are K(E;) invariant
tensors that are constructed out of Spin(1,10) gamma matrices and Kronecker symbols.
We show how this gravitino equation of motion is consistent with the bosonic dynamics
under supersymmetry. This requires also introducing gravitino bilinears in the non-linear
duality equation (1.2) in the form (see (7.17))

FI— MIEQy ;! =y=1,0L, (1.4)

where OL ~ (W)L denotes fermion bilinears transforming in the K (Fj;) representation
of the field strength equation of motion. The underlined index I here indicates a ‘local’
K (F11) index that is converted into a ‘global’ F1; index I by means of the inverse gener-
alised vielbein V™! in Ey; /K (E11). The possibility of making this fermionic modification
of the first-order duality equation rests on a non-trivial relation between the unfaithful
spinors and the tensor hierarchy algebra that we demonstrate at low levels. In this way we
obtain a supersymmetric non-linear duality equation for the bosons including the non-linear
fermionic terms.

e When studying the supersymmetry algebra and gauge algebra it is important to also study
the generalised diffeomophisms on the fermions. We provide a general expression for this
in (7.18) that involves the compensating K (¢17) transformation arising due to the gauge-
fixed generalised vielbein. We verify in Appendix E that our formula, when restricted to
FEr exceptional field theory, agrees with previous results in the literature.

e In Section 8, we study also the extension of the linearised fermionic equation of motion (1.3)
and supersymmetry variations to the non-linear level.

2 FE4; and tensor hierarchy algebra

In this section, we shall review elements of the group F1; with the underlying Lie algebra e11, and
the tensor hierarchy algebra 7 (e;1) that will be needed in the construction of the Ej; invariant
duality equations.
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o—0 0 0 0 0 ¢ *—0
1 2 4 5 6 7 8 9 10
Figure 1: Dynkin diagram of E11 with labelling of nodes used in the text.

2.1 Fj; and its Lie algebra

The Lie algebra ej; is an infinite-dimensional Lorentzian Kac-Moody algebra with Dynkin di-
agram shown in Figure 1. For a detailed description of the algebra see for example [35,63, 64].
We will denote a representation with highest weight A by R(A) where A = >, p'A;, with A;
denoting the fundamental weights and p’ are the Dynkin labels. For example, R(A;) refers to
representation with Dynkin labels (1,0, ...,0). We will use the notation R(A) to also refer to the
module associated with the corresponding representation. The dual representation of R(A) will
be denoted by W and it is a lowest weight representation.

A convenient way of organising the generators of 11 is by decomposing the adjoint representa-
tion of e1; under its gl(11) subalgebra obtained by removing node 11 from the diagram. Defining
the gl(11) level ¢ as the eigenvalue of the generator %Kmm, where K™, for m,n = 0,...,10
denotes the generators of the gl(11), levels 0 < ¢ < 4 of the gl(11) decomposition of the adjoint
¢11 are given in Table 4 in Appendix A. The appendix also contains more details on the gl(11)
algebra in (A.1) and similar decompositions of some other representations of ¢1; that play a role
in this work. At levels 0 and 1, the generators have the same index structure as the graviton and
the 3-form field of 11D supergravity, respectively, and their dual 6-form and the dual graviton
appear at levels 2 and 3.

The highest weight representation R(A;) plays an important role in the dynamical description
of the F1y exceptional field theory as it gives the representation structure of the Fy; space-time

coordinates [58]. Its dual lowest weight representation R(A;) is the representation denoted by ¢;
in [58] that can be used to contract the coordinates when forming a generalised translation group

element. The level decomposition of R(A;) under gl(11) is displayed in Table 5 in Appendix A.
The names of the generators there already anticipate their roles as central charge type coordinates
in a D = 11 interpretation and associated translation generators and gauge parameters.

We shall also need to make use of tensor products of e;1 representations. The tensor product of
highest weight (respectively lowest weight) representations is completely reducible into infinitely
many highest (respectively lowest) weight representations. By contrast tensor products of highest
with lowest representations fall outside what is called category O and there are no complete
reducibility results [63]. It is known nonetheless that the tensor product of a representation and
its dual contains the adjoint representation. The following decompositions of tensor products



will prove to be useful

(R(A1) @ R(A1)) gy = R(2M1) © [R(A10) @ .. ],

(R(A1) ® R(A1))angisym = B(A2) © [R(A1) ©...]
R(A1) ®@ R(A2) = R(A1 +A2) ® R(A3) @ ... (2.1)

The representation [R(A19) .. .| encodes the weak section constraint in the E1; exceptional field
theory which will be described in the next section and the low levels of its gl(11) decomposition is
given in Table 6. The representation [R(A4)@®...] completes this to the strong section constraint.
The Kac-Moody group E7; should be properly defined either as the minimal (or small) group
generated by products of real root generators [65] or as the completed group that is obtained
from the minimal definition by completion with respect to the building topology [66]. For the
purposes of this paper, we will consider the completed group E7; as formal exponentials of ey
Lie algebra elements completed in the positive Borel direction. A more detailed discussion of the
Kac-Moody symmetric space and possible coordinates on it will be given in Section 3.5.

2.2 Tensor hierarchy algebra

For any ¢, algebra, the tensor hierarchy algebra 7 (e, ) is a super-algebra extension of ¢, [47,48]. It
admits generally a Z-grading 7 (¢,,) = €D,, Tp(en) consistent with the Grassmann Zs grading (i.e.
such that @, Tax(ey) is the bosonic subalgebra). For n <8, T, (ey,) for 0 < p < 11—n corresponds
to the e, representation of the p-forms in (11—n)-dimensional maximal supergravity. In particular
one has 7g(e,) = ¢, corresponding to the Cremmer—Julia hidden symmetry of the scalar sector
that extends to the p-form sector. The tensor hierarchy algebra is not symmetric under p <> —p,
meaning 7, 2 T_,. The component 7_1(e,,) is the so-called embedding tensor representation [48]
which is used for describing gaugings of supergravity [8,9]. The tensor hierarchy algebra was
constructed in [47] for n > 9 as the quotient of the superalgebra generated by a local superalgebra
by its maximal ideal, using the construction of [67]. This construction is very similar to the one
of a Kac-Moody algebra, for which the local algebra is defined by the Chevalley generators
associated to each simple root, and the maximal ideal is defined by the Serre relations. For
the tensor hierarchy algebra, the local superalgebra can be described explicitly but the maximal
ideal does not admit a closed-form definition generalising the Serre relations. In the following
we shall simply use 7 = @©,ez7T, when we refer to the tensor hierarchy algebra extension of eq;.

The important difference between 7 and the tensor hierarchy algebras associated to e, for
n < 8 is that 7y 2 ¢ and is a non-simple extension of ej; that decomposes as an ¢1; module as
follows

To = e @ R(A2) © R(A1g) © - (2.2)

where the notation e1; @ R(As) indicates that it is not the direct sum of two modules, but rather
that eq7 is a submodule and [e1; @ R(A2)]/e11 is the highest weight module R(A3) as a quotient
only. Thus ¢1; @ R(As) forms an indecomposable representation. It was shown in [47] that the
next term R(Ajg) forms a direct sum with this space but the full module structure contained in

the dots is presently not known. The other degrees 7, have a similar structure.



level Fqq rep index notation

p=2 R(Ajp) & -+ Pr= (P

p=1 | R(A)® R(A1 +Awo) ® R(Ap) @ - | PM = (PM PMA_ )

p=0 11 D R(A2) & R(A1g) @ - - = (¢, 10 N
p=-1 T tr

p=—2 e11 B R(A2) ® R(Ay0) & - - ts = (Fa, ta tAs- -2,
p=-3| R(A1) ® R(A1 + A1) ® R(A1) @ -+ | Py = (Pur, Pai, - ..)

Table 1: Eyq representations arising at level —3 < p < 2 elements of the tensor hierarchy algebra.
In particular, P and Py denote the representations R(A1) and R(Ay), respectively.

The tensor hierarchy algebra admits an antisymmetric bilinear form such that 7, & T_o_,,.
The components 7, for p > 1 are highest weight modules of ¢11, and therefore lowest weight for
p < —3. T_1 is a symplectic representation of e, but very little is known about its reducibility,
since it is neither a highest/lowest weight representation of ¢;; nor an extension of the adjoint
itself. We will therefore refer to this representation as 7_1, both as an ¢1; module and as the
component of the tensor hierarchy algebra. The known structure of 7, for =3 < p < 2 is
summarised in Table 1 where also notation for the corresponding generators is introduced.

The indecomposability of Ty is reflected in the commutation relations of the level p = 0
generators t& = (t*, % N, ..)) as

[t‘l,tﬁ} = foB ¢ | {t‘l,iﬁ] =T KO 1] = —TNE L (23)

The presence of the non-trivial structure constant K O‘BV in the middle equation is due to the
indecomposability, showing that there is commutator of ¢;; with R(A2) going back to ej;. The
action of the group Fq; on ¢ @ R(As2) is defined by

g g =gt g% = g% 5" + w9t (2.4)

such that ¢f" ng ~ = (9192)%~ and where wg‘(g) is a group 1-cocycle satisfying

w§(9192) = W (91)93 5 + Q?Wg(gz) (2.5)
and that linearises to wg‘(eAWﬂ) = A, K7%5 + O(A?) consistently with the commutation rela-
tion (2.3). Finding an explicit form of the cocycle wg‘(g) for the tensor hierarchy algebra T (e11)
*)

seems to be a formidable task, although one can write wg(e as a formal power series in X,

see [34] for formulas in the case of eg.
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The action of e1; on the other levels 7, is given by

[, PM] = =T*M PN [t PA] = =T*=P= [t ) =T 1t (2.6)
[ta,t_ﬁ] = —f‘”gfy + Ka:yﬁti:y , [ta,t:B] = Tag{B::, [ta,tiA] = TQEAt:E . .
Since p = —2 is the dual representation to p = 0, the indecomposability is now in ¢j; G R(A2),

such that KV 3 now appears in the commutator of t* with the element ¢3 of the co-adjoint ef;.
The convention for the e1; representation matrices is such that

TM PP — TPM ool = foB 7M1 etc. (2.7)

We shall also use the notation fagg for the complete Ty structure coefficients, such that f"gg =
—T"BQ, fo‘ﬁﬁ, = —KO‘BV for example.
Further (anti)commutators that will be needed later are given by

(PM 2] = ™t [PM,Z?&} =™t [PM,EA] ="Mty
(PM Py} = ToM Nt + T nig + Tyt {PM PN} = MNP |
[PM,t[] = —Q[JC'JMata — Q[JC'JMdt& — Q[JOJMAtA , (2.8)

where the coefficients are Fq; invariant tensors, except for K O‘BV, C™  and T*M 5 that mix

with the indecomposable structure, although the complete tensors C'M s and T¢M y are invariant

tensors in the indecomposable representation 7. In particular for Fq; group elements one has
gIJgMN g—lﬁa CJNg _ CIMa _ gIJgMng(g—l) CJNB ] (29)

If, as in [47], we take the fields of the theory to be in 7_g such that they are of the form P% =
(6%, X% YA ) and defining their ¢, variation by dp¢%ts = Au[t®, ¢®5], the commutation
relations (2.3) yield

oA = =D\ f7%307 (2.10)
OAXT = AT X7 + A K507 (2.11)

which gives after exponentiation
6 — exp(~A, f1) 56 (212)

a o =1 ¢ ;
X% = exp(AT7) %5 XP + A, Y o D ATV KT (—As f2)"F]% 507 . (2.13)
n=0 k=0

The above transformations satisfy the E1; algebra.

11



3 Non-linear field strengths and duality equations

In this section, we shall construct non-linear field strengths for the bosonic fields and propose
a duality equation invariant under rigid E71; and non-linear local gauge transformations in the
spirit of the generalised diffeomorphisms that are encountered in the E,, exceptional field theory
formulation of maximal supergravity theories in D = 11 —n ‘external’ space-time dimensions [1—
4,13]. This section constitutes the first central result of the paper and some of the general
formulee given here will be tested in various examples in the following sections.

3.1 Preliminaries for general exceptional field theories

Exceptional field theories for F,, are formulated in an extended space-time in which the extra
(internal) coordinates transform in a representation of the duality group FE, [1-4,13]. Further-
more, there exists a generalised diffeomorphism symmetry which closes on the fields satisfying
the section constraint for n < 7. This section constraint restricts the dependence of all fields
and parameters on the extra coordinates such that they can depend at most on n independent
coordinates on the neighbourhood of each point. For n > 8, the algebra of generalised diffeo-
morphism needs to be extended to include not only diffeomorphism preserving the F,, structure,
but also additional gauge transformations that involve constrained parameters [4,68,69].

The formulation of E,, exceptional field theory extends that of gauged maximal supergravity.
In particular, the various fields in F,, representations appearing in the tensor hierarchy of gauged
supergravity [10,11] are also involved in exceptional field theory. For instance, the external scalar
fields parametrizing the coset F,/K(E,) play a significant role in the construction of the field
equations in the form of a generalised metric.

A key feature of the E,, exceptional field theories is that they typically require extra p-forms
of rank p > D — 2 (in some specific representations of E,,) beyond the ones present in the tensor
hierarchies of maximal supergravity theories. These extra fields obey extra constraints related to
the section constraint mentioned above and do not represent new dynamical degrees of freedom.
Their first order field strengths are determined algebraically by source terms quadratic in the
original fields. Finally, the F,, exceptional field theory possesses an R-symmetry group which is
the maximal compact subgroup of E,, and that we denote by K(E,).?

In view of the picture outline above for the F, exceptional field theories, it is natural to
consider 11 as the duality group and take the extended space-time to be parametrized by a vector

in the fundamental representation 2™ty € R(A1) [58], such that the coordinates themselves
M transform in R(A{). In the following we will mostly refer to the representations of the
coordinates, rather than the representations of the vectors. It is also natural to introduce the
coset E11/K(FE11) where K(FEq1) is a maximal subgroup of Ej; defined by being invariant under
the (temporal) Cartan involution, as was considered long ago by West [35,70]. Indeed, it is known
that the GL(11 —n,R) x E,, decomposition of the fields that parametrize the coset Ey1/K (E11)
does contain all the supergravity fields [45, 46|, see also Appendix A for the cases n = 0 and

2For fermions one has to consider the double cover K (F») that we shall also encounter for F11 when we discuss
coupling to fermions starting from Section 6.
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n = 8. This remarkable fact is encouraging but the extra constrained p-forms discussed above,
which play a key role in the description of the exceptional field theories, are absent in this picture.
As such, an E7; exceptional field theory similar to the FE, theories cannot be formulated only
in terms of fields valued in Ey1/K(E1;), which depend on coordinates 2M . However, the tensor
hierarchy algebra introduced in Section 2 provides the required additional building blocks to
tackle this problem. FEp; invariant consistent field equations were obtained at the linearised level
in [47] by employing building blocks provided by the tensor hierarchy algebra [48]. Here we are
going to reconsider these equations and show that they are in fact invariant under non-linear
generalised diffeomorphisms provided one defines appropriately the gauge transformations of the
constrained fields.

3.2 Differential complex from 7 (¢;;) and the section constraint

As observed in [47], the tensor hierarchy algebra 7 = &,7, defines a differential complex of
functions depending on coordinates z™ that transform as PM € R(A;) C T1. The differential is
defined through the adjoint action of the basis elements PM in 77 and thus shift the degree p by
1 in the complex. Acting on any function in the complex we let3

d= (ad PM) oy, . (3.1)
For this differential to square to zero one needs
d? = (ad PM) (ad PN) 9pr0y = MY (ad P2) 00y =0, (3.2)
which is equivalent to the condition that any field ®(z) in the complex satisfies
IAMN 9p0n®(2) =0 . (3.3)

This is nothing but the weak section constraint and P* is the 7 generator introduced in Table 1.
Its strong version (acting on arbitrary products of fields) can be written as [69]

1
Kap Ty TPO NOp @ Og = —581\/1 ®ON + 0N ® 0y , (3.4)

using the Ey; generators in the R(A) representation and the inverse Eq; Killing metric ko5 in
the adjoint of e11. Kqp is Eq1 invariant and non-degenerate [63].

The differential complex defined in this way serves as a basis for the construction of the field
equations, such that the degree p = —3 supports the gauge parameters, p = —2 the potentials,
p = —1 the field strengths, and p = 0 the Bianchi identities, as can be anticipated from Table 1.
Note that the potentials belong to a module in the co-adjoint representation of 7y residing at
level p = —2 rather than level p = 0. Because 7y is not reductive, the co-adjoint 7;° = 7_5 is not
an algebra. Therefore one cannot define a non-linear theory from a putative Maurer—Cartan form

3Here7 we assume that 71 as an F1; module admits R(A1) as an irreducible submodule. We have checked that
the components R(A; + A1) and R(A11) can consistently be set to zero [47], but we do not have complete proof
that R(A1) is indeed an irreducible submodule in 77.
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in 7, alone. Moreover, within the tensor hierarchy algebra, 7_, generates arbitrarily negative
levels. This problem will be resolved by treating the fields in e1q = e7; differently from the fields
in the complement.

At the linearised level, the differential complex introduced above provides the following ex-
plicit expression for the field strengths at p = —1 given by the exterior differential of the potentials
% at p = —2 via?

Ot = d(¢™tz) = O™ 00 ¢%tr = (O™ LOp¢™ + CTM 00 XS + OTM N0y YA 4. ) 1. (3.5)

We recall that the well-definedness of the eqi-representation 7_1 of the field strengths follows
from the tensor hierachy algebra although 7_; is not a highest or lowest weight representation.

By virtue of the (weak) section condition (3.3) this field strength is gauge invariant under
the linearised gauge transformation

5ets = d(EM Pyy) = TM Now N, (3.6)

Here, the fields ¢@ in 7o are valued in the full representation as indicated by the index @. One
can divide 7_4 into the co-adjoint of ¢1; and the dual of the extending representations. The fields
¢ associated with the dual e]; can be thought of as the usual fields also arising in the coset
F11/K(Ey;) while the remaining fields (X, ¢4, ...) will be those related to the extra constrained
fields needed in the formulation of E1; exceptional field theory. As we can see in (3.5), the object
©t; has an explicit derivative 9y; and therefore satisfies constraints due to the section condition.
Now, it turns out that 7 = ©1(¢*, X¢, YA, . .) can be used to construct a field strength F' at
the linearised level which will provide a building block for the linearised duality equations. We
define the linearised field strength on the coset fields by imposing the projection on ¢% to be in
the coset e;1 © K (e11) [47]

F({in.) = 91 ((b + 77¢T777 X7 Y7 . > ’ (37)

where ¢ 4+ no'n is short for ¢*To,M N + (banMQanTaPQ, where nysn is the K(FE7;) invariant
metric on the R(A;) module and n™*" its inverse. This projection ensures at the linearised
level that ¢ can be shifted by an arbitrary K (ej;) element without modifying the field strength
F({in'). Note that the field strengths F({in‘) in (3.7) are only K (E1;) covariant while the O are Ey;
covariant. Moreover, this additional term violates gauge invariance [47]. We shall see nonetheless
that one can accommodate the gauge transformation of the fields X and Y such that the duality
equations described below are gauge invariant.

With that understood, and due to the symplectic structure of p = —1 one can write down
the duality equation

Fl. =n""QkFE (3.8)

“In analogy with the role played by @' for E,, exceptional field theories, we could also call this the ‘embedding
tensor representation’. For example, for E7 this is the (912 + 56)-dimensional representation of Fr.
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where nI 7 is a symmetric non-degenerate K (F41) invariant bi-linear form on 7_; and Q;x the
FE1; invariant symplectic form on 7_1.°

In what follows we propose a non-linear extension of this duality equation. One important
step will be to replace the partial derivative of the extra fields (X%, AL .) by constrained fields
that are familiar from exceptional field theory, in particular for Ey [34], in which case the tensor
hierarchy algebra gives rise to the non-semi-simple Virasoro extension eg @ (L_1) of eg.

3.3 Proposal for the non-linear duality equations

In this section we shall argue that the construction of a non-linear Fq; exceptional field theory
can be achieved by defining the non-linear duality equation

FL= MY Q FE (3.9)

where M is the exceptional metric, a function of the fields in Fy1/K (E11), in the field strength
representation, and F' is a non-linear field strength whose definition needs to incorporate the
extra constrained fields that are expected to arise from what we already know from the structure
of the FE, exceptional field theories for lower n. In constructing this field strength, we shall use
the tensor hierarchy algebra extension of ¢1; introduced in Section 2.2.

Before defining the non-linear F! we shall give more details on the definition of the ex-
ceptional metric My;. Let V(z) be a coset representative of Ei;/K(FE7;) transforming as
V(z) — k(2)V(gz)g with g € Ej; a global element and k(z) a local K(F;) element. ‘Lo-
cal’ here refers to the dependence on the extended space-time with coordinates z™ where M
labels the R(Aq) representation of F1; occurring at level p = +1 in the tensor hierarchy algebra.
The subgroup K (Ej1) is defined as the subgroup of elements k that preserve a non-Euclidean
metric 7 such that kTnk = 7 in a suitable highest (or lowest) weight representation where the
Hermitian conjugate can be defined [63]. The non-Euclidean nature means for example that
K(Ey11) NGL(11) = SO(1,10) where GL(11) denotes the regular GL(11) subgroup of Eq; that
appears in the level decomposition relevant for describing D = 11 supergravity. In other words,
n is the standard Minkowski metric of eleven-dimensional space-time extended to the whole
extended space-time.%

As usual in exceptional field theory, it is convenient to work with the exceptional metric in
order to avoid the introduction of the K (F71) gauge invariance and its gauge-fixing,

M(z) =V = g'M(gz)g . (3.10)

This definition is in complete analogy with non-linear realisations of finite-dimensional groups
but requires some care in the case of infinite-dimensional Kac-Moody groups. We shall make
more comments on this subtlety when we discuss the vielbein and its gauge transformation in

section 3.5.

®As we do not know whether 7_; is completely reducible, it is possible that '’ is only well-defined and non-
degenerate on some (maximal) completely reducible submodule. For simplicity, we shall only refer to 71 as this
(maximal) completely reducible submodule.

6As shown in [71], there are other D = 11 signatures embedded in K (FE11) that relate to so-called exotic forms
of supergravity [72] that have more than one time-like direction.
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A key building block for the duality equations is the current defined as

Inr®kapt’ = Moy M € R(A) ®ey; . (3.11)

This expression makes sense for the so-called small group in any integrable module [73]. Since
M only involves E11/K(Fy;), the combination M ™19y, M can be expanded in the adjoint of
Fq1 and transforms covariantly in the tensor product of m with the adjoint with, where the
former factor is due to the partial derivative.

We use the current (3.11) to define the non-linear field strength F' by
FI =™  Jy® + C™ o ® + O™ ™ + .. (3.12)

where the structure coefficients are the same as in (3.5), but dr¢* has been promoted to the non-
linear current .Jy;®, while the partial derivative 9y X%, dp; Y™, ... are promoted to constrained
fields x /%, Car™, ... that are not total derivatives, but satisfy the section constraint (3.4) on
their index M. It is important to stress that the structure coefficients are defined such that
the potential ¢4 is in T_o and not in 7o, such that one cannot simply extend Jyot® to a
current in the extended algebra 7y. Nonetheless, because e11 is simple one can raise the index
of the E11/K(FE11) current to get Jy*to. The indecomposable structure of the module 7 o

implies that the field strength must necessarily involve an additional field in R(A;) ® R(Asg), and
because Jy/%t, is not a total derivative, this additional field x3/® cannot be a total derivative
either. It is nevertheless consistent with the indecomposable representation to require that
it satisfies the strong section constraint. We shall therefore introduce the constrained fields
xar%, Car®, ... so that they transform under Fj; according to the indecomposable representation
and the field strength F! is indeed an Ej; tensor in 7_;. Even though the additional field ¢ u
in m ® R(Aq19) is not required by Fj; covariance, we shall see that both yu® and CMA
are necessary to write down a twisted selfduality equation (3.9) covariant under generalised
diffeomorphisms. In the current paper we assume implicitly that we can consistently truncate
to this known part of 7_o but in principle an extension to additional modules in 7_5 can be
envisaged as indicated by the ellipsis, which will be dropped for short in the following.”

We now describe in more detail why (3.12) defines an Ej; covariant object due to the inde-

composable structure of the module 7_9. Under rigid Ey; transformations one has as in (2.4)

In® = g W% N7, (3.13a)
xm® — g_lNM(gdBXNB +wi(9)In") . (3.13b)

Recalling (2.9), it follows that
C™M T + C ™M axn® = g (CTM o T ® + O™ ax i ®) (3.14)

"The field ¢ar® associated with R(A1) was not considered in the linearised analysis in [47]. Including it here
has the benefit of making the first order duality equation gauge invariant while [47] only had gauge invariant
second order equations.
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transforms covariantly. The cocycle appearing in the indecomposable representation is crucial in
this calculation. The infinitesimal transformations under g = exp(A,t®) corresponding to (3.13)
are

oadn® = Ay (=8I0 " — TNy In®) (3.15a)

Saxar® = Ay (T ixn” = TN arxn®) + A K7 " (3.15b)

3.4 Gauge invariance of the non-linear field equations

Having introduced an Fj; covariant tensor field strength F!, the next step is to compute how it
transforms under Ej; generalised diffeomorphism. The gauge parameter ¢M of the generalised
Lie derivative transforms also in R(A1) just as the coordinates z™. Note that additional gauge
transformations with constrained gauge parameters are required for the closure of the algebra
of generalised Lie derivatives for e, with n > 8 [4,68,69, 74]. We shall not check the closure
of the algebra of generalised Lie derivatives for e;;, but we will comment on these additional
transformations in Section 3.6.

The dynamical degrees of freedom of the theory appear through the representative M. There-
fore we start by defining the generalised Lie derivative with parameter £ acting on M. The
formula, as for all exceptional field theories, can be defined as (see e.g. [34])

SeM = EM oM + Ko TM NOn €N (Mtﬁ + tﬁTM> . (3.16)

This formula reproduces the unique linearised gauge transformation studied in [37,47| in the
linearised approximation and provides a non-linear extension of it.
Combining the definition of Jp, in (3.11) and the transformation (3.16) it follows that

eI = ENON I — TN pONE” fo, " Ty + OmEN IN®
+ TN p (O ONE" + MngMPEOMORED) | (3.17)

where the third term in the first line originates from the derivative in the current acting on the
generalised diffeomorphism parameter in the variation of M. Using the section constraint (3.4)
on this term, one can recognise the first line as the expected generalised Lie derivative, including
the transport term, an infinitesimal ¢1; transformation plus a weight term, i.e. introducing the
notation T, n = maﬁTﬁMN

1
26 = ENON T + TBNJD@NEPJw%JM7 + Tp" QopeT N In™ + §5N§NJMO‘
+ TN p (O ONE" + MnoMP ROy 0RED) . (3.18)

The inhomogeneous terms in the second line are non-covariant variations that resemble the
linearised gauge transformation of the linearised current. At this level the variation of the
current is identical in structure to what one would obtain for any F,, exceptional field theory.
In order to obtain a consistent transformation of the field strength F', it is necessary that
all the components in 7_9 transform according to the indecomposable representation of F1;. To
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this end, it is useful to introduce the notation Jy& = (Jar®, xar®, Car™, .. .) that includes the
additional constrained fields in a single object transforming as an element Jy;%%; of 7_o. In this
way one can define the following ansatz for the gauge transformation of Jy;® that is manifestly
consistent with the indecomposable representation

~ . ~ ~ ~ 1 ~
eI = ENON T + TN pone” 1725007 + T' qop€QT N ppdn® + 58N5NJM&
+ TN p (O OnER + MnoMFROy0ReQ) + 1% o p MY QO 08 R . (3.19)

This formula extends (3.18) to all components & with structure coefficients invariant under Ejq
for the indecomposable module, and we have added one extra term at the very end of the equation
with the understanding that II%gp = 0, while HdQ p and HAQ p are the highest weight projectors
from R(A1)®R(A1) to R(A2) and R(A1p), respectively. These exist due to (2.1). We again restrict
only to R(A2) and R(Ajp); additional Ej; representations in 7_o could be accommodated in the
same way, as long as they would appear in the tensor product R(A1) ® R(Aq).

Assuming the uniform gauge transformation (3.19) we can read off the gauge transformations
of the constrained fields to be

Sexm® = €N Onxm® = T pONET T gxas” + 00N xn + TN pONE" K g Jnr”

+ TN p (O ONE" + MygMPEONMORED) + T p MO 0nET (3.20a)
SeCu™ = ENONCu™ — TN poNET T 200 = + O™ ™
+ T p (0mONE” + MugMPEON0RED) + T op MYV Q00N €T (3.20b)

As explained above, this form is by construction in agreement with the indecomposable structure
of the module: The gauge transformation of y3;* must include the same gauge transformation
as Jy® with the index @& instead, so that the gauge transformation of Jy;® is written in terms
of invariant tensors. The indecomposable structure is such that one has the freedom to add any
transformation of y /% in the R(A2) module, which gives the freedom to add the term involving
the projector H&Q p. It will turn out that this additional transformation is indeed necessary for
the duality equations to be gauge invariant under generalised diffeomorphisms.

Equipped with the formulas above, we can now compute the variation of the non-linear field
strength (3.12) under gauge transformations and find

6 Fl = Moy FT — T,N yoneM Ty 77 + %aMgMFf
+ OIS (T p (00 OnE" + MM R 0RE2) + T p MY 00 0nE")
= Moy P — TN yoneMTe! ;17 %aMgMFI
+ <(CIMaTaRQ + CJMdTo?RQ + CJMATARQ)MQNMRP
+ CTM G I18 o p MOV 4 C’IMAHAQPMQN>8M8N£P . (321)

Here, we have recombined the terms into the generalised Lie derivative of F! in the first lines of
the two equations. The transport term and the e transformation term recombine by invariance
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of the structure coefficients C'™ 5. The last term of the first lines determines the weight of F.
The inhomogeneous terms that do not involve conjugation, CTM ;TN p9,,05EF, combine into
the section constraint by the Jacobi identity and have been removed when going to the second
step. The remaining inhomogeneous terms at the end show that the field strength F/ is thus not
gauge covariant.

The non-covariance of F! is not a problem since we are only interested in constructing a
gauge invariant dynamics. More specifically, we only demand that the duality equation

El=F - MIEQ,F7 =0 (3.22)

transforms into itself under generalised diffeomorphism.
Performing its gauge transformation, we find

6T = Moy ET — TN poneM T ;87 + %aMgMgf + (65 — MEQg ;) Opone” (3.23)

% <CJMdeQPMQN i CJMAHAQPMQN _ MJLQLK/CK’MdeRQMQNMRP) :

where we used (MQ)? = 1. Because one derivative comes contracted with MMN9y and the
other derivative does not, one cannot use the section constraint to cancel the inhomogeneous
term. For gauge covariance of the duality equation we must therefore require that

CJM&HdeMQN + CJMAHAQPMQN — MJLQLK/CKIMQT(S‘RQMQNMRP =0. (3.24)

By construction, the conjugation by M in various representations allows us to define various

conjugate invariant tensors®

TaMN = MMPMVOM ST pg = M PN, 5117 g
MM = MMPMNOMp=TT= pg = n™ PN Onaall®pq (3.25)

and similarly for Cy e assuming the existence of the matrix 7y defining a symmetric K (F11)
non-degenerate bilinear form on 7_;. Multiplying (3.24) by Mg to remove the explicit scalar
matrix dependence and using (3.25), one obtains the following necessary and sufficient algebraic
condition for gauge invariance in terms of E7; structure constants:

C[dedMN + CIPAHAMN ; Q[JCJM@Tde . (3.26)

If this condition is satisfied, the first order duality equation (3.22) is gauge invariant. We do not
have a general proof of this central condition. In the next sections, we will verify condition (3.26)
in the GL(11) and the GL(3) x Eg level decompositions at low levels. This will provide non-trivial
support that this condition is satisfied.

8We note that n is not E1: invariant, only K(FE11) invariant. The construction above is similar to tensor
representations of sl(n): even though d,5 is not an invariant tensor of sl(n) but only of so(n), it can be used to
relate a tensor representation to its dual. Abstractly, 7 is also an automorphism of the F7; algebra relating the
highest weight module to the lowest weight module. In particular n“‘snﬁsnw f5 = —faB,y.
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Let us now try to give some heuristic argument why (3.26) is plausible. Taking the sym-
metric part in M and N of the equation, the right-hand-side becomes the Jacobi identity
2[PM {PN) Pp}] = [{PM, PN}, Pp|in the tensor hierarchy algebra. Therefore the symmetrized
condition reduces to

[PA, Py] = —2017Cypht (3.27)

That the coefficient C;p® occurring through the condition (3.26) is the same as this correspond-
ing structure coefficient in the tensor hierarchy algebra is not guaranteed a priori. But since both
are F1 invariant tensors, they must be proportional to each other such that up to a conventional
factor this identity must be true. Since we do not assume that the modules in 7 (e;;) must nec-
essarily be irreducible, meaning that R(As2) would be extended to the complete anti-symmetric
tensor product and R(A1g) to the complete symmetric product minus the highest weight module
R(2A1), the identity (3.26) requires that one can choose the coefficients defining 115" and
IIAMN such that the identity holds, which is simply the statement that there is no component
in R(2A1) by the Jacobi identity in the tensor hierarchy algebra.

3.5 Gauge transformation of the vielbein and compensators

In the discussion above, we have relied on the ‘generalised metric’ element M defined in (3.10)
from the ‘generalised vielbein’ V € Ey1/K(E11). These objects have to be treated with care since
the Lie algebra eq; is infinite-dimensional and one first has to define what group one associates
with it. A standard building block is to consider the one-parameter subgroups of the form et
(t € R) for generators E,, associated to real roots. The group built from taking finite products of
such real one-parameter subgroups generates what is called the small Kac—Moody group [65,75].
The action of this small Kac—-Moody group is completely under control for so-called integrable
representations of the algebra e;; where all real root generators are locally nilpotent, meaning
that the repeated action of F, on any element of the representation space terminates after a

tPa is effectively represented by a polynomial and multiplying

finite number of repetitions. Thus e
finitely many polynomials gives a well-defined polynomial again without having to worry about
convergence or similar matters. All highest and lowest weight representations of e1; are integrable
and so is the adjoint representation [63|, and so 7_; although it is neither highest nor lowest
weight. One can also associate the matrices M and M~! with the small Kac-Moody group in
the so-called ‘group model’ (generalising the Cartan embedding) of the Kac-Moody symmetric
space [76]. However, the current J = M~*dM is not evidently meaningful since the continuous
map from the small Kac-Moody group to the algebra and back cannot be defined.

An alternative model of the symmetric space can be obtained by using the Iwasawa de-
composition, leading to what is sometimes called the ‘Kostant model’. Elements of the (small)
Kac-Moody group have an Iwasawa decomposition F1; = K (FE11)B, where B is the (upper) Borel
subgroup [73]|. This setting also allows for considering the so-called completed Kac—Moody group
where one completes the Borel subgroup with respect to the topology of an associated build-
ing [66,75]. A representative of the thus completed Kac-Moody symmetric space’ Fiy/K (E11)

9We do not distinguish the completed Kac-Moody group from the uncompleted one in terms of notation since
we shall always be using the completed group implicitly.
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can then be chosen in standard form by products of exponentials of all generators of B [75], in-
cluding the positive imaginary ones. In this construction, it is only the positive Borel subgroup
that is completed; the group K (F11) is not changed.

Generalising this approach slightly, we can also consider a parabolic gauge with

Y =U, (3.28)

where v belongs to a finite-dimensional Levi subgroup of Eq; (such as GL(11)) and U belongs
to the unipotent subgroup associated with this parabolic subalgebra of e1;. U lies in a unipotent
subgroup of the Borel subgroup B. If the parabolic subalgebra is associated with a level ¢,
the generators appearing in U correspond to level £ > 0 while the generators appearing in v
correspond to ¢ = 0. Explicitly, we can write

U=]]exp (A Ep) , (3.29)
>0

in the completed group and the factors are ordered with smaller levels appearing to the left.
Here, Ey denotes all (finitely many) generators on level ¢ > 0 and Ay are the coefficient of a
general Lie algebra element on that level. The A, correspond to the fields and depend on the
extended space-time coordinates zM.

With a parabolic parametrisation (3.28) of V one can work out the Maurer—Cartan derivative
dVV~! € ¢11 in a meaningful manner since every generator F, is multiplied by a polynomial in
A, and dA,, for 1 < m < ¢ (and dressed by the Levi vielbein v).!Y Writing dVV~! = P — Q
in the usual symmetric space decomposition, the current 7 in this Kostant model becomes
J = 2V7'PVY and is defined by the adjoint action of the completed Kac-Moody group on the
Lie algebra. Formally, this results again in infinite series expressions for the components Jy;¢.
If we are interested in only obtaining polynomial expressions in the fields, we are therefore led
to working with the components of P. In lowest/highest weight representations one can also
make sense of the matrix components of V and V™!, whether this remains true in unbounded
representations like the field strength representation is not clear to us.

As is clear from the above discussion, it is typically better to consider the completed group
and write the vielbein in a gauge-fixed form using a (maximal) parabolic gauge. Examples of
such maximal parabolic gauges use the Levi groups are GL(11—n) x F,, C Ej; with an associated
level decomposition.!! Since we have fixed a gauge the action of a generalised diffeomorphism
on the vielbein V will be accompanied by a compensating K (E1;) rotation that ensures that the
gauge is maintained:

0V = ENONY + kg TM NOMENVEP + XV, (3.30)

10We note, however, that if one wanted to use this parametrisation to define a metric on the symmetric space
from the invariant bilinear form on ¢;1, every dA, would be multiplied by a infinite series of other fields and the
convergence of this expression is doubtful and would at least required a completion of the Lie algebra as well.

"Note that only GL(11 — n) x E, C Ei1, with GL(11 — n) the linear group with positive determinant, so
we always understand that GL(11 — n,R) is the connected component of the linear group, and does not include
negative determinant elements.
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where the compensating transformation X is an element of the Lie algebra of K(F41) that acts
on V in the chosen representation. The same mechanism has been discussed also in [37,47].

The compensator X can be written more explicitly in a level decomposition associated with
a maximal parabolic subgroup. Since the original V is made out of generators at levels £ > 0 by
definition of the maximal parabolic gauge, only those ¢? that are associated with negative levels
violate the gauge in the middle rotation term. By the Killing form they are paired with positive
level generators TM 5 contracting the rotation parameter 956", where it is important that the
derivative Jjs is subject to the section constraint (3.4).

Associated with a parabolic decomposition (3.28) is also a decomposition of the representation
R(A1) of the derivatives Jps. In the case GL(11 — n) x E,,, the derivatives decompose into

oym — (au,aA,...). (3.31)

The index A here labels the coordinate representation of F, exceptional field theory. We can
choose a partial solution to the 17 section condition by keeping only these two lowest levels of
derivatives, i.e. setting to zero the ellipses in this decomposition. This solution to the section
condition is only partial as the derivatives d4 still have to satisfy the E, section condition. In
connection to usual exceptional field theory the d,, are called external derivatives and the 94
internal derivatives.

In such a partial solution to the section constraint there is only one generator that can arise
in (3.30) and that needs to be compensated. It is the one mapping 0, to 04. All other positive
level generators map to zero on this choice of section. The corresponding compensator then can
be written explicitly as

X = Valeh0ag (B — nad*PFg), (3.32)

where V44 is the E,, /K (E,) coset representative and e, the GL(11 —n) vielbein; together they
form the ¢ = 0 part v in (3.28). The generators EQA and F g are the first level generators that
are conjugates of each other. B

In particular, we see that formula (3.30) provides a completely well-defined expression for
the generalised diffeomorphism action on the vielbein V. The compensating transformation will
also be crucial when we consider fermions starting from Section 6.

A final comment on the relation between the vielbein and metric formalism here concerns
the issue of connection. It is well-known that in exceptional field theory it is not possible to fix
the affine or spin connection completely by the requirement of metric compatibility and torsion-
freeness [13,77-81], even though this arbitrariness drops out in the supergravity equations derived
in generalised geometry [77,78]. The definition of a (spin-)connection for F11, as would be needed
in the formulation [37] is a complicated open problem that we shall not address in this paper.
The formulation we are using here avoids the problem of defining a (spin-)connection as we have
defined the generalised Lie derivative acting on all objects in the theory.

3.6 Comments on the extended dynamics and linearised field equations

Under the assumption (3.26), the duality equation (3.22) is non-linear and invariant under gen-
eralised diffeomorphisms. However, it is not sufficient to describe the whole dynamics. In the
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following sections where we consider specific solutions to the section constraint, we shall see in
detail that most of the duality equation components only fix the constrained fields yas®, Car
etc. in terms of the current Jy;“, and do not give any dynamical equation. The additional
constrained fields ya;%, (3" indeed appear algebraically in the duality equation (3.22), so for a
given solution to the section constraint, one can simply solve a large part of the duality equa-
tions in components by expressing the non-vanishing x,%, (s as functions of the current. We
shall see that among the infinitely many components of the duality equations, only a finite num-
ber remains non-trivial and gives rise to dynamical constraints on the fields parametrizing the
Eq1/K(F17) coset. In particular, for a decomposition of the type GL(11—n)x E,, C Ej1, it seems
that the only remaining dynamical duality equations are the ones involving GL(11 —n) p-forms,
while the dual graviton equation and the higher rank mixed symmetry equivalents involve the
constrained fields in a way that trivialises the dynamics. This should not be so much a surprise
since the necessity to introduce extra auxiliary fields trivialising the dynamics seems unavoidable
in defining dual gravity at the non-linear level [82,83]. The non-vanishing constrained fields with
the M index along GL(11 — n) seem then to play the role of the Stiickelberg fields introduced
in [83], and their generalisation to all duality equations.

What is lacking in order to recover the full dynamics of the theory, are additional first
order equations for the constrained fields x3;% and (™. To re-obtain the dynamics of [47] in
the linearised approximation, we expect that all the constrained fields are enforced to be total
derivatives by a curl-free condition

Ourxn® =0 = xu® = o X*, (3.33a)
Oy =0 = (it = oY, (3.33b)

where the solutions are defined up to gauge transformations of the type (3.40). The fields X
are the fields belonging to 7_9 that appeared in the linearised analysis of [47]. The field Y did
not appear there but this did not effect the conclusion that while the duality equations are no
longer gauge invariant, the second order integrability equations that are derived from them are
indeed gauge invariant on section.

Considering the non-linear system proposed here and parametrizing formally the fundamental
M = exp(¢), where ¢, TM N = pon™nnpT g due to MT = M, one obtains with (3.33) the
linearised field strength

FI=C™ 0y¢® + C™ 300 X% + CT™M \ 00 YA + O(¢?) = C™ L0n0% + O(¢%) ,  (3.34)
with the linearised gauge transformations
5% = T p (OnE" + nvon™ ORE?) + 1% pnN@oNe" (3.35)
with II* pg = 0. The linearised duality equation
FL—nKQuF =0 (3.36)

is gauge invariant under these linearised gauge transformations. This agrees with the proposal
of [47], up to the presence of the additional field Y that does not affect the analysis of the
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linearised duality equation in [47| at the level it was considered, and up to the additional term
in the linearised gauge transformation

X% =T p (OnE" + nvgn”FORe?) + M gpy™Pone" (3.37)

which permits to make the duality equation gauge invariant.

Thus, the question at hand is how to find the full field equation for the constrained fields x®
and ¢? such that upon linearisation it yields (3.33). To this end, we shall offer some speculations
on how these equations could be obtained. Analogy with exceptional field theories for finite
dimensional exceptional group F,, suggests that there should be a pseudo-Lagrangian £ invariant
under generalised diffeormorphisms (up to a total derivative) whose equations of motion are
obtained by the variation

0L = (Eut®, MOM™Y) + EMox 0% + EMSCu™ +om(...) (3.38)

with (t® %) = k%, The general structure of exceptional field theory shows that the equations
of motion of the constrained fields gives the first-order duality equations of the supergravity
fields [3,4]. Assuming the same structure and invariance of the pseudo-Lagrangian under Ejq,
one concludes that the equations of motion are of the schematic form

Eou=C™M 00 (MpE )+ &y EM =C™MMpsE7, EM =C™M M E7. (3.39)

The (second order) equation &, for the adjoint scalars does not only involve the integrability of
the duality equation &' of (3.22) but also an additional piece &, in the adjoint representation of
Eq1. Tt is this piece that should imply the first order equations for the constrained fields ys*
and (/N if the duality equations are satisfied. Equations (3.33) should follow from &, in the
linearised approximation. However, without this peudo-Lagrangian at hand, we cannot currently
propose the general form of Ea.

As mentioned above, we also know that the algebra of generalised diffeomorphism of param-
eter €M will not close and that one must introduce additional gauge transformations to obtain
a closed algebra of gauge transformations. The Lagrangian must also be gauge invariant un-
der these transformations. These transformations will at least include the additional parameter
YV in R(A1)® R(A3), with a tracelessness condition ¥3,M% = 0.'2 The gauge transformation
of the first constrained scalar under this parameter is

Sxm® = oONSy N4 (3.40)

Turning to (3.33), we note that while the Bianchi identity for the non-linear field strength
contains the curl of /% and (a2, it does not provide the desired non-linear field equation for
these fields. The 7 (e11) algebra Jacobi identity 2{ PM [PN) t4]} = [{PM, PN}, t4] implies

Qs CM™M4CN 300 Ay B = 0 (3.41)

121t is conceivable that there are more constrained parameters. We note that for the case of I, with n <9 a
single new parameter suffices [69].
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on section. Using this we can find the Bianchi identity
Q0™ 9y F = Q01 (C’JNg@MJNﬁ + N sonn® + CJNAaMgNA) (3.42)
— Q0™ (CJNﬁa[MJN]B + N sopn)” + CJNAa[MgN}A)
= QO (<30I 3 £ T I+ O 0 + OV A )

In the first step one uses the definition of the field strength and the section constraint, and in the
second the Maurer—Cartan equation for the current. The corresponding integrability condition
on the duality equation (3.22) relates then the second-order supergravity fields equations to the
curl of the constrained fields, but it does not determine them. A similar situation arises already
in F,, exceptional field theory in which the equations for the constrained fields follow from the
Lagrangian, but cannot be obtained from the duality equations of the supergravity fields by FE,
symmetry. This is discussed for instance for F7 in [3, Eq. (3.17)].

4 (GL(11) decomposition

In this section, we analyse the proposed duality equation (3.22) in a GL(11) level decomposition
of the tensor hierarchy algebra at low levels. We begin with an analysis of the tensor hierarchy
algebra decomposition under gl(11) to derive the transformations of the fields under E;; and the
expression of the field strength and the gauge transformations. Then we study the non-linear
duality equation and its gauge invariance. We shall concentrate in particular on the crucial
condition (3.26) in GL(11) level decomposition.

4.1 The field strength representation and rigid F; transformations

The tensor hierarchy algebra decomposes under GL(11) as indicated in Table 2. Besides the
general Z-grading 7 = Zp Tp, the subalgebra gl(11) C e1; introduces another Z-grading that is
denoted ¢ in the table. The adjoint of ej; at level p = 0 contains the gl(11) generators K™, at
level ¢ = 0 and eq; is generated by commutators of the elements

1 1
?fnlnylaFrungng + ?enlngngEnlnyla s (4.1)
where E™1"2"3 and F}, p,n, are the generators of e1; sitting at ¢ = 1 and ¢ = —1, respectively,

while €y,,n,n, and f"1"2"3 are the corresponding constant parameters. The transformations of
the tensor fields under rigid F7q is determined by their transformations under these generators,
and so we shall only display these transformations. The level ¢ that is determined by the action
of the trace K™, that counts the number of upper minus the number of lower indices. The
relation between ¢ and (p,q) is ¢ = ¢ + %p.

In order to display the field strength representation at level p = —1, we introduce components
F! dual to the generators ¢; that decompose under GL(11) as indicated in Table 2, e.g., for
K™ = K™~ at (p,q) = (—1,—1) we introduce at field strength F,, ... etc. The tensor
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¢=3Je="2]9="1] ¢=0 g=1 g="2
p=1 | F, Pr1 Ps P, pl
p=0 Fsq g Fy K'Y 53 56
Fy
p=-—1 K?% K4 Ik KT K9’1, K10 Klg7 KL
K E3 F6 E81 E9%3 ElOL1 pl
p=-2 E9 E102 gL piiin
p=-3 Py P2 p5 Pl ps

Table 2: Part of the tensor hierarchy algebra T in gl(11) level decomposition. p denotes the
general Zi-grading of the tensor hierarchy algebra and the additional grading q is related to the
gl(11) level £ by ¢ = q — %p. The usefulness of q is that the involution of T acts on (p,q) by
sending it to (=2 — p,—3 — q) and can be represented in this table by a point reflection about
the place marked with a cross. The involution includes mapping gl(11) representations to their
duals and for p < 0 we have explicitly dualised all representations. For p = 0 we have explicitly
separated Ty into e11 and the additional generators from the tensor hierarchy algebra extension.
The additional generators are given in the second line. Since T_o = T, we have performed
the same line split for p = —2. The fields appear at p = —2 and we see explicitly the first
additional generator E° at (—2,0) that is related to the first extra field Xny.mg- For (=2,1) there
are several extra fields arising, with degeneracies in their gl(11) tensor structure. The general
notation for gl(11) tensors here is such that comma separated indices indicate Young-irreducible
blocks of antisymmetric indices. If a tensor has both upper and lower indices, it has by definition
non-vanishing traces and is thus reducible. As in [47, Table 3], some of the generators have been
dualised using the eleven-dimensional Levi—Civita symbol.
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hierarchy algebra fixes these components to transform under the rigid Ej; generator (4.1) as

follows [47, Eq. (4.37)]:

OF™™ = %fplpz(melpzn) - %ep1p2p3Fp1p2p3(m’") , (4.2a)
SF,,mnens — _3fp[n1n2 Fmpm} + zfpwz [n1 82 Fpipo n3] _ %emmpSmenznammm
— Cmpg FMMPT 4 25%‘16p1p2qF"2"3}p1p2’q , (4.2b)
0 F ™ = €ppofny o) M — éemp?pSé[’Zanﬂplmpi” + epnin, FP
_ %fmplpz Fouinapips — éfmpzp:a 0 Foglpipaps » (4.2¢)
O Fnynansng = —6€pining Frgng? — %j"plmmanzngmplpzp3 ; (4.2d)
0Fn, . .ny = —35€[n1nons Frgng) — %f”lpzm(an_mmm,m — ot onopipops) (4.2¢)
0Fn, . .ngm = -z 5X ’ (e[nmszm---ng}m + em[nszn&--ng]) - 1_18fp1p2p3Fp1<n1---n97m>p2p3 ’
(4.2f)
0Fny nio = 4€ninons Fog.nig) + 1—18j"p“”2p3Fp1 [n1...n9,n10]p2ps - (4.2g)

Here, we have added the (9, 3)-form terms in (4.2f) and (4.2g) compare to [47].
This is the transformation of the field strength in (3.12) that we recall is composed out of the
current Jy® and the constrained fields x ;% and ¢y, that transform respectively as components

of R(A1) ® R(A2), embedded in the indecomposable representation, and R(A1) ® R(A1p). This
fixes their rigid Fq; transformation that, for the first components in the GL(11) decomposition,
takes the form

_ 1 rpipaps
o —32f

— p1p2
5Xm;n1--.n9 - 2emp1p2X ni...n Xm;n1--.ngp17pzp3

+ PP X iy ngpipa,ps t e s (4.3a)
6qun1...n10,rs - qutXt;m...nm,rs + 667“8[711 qunz...nl()} - 9er[n1n2 qung...nm]s
+ ges[nlng qung...nlo]r +..., (43b)
5qun1~~~n11,m = qurxﬂnlmnu,m + 1lem[n1n2qun3---n11] oy (4'36)
OCP - Po  nrpr..paps = 1Of[p1p2p3Cp4p5]n1---n7p1---p4,p5 e (4.3d)

where we have not displayed the terms involving the E1; current, that would appear because of
the indecomposable representation. The transformations (4.3) will be sufficient for the checks
we shall perform. The transformations above can be deduced by combining (A.4) with the rigid
E4; transformation of the derivative index that follows from dj in [47]

1

58777, — §emp1p28p1p2 ,
58”1"2 — fn1n2p8 + le 8”1”2171172173
- p 6 P1p2p3 )
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sornananans _ () flanana gnans] 4 (4.4)

We shall next derive an explicit form of the non-linear field strength by choosing an ex-
plicit parametrisation of the Fy;/K(FE1;) fields appearing in the current Jy/®. The matrix M
appearing in the definition (3.11) is formal and involved intricate infinite sums. To write a
meaningful equation in the parabolic decomposition one must resort to the coset representative
V of F11/K(F11) in a maximal parabolic gauge. Such a maximal parabolic gauge decomposes
V into the Levi factor v € GL(11)/SO(1,10) and the unipotent component ¢/ in the unipotent
subgroup of positive GL(11) levels as (cf. (3.28))

V=vlU. (4.5)
We take the unipotent element concretely of the form
U =exp (%AmmmE”l”W:”) exp (éAmmnGE”l“‘"ﬁ) exp (éhm___n&mEnl“'”S’m) cee (4.6)
With the GL(11) metric
m = vinv = j=mtdm, (4.7)
one has M = VinV = U'mU and
T = MOy M =U (jur + O U™ + m™H (OnUU U™ Im)U (4.8)

Although Jj; is a formal expression in this representation involving infinite sums, it is conjugate

under the unipotent element U to
T =UTU™ = gy + OuUU +m ™ OpU U™ Tm (4.9)

that does admit a well-defined expansion in fields. It satisfies jM =m-17 ]L[m We shall refer
to such a Jys as a ‘semi-flattened’ current as the conjugation by U makes all indices associated
with positive levels flat while keeping curved indices on level 0. We can therefore still use the
metric formalism associated with the Levi subgroup and its ‘metric’ m. We similarly define a
semi-flattened version of the constrained fields according to

= U_MB)ZMB +wiU NI, Gt =uT e (4.10)

where we see again the indecomposable structure of the representation structure in 7. The
associated semi-flattened field strength is then F! = ! ;F/ with

ﬁv[ _ CIMau]\_/lejNa + CIMduA—/IlN;(Nd + CIMAUJ\_/IlNCNNA ) (4.11)

Written in terms of F!| the first order non-linear duality equation (3.22) only involves the matrix
m rather than M,

FI = mI5Qu 17 . (4.12)
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The purpose of this construction is that m acts diagonally in the level decomposition and just
expresses the raising/lowering of the indices by the metric g,, with a multiplication by the
density term \/— det gmn. Moreover, the current J written in this way is a well-defined finite
expression in the fields of the theory, level by level, whereas the current 7 itself would involve
formal entangled infinite sums.

Writing out the non-linear field strengths (4.11) in the parametrisation (4.6) one finds when
restricting to the D = 11 solution of the section constraint

nins = 29" Oy Gnolp » (4.13a)
Fn1...n4 = 48[n1 An2n3n4] > (413b)
ni.ny — 78[N1An2n3...n7] + 70A[n1n2n38n414n5n6n7} ’ (4-13C)
~ ~ 280
Fnl...ng,m - Fnl---ngm = ga[nl hnzng...ng},m + 7Am[n1n2An3n4n5ansArwngng] (413d)

56 -
+ ? (A[n1n2n38n4An5...ng}m + Am[nlngangAm;...ng}) + Xmini..ng -
The restriction to the D = 11 solution of the section constraint means that we are here only
retaining the derivatives 0,,,. Note that choosing a solution to the section condition breaks the
global E7; symmetry to a (finite-dimensional) subgroup.
The non-linear duality equations (3.22) take the following form

. 1 .
Fn1...n4 = _,ﬂi\/_—ggm...n4m1...m7Fm1mm7 ) (4.14&)
~ 1 ~ 1 -
Fuind™ + 300, Fo? = G PG Py g (410D)
~ 1 .
anp — 9]7\/__ggnq€qp1mplon1---p1() . (414C)

Equation (4.14b) is tracefree while (4.14c) is the pure trace part. We see that (4.14a) represents
the standard type of duality of the four-form field strength and the seven-form field strength in
D = 11 supergravity and, moreover, Fy and Fr are free of the extra constrained field y,,*. We
stress that the equations (4.14) do not depend on the explicit parametrisation of U.

Unlike (4.14a), equations (4.14b) and (4.14c) do contain the field y,,% algebraically and can
be seen as just determining it in terms of the values of the other fields. Put differently, (4.14b)
and (4.14c) are not strong enough to determine the dynamics of the graviton and the dual graviton
unless one has further extra equations that determine y,,%. This is exactly the phenomenon
discussed in Section 3.6 where these extra equations were called E,. In the absence of these
additional equations, the self-duality equation — though consistent and gauge invariant — is
not sufficient to fully determine the non-linear dynamics. The equation of motion of Xy.n,..ny in
particular should reproduce the same mechanism as depicted in [82,83] for the Stiickelberg field

to restore Einstein equation.

4.2 Gauge invariance

We now discuss in more detail the non-linear gauge invariance of the duality equation (3.22) in
the GL(11) decomposition. For doing this, we begin with the linearised analysis.
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The non-linear field strengths defined in (4.13) linearise to

gLtz = gunip, n2) 4 l,aplpmmpm("l7"2>Ap1p2p3p4p5p6 +..., (4.15a)
IR, s = g, Amimans | gglmnap, nsl g Lgpinanspie g
i| 8n1n2 n3p1p2p3p4,qup1p2p3p4q $8n1n2n3p1p2p3p4p5 Amp1P2P3P4P5
+ 55%1 <an2\qhqns} _ lanwa}plpzpzAplmps _ %8"2"3}1’1 PRAA
+ 618"2"3}p1~-4’6,4p1___p6) Yo, (4.15b)
SIE ™ = 200, Ty ™ + O™ Aoy + 5[nlaP1P2An2}plp2 L (4.15¢)
GRS = 40, Amymgma) — %8"1"2Am1,,,m4n1n2 - %0’” " By mans s
+ éam---"SXml...mwl.,m o, (4.15d)
GRS = T0my Amy.ms] + 0™ ™ Py mznyns — %am"?Xml,_,mmm
_ ianlw%yml___mm,,,m,ns o (4.150)
BFG) = Oy Xong. o] — 750" Xoms mao.pg = %apqul,,,mmp,q
— %aquml,,,mmpqur... , (4.15f)
%FT(LII‘“ o = 98[ Pongmolm + OmXny ng = O Xy g + %aplpzAm...ng,mmpz
10 (8 Xpnl ng,mq Tt o m[nl---nsvng}q)
3(7) (8 I Xpgny..ng,m + "X qm[nl---ns,ns)])
(a Ypqny..mom + Y pgming . ngnel) + -+ > (4.15g)
DR ringns 10%1 Apny maolmingns - - - (4.15h)

For later reference, we have explicitly given the gl(11) levels for the various components of the

field strengths, but we shall often suppress them for simplicity of notation when there is no risk of

confusion. In the expressions above we also have implemented several things. First, we removed

the tildes on F since the semi-flattening has no effect in the linearised approximation. Moreover,
we have reinstated the terms with partial derivatives beyond 9,,, thus not enforcing the D = 11
solution to the section constraint as this would break K (Fj;) covariance and gauge invariance.

And finally, the extra constrained fields at linearised order are expressed as

XM

dzaMXd

and (= oY, (4.16)
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where we have also used explicitly that the first few extra fields are the additional potentials
X1 niorss Xnyoom,r and Yy 0 coming from gl(11) level £ = 4 in 7T_5 with X% in m and
YA in R(Ayg), see Table 2. The additional potentials X1 niorss Xnq.om,r and Yy, o, are
dual to generators for (p,q) = (—2,1) in that table, where ¢ = ¢ + %p in relation to the gl(11)

level ¢.

We will now write the decomposition of the gauge transformation (3.19). under gl(11). For
many of the fields this was already carried out in [47], but not for the crucial inhomogeneous
terms involving the invariant tensor HaQ p in the gauge transformation of the constrained fields
in (3.20a) and (3.20b). Here we concentrate on the central condition (3.26), which would imply
the gauge invariance of the duality equations. An important observation is that, as the condi-
tion (3.26) is a condition on invariant tensors, it suffices to verify it at linear order in order to
deduce gauge invariance of the non-linear duality equation.

One obtains for the first level fields in the GL(11) decomposition that the gauge transforma-
tions (3.19) give in the linearised approximation

Sehn™ = (0p&™ — O™ Ay + %5,75P1P2Ap1p2) Oy — Opp AP + éagyapqw TR

(4.17a)
8¢ Aninans = (30, Anang] + %aplpummmm) + 30y ngbns] + -+ (4.17b)
8¢ Anyomg = (600, May-ng] — P P2y cmgprpn + O P2 A ccngprpn) + 77 (4.17¢)

Oehny-ngm = (80(n, Engems)m + 2404, Ang-mg,my ) + -7+ (4.17d)

OeXMiny..ng = 2400 0y Angmg] = Eny.onopgOm OPET 4. .. (4.17e)
SeXM;mycmignang = Emy.miopOnt (P Aning + 507, 0 Nn1g = Onyna € — 500, Fnylg€T) + .

(4.17f)

O¢ X M;my..myn = %aml___mn O (0P App — OnpP) + ..., (4.17g)

O¢CM;my..myyn = —%eml...mH@M(apAnp + OnpéP) + ... (4.17h)

The terms corresponding to the non-trivial tensors Ha‘Q p are the terms containing €17 in the
gauge variations (4.17e), (4.17f), (4.17g) and (4.17h) of the constrained fields. The corresponding
coefficients are determined by Fy; invariance up to an overall coefficient that is fixed by the terms
in (4.17¢) and (4.17h). These overall coefficients will be determined below by requiring gauge
invariance of the duality equation (4.14b) at linear order.

Using the gauge transformations above one can derive the intermediate result that the lin-
earised field strengths transform as

55F7(111ir7‘i;n3n4 = 128[71187127136714} + 28[”18n2n3n4]p1172)‘p1p2 + 38p1p28[n1...n4p1§p2}
1
_ §€n1n2n3n4p1...p78p1p2p3p4p58p6§p7 , (418&)
; 1
55F1’(L11m)n7 = _42a[n18n2n6§n7} + §En1...n7p1p2p3p4ap1p2ap3§p4 (418b)
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1
+ ﬁgm---mmmmm (28”1 HP2P3PAq1a2 Agrgs + 39lP1p2p3paqy 3q1q2§q2]) 7

i m 1 m in. m 1 m
b () +35[H1F;L'2}p>p) = 201, 0" &) + 20T, (0y)OPEp — 0p0PEry)) (4.18c¢)
m; 1 m
= 20, 0y pA™ = 200, (Dpa)pOg ALY+ Oy Opg NY)

m m 1 m
+0 panlngép +20 pap[nlgng} + 55 8pq(8pq£n2] + 28n2]p£q) )

[n1

) 2
SeFlgy P = 0n0PGy — p0P 6 + S0n0pg N + O N = 20706y, (4180)

, 1 , 1 .
55F1511u.].'.)n9,m = _§5n1..-n9p1p255 (F(lm')plmm + géﬁF(hn‘)mqq) ) (4.18e)
in 1 in.
55F7(Ll1.:.)n10 = _Egm ...... n10p55 (F(l )pqq) . (4.18f)

This shows again that the (linearised) field strengths are not gauge invariant, however, one
checks that all the terms cancel in the duality equation (3.22), proving gauge invariance of the
self-duality equation at this level. One finds that it fixes all coefficients in the transformation
of the constrained fields consistently with Ej; covariance. For instance the term in (4.17¢) is
needed to cancel the gauge variation of the form 9;0'¢; in the dual graviton equation (4.14b) as
well as the gauge variation of the form 0102 in the 7-form duality equation (4.14a). Note that
the field Car.my...mq1,n 18 Decessary here to ensure gauge invariance.

To end this section, we come back to the additional gauge transformations mentioned at the
end of Section 3.6. These additional gauge transformations are needed in order to closed the
algebra of generalised diffeomorphisms and the first such parameter is one with parameter ¥,V
where the M index obeys the same section constraint as a partial derivative dy;. We do not
know the full sequence of additional gauge transformations, but demanding actual invariance of
the linearised field strengths under 3,N% one can derive that

1 ;
62An1n2n3 = §2p1---p0n1n2n3p1...p5 s (4.19&)
1
62An1...n6 = _gzplpznl...ngplpg 5 (419b)
5Zhn1...ns;m = Zm;nl...ng ) (419C)
5EXM;n1...n9 — _Qa[nle;|n2...ng] . (419d)

These transformations will play a role when we discuss the closure of the supersymmetry algebra.

4.3 Propagating free fields at all levels

We shall now describe in more detail the tower of duality relations at the linearised level. To
understand the dynamical content of the field equations in eleven dimensions, it is convenient
to consider the structure of the tensor hierarchy algebra at positive levels ¢ (see Table 2). For
q > 1, the generators have at most level p = 0, in which case they are the positive ¢ level
generators E** of e¢11, with a the adjoint index restricted to positive gl(11) level. At a given
gl(11) level ¢, E*+ includes various irreducible representations associated to Young tableaux
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with 3¢ boxes, including possibly columns of 11 boxes [64,82,84]. The e¢1; generators are the
top-form components E'%+ of supermultiplets of generators transforming under the (¢ = 0
component of 7 (e11)) superalgebra W (11) of vector fields in eleven Grassmann variables ¥, as
a superfield of representations E'HPi%+ for —11 < p < 0, in the tensor product representation
of the (11 + p)-form with the reducible representation associated to a at a given level £ [47].

As an example, consider the case ¢ = 1 in Table 2 that has the top component E® at p = 0,
corresponding to the familiar 3-form generator of Ei;. This can also be written as E'53 using
the e-tensor of s[(11). The next generator for p = —1 and ¢ = 1 is K;? arising as the tenth order
term in 1, in the expansion of the superfield with top component E3. After dualisation this
can be written as the reducible tensor E'%3. At p = —2 one gets the reducible generator E%3,
which decomposes into E%3, E102 and E'1 in Table 2. We recall that comma separated indices
denote irreducible representations while the full set of indices separated by a semi-colon denotes
the reducible representation obtained by the tensor product of the irreducible representations on
each side of the semi-colon.

There are additional superfields of generators starting at p < —1, but they involve at least
one 11-form at p = —1 (i.e. one column of 11 boxes) and one 10-form at p = —2 (i.e. one column
of 10 boxes). If one considers only fields involving at most a 9-form components in ¢1; (Young
tableaux with no column of more than nine boxes), the corresponding fields are all of the type
Agn 3 at level £ = 3n+1, Agn ¢ at level £ = 3n+2, hgn g1 at level £ = 3n+ 3 [49], as can be seen
by consistency with the eg subalgebra.

These potentials at level £ = 3(n 4+ 1) + k appear in the tensor hierarchy algebra 7 (e11) at
level p = —2 and g = 3n+k, such that the last 9-form comes from the W (11) 9-form components.
They are part of the reducible representations given by the tensor products

[9] @ [97, 3k] = [9"T, 3k] @ [10,9™, 3k — 1] & [11,9™, 3k — 2] (4.20)
@ [10,9"71,8,3k] @ [11,9"71,8,3k — 1] @ [11,9" 1, 7, 3]

for k=1 or 2 and

(9] ®[97,8,1] = [9""",8,1] @ [10,9",7,1] & [10,9",8] & [11,9",6,1] & [11,9",7] (4.21)
®[10,9"71,82 1] @ [11,9" 1, 8% @ [11,9"71,8,7,1]

for k = 3. The corresponding fields in the irreducible representations [9"*1 3], [9""1 6] and
[97+1 8. 1] are the Fy; potentials, while the fields corresponding to the other irreducible repre-
sentations always involve the constrained fields x = X for 10-forms and 11-forms, and possibly
the constrained fields ¢ = 9Y for 11-forms. In the combination that appears naturally in the
W (11) superfield, Ag.gn 31 = Agn+1 3 +3X10,97 36—1 + ..., the T(e11) exterior derivative simply
acts as the exterior derivative on the last 9-form component [47, Appendix B],

Foy . nig;om 3k = 108[”1“4”2...”10];9”,% v Fnynigon g1 = 106["1“4%...”10};9"78,1 : (4.22)

In this way the corresponding linearised field strength restricted to the eleven-dimensional so-
lution to the section constraint (with fields only depending on eleven coordinates) is manifestly
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invariant under the gauge transformation

5An1...n9;9",3k = 98[n1 )\ng...ng];gn,3k for k = 17 2

SA =T%m N9 N = { (4.23)

5./4”1___”9;9”78,1 = ga[nl)\n2mn9];9n’871 for k = 3

In eleven dimensions, assuming the fields depend on the eleven coordinates only, the dual field

strength only involves the ordinary derivative of a potential so that the duality equation becomes
Fn1...n10,9”,3k = [Fnl...nlo;gn,3k] 10,97,3k = - [enl...nlomnmpapA9n,3k] 10,973k

Fnl...nlo,gn,&l = [Fnl...nlo;gn,&l] 10,97,8,1 = - [ETLL..nlomnmpapAQ”,&l] 10,97,8,1 (424)

where we take the projection to the irreducible SL(11) representation indicated. The right-
hand side is not gauge invariant, but it follows from (3.26) that the lack of gauge invariance is
compensated by the gauge transformation

SAY =119, ™0, 6T (4.25)

on the left-hand side, such that the duality equation is indeed gauge invariant under the total

linearised gauge transformation
SAY =Ty g N L 1% pr™ 0,68 (4.26)

In order to understand these duality equations better, it is useful to compare them with the
equations derived in [51]. The first instance uses the potentials in the reducible (9;3) represen-

tation composed out of Fq; potentials and additional fields as
Any..ngpipaps = Ani.noipipaps + 3K, nglp1 paps] — 24X;L1,,,n9[p1p27p3] . (4.27)
The duality equation
gnlnﬂlomnmpapAplpzps = Fn1~~~n10;p1P2P3 + g (10Fn1-..n9][P1§P2P3Hn10 - Fnl---"103P1P2P3) (4'28)
!

= 108[H1An2mn10},p1p2p3 - 38[P1Xn1~~n107|p2p3] - 68[101 n1...n10|p2,p3)

is gauge invariant under (4.17). Here, we have defined for a free coefficient ¢ the combination
Xip1 =1 450) X111 + Y (4.29)

The duality equation above is gauge invariant in eleven dimensions for any ¢, but Fy; covariance
determines its value.
At level £ = 3n + 7 one has similarly

*’4”1~~~n9;9”7P1~~P97414243 (4-30)

= [Am...n9,9”7p1---p9,q1q2q3 + 3Xn1...n9q1,9”7p1---p9,q2q3 + 9Xn1...n9p179"7p2---p97q1q2q3

— 72X/

—27X] .
ni..n9p1p2,9™,p3...p9,q19293 9:9n+1 3

ni...n9p1q1,9™,p2...p9,q293

- 6X,

n1...n99192,9",p1...p9,q3
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For each irreducible field strength component, each field can only appear with a unique tensor
structure, and in particular

Fn1~~~n10,9"7;01~~~p9,II1IIQII3 (4'31)
=[100y,, (A 3X,, +9X,,

no..110],9% p1...po,q1q2q3 T 2..110]q1,9",p1...P9,4243

— 30141 Xn

2---mo]pl,9’L7P2---P97q1q2q3)] 10,97+1.3

= [108[n1 Anzmnlo],9”71171...179,611!12613 1.-110,9™,p1...09,|q2q3] 98[101|XTL1mnlo,9”,\172...179],611!12613] 10,9n+1,3

only involves the X fields and not the X’ fields that include an 11-form. The duality equation

P mnr
[Fm...mo;?)”,m...p97q1q2q3}1079n+1,3 - [5n1...n1om77 arA9”7p1mp9,q1qzq3]1079n+1,3 ) (4-32)

is gauge invariant provided (4.25) gives

_ mp
5Xn1...n1079"+1,2 - [Enl---nl()mn a10)‘9”7“,2] 10,9n+1 2

0Xny..n10,97,8,3 = [€n1~~~n10m77mpap)‘9",873] 10,97,8,2 (4.33)

This is indeed consistent with the structure of the Fj; invariant tensor I1%;;n. Recall that
19/ v defines the projection from the exterior product of two R(A;) representations onto R(As),
see (2.1). The subspace that is annihilated by this projector starts with R(A4) at gl(11) level
6 and contains as lowest component a (11,7) form. All the components of the kernel of the
projector are associated to Young tableaux with at least one 11-form. Therefore, the com-
ponent H&mNnmpapﬁN for components of £V different of £” and with a Young-tableau parti-
tion P(N) that does not include columns of more than 9 boxes, are simply the projections of
5n1...n1om77mpap)\P(N) to the irreducible representation of partition (10,P(N)). Assuming that
the fields X are canonically normalised with respect to this structure, one obtains indeed the
formula (4.33) above, consistently with (4.17f) for n = —1.

The field strength (4.31) has the right structure for the (n 4+ 3)" order field strength in the
irreducible representation [10"72, 4]

n _ mr n
[61 a101 641 Fm...n10,9",p2...p10,q2q3q4] [10n+2.4] — [€n1~~~n10m77 aTal a101 641 A9",p2~~~p10742qw4] [10m+2 4] >
(4.34)

to not depend on the extra fields X, and then reproduces the duality equations described in [51].
Conversely, according to the generalised Poincaré lemma proved in [85], this duality equation
is locally equivalent to the first order duality equation satisfied by (4.31), where the X fields
parametrise the ambiguities in integration described in [50]. The propagating degrees of freedom
in this equation are therefore the fields Agn 3 of the Ey1/K(E1) coset [49], but the additional
fields X are necessary to write a gauge invariant first-order duality equation. The same argument
goes through at level £ = 3n + 8 and ¢ = 3n 4+ 9, with

[Fm...mo;9",p1---p97q1---q87M] 10,0n+1.81 [108[n1 hnz...mo]ﬂ” sP1-+-P9,q1---q8,M

- 88[(11 Xm...n1o,9”7p1---p9,\qz---qs},m = OmXny..m10,97 p1..po,q1 ---a8

=99, X,, (4.35)

1...n10,9",\p2~~~p9},II1~~~II8,m] 10.9n+1 8.1
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and

5hn1...n9,9"+1,q1...qg,m = [98n1 )‘ng...ng;Q”Jrl,q1...qg,m] gn+2 8 1 (436)
= [88[q1 )‘m...n9,9”“7|q2---qs]7m + am)‘m---ngﬁ”“,ql---qs + 98[n1)‘9"“,\nz...n9]7q1---q87m] gnt+2.81
5Xn1~~~n10,9"+1741m477m = [308[711)‘n2~~~n9\;9"+1,\n10]41~~~Q77m + 6"1---"10mnmpap)‘Q”Jrl,t11~~~f17,m] 10,9n+17,1°
6Xn1...n10,9”+1,8 - [98[711 )‘ng...ng\;9”+1,8,|n10} + Enl---nlomnmpap)‘gn+1,8] 10,9n+1 .8

_ mp
0Xn1..110,9%,q1...q8,8,;m = [45a[n1)‘nz...ng\;9”,|n1o}q1~~q8,87m + Eny.niom 817)\9"7‘11---‘187877%] 10,97,8,8,1°

The duality equation (3.9) therefore relates all the higher level dual fields to the ones of the
graviton and the 3-form in order to give the expected bosonic degrees of freedom of D = 11
supergravity, as already discussed in [49-51|. The gauge invariance of the system presented here

requires the introduction of the extra constrained fields.

5 FEg decomposition

In this section, we consider the decomposition of the tensor hierarchy algebra 7 under the
subgroup GL(3) x Eg and study the duality equation (3.22) in this decomposition. More details
on this decomposition and the construction of the tensor hierarchy algebra in the Eg basis are
given in Appendix A.2. In Table 3, we present a part of the tensor hierarchy algebra in this

decomposition for reference in this section.

5.1 Fields, field strengths and rigid transformations

We begin with the fields parametrising F11/K(FE11) before proceeding to the tensor hierarchy
algebra. Under GL(3) x Egy C E11 the coset Ey1/K(F11) can be parametrized by [45, 46]

(Gurs Vi AL BRP iy

py oo u,w"') s (51)

where the semi-colon in this list separates different levels given by the central GL(1) C GL(3),
see Appendix A.2. These first four fields can be identified with the supergravity fields as follows.
At level zero g, is the metric, V' € Eg/(Spin(16)/Zs2) is parametrised by the D = 3 scalar
fields. At level one Aﬁ in the 248 of Fg are the vector fields dual to the scalars. At level two the
2-form B;‘VB is symmetric in AB and belongs to the reducible representation 1@ 3875, so that a

potential 27000 component in Sym?(248) is understood to vanish. It is dual to the embedding

A
2l

the supergravity tensor hierarchy [11] nor in Eg exceptional field theory and is the gradient dual

tensor constants. The symmetric tensor h?, in the 248 of Eg at level two does not appear in
to Aﬁ similar to the construction in [51] as will be discussed later. It extends to an infinite
sequence of rank n symmetric tensors in the adjoint representation at level n, that provide all
the fields related by duality to the propagating scalars. This infinite sequence is associated to
the affine subgroup Fg9 C Ej;. The two-forms Bﬁ‘VB do not carry any propagating degrees of
freedom and we note also that there is no analogue of the usual dual graviton in D = 3 since

gravity is non-propagating.
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q=—2 q=—1 q=20 qg=1 q=72

p=2 FAB

p=1| F!5 Gt FA pr

p=0| FiB G}, F, G, Kh, t4 | Era Erap2AB - purA
p=—1| BB GA | Fi . Gup X Py, ti | BEY BAB | povedl gt
p=—2 Gy | F§', G | Pls, thh, | Bb,, EAP | ELU2AP BE
p=-3 Gy tg | By, BAD | ppueAl g
p=—4 E§B

Table 3: Part of the tensor hierarchy algebra T decomposed under gl(3) @ es. The subalgebra at
p = 0 is the extension of e11. The components of fized p (the rows) are in e11 representations.
The cross marks the fized point of a reflection symmetry explained in the text. The notation and
structure here is similar to that of Table 2.

When needed we will decompose the reducible tensor B;?Z,B = B;‘VB + KkAB B, in terms of
B;‘f = PABCDBSVD in the 3875 and the Ejg singlet B, = ﬁ/{ABB/‘fVB, kap being the Killing—
Cartan metric on eg. We use the conventions of [86], in which the projector P48 p to the 3875

1S
14PAB o = 6860 + 0po + 25 o fpyp® — 26 Prep (5.2)

We shall also need the fields in the first components of y /% in the R(A;) ® R(A2) module
of E1; under GL(3) x Eg

(XM;V;XM;A;KU;'") ) (53)

such that the (1, 1)-form ., is at level 1 and the (1,2)-form x . in the 248 is at level 2. The
first component of (y/* € R(A1) ® R(A1g) only appears at level 3 and will not be considered in
this section. The linearised field X% in R(Az) are obtained by removing the derivative M index

as before.

The derivatives in R(A;) decompose as

(a“;aA;af;B,aj;...), (5.4)

where at level —%, Oy is the external space-time derivative, at level —%, 0Ja is the internal

derivative of exceptional field theory [4]. The additional derivative at level —%, Mg = GZ gt
kapOt and 0!y are respectively in the 3875 @ 1 and the 248. The components of the section
constraints that will be relevant in this section are

TPP 4 5dcOp = 04,0, ,  KPOs0p = 80", , (5.5)
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or equivalently
20405 + fpa” PP p0cOp = 204 50, . (5.6)

The derivatives (5.4) transform under the generator (A.3) of 11 as

08, = €,0a, (5.7a)
004 = fh0, + el Ol + fap“el, OF, (5.7b)
00 = 14P“P AR fE0D + ZHABHCngaD7 (5.7¢)
50l = S B A fhoc . (5.7d)

The field strengths in the representation 7_1 decompose in components that transform as

5Fua = el Fap+ el fap“Fut — fABCfE Fo o+ fZFuw (5.8a)
6F,,° = 2e[u %+ 2¢) on.Fyfh — faF; — 2400, F, V]p, (5.8b)
0F, = —e5Fu” +2 fABce[MF,,]B +f7 ( ), (5.8¢)
0F, = e Fua+ fa(...), (5.8d)
0Fap = (14P“P op + 2kapr®?) fEFp +€5(...), (5.8¢)
0Fu = [aFue” + PO a(fhFuc — 50, 5 Fec) + €5 (o) (5.8f)

where we have left out some components that are irrelevant for the discussion in this section.
The representations that appear with their levels are recorded in Table 3 in the appendix.

Explicit expressions for the field strength components can be obtained from (3.12) by following
the same procedure as in Section 4.1, but now using instead the parabolic gauge

V=ovld, (5.9)
in which v € GL(3) x Eg(g), and U is in the unipotent subgroup

U = exp(ALEY) exp(k BB BNy + 2B, B™ + hil JERY) - (5.10)

with in particular
(B4, EY%) = —ER 4 fagCERY = —BYY — kap B + fag®ES” . (5.11)

One uses as in Section 4.1 the definition (4.7) with m = vTnv and similarly the ‘semi-flattened’ ob-
jects (4.8), (4.10), (4.11) and (4.12). The element m corresponds to the metric g,,, of Minkowski
signature and the symmetric Fg matrix Mapg.

5.2 Linearised field strengths and gauge transformations

Unlike in Section 4, we begin with the linearised field strengths and the gauge invariance of the
duality equations to exhibit that (3.26) holds also in the Eg decomposition to the level checked.
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We define the linearised theory around Minkowski space and around the origin of Fg moduli
space
uv = Npv + h/u/ ’ MAB = 5AB + 5C(AfCDB)cI)D . (512)
The linearised field strengths are
GG = 20,hy)7 + 1045 Bla + 407 By, + 205X/, + 207, (04A) + 204580 +80°B,,)
(%)F,il;{") = 0u®a+ fa“Oc Al + 04X,
+ %fABCaE'DBfVD - 823(]7“5,1/ + Xfy) - fABcaé'(hE,y - Xfy) +o. (513)
at level —1/2 and
BEA =20, Af — 08B — [P cop Xy,
WFIR) = 0,X, + 04X}y, — 0ally, (5.14)
at level 1/2, where the second is the analogue of the dual graviton field strength that only involves
the extra field x,.,, ~ 0,X, in that case. At level —3/2, one gets

CIF(R = (14PP gp + 1P rap)0c®p = 2004 p) + f7C afu”0cPp)
<%3>F;L“n->g = 0y A% — Oahy” — DAL — fABCagA;‘ — 300 fPC 000 + 61095AT . (5.15)

The linearised gauge transformations can be derived using the structure constants given
in (A.12) as

Sehy” = 0, — L OBALE — 40"\, + 20462 + 6 (aAAA + 109,848 4+ 8@%)
10" (0567 — L350 — 4070, + 20560 ) + .. (5.16a)
5@ = (05 + /1AF5EF)<—fEBcﬁc)\B — e Ol AP + 2fppC Ol + . ) . (5.16b)

O At = O + OpXIE — AP CORES + 0008 (05" + Dpd + frcPOpAT) + .

(5.16¢)
3¢ BAP = 20, NAP — 21,1, , 010 6PP OGP + L (5.16d)
Sehit, = 20(,E0 + 20,0 POT EP) + . (5.16¢)

The linearised gauge transformation of the fields in R(Az) includes similarly the three contribu-
tions from (3.37) as

¢ X, = 2048, + 20w 4N — €0 0,€7 (5.17a)
0e X1, = —200,60 + 200 POGEY — £10a (n7PONY — 54PORET) . (5.17b)

The terms involving the Levi-Civita € symbol correspond to the contributions from H&Q p in the
general formula (3.37). One straightforwardly checks that the linearised duality equations

g/il;n-)A _ F}(LllijnA)A o EMVUT]Up(SABFp(IénA) =0 7 (518&)
i i 1 in. o in.
Elin) = Fiin) + 5%5”’@;; Y Do upe TP FNTR = 0 (5.18b)
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are gauge invariant modulo the section constraint within this level truncation. This provides an
additional check of equation (3.26).

5.3 Non-linear field strengths

We also provide a formula for the field strengths at the non-linear level and compare with the
known Ejg exceptional field theory [4]. To obtain the formula for the field strength at the non-
linear level, one needs to replace the derivative of the field in e;; by the components of the

semi-flattened current

Jat® = g"7dgue K", + Jat™ + dAJ (B + g" MapF))
+ 55 (ABP — 1440 dARY (B + 9" 9" Mac Mpp FE,P)
+2(dByy, + 1kap AL dAB) (EM™ + g'7 g"F F,,)

(™)
+ (dhyy, + o™ AL AAG) (B + ¢"7 9" MagFl) + ... (5.19)
where J4 is the Egg) current
JafABo = -MBPaMep . (5.20)
It satisfies
KAB Jg = MAB Jp . (5.21)

For simplicity we shall consider the solution to the section constraint for which only the
derivatives 0, and 04 are non-zero, and 04 satisfies the Eg section constraint [6]

PP poc@dp =0, wWBo00p=0, fYPci1205=0. (5.22)
One obtains then that the only non-trivial components of the derivative Z/[A_/[lN On are
Op=U,"Mon =0, — Ajoa,  UMOy =04 . (5.23)

The formulae for the semi-flattened field strengths FZ can be obtained directly from the linear
expressions by substituting these currents to the linear derivatives, with the derivative modified
according to the formula above. One obtains in this way

o o A o A
F;UfV = 29 p(a[l/« - A[uaA)gV]p + 25[uaAAV] s
F,uA = J,uA + fACDaDAg + XA;u (524)

where ju 4 includes the transport term in the derivative,
Juaf*Po = —MBP(9, — AZOp)Mep (5.25)

and

Fyy, = 20,,A) — 2A00pA) — 0pBi? + (14P"Pop + 15 Pkep) AL 0B AL — [P cxsly

Fuo = =0ah}, — 5130 AL0aAS) + Rpsw — Al X aw) + X i - (5.26)
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The structure of these field strengths and their dependence in the constrained field x4 can
be compared to [4] with the identification X 4., = B4 and

~ 1 g
XB;f},, =Cup’ + %fAKLA[KuaBA,ﬁ = Guo Gup’P O AL (5.27)

NS

such that the E7; duality equation gives

- 1 -

Fi = \/—_—gguagups"”AM P i, (5.28)
which coincides with [4] up to moving the last term in (5.27) to the right-hand-side such as to
reproduce the covariant current of the Eg exceptional field theory

gt = MABE, g + k4B (fBCDaDAS + XBip)
= 1 Jup + (kP + MAP)(fucPOpAS + xBy) (5.29)

up to the term in K48y B, that does not appear in (5.28). Note however that this equation in [4]
is only satisfied up to a trivial parameter since it is the equation of motion of B, 4 = xa;,. This
additional term can be produced by adding to the action in [4] a term in /—gg"” nAB Bu.aBug
that vanishes on section.

The other equation at this order is the dual graviton equation

1 ~ 1 -
FM;I/ = _mguagunggpAFpAH - \/—_—gguagupgopAF)\nH . (5-30)

Similar to the GL(11) decomposition, this equation is not dynamical by itself and only determines
the field x .., algebraically. The integrability condition for the Einstein equation [4] to be satisfied
determines the first order equation for x,., .

6 Supersymmetry transformations and algebra

In the remainder of the paper we study aspects of the supersymmetric extension of the model we
have developed in the preceding sections that is achieved through the inclusion of an unfaithful
(vector-)spinor ¥ that transform under K(Ej;), the double cover of K(E11).'* We note that
these results do not depend on the speculative full dynamics discussed in Section 3.6. One of
the key results we establish here is that certain bilinears in ¥ take values in the anti-selfdual
subspace of the 7_1 part of the tensor hierarchy algebra and therefore terms of the form ¥UW
can be added to the first order self-duality equation (3.22). We shall also see how to define
supersymmetry transformation rules for all the fields, including the constrained fields and how
to write down a K (E11) covariant equation of motion for the vector-spinor W. The compatibility
of supersymmetry with Kac-Moody symmetries was previously investigated in [54-56] for K (E)
and in [61] for K(E71). We shall see explicitly how our inclusion of the extra constrained fields
is crucial for resolving apparent inconsistencies in the supersymmetry algebra observed in [56].

131t was shown recently that this double cover of the group K(En) is the universal cover [87].
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6.1 Spinors of K(F;)

We begin with the description of the spinors for K (E11). The existence of an unfaithful vector-
spinor U for K (E11) was deduced in [57], relymg heavily on previous results for vector-spinors for
K(E1g) [54,55]. In this section we write K (Ey1) for the double cover of the maximal subgroup
of Fqp defined by the Cartan involution. Unlike Fy1, the subgroup K (FE11) is not a Kac-Moody
group and its general representation theory is unknown. However, one can demonstrate the
existence of an unfaithful Dirac-spinor € [53,54,57,58] and of an unfaithful vector-spinor ¥ [54,
55,57]. This is possible because K (E11) is not a reductive group, and contains ideals. Finite
dimensional unfaithful representations of K (E11) exist for which the ideal Z acting trivially on
the finite-dimensional vector space are such that K (E11)/Z is a finite-dimensional group. In the
case of the Dirac-spinor, K (E11)/Z. = SL(32), a result anticipated in [58]. The dimension of the
vector-spinor representation is 352.

The representations can be succinctly described in terms of the Spin(1,10) Lorentz subgroup
of K (E11). Under this subgroup the 32-component Dirac-spinor e is irreducible and becomes
the standard Majorana spinor in D = 11 dimensions up to a rescaling. The vector-spinor
¥ is reducible under this subgroup and decomposes into a gamma-traceless vector-spinor of
Spin(1,10) and a simple spinor that can be viewed as the gamma trace. We shall combine the
two and write the K (Ey1) vector-spinor ¥ as 1, when we think of it as a (reducible) Spin(1,10)
representation. Here, a = 0,...,10 is a Lorentz tangent index. The use of Spin(1,10) here
parallels the GL(11) decomposition studied in Section 4.

The K (E11) transformations of the spinors are completely determined by giving the trans-
formation under Spin(1,10) and under the combination

1
gf\amag (Ealam - n“lbln“262?7a3b3Fb1b2b3> € K(e1). (6.1)

This combination is invariant under the involution defining K (F41) and the occurrence of the
Minkowski metric % is due to the signature of the involution. When we write SO(1, 10) tensors
we shall use 7% freely to raise and lower indices.

The Spin(1,10) transformations of € and v, are implicit in their index structure and the
result of [57] is that the transformations

1 2 1
g = __Abchdeq/}a - _Aabcrbq/}C + _Abcdrabcwd ) (623“)
12 3 6
Se — 1 A Fabc (6 2b)
€= 12 abe €, ’

define consistent unfaithful spinors of K (E11). The overall signs in these transformations were
chosen to match the commutators of the generators under K(e1;) C e¢11. Here, the conjugate
Majorana spinor is defined as ¢, = {C with C = iI'Y and we use gamma matrices satisfying
[ar-e = g1 The rules (6.2) are sufficient to study the transformation of any polynomial
in these fermions.

42



6.2 Coset scalar fields supersymmetry transformations

In D = 11 supergravity one has the (linearised) supersymmetry transformation rules for the
bosonic fields given by

0" hgp = —Er(a¢b) , (6.3a)

3_
5suSyAa1a2a3 = §6F[a1a2wa3] ’ (63b)
5suSyAa1...a6 = 3€F[a1...a5¢a6} ) (63C)

where we have extended the transformations of [88] to also include the dual six-form potential [56]
and written the expression in tangent space. In order to define the supersymmetry variation of
the scalar fields parametrising F11/K(F11), one needs a priori to show that the bilinear e¥
includes a representation of K (FEj1) that can be consistently embeded in e1; © K (e11). Starting
from (6.3), we shall therefore study the representation eW. With the definitions

Eab = —l (o) » (6.4a)

Zerases = 3T oras o] (6.4b)

Ear.as = 30y a5 Vag] » (6.4¢)

Ear...as,b = iay ag,¥p) + 1—12€a1...agclcméfclmbdwd : (6.4d)
Bay..a9, 01020 = 15125{’1 822683 €0 .5 Vo)

95F’1 022 0y aoler.. eq (ELCTAepl3] 4 Lybslergpescady, (6.4e)

one computes using the formulae (A.4) that the Z-bilinears transform into each other under the
K (e11) transformations (6.2) according to'#

0Zab = A *Eyeren — ;77 pATEE ey s (6.5a)

B orazas = ~Iioses Bty & FAI Emazasercaes (6.50)

5100 = 20A 0y anason] + lAbll’ZC(Eal...%m,c Y i)+ (650)

0Zay..as,p = 960 (qana3Zas...as,b) T Aclczc3~cl(a1 asbescs T oo (6.5d)

up to the introduction of an additional new bilinear T§ appearing in the transformation of Z,, 4,

1
5a1 a9b1b2Tb1b2 . (6.6)

Tzl...ag = Er[alnﬂswa%ﬂ = 18

Such a nine-form is not present in the coset e11 ©K (¢11) since the dual graviton is in the irreducible
(8,1) representation and this signals a potential inconsistency between ¢1; and supersymmetry.

A similar calculation was done up to the level of the six-form (6.5b) for K(e11) in [61] where fermions and
e11 were also considered. For K(e10), it had been done previously to higher level in [56759] where also the extra
nine-form Yg of (6.5¢) had been found.
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However, considering the tensor hierarchy algebra extension 7y D e11, the nine-form is consistent
with the K (e11) representation of a field parametrising the degree zero component of the tensor
hierarchy algebra 79 © K (e11). In fact we shall see that we need to consider the conjugate algebra

Too K (e11), extending ej; with generators in the conjugate representation R(Asg).

The indecomposable E1; module e;1DR(Ag) C T o induces the dual indecomposable structure
on its components (2,T) € (e11 © K (e11)) BR(A2), such that = transforms into = and Y, whereas
T transforms into itself under K(ej1). To further check this property one computes that the
element Y* generates a K (e11) module that is indeed consistent with the structure of R(As).
For this purpose one defines

Yhib2 — grbibacy, (6.7a)
yorazb — _gparazbey,  gepblaryaz] _ gpblaigpas] (6.7b)

Yarazazasasib _ Era1a2a3a4a5¢b + 4gp[a1a2a3a4a5¢b} + 10nb[a1 gra2a3a4¢a5} ’

1
8€a1a2a3a4a5b010263c405EI‘0162CSC4¢C5 , (6.7C)
ajazas,b zraiazas, )b —plaiazas, )b bla1 gaz 03]
T e L " 670101 e[ 92q)93] (6.7d)

and one checks that they transform into each other according to

grmaz = Abibalayy a2l (6.8a)

. 1
5Tc(a,b) _ _gAdedeefc(a,b) + 2Ade(aTb)cd,e 7 (68b)
FL0E = A LD LN Tzt g fupeashhe, (6.8¢)

These transformations are consistent with the structure of the tensor hierarchy algebra that is
described in (A.4). In particular, the transformation (6.8a) shows that the new nine-form that
appears for the extra fields in R(Az) does not transform back into the = components in ¢;; ©
K(e11). Moreover, demanding that the K (E1;) transformation commute with the supersymmetry
transformation, one can determine the linearised supersymmetry variation of fields belonging to
the R(A2) module as

sus 1 —
0° yhal...ag = 1_85a1...a9b1b2Tb1b2 = Er[al...as¢ag]7 (69&)
1
5susyAa1...a10;b1b2 = Egal...aloc Tblbg;cy (69b)
1 1
6susyAa1...a10;bl...b5 = Egal...alochl...b5;c ) 5susyBa1...a11,blb2b3,c - 1_85(11...(111 TblebS’C? (690)

consistently with the decomposition of the module R(A2) under GL(11).

Defining G(T ) as the group associated to T (the algebra defined from e1; with the additional
generators in the conjugate representation m), we conclude that one can define the linearised
supersymmetry transformation of an extended field V € G(To)/K(FE11) consistently with the
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K (E11) representation of Ty as an indecomposable module. Defining T'(Z, T) as the T element
of parameter (Z,7) defined above, one can write the supersymmetry transformation of V €
G(To)/K(Ell) as

SV =T(E,T)V, (6.10)

such that supersymmetry commutes with the action of K (E11) in the standard way, at the price
of introducing additional fields into the theory. We stress here that the additional fields, that we
denote by h®, parametrising G(7 ) must not be confused with the constrained fields x ;% that
transform instead as components of the co-adjoint module 7_5. In order to have well-defined
expressions, one will choose in practice a given parametrization of the coset G(To)/K (E11), so
one will define the non-linear supersymmetry transformation from (6.10) with the compensating
local K(E1;) transformation on the left.

Let us compare the situation to that in Ey exceptional field theory [34]. In this case, To(eg) is
the extension of eg by a single Virasoro generator L. There is a single additional field p on top
of the Fg/K(Fy) coset fields that is dual to the dilaton such that all fields together parametrise
G(Toleg))/K(Eg). In addition, the indecomposable representation of the co-adjoint Tg(eg)*
entails a single constrained field x 7. In order to have manifestly K (Ey) covariant supersymmetry
rules one has to introduce p with a non-trivial supersymmetry transformation [89]. This is also
what we see above for K (FE1;) where we have to extend e¢1; to To. Moreover, the dual dilaton /5
is associated with an additional gauge symmetry shifting p whose parameter is called ¥ in [34]
and which is generally needed for the closure of the algebra of generalised Lie derivatives. In the
present case, there is a similar additional gauge parameter X5,V in R(A;) ® R(A3) as discussed
in Section 3.6:

1
_ - ¥yWP1..p5
A nyng = 5,2 ni1nNaN3p1...ps 1

1
_ _Iypip2
0An, . .ng = 22 n1..neP1P2 >

5hn1...ng;m = Em;nl...ng ’

5XM;n1...n9 = _98[n12M;|n2...n9] ) (611)

where, compared to (4.19), we have relaxed the condition that X,,.,,  ns = 0. This condition
is the vanishing of the first component of the trace of ¥V The gauge symmetry of the
traced parameter YN fits precisely with the representation of the additional fields in R(As),
and should allow to gauge-fix them at the price of making the supersymmetry realised non-
linearly with a compensating ¥ 5V transformation breaking K (E11) invariance in the linearised
approximation.

In the GL(11) decomposition, we would like to think of these additional gauge symmetries

as being related to local Lorentz transformations, such that
hal...ag;b = hal...ag,b + hal...agb ) (6123)
Ady.agibrbobs = Aay..agbibobs + Aay . aglbisbabs] - (6.12b)
could be thought of as the dual graviton and the 3-form gradient dual in the vielbein formulation.

Recall that the semi-colon indicates the general tensor product, whereas the comma implies
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instead that this is an irreducible GL(11) tensor. This justifies the notation for these additional
fields, which should not be confused with the fields X € R(Az) with the transformation rules
(A.4).

Later on in Section 7.2 we shall introduce extended field strengths including the additional
fields (6.12) in (7.24). As shown there, the extended field strengths are indeed invariant under
the transformations (6.11).

We conclude this section by giving a few consequences of the above supersymmetry transfor-
mations for further reference. Combining the linearised supersymmetry transformations of the
irreducible fields, one concludes that the reducible field hg.; transforms as

SULS; = 1 3 =
0 yhal...ag;b = Eral...ag,wb + ﬁgm...a8010203erclcgcgbd7pd . (613)
The coset field component Ag 3 transforms as

5susyAa1...a9,b1b2b3 = Ea1...ag,b1b2b3 : (614)

We also do similar checks for the GL(4) x E7 decomposition in Appendix E, and find prefect
agreement with the supersymmetry transformations of F; exceptional field theory [90].

6.3 Vector-spinor field transformations and supersymmetry algebra

The supersymmetry variation of the gravitino in D = 11 supergravity in the linearised ap-
proximation is 6", = J,e. We shall now extend this transformation to a K (E11) covariant
supersymmetry variation. This can be done by making an ansatz involving the higher level
derivatives and fixing the free coefficients by K (E11) covariance, such that §*V4), transforms as
1o under K (eq1). The result is

2 1 1
5susy1/1a = Oy€ + gl“baabe — —Fabcabce — —Pb1b2b3b4aab1b2b3b46

6 3-4!
+ 2 T 8b1"'b5 + zral...tma o §F aal...agb,c
3.5 ab...bs € 71 ai...ar,a€ 71 aay...agbe €
2 2
+ ﬁfaal,,,asﬁal”'ase — ﬁf‘“‘“m&mlmwe =+ ... (615)

We have verified this expression for §"¥4), to be covariant under K (e11) transformations includ-
ing all terms varying into 0y, 0y and 05 derivatives.

We can now verify that the linearised supersymmetry transformations are consistent with the
closure of the supersymmetry algebra on the bosonic fields. As usual in supergravity, one expects
the algebra of local supersymmetry to only close modulo the equations of motion and gauge
transformations with parameters that are bilinear in the supersymmetry spinor parameters e.
In the linearised approximation, the closure of the supersymmetry algebra on the bosonic fields
does not depend on the fields, and therefore cannot involve the equations of motion. In this
approximation one expects to simply get a bosonic gauge transformation of parameter bilinear
in the spinor e. We recall that the bosonic theory, without fermions W, is not only invariant under
generalised diffeomorphism of parameter ¢ in R(A;), but also under gauge transformation of
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constrained parameters ¥,V in R(A;) ® R(A3) as discussed in Section 3.6 and at the end
of the preceding section. As the closure of two supersymmetries generally produces all gauge
symmetries, we therefore expect both of them to appear in the supersymmetry algebra. For
simplicity we consider a supersymmetry transformation of commuting parameter €, such that
the algebra is obtained by applying twice the same variation. One computes straightforwardly
(neglecting derivatives Oy, ayagasa; a0d those of higher level)

1 1 1
(5 haty = 5 (e (q)) = —50a(E)€) — 50 (o) + a0 eae) ,  (6.16)
_ 3 _ 3 _ 1 y
(5susy)2Aa1a2a3 = 5susy(%er[a1a2¢a3}) = Za[m (EFCLQCLS]E) - Za[alaz (EFGS]E) - éable (Eramgagblbze) 5
_ 3 _ [ _
(5susy)2Aa1---a6 = 5susy(3er[a1...a5wa6]) = _58[@ (eraz...as}e) + Zab (%nc[alaaz...agb}dl...% Erdlmdg)e)
1

— §€Fa1ma6b1b2ab1b26 .

Apart from the last line in the variation of A, 4, all these terms are total derivatives and can
be rewritten as generalised Lie derivative gauge transformations (4.17) of parameter —iﬁM , with
the components of ¢ given by

&4 =¢el%,
)‘ab = _EFQI)E )
>\a1a2a3a4a5 = Era1a2a3a4a5€ )
7
_ — nc1cacscacs
Eal...amb - _Enb[al5a2...a7]010203C405€F 7€ . (617&)

The last line in (6.16), however, is not a total derivative and must be the component of the
parameter ¥,V in the gauge transformation (6.11). One can indeed cast it in the form

EM;al...ag = Eral...agaMe 5 (618)

which is not a total derivative, but satisfies the strong section constraint as necessary for the
parameter ¥V,

Up to this level truncation in the higher level derivatives, and obtains therefore that the su-
persymmetry algebra closes up to the expected gauge transformations of the theory. This relies
on the fact that the symmetric bilinear ee can be consistently embedded in the representation
R(A1). The antisymmetric bilinear €; A €2 can in turn be embedded consistently in the repre-
sentation R(A3). This is necessary for (6.18) to extend to a well-defined ¥,,V® parameter in
R(A1) ® R(A3). One checks that the low level truncation exhibits that this is indeed possible,
in particular we discuss the case of the symmetric bilinear in more detail in Appendix D."

5 For the antisymmetric product, one finds that the 3-form, the 4-form and the scalar bilinear form the anti-
symmetric rank 2 irreducible representation of SL(32) = K(Ei1)/Z.. Indeed R(As) first gives a 3-form, then a
4-form, a (3,1)-form and a (2,2)-form. The 4-form and the double trace of the (2,2)-form are represented by the
four-form and the scalar bilinears, while the other components vanish. All these three bilinear representations
appear repeatedly then at each level.
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6.4 Constrained scalar fields

The definition of the F1; exceptional field theory also requires the introduction of the additional
field x 3% that transforms instead in the representation associated to 7_s, so in order to construct
a supersymmetric theory we also need to extend the module (Z,Y) € (e11 © K(e11)) ® R(Asg)
to include the component R(A3) of T_5. We shall argue first that there is an indecomposable

module with the structure
(X,E2,7) € R(A2) ® (e11 © K(e11)) B R(A2) . (6.19)
This module seems to exist as a restriction of an FEq; module (which is not a submodule of T)

M_5 = R(A2) Benn ® R(A2) (6.20)

~

extending the module of components of 7_5 such that M_Q/IR(A2) > T 516
We consider the representative of the nine-form in R(A2)

1
Xal...ag - _igal...agblbggrblwbz . (621)

Its K (eq11) variation gives according to Appendix B
_ 1 _med 1 1 c..d 2 —c 1 — cd, e
o (EF[a%}) = _§Acd[aer 1/%} + gAcd[aEFb} (A gAabcew + aAcdeEFab (A (6.22)
consistently with the assumption that

- 1 -
5Xa1...a9 = _28A[a1a2a3‘:a4...a9} + EAb1b2b3:a1---“97b1b2b3 + ... (6.23)

according to (A.4), where the dots stand for terms in él'97), and €, that would appear in the
other fields (i.e. 11,1, Xi02, X11,1) that we disregard here.

6The existence of the module M_s can be checked at low level in the GL(3) x Es decomposition, with the

additional component A, B} in R(A2) with respect to T_2,

Oyt = ey Ay — fr AL = oy (es ATy — JRiAT)
0bn = fMNPQ;]XA!;D - fMNsz‘;A;]X + farAu s
v v 14 1 v
0A) = —e)'h” + 7Y ey @p — FR BN — M e fRhi + 5 £ PSR B

5B£,{N = 28PMNPQ6[I;A§] + %nManQe[I;AQ

v]

Shp, = —fnp el AL +e(n Ay
and
v 1 v v
0Xu = fM(X;% + h%) + 6ﬁI‘I)M - §fMB,% ) 0A, = fMB,% )
5X£/ZI, = —26f\:{XV] — fNINpefZAS + ef\:{Ay] s 535{, = —26f\:{Au] .

The important feature is that one cannot avoid that §X% transforms back into ®® parametrised here by
Ay, B, . ...
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We conjecture therefore that the set of bilinear e¥ can be identified as a K (e;1) module with
successive quotients defined from F17 modules:

(X,Z,7) € [R(A2) ® (e11 © K(e11)) ® R(A2)]/Lix 27) » (6.24)
(E,7) € [(e11 © K(e11)) ® R(A2)]/ L= ) (6.25)
T e R(AQ)/IT . (6.26)

By construction of the module, the supersymmetry transformation of the field x/¢ must
include 9y X< at linearised order. But because T¢ is in a submodule R(As), it can also appear
in the supersymmetry variation of x5, with the derivative dy; acting either on e or 1 while
preserving the strong section constraint. We shall now find that there is a unique definition of
the supersymmetry variation of y,% that is consistent with the supersymmetry algebra in the
linearised approximation.

According to the discussion above, K(E7;1) imposes that the linearised supersymmetry vari-
ation of the constrained field is of the form

1
5SUSYXM;a1...a9 = §5a1...agb1b2 <aaMEFb1b2c¢c - 5€Fb1b2caM¢c - 8M(EFbl T;Z)bQ)) 5

(6.27)

with free coefficients o and /5 that are not determined by K (FE;;1) covariance, but will be fixed
by closure of the supersymmetry algebra momentarily. We have indeed seen that the third
term in (6.21) is fixed by K (E11) through the indecomposable structure of the representation,
while the only other possible terms must be obtained from the bilinear Y% € R(As) with a
derivative on either € or v,. Note that the section constraint implies that the index M of x*
must be attached to a derivative, but not necessarily to a total derivative. The closure of the
supersymmetry algebra implies that

1
(5susy)2XM;a1...a9 = Z€a1___a9b1b28Mabl (Erb2€) - 98[(11 (Eraz...ag}aMe) ) (628)

where the first term is the gauge transformation of parameter £* in (6.17) and the second the
gauge transformation of parameter Xj/.q,. .45 With (6.18). One computes that this is the case if
and only if @« = = 1. We conclude that

1
5sustM;a1...a9 - §€a1...a9b1b2 (8M€Pb1bzcwc - grblbgcach - aM(grblwb2)> ;
_ _ 1 _
= QaMEF[almasl/Jag} — 96F[a1ma8(9]\/[¢a9] — §sa1,,,agb1b28M(erb1¢bz) . (6.29)

Note that this transformation is in agreement with the supersymmetry transformation of the
constrained 2-form found in E7 exceptional field theory [90, Eq. (3.33)] with the identification of
X M:a1a245678910 = Ba,ao - From this ansatz, one extrapolates that K (E11) will fix the linearised
supersymmetry transformation of x /% to be in general of the form

5y % = TE(Dare, U) — TE(e, 0y W) + Iy X%(e, V) (6.30)

where Y%(e, ¥) and X%(e, ¥) are the fermion bilinears in R(Az) introduced in this section.
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7 Supersymmetry of the field equations

Having established the linearised supersymmetry rules for all fields such that the supersymmetry
algebra closes, we now turn to studying the supersymmetry of the field equations. In a first
step, we determine the linearised Rarita—Schwinger equation for the vector-spinor ¥ through

K (Eq1) covariance. Next, we turn our attention to the duality equations, and show that suitably
constructed bilinears in fermions can be utilised to supercovariantise them.

7.1 Linearised Rarita—Schwinger equation and its supersymmetry

If the vector-spinor equation follows from the variation of a Lagrangian, the equation of motion
for 1, should transform in the K (Fj;) representation conjugate to that of 1,. For K(E;), the
conjugate representation is given by p® with

5% = = MpeaT?p% + ZATTyp, — AT, (7.1)
12 3 6

such that §(p®),) = 0 under K (eq1). It is important here that the index contraction in the last

term differs from that in (6.2a). Note that because of the non-existence of an invariant bilinear

form on the K (E11) vector-spinor, the conjugate representation cannot be obtained by applying

such a bilinear form. This is different from the situation for K (FEjg) where '3y, is conjugate to

Y 1561 ]

The starting point for a K (E7;) invariant Rarita-Schwinger equation is the usual Spin(1,10)
covariant linearised Rarita-Schwinger equation of eleven-dimensional supergravity: T'®¢gyi),. = 0.
As the partial derivative 0, transforms into the other derivatives in R(A) according to (4.4),
one needs to extend this equation by the other derivatives in order to ensure K (E41) covariance.
Making an ansatz for the extended derivatives and requiring the Rarita—Schwinger equation to

transform as in (7.1) leads to

= Ty + 50y + AP0+ AP+ ST g+ Ty, 0,
+ irab1b2b3b4ab1b2b3b4c¢c + irb1b2b3b4caab1b2b3b4¢c + iFacl'“Csbacl...ck—,?ﬂb +... (7.2)
12 12 120

up to the higher level derivatives in 97! etc. We have verified that this expression is K (E11)
covariant in all terms varying into d; and 0% and expect that this structure can be extended
recursively to all orders in the derivatives. This will produce a formally infinite set of terms but
on section only a finite number of these will be non-zero, so equation (7.2) only involves finitely
many terms for any given specific solution to the section constraint.

In the linearised approximation, supersymmetry of the Rarita—Schwinger equation (7.2)
amounts to its gauge invariance under (6.15) for a spinor e satisfying the section constraint.
Up to terms involving 0205, 9505 and higher level derivatives, we find

1
0% p® = 88“b8be + 4P“b8bcace ~ % (Pab152b3b4 + 85?1 Pb2b3b4) (38b1b2 Hhsba ab1b2b3b4cac)6 +...,
(7.3)
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which vanishes by virtue of the section constraints
O%oe =0,  30lmazgumale = guaasaby o (7.4)

Therefore we see that the section constraint is crucial for obtaining equations of motion that are
invariant under local supersymmetry.

7.2 Gauge invariant and supercovariant self-duality equation

We now study the fermionic modification of the duality equation (3.22). We shall first argue that
there is a remarkable representation-theoretic property of the K (E11) spinor ¥ in relation to the
field strengths, allowing the addition of fermion bilinears. Then we show that one can define the
generalised diffeomorphisms on ¥ such that the modification maintains gauge invariance. Finally
we show that the modified duality equation is supercovariant under linearised supersymmetry
transformations.

7.2.1 Embedding of fermion bilinears in field strength representation

We want to argue now that the representation of K (E;;) defined by the duality equation &7
in (3.22), includes an unfaithful representation constructed out of bilinears in the vector-spinor
U. More precisely, under K(Ej1), the representation of the field strength splits into self-dual
and anti-selfdual components 7_1 = S, @ S_, and the field equation (3.9) is the statement
that FL = VL;F7 belongs to S,. We shall argue that the vector-spinor bilinears U define
an unfaithful representation of K (F;) homomorphic to S_ /Zyy, where Zyy denotes a certain
K (E1;) invariant subspace in S_.

As shown in Table 2 and equation (4.14a), the central terms of the duality equation of GL(11)

1

weight 5 involve a four-form field strength and the dual of a seven-form field strength. These

can be constructed out of fermion bilinears as

- 1 _
T;Z)[mrazaswad and g‘galawsmblmb7¢b1rb2---b6¢b7 : (7'5)
Using the transformations (6.2a) one finds that!”
— _ _ 7 )
4 (T;Z)[alrazagwtm]) = Ab[alag <wa3Fb¢a4} + 27/)bra37/)a4}> + ﬁAb1b2b3¢[b1Fb2b2a1a2a3¢a4]
1
- EAb1b2b3¢b1 Fa1a2a3a4b2¢b3 (76&)

and

1 - _ 1 _
0 ( SEarazasas”™ W0, Doy s Wby | = —240p(0100 ¥ T gyau1 ¥ — —5€aranazas’ " Abrbobs ¥os Dosbs by
5! 12

+ Ablebsl/;bl I‘b2alaza3a41/}bB + 6A[a1a2 b szbz I‘¢13a4]b1bzb31/}bB .
(7.6b)

17A collection of fermion bilinear transformations can be found in Appendix B.
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Therefore the variation of the combination

- 1 ) _
Oa1a2a3a4 = 3w[alra2a3wa4} + @Ea1a2a3a4blb2b3b4bdb6b7¢b1 I‘b2b3b4b5b61/}b7
_ 1_
= 3¢[a11—‘a2a3¢a4} + Z¢blra1...a4b1b2’lpb2 (77)
does not contain the term 1T, 000,97 and satisfies
b 1 b1babs c1C2C3C4
(5Oa1a2a3a4 = _6Ab[a1a20a3a4} - mA Eb1babsaiazazay 001020304 s (7.8)
where
1- - 1- _
Omazb - _§w[a1rbwaz] - wa[al%z} o Zl/}qrawzbclczww + wbrawzcdjc : (7.9)

The transformation (7.8) is in complete agreement with the K(FE;;) transformation of the
combination Fy, ayaza, +31€a1azagas " Fyy by in (4.14a) as given in [47, Eq. (5.58)]. This exhibits
that the bilinear YW indeed transforms in the representation S_. At the next level one obtains

50usas” = Mot O™ = g Actey, Oug ™ + Ry O
+%Ab€d0a1azcd + %ACdeéfaloaz}Cde ; (7.10)
where
O, bibabs — g@[blrbzbg]d}a _ L;&[blrabgwbg] P O G i,&qrablbgbgclcgwcz
_g(gc[lblqzbzrba}cwc , (7.11)
Oob — _ggepb — lephey, _ inabicrcdwd 7 (7.12)

consistently with [47, Eq. (5.59)|. Further variation under K (F4;) according to [47, Eq. (4.37)]

1 1
5Oa7b — _6A01CQC30610263(a7b) - 5A0162(a00102b) 7 (713)
3 1
5Oab1b2b3 — 3Ac[b1b2 Oacbs} _ ZAcwz [b1 522 00162 b3] 6A010263 Oab1b2b3010203
3
_ Aaclcz Ob1b2b301,cz + §A0162C35¢[1b1 Obzbg}clcg,% (7-14)

gives

Oa1a2a3a4,b — —TZJbFal[maSmlc"L/Jc + ,lz[bralagagazl]cwc o 121/’}br[a1a2a31/}a4}
+ nb[al 'lzcl Fa2a3a4}0102 wcg o 12nb[a1 ,l/;agragadc,l/}c o 30776[[11 ,l/;ag Iwag,l/}azl] , (715)

Oabl...bﬁ — 2&611—\&61..1)501021#62 + 6&[b1rab2...b6}c,¢)c + 125Lb17;b2rb3"'b6]c¢c

+ 31/;ar[b1...b5,l/}b6} 4 g&[blrabz...b&wbﬁ] . (716)
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7
account not only the standard field strength for the fields that appear2 already in FE,, exceptional
field theory for n < 8, but also the gradient dual 10-form field strengths (through O,"1*2% and
Oabl"'bﬁ) that are reminiscent of the affine structure of Ey, and even the non-dynamical 11-form
field strengths (through O%* and O®129394:) that only appear in ;.

We also check in Appendix E that the fermion bilinear decomposed under Spin(1,3) x SU(8)
gives consistently the supercovariantisation of the field strengths in Fr exceptional field theory
[90,91].

The proposal, checked here at lowest levels, is therefore that the duality equation (3.22) can

This consistency check includes all field strengths from level —% to &, and therefore takes into

be extended by fermion bilinears in the form
El=F — MEQp,F) —yv-100=0. (7.17)

Here, V_Hl is the F11 /K (FE11) vielbein in the field strength representation 7_; with I denoting a
local K (E1;) index in that representation. The bilinears OL are the embedding of the unfaithful
representation of the WW bilinear into S_, mentioned at the beginning of the section. Equa-
tion (7.17) is an Fy; invariant extension of the bosonic duality equation £ by fermion bilinears.

We will use the symbol hat to denote the supercovariantisation as usual.

7.2.2 Gauge invariance of modified duality equation

For discussing gauge invariance below we also need to establish the action of generalised diffeo-
morphisms on the spinor W. As we discussed in Section 3.5 and as is usual for fermions one has to
consider the vielbein formalism. Moreover, we consider the vielbein in a maximal parabolic gauge
and this entails a compensating transformation X € K(e11) in its gauge transformation (3.30).
The compensating transformation that appears in the gauge transformation of the spinor is

56 = €My + iaMquf XU, (7.18)

Thus, ¥ is a scalar density from the point of view of diffeomorphisms but there is a non-trivial
induced K (e11) action due to the compensator. In general, the compensating transformation
X involves infinitely many generators of K (FE1;1). However, if one chooses a partial solution to
the section constraint associated with the maximal parabolic gauge as explained around (3.31),
the compensating transformation X takes the simple form (3.32). For the case of Levi GL(11),
the solution to the section constraint amounts to keeping only the external derivatives 0,, and
there is no compensating transformation. For general GL(11 — n) x E,, there is a non-trivial
compensating transformation. In Appendix E, we demonstrate that the resulting generalised
diffeomorphism on the fermions is consistent with formulas that have appeared in the case of EFr
exceptional field theory [91].

The weight given in (7.18) above is fixed by gauge invariance of (7.17) as follows. As the
contribution OZ is bilinear in fermions the weight of a single fermion should be half the weight
of F! to match the weight of the left-hand side of the equation, recalling that V has no weight.
As we derived in (3.21) that F! has weight 1/2, this fixes the weight of U to 1/4. All these
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weights can be ultimately traced back to the non-trivial weight of the derivative dy; as the
vielbein V has no weight. We shall see later that the weight 1/4 is also consistent with a formal
Rarita—Schwinger Lagrangian being gauge invariant.

Under a gauge transformation ¢ we now find that the bosonic and fermionic terms of the
modified duality equation (7.17) transform in the same way with respect to the transport and
weight terms. The compensating X transformation on the fermion bilinear OL gets converted
into an F1; rotation in the field strength representation by the inverse vielbein V=11 1 such that
! transforms covariantly under generalised diffeomorphisms and the modified duality equation
is gauge invariant.

7.2.3 Supercovariance of modified duality equation

According to the discussion in Section 6.2, the manifestly K (F1;) invariant representation of
supersymmetry requires to extend the field content such that V € G(To)/K(FE11). In this for-
mulation one should take the element YV~ 1 of the group G (To) accordingly in the representation
T_1. Note that 7_; is by construction a representation of G(7 ). Nevertheless, we expect that
there is a partially gauged fixed version of the theory in which V € E1;/K(F11), and that these
formulae are not modified; see the discussion below (6.10).

Note that there is no notion of superconvariant field strength in Fq1, and only the super-
covariant equation (7.17) defined above transforms under K (Ej;) into itself in the module S_.
Nonetheless, it will be convenient for comparison with eleven-dimensional supergravity to write
the supercovariant duality equation (7.17) as EL = 0 with &L = FL — nEQ&F\K for some
FL = FL 4 ULy whose components are reminiscent of the supercovariant supergravity field
strengths. However, it is important to keep in mind that these FI do not transform into them-
selves under K (FE;;) and that they are not supercovariant, only the anti-selfdual component &L
belongs to S_ and is supercovariant.

In D = 11 supergravity the corresponding supercovariant expressions are in our conventions

~

Fa1a2a3a4 - Fa1a2a3a4 - 37;[_)[alra2a37;[)a4} ) (719&}
~ 21 -
Fa1a2a3a4a5a6a7 = Fa1a2a3a4a5a6a7 - ?¢[a1Fa2a3a4a5a67pa7] . (719b)

That & F is independent of de when keeping only d, can be checked easily using the trans-
formation laws (6.3) and (6.15). Moreover, this combination is exactly the one that is produced
by the extended duality equation (7.17) when taking the terms in Og,aya54, Of (7.7) without the
Levi—Civita symbol 17 into Fj and those with into F%. Similarly, one checks that the superco-
variant spin connection Wy, = €°We qp is in agreement with the first three terms in Oalazb given
in (7.9). The field strength F, 4, is related at the non-linear level to the spin connection as
1

Falazb = _2wb,a1a2 + 2ebm(e[a1n men\az]) J Wab = _§ecFabc + e[anden|b] ) (7.20)
where the second term is a component of the Maurer—Cartan form in K (e11) that does not require
a supercovariantisation with the supersymmetry realisation in which

1
5V e, = —géf(“wb)emb , (7.21)

o4



which is natural in a coset construction. Therefore the supercovariantisation of F ;¢ must be

minus the one of the spin connection
~ 1- - 1-
Falazb = Falazb + §¢[a1 Fb¢a2] + ¢br[a1¢a2} - Z¢C1Fala2b6102¢62 . (7'22)

The remaining term ¢*T 'y, q,c¢¢ in (7.9) is traceless, and will only contribute to the supercovari-
antisation of Fy , as

~

Fal...ag,b = Fal...ag,b - gi[alrag...ag}wb ) (7'23)

which is indeed consistent with the expected supercovariantisation of the dual graviton.

The discussion above was based on the field strengths of usual D = 11 supergravity. In the
FE11 model built using the tensor hierarchy the field strengths receive additional contributions
from the constrained fields x /% and (3™ in (3.12). Moreover, the manifestly K (E11) covariant
formulation of supersymmetry requires the additional fields parametrising G(7o)/K (FE11), so one
needs to complete the expressions given in (4.15) for the explicit field strengths in the GL(11)

decomposition. They are given by

1
Favay? = 200, by + 0% Ay aye + gaﬁllaclcz Apgeres + - (7.24a)
1
Fa1a2a3a4 = 48[m Aa2a3a4] - 560102‘4&1&2&3040102 T, (7'24b)
F, = T, A ohbzpy _ L 7.24
ar-ar = (Ola; Aay-ay] ay---a7bi;bo 2X jay-arbiby T (7.24c)
Fal»»»ag,b — Fal,,,agb = Qa[al haz---ag];b + Xbiaq..ag T+ 5 (7.24d)

where hg, . ag:b = hay...ag,b + Nay...agp according to the discussion in Section 6.2. In this section we
shall ignore derivatives at levels higher than 0,, and 9™"™2. We checked at first order that these
field strengths still transform under K(e;;) according to

5Fa1...a7 = 78[(11 5Aa2...a7} + 58bcha1...a7b;c + ...
9

- §Ab1bzca[a1 haz..-a7b1b2]§c RIEEE
L biboe
— §A (Falaz...a7b1b2§c — Falaz.--CL?blsz) + cee (725)

when including the nine-form component hy,, . qq:4-
The supersymmetry transformation of the field x ¢ was determined in (6.29). Let us now
show that this is consistent with the supercovariance of the duality equation

o~

~ 1 br b B
Earasazas = Fayazazas + ﬁga1aza3a4 YTy b =0 (7.26)

The constrained field y2g appears in the field strength I*A} since Fy contains yp/® as written
in (7.24). The supersymmetry variation is

~ B N 9 N
5susyFa1...a7 = _21€F[a1...a5aa6¢a7 - 21€Fb[a1...a5aagb¢a7} + §8b1b261—‘[a1...a7b1 'l)[)bﬂ

— 7 — 1 Sus;
+ eral...a7blablb2¢b2 - §8b[a1 <€Fa2...a7]¢b> - 55 yXb1b2a1...a7ble ) (727)
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while that of Fy is given by

A N 1 N B B
5susyFa1...a4 = 661—‘[04[12 aa3¢a4} - §6b1b2 (Eral...a4b1¢b2) - Erble[a1a2a36blb2¢a4] + 66[0,1[12 EFGS’I;ZJGA] .
(7.28)

The supercovariance of galazagm determines all the terms in 55“5yxb1b2a1ma7blb2 in (6.29) with a
derivative on €, and the ones with a derivative on 1), are exactly such that

~ 1_ 4
o 5abcd = _Eerabcde pe + ger[abc pd} . (7'29)

The above shows that the duality equation for the bosons is related by supersymmetry to the
Rarita—Schwinger equation as in supergravity. We have checked this relation for all terms con-

taining 01 and 0o derivatives. The supersymmetry variation of the field y?1%2

a1...a9 glven in (6.29)
also plays a key role for the cancellation of the unwanted terms involving d, derivatives of the
supersymmetry parameter and the gravitino, in order to achieve supercovariance and supersym-
metry.

A similar calculation can be done for the dual graviton equation using

5 Fyyay = — &0, Vag) + ey (Oug) ¥’ — "Yy)) + 0" (€T (4, Yy

1
+ 5801 Eralag b0102’lp02 ) (730&)
5susy(ﬁa1.“ag7b - ﬁal...agb) == 9€Fa1,,,a8 (8a9]¢b - ab'l)[)ag}) - %a[al (6[12...a9610263grb010203d¢d) 5
— Lea; aperey O (ET 1Y) . (7.30Db)

Putting these together one obtains that
o (Fawzb - &anzclmcg (Fq---cza,b - FC1~~~09b)>

_ _ _ 1_

= _erba[md}az} + eI‘[al (&zz]wb - abwm]) + 26Fa1a208[01/1b] - §€Fa1a2b0162801¢02

1_ _ 2.4 _
= 5T a0, P’ — &’ puy) + §5f’a1 el TP - (7.31)
We see again that the supersymmetry of the bosonic equations of motion gives the fermionic
Rarita—Schwinger equation. Note that in this case the component xp.q,. qo is involved, so this
additional field is already necessary to understand the supersymmetry of the linearised dual
graviton equation in eleven dimensions.

The complete equation will take the form

5 EL = &G Lpe (7.32)

where G,L defines a K (E11) invariant tensor, implying that the multiplet of bilinears in e and
p® is in the S_ module as ¥YW. One computes in particular that

~ 4_ 1_
0" Eayazazas = ger[alazaspm] - Eeralazagmbpb ) (7.33a)
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2

~ 1
5" Earar” = 5T aranp” = €4 Pag) + 200, oy Tpe (7.33b)

2 9
~ 1 2 1
5susygab1b2b3 _ Egrab1b2b3cpc _ Era[blbz pba} _ ggpblbzbapa + 55([1171 (Erb2b3]cpc _ EFprM) 7
(7.33¢)
~ 1
FrvEmb — eplaph) Enabéfcpc , (7.33d)
5susyé\a1a2a3a4,b _ gra1a2a3a4pb - Er[a1a2a3a4pb} + gnb[al gra2a3a4]cpc - 2nb[a1 Eragagpm;] 7
(7.33¢)
ey B 1 ea {— 1_
o™ ySablmbs = _1_8<‘3ab1"'b6‘clczc3c4 (Erc1c2c3pc4 - gercwzcg&;dﬂd)
+ El—\bl...bapa + 25[[5)1 (El—\bz...bﬁ]cpc _ EFmebspr}) (733f)

transform in the representation of the self-duality equation as they should.

8 Non-linear theory with fermions

In this section, we shall investigate how much of the structure of Sections 6 and 7 can be made
non-linear. We propose that the non-linear self-duality equations including fermions in (7.17)
and the non-linear supersymmetry transformations for the bosonic fields (6.10), are the actual
equations and fields transformations of the 1 exceptional field theory. With this assumption,
we shall now attempt to define also the non-linear generalisations of the field equations and
supersymmetry transformations of the fermionic fields.

We consider the generalisation of the Rarita—Schwinger equation (7.2) in Section 8.1 and in
Section 8.2, we investigate the non-linear generalisation of the fermionic supersymmetry transfor-
mation (6.15). As we shall see by comparison to D = 11 supergravity, our non-linear proposals
reproduce correctly the structure of the non-linear terms of D = 11 supergravity, due to remark-
able cancellations yielding only gauge invariant combinations of the low level field strengths.
However, we also get undesired additional contributions involving higher level fields. While
we do not know how to remove these contributions at present, we provide evidence that the
structures we write must be part of the complete answer.

8.1 Non-linear Rarita—Schwinger equation

In order to study possible non-linear equations of motion for the fermions, we first introduce
appropriate covariant derivatives and covariant tensors. We propose a Lagrangian in (8.12) to
describe the gravitino kinetic term, its Pauli couplings to generalised field strengths and quartic
fermion terms. Finally, we investigate the relation of our proposal to D = 11 supergravity.
8.1.1 Ingredients of the non-linear fermionic terms

Equation (7.2) defines a K (Ey;) covariant linearised equation for the vector-spinor ¥ through

p? = GUM Py, =0 (8.1)
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where G@M i a K (E11) invariant tensor that also acts on the not explicitly shown spinor
indices. This equation is moreover consistent with linearised supersymmetry as defined in (6.15).
We expect the non-linear equation to be defined in a similar way but with the partial derivative
being replaced by a covariant derivative, plus additional terms depending on the field strength
FT as well as appropriate cubic terms in the fermions. The natural candidate for a covariant
derivative is the one obtained from the K (¢11) component of the Maurer—Cartan form valued in
the K (e11) representation of 9,. One defines the covariant derivative from the Maurer—Cartan
derivative

oWV L =Py —Qn, QueK(enn), PucTooK(e), (8.2)

where here V is an element of G(7 ). For the terms in the level decomposition we shall consider
in this section, there is not yet a distinction between G(7) and E11, so the reader may consider
as well that V is the standard E1;/K(FE11) coset representative for simplicity. The covariant
derivative in tangent frame is defined as

Dy =V "m0y + Qn) (8.3)

where we denote by M the tangent frame indices that transform under K (FEj1). We shall also
use the notation that

Jurat® =V Wy Ina VIV = 2Py ot (8.4)

for the current components in tangent frame.

The K (E11) Rarita-Schwinger equation must reduce to the standard eleven-dimensional su-
pergravity equation upon choosing the solution to the section constraint in which the fields only
depend on the eleven coordinates ™. In this case the covariant derivative reduces to

V- Va0n + Q)| = e2ea™ (O + Om) (8.5)

where the notation |17 indicates that fields only dependent on the eleven coordinates z™ so
that all the higher level derivatives can be disregarded, and the additional factor of the vielbein
determinant comes from the GL(11) weight of the R(A;) module. Note, however, that Q,, still
involves an infinity of fields as the section constraint only affects the derivative index.

The spin connection can be rewritten in terms of the coset space connection Qly; in so(1,10)
and the field strength component Fn1n2m‘11 = 29"P 0, Gn,)p S

1
Wah = e[a”den‘b} — §€CFabc " . (86)

The vielbein determinant is part of the Fy;/K(F11) coset representative, and as such can-

not appear separately without violating F1; symmetry. The way it is resolved for the eleven-

11D

dimensional gravitino field v,

is that it is related to the vector-spinor through
Y = €Te Pl (8.7)

Note that similar redefinitions were also necessary for K (Ey), see [56].
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8.1.2 Non-linear fermionic Lagrangian and Rarita—Schwinger equation

We shall now investigate the construction of the Lagrangian for the non-linear Rarita—Schwinger
equation. We are guided first by K (Eq;) invariance using the ingredients introduced above. In
principle, one would like to also check gauge invariance of the Lagrangian using (3.21) and (7.18).
Doing so requires new identities of K (F11) tensors that remain to be investigated. We shall only
study gauge invariance indirectly below in Section 8.1.3 when we analyse the Lagrangian in the
D = 11 decomposition. As we shall see our proposal is incomplete as it requires additional terms
in order to reproduce D = 11 supergravity and these additional terms are also expected to be
necessary for gauge invariance.

Using the K (FE7;) invariant tensors we have introduced we can write the following Lagrangian
quadratic in fermionic fields

= 1
LE ~ o, GMDy oy, + ZmFioi : (8.8)
where G%*M is defined as in (8.1) and where OL is the UV bilinear in the 71 representation
defined in Section 7.2. By construction the covariant derivative Dy is K (FEq;) covariant, so the
first term is manifestly K (FE1;) invariant. The second term is also manifestly K (E;;) invariant,
and is non-zero according to the property that on-shell

FL=yEQp,FL+0L, ol = —nEqg,0L . (8.9)
The bilinear form 77 is given in [47, Eq. (5.39)] as

3 1 1.
WQFLOJ — 5)Fa1---a9,b0a1 ag7b_§(2)Fa1---aloOa1 a10+ﬁ(2)Fa1~~~a7Oa1 ar 4
+ 5( ’ )Fa1a2 bOalazb -G )FabeaCC + 6( ‘ )Fa4 [a1a2a3 Oa4]a1a2a3 + G >Fa,bOa7b + 5( ’ )Fal'“fhl,bOa1 aab
T 9 |
+ @(T)Flﬂ [a1~--a60a7]a1 a6 + §< ’ )F[a1a2...a9,b0a1 a2---a9}vb - §< ’ )Fbal...as,bOCalma&c +.. (810)

| =

HF .y OB

1
9! |

W
=

N

However, this Lagrangian involves infinitely many fields and is formally infinite. We shall now
argue that one can partially resolve this problem by exhibiting that infinitely many terms cancel
upon using the self-duality equation (8.9), and that the resulting Lagrangian agrees with the
eleven-dimensional supergravity Lagrangian at low order in the level truncation. However, this
will not yet provide the complete answer. The Lagrangian must not only give rise to a meaningful
finite Rarita—Schwinger equation, but this equation must moreover be gauge invariant. The
Lagrangian (8.8) is not a priori gauge invariant, since neither the K (¢11) covariant derivative nor
the field strength FZL is covariant under generalised diffeomorphisms. Thus one will need to check
gauge invariance separately. We shall see that gauge invariance can also be achieved partially by
modifying the corresponding Rarita—Schwinger equation by a term proportional to the bosonic
field equation el

First of all we will introduce a Darboux basis on 7_1 =2 S, & S_ as a K(FE;1) module. To
argue why one needs to do this it is useful to recall the case of N' = 8 supergravity in four
dimensions. In this case, the Lagrangian includes two terms that are not invariant under the
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full R-symmetry group, but only under the subgroup SO(8) C SU(8) acting on the 28 vector
fields [92]. One of these two terms is in particular the source of the Pauli coupling F¥W. For Eqq
we have similarly that 7_ is a symplectic representation of Fq1, and therefore Sy are conjugate
unitary representations of K (E1;), and one needs to introduce a Lagrangian subspace that further
breaks K (Fj1) to a subgroup preserving a quadratic norm n;rJ on Sy and S_. The choice of
Lagrangian subspace is not unique, as it is neither for the symple;tic frame in four dimensions, but
there is a natural choice associated to any maximal standard parabolic subgroup of Fy;. This
choice is defined by the positive weight components in the corresponding parabolic subgroup
decomposition. Since in this section we want to compare with eleven-dimensional supergravity,
we shall use the Lagrangian subspace determined by the GL(11) weight, such that n}'_J is the
projection of 77; to the negative weight components along I, i.e. for a positive weight component
G+HEL one has G*PFIy = 0, and is non-degenerate on the negative weight 2 *"FLyf £ 0.
More explicitly, we take B B

1., 1 .
U&FlOl = ﬁ(T e Oras | 3 Hp a1a2b0a1a2 G bOac
4 2t 01929 1 G, 0™ 4 ~Fp, Qa1
6 [a1a2a3 a4] a,b 4| al -a4,b
+ @( 7 )Fa7[a1---a60a7]a1 ag + §< 2 )F[a1a2ma9’b0a1a2...a9},b o §< - )Fbal ag,bOcal' as, +o (8 11)

Now we can define
_ _ 1 N
RS _ ¢aGa’bMDM¢b + Z(77&11101 + U}__J . %(51 + gl)Ol :) ’

- ) 1 1
= P GEMDy oy + §n1+_JFlol -3 007 - (8.12)

where the normal ordered product is introduced on the infinite sum of quartic fermions to reg-
ularise it. The bilinear terms combine to give a finite set of contributions for each field in the
GL(11) decomposition for a chosen solution to the section constraint, so even if there is an infi-
nite set of fields contributing to the Rarita—Schwinger equation, it makes sense as a formal sum
over the infinite set of fields. By contrast, 77}':]0101 would involve infinitely many times the
same vector-spinor fields and must be replaced_ by a finite polynomial in the vector- spinor that
we write : nIJOIOJ We shall argue below that this polynomial can be determined by K(EH)

invariance. The Lagrangian (8.12) is not manifestly K (E11) invariant, but the corresponding
Rarita—Schwinger equation p* = 0 obtained by variation via

5P = %MRS + ol (8.13)

differs from the manifestly covariant one pfj defined from L{® above by a term proportional to

the equations of motion
LJ LJ
1 070~ 1 0707

4771JF awa - g : T,ﬂo_ awa

= G (D, — 3TNy Praths) +

oroZ
= pj + 8771ng B (8.14)
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so that it is ensured to be covariant under K (E11), modulo term that vanish when the duality
equation EL = 0 is satisfied. Note that the A" = 8 Rarita—Schwinger equation is only covariant
under SU(8) modulo the twisted self-duality equation for the 28 vector fields in four dimensions
[92], so it is to be expected that the same complication must arise in E7; exceptional field theory.
The extra term appearing with the covariant derivative can be understood in terms of the

current Jys, as
Dy — $VEUT*ENPpa = Dy — 3TN pidan (8.15)

such that it is a weight term that appears at level 0 in the GL(11) decomposition because of the
et in the definition of the vector-spinor (8.7).

Note moreover that the K (FE);) invariant Lagrangian L5 in (8.8) does not include quartic
terms in the vector-spinor. Indeed, one can infer from the invariance under the K (Ew) C K (E11)
subgroup that there is no quartic invariant in the vector-spinor. Under SO(10), v, decomposes
as P, for a =1 to 10 and X\ = g — I'g 250:1 1), which transform respectively under K (eq)
as a vector-spinor and a spinor [56]. However, the vector-spinor of K (E10) transforms under a
quotient subgroup SO(32,288) = K (Ey) /Ty |93], so there is no quartic antisymmetric invariant
that can be written. One straightforwardly concludes that there is no quartic invariant under
K(Ell ) .

The necessity of introducing cubic terms in the fermions would therefore arise when one
introduces a Lagrangian subspace to define the Rarita—Schwinger equation. The Lagrangian
£ in (8.12) is not K (E1;) invariant and does have quartic fermion terms. We stress that it is
still formal, since it involves a sum over infinitely many fields and infinitely many components.
We shall argue that one can make sense of its part that is quadratic in the vector-spinor by
expanding in level, such that cancellations arise for different fields at each level. This answer is
nonetheless incomplete, and one will need to add other terms to the Lagrangian. The situation is
more complicated for the quartic terms in the vector-spinors, since the naive polynomial does not
even make sense formally. The bilinear YW includes 61776 components that appear infinitely
many times in OL in the infinite representation S_, so there is no way to directly make sense of
the infinite sum of terms appearing in 7; JOI OZ. Instead of defining : n; JOI OZ : through some
regularisation scheme, we hope that one could think of : n;; T OLOZ : as a finite quartic polynomial
in the vector-spinor that is determined by (on-shell) (211) covariance of the non-linear Rarita—
Schwinger equation. Let us explore this idea in some more detail.

The component of the Rarita—Schwinger equation linear in 1, is'®
1 IaLOi
and transforms by construction under K(e11) as
1 2 1
5pa _ _Abchdepa _ gAabcrbpc + éAabCFdepd (817)
oroL oloL 1 oloL 1 oroL
_ 5( + 19 Y7 > 51( ApogtedE 2~ 1~ pabep _ 2 pabep >
M1 g bedt T ga T g T gt e gy,
= Apobs ELR, 110203

L
¥ The notation BBW means the convention to differentiate fermions from the left.
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bibabs - since L transforms into itself under K (ej;). When evaluated on section,

for some Rq1
one may hope that most of the components of &L cancel such that LR, lb1b2b3 would only
involve finitely many components of £L in a level decomposition. If this were true, the purported
regularised quartic term in the fermions would be determined then such that it would transform

under K(ej) as

1 1 -

19 |:§ . T]}:JOLOJ ::| = §Ab1b2b301¢a7€alblb2b3 . (8.18)
The full Rarita-Schwinger equation with cubic fermion terms would then transform under K (e;1)
as

1 2 1 ~
5ﬁa — EAdeFdeﬁ“ — gA“bCFbpc + éAabCFbcdﬁd = AblbzbgglRalblebS . (8.19)
Whether a regularisation prescription with (8.18) exists and produces finite expressions, needs
to be established.
8.1.3 Relation to D = 11 supergravity

Let us finally describe how the conjectured Lagrangian £%5 partly reproduces the eleven-dimen-
sional supergravity Lagrangian when the fields only depend on the eleven coordinates z". In
GL(11) parabolic gauge, the Maurer-Cartan form dVV~! only has components at positive levels

o0
AWVl = e den Ky + Y JPEM =P - Q, (8.20)
k=1
where
(1 _ 3
Ja;blbgbg o 62eflmelnnleb2n2€b3n36mAn1n2n3 s
() L
by s |, = €2Caen " epg™ (OmAn,..ng — 1040, 50y Om Angnsn ) (8.21)

and similarly for higher GL(11) levels. Here we slight abuse of notation to denote the strictly
positive components of the Cartan-Maurer by J®* although they only agree with the strictly
positive components of the current V7V~! and not J itself. Because of the expression of the
Maurer—Cartan form (8.20), at non-zero level, the composite K (e11) connection and the coset
components are both defined by JX‘Z:

1 1

Q= e[amdem‘b}KGb —3 Z chk) (EAk — FAk) , P= e(amdem‘b)KGb + 3 Z chk) (EAk + FAk) .
k=1 k=1

(8.22)

The covariant derivative is not covariant under generalised diffeomorphisms, because of the terms

in JXCI: that involve the higher level fields through an ordinary partial derivative and not an
exterior derivative. But this is also the case for the field strength at level £ < —% —kfork>1
evaluated on section, see (4.15). One finds that most of these field strengths vanish on section,

in particular <%5)F“7b|11 =0 and (777)F“1“2“3“4’b|11 = 0. The non-vanishing ones are those that are
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in the SO(1,10) representation of the field of level &k times the standard co-tangent space, and
in that case

| = (DRI, (8.23)
according to [47]. We observe that the components J* include the gauge invariant field strengths
-3+KF for k = 0,1,2. In fact, we are going to show that in the Rarita-Schwinger Lagrangian
these components J* combine remarkably into the gauge invariant combination 2 **F. This
kind of recombination cannot occur, however, for k > 3 since ? *¥F contains the constrained
x fields that are not present in J®. For k > 3, the J*® would need to cancel in the Rarita—
Schwinger Lagrangian for gauge invariance but preliminary calculations show that they do not.

We now assemble the various pieces for expanding the Lagrangian (8.12) in GL(11) decom-
position to exhibit the remarkable recombinations mentioned above. The covariant derivative at

level zero Dy only includes the SO(1,10) connection oW
1
’Dﬁg,)?ﬁa = Oma + e[anamen\b}wb + Zebnamencrbcwa . (8.24)

The Pauli couplings at level —% and —% give

1 -1 -3 =3
E(T)Fa1a2a3a40a1a2a3a4 + —(7>Fa1a2b0a1a2b _ (T)Fabboacc (8.25)
- 1 1 1 - -
= 2y (STl PV + ST b ) + < Faranasan (BT 00 + iy, o100,
3 _ _ _
_§F[a1a2;a3} (%wtnrazw% 4 %wqralaz%cwzq/}cz _ wal Pa2a3cwc) 7

so, using that F [alaz;a3]|11 = 0, the corresponding contributions to the Lagrangian combine into
- 1/1 1
[warabcDéO)wc + 5 <5Fa1a2a3a4 (1020304 + §Fa1a2b0a1a2b . Fabboacc)] ‘

= @arabcebm (amwc + OJmcdq/}d + %Wmdldz Pdld%/}c) +

N[ —

11

ﬁFalaz%M&blfl’lF“l“‘“4Fb2wb2 . (8.26)
The first term reproduces the standard covariant derivative of the gravitino field, where one notes
that the term in izﬁaF“bce_lﬁbe 1. = 0 due to the et rescaling in (8.7) drops out by symmetry.
Note that we drop the explicit level when there is no ambiguity, but we shall keep it for the field
strength of level ¢ < —%. The second term is the expected Pauli coupling in eleven-dimensional
supergravity, but with a factor of one-half.

To exhibit the cancellation of the non gauge invariant terms between 1),p® and %n}"JF 104
one needs to consider higher levels. The kinetic term expands as

[ee]
Pl Dyt = TP D0 e + Y $al*6(3 P e (8.27)
k=1
where §(3 ;") denotes the K (e11) action of the corresponding component. At the first level has

the contribution
1

%F“b%(%‘];))lﬁc = _EJablbzb?’J}qFClaQ (%Fblebsww + 47702171 szwbs - FCzblbﬂ/}b:’,)
1 - 3 - - _
- §Jab1b2b3 (%w61P0162ablbzb3wcz - §¢b1 Pabg/l/}bg - 6&;1 wbzrbg]cwc + %wcrca[blbzwbg]> . (828)
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The Pauli coupling at level —3 gives using (7.11) and (8.11)

5 1- 5 - 1-
60 [b1b2b3<T)Fa]b1b2b3 — <Z¢[b1rb2b3}¢a _ Z¢[blrab2¢b3] + §¢crca[b1b2¢b3}
1 - - -5
+ ﬂ¢01F0102ab1b2b3¢02 o 5[[lb1¢b21"b3}cwc)(T)Fablbzbg ) (829)

Using (ZF, Wbb2bs | = — J{Vbib2bs when neglecting higher level derivatives, one gets from the
previous two results

14

_ 7 1
Dal 0 (" W+ 550" putat T a1y =

@Falaza:;a;;'l;bl Pblra1---a4rb2wb2 ) (830)

so that all the non gauge invariant terms disappear. Importantly, one gets an additional contri-
bution to the Pauli coupling and the sum of these first two terms is in full agreement with the
supergravity Lagrangian.

At the next level, using the fact that the K (e11) action on the vector-spinor at level 2 is the
same as for K (ejg) given in [56], i.e.

1 1
5(%,]{52))?#0_ 2. 61( J(2)a1 “Ta,.. a6¢c_10=](2)a1 Ty ..asVas +4J(2)a1 “Leqy.. as¢“6) J
(8.31)
one finds that
T pabcgr1l 7(2) 1 1 Tca d 7 a
V' "0(5J, 7 e = 2—6'< - §¢ T, . bgeath” — 45y, L, b5 "

+ 61/71,11“1)2,,,1)6“01/)0 + 305{,’1&01“01,2___1,5%6) J((f)bl"'lm . (8.32)
The Pauli coupling on the other hand, upon using (7.16), gives

7 -1 1 /1- 75 - -
5. 6'0 R R <Z¢Crab1...b6cd¢d + 5 U Lo b5 "o + 30 Ty, Tt

26!
— 6y, Ty s ““te — 3008 VT ey, s Tﬂbg) Fpbr-be o (8.33)

Combining (8.32) with (8.33) gives

17

7 1 1
Pl ST e+ 26'0 1.6 2 oyl br---bo

b1...by 7 biai...asbs
|11 @ﬁealaga:ﬂu Fb1...b7¢b1]~—‘ F F ¢b27

(8.34)
where we note that the last two terms in (8.32) with (8.33) cancel each other and the remaining
terms sum up to an expression that is totally antisymmetric in [b;b;...bg], thereby making it
possible to use the relation J[(;;)bl...bﬁ]‘ll = <%7)F[a;b1...bg]‘11 = %(%)Fabl...bg‘ll- From level ¢ = 2 one
gets therefore in total

1
o Fayasagas Gl T2 T ),

_ 1 _
Pal " Dyte + 50, FPLO% = $al ™ Vithe + o

11

B @ﬁeawmasml b -b7Fb1...b?qzblFblFalm(Mszqbbz T (835)
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which would give the correct equation if one had not included the contribution from the level 2
field. It is difficult to imagine which kind of contribution would eliminate it.

For higher levels k > 3 one cannot get the same type of cancellation, because the J&* factor
does not include the y fields present in the gauge invariant combination (2 *®F. They thus
cannot recombine into a component of L in order to contribute to a term involving only the
metric and the 3-form gauge field. Preliminary calculations show that they do not cancel either.
Hence it seems that we are still missing a term in the Lagrangian that would cancel all the
contributions from level 2 to infinity. At present, we do not have a candidate for such terms.

8.2 Non-linear supersymmetry transformations

Let us now consider the non-linear supersymmetry transformation of the fermion, the linear
transformation was given in (6.15). At the non-linear level, one expects that the partial derivative
will again be replaced by the K (E11) covariant derivative, plus possibly additional terms involving
the field strength F'/ and higher order terms in ¥, such that the supersymmetry transformation
may read

1 1
5 by = G (D + AT 3Py ) — ZU;F_JFL GT7e + g’ nrsOLGTY - e

= GGM(DM + %TMM'PM)E — %(UQFLGEJ +: nzjélG;l :)e, (8.36)
where G, and GIZ are the K (Ey;) invariant constant tensors in the Spin(1,10) Cifford algebra
that define (6.15) and (7.32). The covariant derivative includes the same weight term with the
opposite sign as for the vector-spinor (8.15), consistent with the fact that the e¥ bilinear does not
carry a weight. The regularisation prescription is understood to work as for the Rarita—Schwinger
equation, such that the supersymmetry variation is only covariant under K (E11) modulo a term
in the self-duality equation, and the bilinear term : nQOlG(Tll :in YW is determined to restore
K (E11) covariance. This proposed ansatz is not a priori exhaustive, and we expect to miss some
terms that would contribute at higher level.

The spinor is related to the eleven-dimensional spinor parameter as
1
e=e 1" (8.37)

so that the covariant derivative term in the eleven-dimensional supergravity supersymmetry
transformation reads'?

1 1 1
Ve = e_%ane”D + —wnabI‘“be_%e“D = Ope + ~wnap e + ggpqﬁngpqe

4 4
1 1 1
= DWe + ngq <8p9qn - %@z%q)e + 1 (anp|11 - §€ncFabc|11Fab>€ : (8.38)
The covariant derivatives itself gives
1 1
Dye =DVe — ﬂj,;”blbmrbmbge + mJQQ)bl---bﬁrbl,,,b6e +... . (8.39)

19Here7 V.. denotes the full covariant derivative including both the spin and affine connection such that V,,e,,* =
11D

0, such that V,, effectively only acts on €.
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To construct the coupling to the field strength we need the components of the tensor GLL. They

can be computed from the definition (7.32) using (7.33a) as
T 1
Ga;b1b2b3b4 = gna[blrbzbsbd - Erflblmlu ’

2 C
§Par[b1 5b2] 3

1 2 1 1
Gl;bclczcg — ErabCICZCB + 5([101Fb0203} + g77achlczcg o §5l[)01raczcg} _ gét[lelCQFCﬂ ,

1
Cha” = 55T~ T+

1
Gl;b’c = 51(1bFC) - énbcra )
1

GT C1...C6 __ _6b01...05d1...d4< 1

é I‘ad1 do d3d4) + "’/abrc1 e

_25l[)01rac2...c6} _ 25([1017102F03040506} ) (8.40)

ab T Nadi Ldadsds —

Using then (8.11), the components of GT7 = n}rJGEl are given by

1 1
G b babbs = 18 (na[blrb2b3b4] glab. b4) , (8.41)
1
Gl?lnbzc = _56Fb1b2 N 5 [blrbﬂc - [b15g2] )
Gl.r2010203 — %I\ 016203 + 6[61Pb0203] + 9?,, Pclczc;g + 6[61P 0263] 35£2102F63]
GTnerc6 — _ 1 g C1eCcod1...da T _ lr + i Tc1--co
a:b ~ 718 6! b Nady L dadsdy 3 adidadsdy 6!77ab
4 10
_ 21 leresgeel | 2 slenpeacseacs gl
S Lal e 4 T ol

Putting these components together, one obtains

1 1
+ FI GTJ lF b Fb1b2 Fblbz + Fachbc i (P b1bab3bs 8521Fb2b3b4)Fb1b2b3b4

Ta' 288
J(l)b1b2b3r 4+ 1 1 J(l)blbzc o 2Fb
24 b1babs 4 6 ab1 > 3 (1)abc
1/4 1
b1...b b1...bs by...b
e 6' Jé2) Rl B (@Fabl...stf) 1..bsc _ = _ = 1biba (2)ab1 b4c)
1 1
_@(Fahbzb:ﬁm 85[b1Fbe3b4) - €b1...b461m67F01...07 +o, (842)

where the dots state for the terms involving the field strength component F ;j; Y for k > 3.

MpaN

Then we need to compute the term in G MPnNq. For this one first computes that

1
2TMQIPN0¢‘11 - egeangpq (apgqn - %angIJQ> ’
2TaNa1a2P ‘
11
2TMG1MG5,PM‘11 — _JC(2)a1...a5C . (843)

— Jc(l)alazc ,

For establishing these relations, we have used the K (FE1;) transformations of the various compo-
nents of dys leading to 9y,

00 = kO — Lk, 6O = fANPY, §HTS = R (8.44)
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These formulas extend the level £ = 1 transformations given in (4.4). Substituting the compo-
nents of G,MT Py, to the ones of 9y in (6.15) one obtains

1 2 1
2GaMTﬂMPM|11 = eze," g™ <8pgqn - %81191%1) + grb (yabe — érablbz Jc(l)blbzc -
1 4
+mrbl“'b4 (cz)abl...b4c — @Fabl...bs Jc(z)bl...b5c + ..., (8.45)

up to terms involving Jff}: for k > 3.
Altogether, one obtains eventually that all the non gauge invariant terms cancel out such
that

1
(G (Das + 3Ty Piva)e — Juf, FL GEe) |
12 1 1
= D€+ 162%”9‘1’(] <8p9qn - %&19])(1)5 + 1 (Fabb - §Fb1bz;arble>€
1 1 1
_’_% (Fab1b2bsb4 _ 8521 Pb2b3b4)Fb1b2b3b4€ o @ (Fab1b2b3b4 o 861[1b1 Pb2b3b4) ﬁgbl...b401...C7F01...C76
1 , 1
= Vae+ gag (D20 — salirtahin) (Fb1b2b3b4 - ﬁsbl,,,bjl---C?Fcl___w)e . (8.46)

We recover therefore the same situation as for the Rarita—Schwinger equation. Namely, if we
had considered naively the level truncation to the level 1 field, we would have recovered the
expected supersymmetry transformation of the gravitino potential in eleven-dimensional super-
gravity. However, the level 2 fields gives an extra contribution that is nonetheless gauge invariant
in eleven-dimensional supergravity. One expects similarly that the higher level fields will also
give similar contributions, and the absence of y ;% field in the current components J&* for k > 3,
forbids to possibly eliminate them using the duality equations. For the same reason, this pro-
posal for the non-linear supersymmetry variation of the vector-spinor cannot be complete and
there is some structure yet to be understood.

The resolution of this problem would permit to understand the notion of generalised SL(32) =

K (E11)/Zc holonomy for the full supergravity field equations, generalising the constructions that
have been implemented in E7 generalised geometry for the SU(8) holonomy [94].

9 Conclusions

In this paper we have constructed non-linear duality equations that are invariant under FE7q
generalised diffeomorphisms. These equations involve several crucial E1; group theoretical prop-
erties that are understood thanks to the use of the tensor hierarchy algebra 7 (e11). The tensor
hierarchy algebra defines a differential complex for fields satisfying the section constraints, and
provide in particular a field strength representation that generalises the embedding tensor rep-
resentation of gauged supergravity. The field strength can only be defined as an FEj; tensor
provided that one considers additional constrained fields y2/* transforming in an indecompos-
able representation of Fy1;. We have provided strong evidence that a certain algebraic identity
between FEj; structure coefficients holds, thanks to which one can prove that the first order
duality equation we propose in this paper is invariant under F; generalised diffeomorphisms.
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We find that there is also a formulation of the theory with yet more fields, such that the scalar
fields parametrize not only E11/K (E11) but an extended non-semi-simple coset G(T)/K (E11),
together with some additional ¥ gauge invariance. Within this extended formulation, one can
define supersymmetry transformations in a manifestly K (Fp;) covariant form.

We have computed the first components of the E1; self-duality equation (3.22) upon branching
on GL(3) x Eg C E11. By choosing a partial solution to the section constraint such that the fields
only depend on 3 4 248 coordinates, we recover the Eg exceptional field theory duality equation
between the scalar and the vector fields. An infinite chain of duality equations emerges in this
way, but one does not recover the whole dynamics without imposing first order equations for the
constrained fields. Similar results hold for Fy exceptional field theory, and it would be interesting
to analyse the Fq1 equations in their decompositions under the Fg9 and Fqy subgroups as well.
The cosmological F1g coset model constructed in [40,95] is different in essence from the Ejq
exceptional field theory considered here in that it is defined in one dimension only rather than
using an infinite-dimensional coordinate module like R(A;) together with a section constraint.
This one direction is considered to be the time direction. In contrast to the framework studied in
this paper, space is conjectured to emerge from the infinitely many components of the F1, fields
through the gradient expansion of the supergravity fields. It would be interesting to compare
the F17 exceptional field theory equations in the E71g decomposition with the Eqg cosmological
model.

An important open problem of our work is the construction of the non-linear first order field
equations of the constrained fields y;%. These equations do not follow simply by substituting the
duality equations (3.22) into the Bianchi identities. This is perfectly analogous to the situation
encountered in F,, exceptional field theories in lower dimensions [3]. One may try to construct
the desired field equations for the constrained fields directly, or from a (pseudo-)action with the
desired gauge symmetry. It is worth noting that the constrained fields y/* are expected to be
non-zero in any non-trivial supergravity. Moreover, the structure of the E1; equation (3.22) is
such that it does not admit an obvious consistent truncation to a finite-dimensional subgroup.
This is due to the fact that one cannot have a non-trivial solution with a finite number of non-
vanishing fields as the duality equation automatically relates an infinite series of fields to each
other, as we have explained in Section 4.3.

In this paper, we have also studied the supersymmetric extension of Fq; exceptional field
theory by including an unfaithful vector-spinor representation W of K (E11), the double cover of
K (E11). We have established that the bilinears in ¥ transform in the same K (F1;)-representation
as the bosonic first-order self-duality equation, up to a suitable quotient. We have defined the
supersymmetry transformation rules on all the fields and presented a K (E11) covariant Rarita—
Schwinger equation of motion for the vector-spinor W, at the linearised level. We have also
investigated the extent to which these equations can be made non-linear. Terms in the resulting
non-linear Rarita—Schwinger equation include those arising from the Pauli couplings present in
D = 11 supergravity, but the results are incomplete.

Another challenge for any FE,, exceptional field theory is to find a global interpretation of the
infinitely many new coordinates associated with R(A1) that are present in the theory. Locally,

any solution of the section constraint depends only on finitely many coordinates. Non-trivial
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global configurations have appeared as non-geometric backgrounds where patching is done with
the F, symmetry group; most work on this subject has been done in the context of double field
theory [22-26]. These global problems should probably be first addressed for finite-dimensional
exceptional groups before tackling F1y.

Our work also suggests some interesting group-theoretic identities for 7, E1; and K(Fi;)
that might be interesting to investigate further. They define the embeddings of various spinor
bilinears in the different representations of Fy1: The symmetric bilinear € ® € appears to arise as
a quotient of the R(A;) representation of Eq; while the antisymmetric ¥ ® ¥ bilinear appears to
arise as a quotient of the field strength representation 7_;. While these embeddings are natural
from a physical perspective and have been checked at low levels here, their existence might also
entail interesting mathematical consequences.

One of the main promises of the F1; exceptional field theory lies in its power to unify all max-
imal (gauged) supergravities in all dimensions D < 11. It has been found to provide non-linear
and consistent reductions of D = 11 supergravities on nontrivial internal manifolds to gauged
supergravities in lower dimensions [16-21]. In attempts to go beyond pure (two-derivative) su-
pergravity, exceptional field theory has also been utilised in the analysis of contributions of
BPS states to loop corrections in these theories [96,97]. However, the continuous exceptional
symmetry cannot directly be used as a tool for classifying generic higher derivative corrections
to supergravity because these corrections are expected to generically break the FE, symmetry
to a discrete subgroup FE,(Z) [98], with interesting implications for the low-energy effective
action [99-108]. For the continuous Eji, one finds immediately that only a two-derivative La-
grangian can possibly be invariant. Whether E1;(Z) and its automorphic forms [109,110] can
be used for higher derivative terms remains to be seen.
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A Representations of ¢q;

In this appendix, we collect the decomposition of some of the key representations of e;; under
its gl(11) and gl(3) & eg subalgebras.
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Level ¢ | sl(11) representation Generator Potential

1,0,0,0,0,0,0,0,0,1

0 K™, ™
0,0,0,0,0,0,0,0,0,0

1 0,0,0,0,0,0,0,1,0,0 Eranans Aninons

2 0,0,0,0,1,0,0,0,0,0 Erime Any oo

B, -

0,1,0,0,0,0,0,1,0,0 [Enin9,p1p2ps

An1"~n97p1p2p3

1707 0707 0707 0707 072 E”l"'”lo,p,q

Bn1~~~ﬂ107p7q

( )
( )
( )
( )
3 1(0,0,1,0,0,0,0,0,0,1)
( )
( )
( )

0,0,0,0,0,0,0,0,0,1 prninm

Cm"'ml,m

Table 4: Level decomposition of e11 under its gl(11) subalgebra obtained by deleting node 11 from
the Dynkin diagram in Figure 1, up to level { = 4.

A.1 Level decomposition into gl(11)

The generators of gl(11) are written as K"n with fundamental indices m,n € {1,...,11} and
with commutators

(K™, KP] = 0 K™, — 6T'KP, , myn,...=0,1,...10. (A1)

Defining the level £ as the eigenvalue of the generator %Kmm, the levels 0 < ¢ < 4 of the gl(11)
decomposition of the adjoint representation is given in Table 4. Similarly, the low lying levels of
the gl(11) decomposition of the fundamental representation is displayed in Table 5, and that of
R(Aqp) representation in Table 6. The method of level decomposition is explained for example
in [40, 82].

The commutation relations of ¢;; and its action on the 7 o part of the tensor hierarchy
algebra can be summarised in this level decomposition by considering an element of 7_o given
by

_ 1 _ 1 ) ) ) )
(bata =t ghﬁlmn&anlmns’m + aAT_len(iFnl'“"G + gAT_LanLSFrunzng + hj;mKnm
! ; 1 - 1 _
" ? :1n2n3E"1"2"3 * aAjL_L..neEnlmnG + gh:l___n&mE"l--.ng,m
1 -
+ 3.9l 7—1;1...n97m1m2m3Enlmng’mlQOS
1 [T...19 1 FN1 . 10,78 1 1. m
+ gXTLl...TLgE + —2 ] 9!Xn1...n10,7‘sE + anl~..n11,mE

Eml...nll,m

+ ﬁYnL..nu,m ) (AQ)
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0,0,1,0,0,0,0,0,0,0

pnra-nsg

¢ | sl(11) representation | Generator | Coordinate | Parameter
31 (1,0,0,0,0,0,0,0,0,0) P, ™ gm

21 (0,0,0,0,0,0,0,0,1,0) zmn Yrmn A
£11(0,0,0,0,0,1,0,0,0,0) | Zmms Ynyms Ay oooms

o | (0,0,0,1,0,0,0,0,0,1) | PMmmm | g | €nynr
il )

Lny-ng

Anyems

Table 5: Level decomposition of the representation R(A1) of e11 under gl(11), up to level ¢ = 11/2.

Level £ | sI(11) representation | Generator structure
4 (0,0,0,0,0,0,0,0,0,1) m
5 (0,0,0,0,0,0,1,0,0,0) I
6 (0,0,0,1,0,0,0,0,0,0) [n-ng
(0,0,0,0,1,0,0,0,0,1) Ime,m

Table 6: Level decomposition of the R(A1g) representation of E1; under gl(11).

and studying its transformation under £ = +1 defined by

~_ 1 1 ~_
5¢ata - _enlngngEnlnan + _fn1n2n3Fn1n2n37 ¢ata

3! 3! (A.3)

In (A.2), we have labelled the generators of the adjoint at p = —2 with a tilde just as in Table 2.
The sub- and superscripts + on the parameters indicate whether the generator is at level £ > 0
or ¢ < 0, respectively. The last two lines in (A.2) contains the dual of the generators that are
not part of e;; but of the tensor hierarchy algebra, with X being associated with R(As) and

Y. being associated with R(A1g). As these generators only appear for £ > 0, we have suppressed
the superscript on them.
Performing the e;; variation (A.3) one then obtains

Shim = %enmpzATplm - % free Ay
a 1_18 0 (€oipapy AL — PR AD ) (A.4a)
SAY oy = —é PP AL o napipaps — S€plmmnslit (A.4b)
OAL e = 20801 nang Ay el — %f”ms”ghil...ng,ng : (A.4c)
Ohoy, ngn = 56€ninang A g my — %fmm%;<n1mn8,m>p2p3 o (A.4d)
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06Xy mg = —28€[nnyns AT

ng--ngl

1 rpip2p3 P1P2P3
- §f X”l---n9p171172p3 + f Xn1~~~n9101;l72,p3 T
5Xn1...n10,rs =3 (2er5[n1Xn2...n10} - 3er[n1n2Xn3...n10}s + 3es[n1n2Xn3...n10}r) +.o
an...nu,m = 1lem[n1n2Xn3...n11} + AR

OY o mm =0+ .

1
_ P1P2P3A+
18f

ni...ng9,p1p2p3

Here, we have only given the transformation of the + parameters, the ones for — are obtained
by replacing es by f? and changing the sign. The ellipses represent additional terms going into
e11 that will consistently play no role in this paper and that we therefore have not determined.

We end this subsection by listing the coordinate representation R(A;) and the (first) section
constraint representation R(Ajg) in gl(11) decomposition. The coordinate representation of
Table 5 was originally studied in [58,111] and the section constraint representation of Table 6
in [47].

A.2 Level decomposition under gl(3) @ eg

The gl(3) @ es level decomposition of ¢1; is obtained by grading the adjoint of e1; with respect
to node 3 of the Dynkin diagram shown in Figure 1.

We shall label the gl(3) generators by K*, with fundamental indices u,v € {1,2,3} and the
generators of eg by t4 with A € {1,...,248}. Levels 0 < £ < 2 of this decomposition are shown
in Table 7. The position of the A index on FEg tensors can be changed by using the Fg Killing
metric. This decomposition was first given in [45,46].

Level ¢ | sl(3) @ eg representation | Generator | Potential

(1,1;0,0,0,0,0,0,0,0)

0 (0,0:0,0,0,0,0,0,0,0) K2y hua”
(0,0;1,0,0,0,0,0,0,0) t4 Dy

1 (0,1;1,0,0,0,0,0,0,0) EY Al
(1,0:0,0,0,0,0,0,0,0)

2 (1,0;0,0,0,0,0,0,1,0) Eip B
(0,2;1,0,0,0,0,0,0,0) B hity

Table 7: Level decomposition of e11 under its gl(3) @ eg subalgebra obtained by deleting node 3
from the Dynkin diagram in Figure 1, up to level £ = 3. The Dynkin labels for the two summands
are separated by a semi-colon.

In order to list the remaining generators in the indecomposable representation and also the
coordinate representation and field strength representation it is more useful to directly consider
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the tensor hierarchy algebra 7 (e;1) decomposed under gl(3) & eg. The construction of this
algebra is similar to the one performed in the gl(11) grading in [47] and we present only the
salient features here.

The local algebra is constructed out of the generators of degree ¢ = —1,0,1 in Table 3. The
components of degree ¢ = 0 are parametrised in the BRST formulation by a bosonic vector
superfield V,(¢) generating the reparametrisation in three Grassmann variables 1J,,, and scalar

fermionic superfield ®4() in eg. We use * = 8?,7. The components of degree ¢ = 1 are
parametrised by the fermionic superfield zﬁ;‘ and the bosonic superfield 745 in the 3875 @ 1.
The components of degree ¢ = —1 are parametrised by the bosonic superfield S4 and the

fermionic superfield ©#. The BRST operator is then

0V = V" Vi + 04 Sa (A.5)
004 = 1fpc 0P 0 + Vot + TP S — fpot (30 SC + F S + ek,
654 = V'S + 'V, 84 + fpct@dPSY
SOH = V1" OF — MV, 0% + 1"V, OF — 1A,
S = Vol Wi+ Vg — Vol + feet @By
ST4P = VTP — "V, TP 4 20 fopATPIP — 2 oAyl — fPAG Pl aCyl .

One checks indeed that 62 = 0 on V,, and ®4 and vanishes up to terms quadratic in the degree
g = 1 on the components of degree ¢ = 41 respectively, showing that this defines a local
superalgebra. The tensor hierarchy algebra is defined as the quotient of algebra freely generated
from this local algebra by its maximal ideal. The algebra generated at p = 0 includes by
construction eq1, and defining the direct sum over all ¢ for each p one identifies the same FE1;
representations that appear in the tensor hierarchy algebra constructed in [47] so we conclude that
they are indeed the same algebras. One would expect that there is a minimal local algebra, similar
to the finite-dimensional construction of [48], which is a subalgebra of both local subalgebras used
in the GL(11) covariant construction of [47] and the GL(3) x Eg covariant construction presented
here. This minimal local algebra would then imply the uniqueness of the tensor hierarchy algebra.

As for (A.2), we parametrise an element at level p = —2 as
Ota = ...+ AZNFL+ hIVKE, + ®att + ATAEN + LBIAPEN, + 2B EM + B ER
+ X, EF + IXA BN + . (A.6)

to compute its transformation under e1; generators at level £ = £1 in the gl(3)@®es decomposition,
defined by

ST, = [e;ng + AL, 67 (A7)
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One computes within this level truncation that

Ohyi” = e ALY — FRASA = (e AL — FRATY) (A-8a)
0% = fape A — FanCIEAL" (4.80)
SASA = —edhf” + fChpeBal — Bt AP — (AP LR C (A.8c)
5B:Lr;xB _ QSPABCDG[(,;A:?D I %/{AB/{CDE[C!‘LA;-}D’ (A.8d)
Ohist = —fofte ALC . (A.80)

for the elements in e11, and

06X, = fA(Xh, + I, +endd

0Xp, = =2, X, — f* BceﬁAj]C , (A.9)

for the elements in X in R(As).
The gauge transformations are likewise defined from the parameters

PMoyy = PPO, + FAO4 + LEMP O, + 4F,0, +2G1 0k + ...,

14~ p
EM Py = €4, + Ny + S AABEL AN PP 268008 + (A.10)
by
§f ¢%ts = o E™N{PY, Py} (A.11)

which gives
0F B = —20ue +
SFh =20 + ...
5 AL = 048t + O AP + fap 0PN + ..
ST = 0,8" — 04NN — 407\, + 20460 + o, <8A>\A + 109,848 + 88”)\0) to
5ol = —fap®0cAP — L fapC AP + 2fap 00l +
SFALA = oM+ apNyP — A PooBe] +
SEBEAE = 20,005 + ...
SEh = 200,80 + - (A.12)
for the e1; fields and for the fields in R(As) we obtain
0F Xy = 20480 + ..., SEX = —20,80+ ... - (A.13)

One also defines the following invariant bilinear forms. The Killing—Cartan form expands as

RPOIDL = nivnfr — nteniv 4 AP e f + 2470 AT

L o piaB - —pvy +A
B BT ABT B, 4 2h P L (A1)
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One can also check the K (FEq1) invariant bilinear form on R(A;) and 7_; respectively expand as

1 , ,
nB040p = 10,0, + 6 Pordp + ﬂaf‘c §8P 1,04 504

+ 40, 01 + 26480, 040% + ... (A.15)
and

UIJFIFJ _ %nup"?'»\"?onFuuUFp)\ﬁ - nMVchraFupp + nuuéABFuAFuB
+ 30" PSapF i FE + 0 0P Fluy Fo

v:op

+ 5040 FupFop + AF? + 4B (F,MF) — FAFS) +..., (A16)

with Fap = FAB + kapF with FAB in the 3875. We have also the Fj; invariant symplectic
form

QPG = 36 (Fip,Gon + Fu’G o — 2F 5y Gy — Gity Foa — G Fpo + 2Gop Fry + ... )
(A.17)

B Variations of the fermionic bilinears under K(FE;)

In this appendix, we tabulate the variations of various fermionic bilinears under the K (E11)
transformations (6.2). The Spin(1,10) I'-matrices ', that we are using satisfy the duality relation
n(n—1)
2

(_ ) Gn+41.--011 T

Fal...an = m%l...an (B'l)

an41...a11 *

Using the charge conjugation matrix C = iI' for Majorana spinors, we have that the combinations
CI'®, CT'™192 and CI'*+% are symmetric in their spinor indices, meaning that for anti-commuting
spinors

€169 = +ége1, €% = —&l%1, LM%y = —61'"%%¢, etc. (BQ)
For calculating the explicit variations below we made use of the gamma package [112].

B.1 Bilinears of the form €y,
Under K(Ey;) as defined infinitesimally in (6.2) we find

1
5 (€¢a) — 6A010203 (—€F610203¢a + Erac1c2¢c3 _ 4521 €F02¢03) , (B.3)
1
5(grb¢a) — 6A010203 ( _ Erabcwz wcg —9 551 Eram wcs _ 45[011 EFle/JCS
— BOETET RSy, 4 el IS — A5C1 52 apcs) , (B.4)
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_ 1 _ _ _
5(€Pblbg¢a) = 6A610263 (erabl b26162¢63 - erblbz 616263¢a + 45;: 6F62a62w03

— 4GS ey, PP — 21p, €0, 1Y + 6671 652 €D,

— 2051652 D + 8051552 ey — Ay, 051 T2 ) (B.5)

[b1ba]

_ 1 _ _ _
5(6Fb1b2b3¢a) — 6A610263 ( - EFablbzbgClczrl/)C3 + 377ab1 EFl)2b301021/)c3 - 4 521 EFblbzb;gcquc3

— 6.8 150 Y — 9851 ey, 21 — 6071 82 €l t)™
— 12058 €Dy, — 1210, 0y} €Ly, 29

— 61, 05105 €0 + 667 622557 a/)a) (B.6)

[b1b2b3] 7

— 1 — — Cc1 —
O(€Ly,bobybyVa) = EAclcm (Efab1b2b3b4clcz¢c3 — &by bybghy M2 + 89, Ebgbgbya 2P

- 45(21 gI‘b162bsb402 ¢CB - 477tlb1 EFbeSquczwcg —12 5511 555 grb3b4a¢03
+ 1665102 @13, — 24 7ap, O;) lpyp, 20

+ 36 5;; 55; €L bab, ha + 24 b, 5;21 5;; EI‘b41/)03>

[b1b2b3b4] ’

— 1 — C1 —
5(€Fb1b2b3b4b5¢a) = 6A616263 ( - 6Fab1b2b3b4b50162¢03 - 10 5{,11 6szb3b4bsaczrl/)c3

— — C1 —

- 45(21 6Pb162b3b4b562¢03 + 577ab1 6Pb2b364b56162¢03 - 155()11 6Pb263b4b56263wa
C CQ — CQ — Cl =

—20 (5bi 51); 5Fb3b4b5a¢63 — 20 521 51)? 6F52b3b4b51/163 —40 Nab, 51); erb3b4b502¢63

— 60700, 55 02 €050 + 60 351 652657 Ly, z/)a) (B.8)

[b1b2b3b4 bs5] .

The bar notation in the above formula denotes (anti-)symmetrizations to be carried out on a
tensor expression, e.g. Tupliay = Tiap) = %(Tab — Tpq) and so on. The totally antisymmetric,
hook symmetric and single traces can easily be obtained from the expressions given above.
Furthermore, the variations of €l'y, , 1, for n > 6 can be obtained from (B.1).

B.2 Bilinears in 1,1,

The variations of the gravitino bilinears are

_ 1 _ _ _
Sat) = G sty (Bal D0 — 2Dy 1850 B0S) | (B)
- 1 _
8(bals) = 5 Adraady (= 20aLe ™ — 358 YTy + 83 L ™
_ 45?1 &arbdmj)d?) — 2Nac TZJbFChdzT/)d?, +8 531 5?2 TZJbT/)dS) ‘[ ’ , (B.lO)
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_ 1 _ _ _
5(¢arclcgwb) = 6 Ad1d2d3 <2 warbclcgdld2 ¢d3 - warclczdldeS wb + 8 5;[1 T/Jbrclcz dedS

+ 868 Ty 2% + A nge, Lo, P25 6691572 1, Ty, (B.11)
— 1668 6% T, — 4681582 Ty + 8170, 00 zzbrd2¢d3) e
abllcico

_ 1 _ _
5(¢arclczcgwb) = 6 Ad1d2d3 < -2 warbclczc:),dldzwdg -9 (ycill waPCQC3d2d3¢b

-8 52[1 lebrclch3d2 wdS —12 52[11 ﬁbra0203d2 wdS + 677(101 Jjbrcz%dld%/}ds
— 2468 5%2 4py 0oy 0™ 4 12691692 T b ™ — 24150, 64 T, 200 %

C1 7C2

+ 6 001002 608 hathy — 12 ac, 01 012 TZJbTZ)dS) (B.12)

(ab)[c1c2c3] ’

_ 1 _ _
5(1)[)0,F616263C4r¢)b) = 6 Adldzdg <2 ¢arb01020304d1d2 rl)[)dS - ¢aF616263C4d1d2d3¢b

-8 52{1 &brclcQCSC‘*dqudB — 16 5(211 Q;braczc364d2¢d3 - 877a01 1Zbrczcga;dldz¢d3
008 T+ 32080 e 7 — A0 BT

2
48 700y 028 Do ey 0™ + 48 10c, 0022 YT, ) . (B13)

(ab)[c1c2c3ce4]

1 " dids,d d 7 dod
6 Ad1d2d3 <2 wbraclczc:ga;cs ! 21/} P —15 (5011 warcgcgc405 2 Bwb

+ 808 T ey eacyencs U + 20 08 DT amegenes 290
— 107ae; VuLegezencs P9® + 4008 02 DT cyeepes ™ (B.14)
— 40608 DT acseqes ™ + 80 Nacy 0t YL cseses 1™

60 0% 6252 BTy + 120 e 022622 Doy

6(1/;(1F01CQC3C4C5 wb) =

co Yes

[ab][c1caczcacs] '

Here we have also used the symmetry properties of the Gamma matrices.

C Eleven dimensional supergravity

Eleven dimensional supergravity equations in our conventions 2 are given by
E = R — i F anpq _ 1 m1...m11F F A
=e (W) 486 mnpq —14426 m1...mat'ms...mg Amgmiomia
T Tmnp w+w 1 T rTmnpgs Il
+etp, I’ Dn(—2 Yp + @ew[rf r INETN (anpq + anpq) 7 (C.1)

where

~ 1 - - _
Wmab = wgib - Z(wmra¢b - ¢mrb¢a + Tparmwb) )

11D
a

2%Tn this section only we shall denote 2 simply by 1., thereby suppressing the 11D superscript in order
to avoid clutter in notation. Everywhere else in this paper v, is as defined in (8.7). In our conventions 1) =
z/)TiFO, {Ta, T} = 2nap with ngp = diag(—,+ + ...4+), Dm(w)e = Ome + iwm“bfabe, o1 — %1911 gnd

R=e"elRmn®.
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1-
~ n
Wmab = Wmab — gdjnrmab pwp )

Frnpg = 40m Anpq) » Frnpg = Firinpq — 3imInpthq) » (C2)
and wfg()lb is the spin connection without torsion. The local supersymmetry transformations are
“ 1 . 3_
dem” = _§6P Um 5Amnp = §€P[mnwp] )
~ 1 -
0 = Dy (D)€ + == (I'),"P7" — 86, TP") Frpgr - (C.3)

288

For the purposes of this paper, it is of interest to identify the quartic fermion terms coming
from different sources. These are

Ly = LT+ L85 + £ (C.4)
where
L = gy (PTG — 20T — LT oy
¥ 16 4
1 - - -
— Pl g (B0, + 4T (C5)

1- - - 1- -
eI LE = —Sbelavy (BT — 20T ) 4+ S

1 - - _
_i_@wdrcabdewe (djfrcabfgwg"’_fhzjcrawb) , (06)
. 1 - _ _
—1 pPauli __ abcde ambe,d
eI L = Dby (Dl g 4 1200 ) (C.7)

Summing these up yields
-1 1 Tecra, )b " 7 7 d 7. Tabede
e Ly1 = — T (20Tt — 4L etba — Snathal My, — Dal ™0, )

1 - - -
— zaLactb (DD + 12T ) (C8)

D  The gauge parameter representation

The gauge algebra suggests an embedding of the bilinear spinor in the gauge parameter repre-
sentation. Recalling (4.4), we want to check this embedding. The representation satisfies

0 (eT%) = —%Aabcéfbce ,
5 <€F“be> = —E g€ T + A€ e (D.1)

—Talazazasas _ la1az2a3 = pasas) 1 Abibafar azaszaqas|cicacscacs =
d(el €) = 10A er*®le — A by by [ P
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At this level truncation one finds a consistent embedding with

£ = el
Aap = —€lgpe s
)‘a1a2a3a4a5 = Era1a2a3a4a5€ 5
7
—Tcicacseac
€a1...a77b = _gnb[mEaz...a7]0102c3c405€F 162€3C4C5 ,
)\al...ag =0 ;
)\al...[lg,blbgb3 = _4277b1[a1n\bz\a2n|b3\a3gra4a5a6a7as]€ ,
7
—Tcic
6(11...[110,%) = §6b[a1€a2ma10]clc2er 12¢ s
21
€a1...a9,b,c = _%( bcEa1...agd1d2 + nb[a1€a2...a9}cd1d2 + nc[algag...ag}bdmz)grdulge :
/
&al...alo,b =0 ’ (Dz)

and two the other parameters £ 2 and Aq1 at this level vanish. One checks indeed that £, Ay, 4,
and Mg asazasas transform as in (4.4), while &, 4.4 and Ay, 4y do as well provided on defines
the additional variation

105
55@1---“7713 = _? (A[a1a2a3)‘a4a5a6a7]b + Ab[alag )‘a3a4a5a6a7]) - 4A010263)‘01<a1...a7,b)czcg

1 1
Cc1C2C Cc1C2C
+6A 1o 36616263(&1...&7,6) + §A 1 360102<a1---a77b>703 )
— 1 Acicacs 1 Acicacs ¢!
5)\[11...[18 - 7A[a1a2a3)\a4a5a6a7a8] + EA )\al...ag,010203 + EA gal,,,agclcgpg . (D3)

In particular one has

(5€a1"'a7’b _ _lnb[alEa2...a7}c1czc3d1d2Ac coca€ g g € — 1057713[“1 Aa2a3cgra4a5a6a7]ce
19 1c2C3 1d2
7
= _ﬁnb[algaz...a7}c1czcad1d2Ac10203Erchdge - 168A01020377<b’[a177‘01Iaznlcz‘%grawsaw?]cge
_%(A[alagaggra4a5a6a7}be + Ab[a1a2grasa4a5a6a7}€) . (D4)

Alternatively, one can consider the submodule parametrised by the combination

gal...a7,b = £a1...a7,b + gnb[aleag...aﬂcl...%)\Cl.“% 3 (D5)

)‘al...as,blbgbg = )\al...ag,blbzb:; + 4277b1 [al77|b2|a2n\bg|a3)\a4a5a5a7a8} 3
7

c _ cic
gal...alo,b - gal---almb - 551)[(116(12...(110}0162)\ 1o

I

~ 21
b ...agdid b d1d ...ag|bdyd did
gal...ag,b,c — £a1...ag,b,c+ 2_0(77 C a1 agdidy +n [a1€a2 agledi do +nc[a16a2 aglbdy 2))\ 1dz

and Ay, 4 and 52&1... a10.b and check that they vary into each others. One has for instance

~ ~ 7 ~
5£a1...a7,b = _4A016203>\cl<a1...a7,b)0203 + ﬁnb[al 5(12...a7]cl...C5ACGC7d561mcmd (DG)
1 ~ ~
+6A6162635616263<a1...a7,b> +§A610263€6102<a1...a7,b>,63 +gnb[algag...a7}cl...C5ACGC708)\01“.687
1 ~ 1
5)\(11---(18 = 6A610203)\a1---a87015203 + §A616203€(/11...a80162,03 ’
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up to terms in {92 and Ay that we did not compute and are part of the invariant subspace.

The above results exhibit to this level truncation that there is an invariant subspace in R(A1)
such that the associated quotient is the symmetric SL(32) tensor representation of K(FEii)
obtained from the symmetric bilinear. A complete proof seems out of reach.

E K(FE;) fermions under Spin(1,3) x SU(8)

In this appendix, we perform the decomposition of the IN((EH) spinors under Spin(1,3) x SU(8)
associated with exceptional field theory in four external dimensions. We use this to probe the
action of generalised diffeomorphisms discussed in (7.18) and compare with results available in
the literature for the supersymmetric E7 exceptional field theory [90,91].

The K (e11) level 1 variation in the gl(4) @ ey decomposition is defined from the generators

A (Eqij + napFij) = Aija(E*Y + 0™ Fy7) (E.1)

such that the Fermi fields transform as follows?2!

51/)2 = QZA”b’}/[aﬂ)b}j + 5Ajkb7b7axwk ’
Sk = ;z’A[”‘“zbf} + égwklpqrsAlpﬂaxqrs . (E.2)

One can check the closure of the K (e1;) algebra by treating A%¢ as a Grassmann odd parameter
such that the commutator is the square of the variation

; . C i 1 1%l TS
527/)2 = ize,” d%l (A[ Ty Akl 4 55 gilpg qubATSC)Xjkl
. . . N . .
+ (A“ﬂ[b/\jkd - %5;1\’“”1’1\“4) (4vapt? + wetth) + MMM (—pratl + Fmetts)
. . 1 . .
+ <A2kbAjkb - %5§Aklb1\klb) V) + 51\“[61\1@10} (Mab¥e + 770c¥%) (E.3)

where the last line reproduces an so(1,3) @ su(8) = K(gl(4) @ e7) transformation, while the
others appear at level 2 in K(e11). Indeed, level decomposition predicts at level 2 [45,46]: a
rank 2 antisymmetric tensor of SL(4) in the 133 of E7 that branches under SU(8) as a complex
self-dual rank 2 antisymmetric tensor and a anti-hermitian traceless tensor, and a symmetric
tensor of SL(4) in the singlet representation of E7. Similarly

i 6 i 1 i TS a,b
52X ik = ; (A[ JaAkl]b + Eg Jklpq quaAT’sb)'y[ 1,[)1}
. : . . 1 iy
—3(A[Z|p[b1\lpc} - %@Mpq[bqu ])’chx]k” - gqubqubX "
: ; . 1 3
+3(AFPPAy — 01 AP A g, )M APy (E.4)

where the last line reproduces a so(1,3) @ su(8) transformation, while the others appear at
level 2 in K(e11). This shows that the action (E.2) of K(ej;) on the fermions closes in this
decomposition.

2'We introduce the real parameter z to compare with other conventions.
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We next work out the general formula (7.18) for the generalised diffeomorphism on the
fermions with the partial solution of the section constraint corresponding to the GL(4) x Ex
subgroup. In this decomposition one defines the K (FE;) spinor as ¥ = (e%ea“wi, G%Xijk), and
the compensating transformation X of (3.32) has only one parameter A% at level 1 given by

XUe = _oyAle 0946t . (E.5)
One obtains in this way from (E.2) the external diffeomorphism
Setl, = O, + O, U, + VAT O a0y, ) — 2V A e, e, 0A X"
Sex'T% = €19, X% — giVA[ijaAfuﬂmk] _ éeijklpqrsVAlpeuaaAgu’anqrs- (E.6)
If we put z = % this is in complete agreement with [91, Eq. (3.1)].??

The spinor representation (6.2b) of K (E11) in the present decomposition becomes
St = —iAN T, (E.7)
It closes according to

1 . . . .
B! = SN e + <A““‘Aﬂm - %53AklaAkla) ¢

1 : . . .
A A e+ (ARG — AN ) (E.8)

where the second line corresponds to level 2 generators.
Generalising (6.4), one obtains moreover for the components in e1; © K (e17)

Eab = E@¥(a¥hy + €Vt -
B o 1 .

gkl — liyakll 4 ﬂgzjklpqmgpxtﬂs )
o

=0 = gl + Sanat

_[i k] L iikipgrs—
Zor = X — e M Y X

] 7 — i 1 i (= _
Eabj = €V + €Yty — 55]- (Yt + 6k’7[a¢§}) ;
Enb = 1€l — 1€ V()i (E.9)

that transform under K(e11) as

0Zap = —ZZAU(QEZJ) + inabAich? + 2iAY (aEb)ij — inabAichcij , (ElO)
g RN T
557,]kl _ _; (A[UIQEI;Z] - ﬂEZ]klpqupanrsa) ,

o T » PP B
=4 = izAp 7 4 ZAwbﬂab — izAPERT + 2iME ), + ZA”b (Btp +Tap) -

—a

2ZNote that the appearence of covariant derivatives in [91] is because they take a gauge parameter M =
(€, 6" ALy, . ..) whereas we take €M = (¢",0,...).
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The extra bilinear T,p from the R(A2) module is

Top = ZEZ/V[awlZ)] - Z'Eily[aqbb}i : (Ell)

One checks that it transforms into a vector in the 28 that also belongs to R(A2) and not into
the components in e1; © K (e11), as required by the indecomposable structure of the module:

5T ap = AT poi; — iMyY 17 (E.12)

abc

with
z
§€abchkaXijk . (E.13)

This is indeed consistent with the supersymmetry transformations of Er; exceptional field theory
[90, Eq. (3.32)] with

Yabeij = €4 Vap¥e)lj] T+

5susyhab = Eab )
susy 1ijkl __ :\z’jkl
OV QU = 222

sus; ] 7

S AY = im0

5susy(B7']kl Bag]) _ —21(2 :Z]bkl, Ea,g]) . (E14)

ab

Similarly as for D = 11 in (6.12) one can combine the symmetric dual graviton 71&71, and the
anti-symmetric field hq, of the indecomposable module R(Ag) into a single reducible field hqy,
with supersymmetry transformation

5susy}~la;b = Eg’b + Tab = Z‘Ei’Yawg - Z‘Ei’}’awbi . (E'15)

Moreover, one checks that the fermion bilinears OL introduced in Section 7.2.1 become

.. zZ - Z
oY = w“w + &?adew Wi+ —wcmawcx”k RS S b Xars

P 72
O = =P, Vi — V™ Ya e — TXJW[a% 5adeX *vaxije — €ap (WP et i — Pivedf)
O = Pl + z—zsijklpq’"s%pxqm — sea™ (wb Yeax”™ = 35T Py YedXars)
Oavdj = 691, 1t — 252-717{2%%1@ + 122 abea (XY Xk — 26XV Xhap) - (E.16)

For these one finds the K(e;1) variation

50;]{, = _iAijc(Oab + 5 Eab fOef )+ iAFE ‘C(Oab]]k + %Eabefoefc]]k)

—2z'zAkl[aogf " 2e g 07 (E.17)

The absence of undesirable representations determines the relative coefficients in OZJI;, which in
turn reproduces the supercovariantisation of the twisted self-duality equation in N/ = 8 super-
gravity [92]. The expressions in (E.17) have been fixed by requiring that O° is real, Ogp;
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Hermitian traceless, and O complex self-dual. The first two terms in Okl give the superco-

variantisation of the scalar field momentum Pi7*! [7,92], while the last two terms represent the

supercovariantisation of the 3-form field strength Hé%lzl [91]. Similarly, O j is the supercovari-

antisation of the 3-form field strength Habcij [91]. This is consistent with the duality equation

relating the scalar field current and the 3-form field strength in the adjoint representation. The

first four terms in Og,° reproduce the supercovariantisation of the spin connection [92], while the

last two terms define the supercovariantisation of the dual-graviton field strength, consistently

with the dual-graviton supersymmetry transformation Z/, in (E.9).
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