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Based on the thermal hysteresis of a phase change material exchanging radiative heat with a phase invariable one, we propose a radiative thermal memristor characterized by a Lissajous curve between their exchanged heat flux and temperature difference periodically modulated in time. For a memristor with terminals of VO2 and a blackbody, it is shown that: (i) the temperature variations of its memristance follow a closed loop determined by the thermal hysteresis width of VO2. (ii) The thermal memristance on/off ratio is determined by the contrast of VO2 emissivities for its insulating and metallic phases and is equal to 3.59. The analogy of the proposed memristor to its electrical counterpart makes it promising to lay the foundations of the thermal computing with photons.

The last fifteen years have witnessed the emergence of the new research area thermotronics devoted to the development of thermal analogues of the fundamental electronic components, by means of the heat transport via phonons, electrons, and photons [1][2][3][4][5][6][7][8][9][10][11][12]. Several conceptual devices, such as thermal rectifiers/diodes [13][14][15][16][17][18][19], thermal transistors [20][21][22][23][24][25][26], thermal logical gates [27] and thermal memories [28] have been proposed and the working principles of some of them have experimentally been proven [29][30][31], which makes it possible to process information through heat currents.

The electrical memristor, a two-terminal device relating electrical charge with magnetic flux in electronics circuits, has recently attracted an enormous interest, due to its tremendous and revolutionary potential in microelectronics, informatics, spintronics, and neuromorphic networks [9,[START_REF] Tetzla | Memristors and Memristive Systems[END_REF]. Based on symmetry arguments, Chua [START_REF] Chua | [END_REF] first conceived this device in 1971 as the fourth fundamental electronic component besides the resistor, capacitor and inductor. Almost forty years later, Strukov et al. [34] developed the physical model for describing the hysteretic current-voltage behavior that characterizes an electrical memristor and showed that its realization can be achieved with doped metal-oxide semiconductors.

Despite of the vast research on and development of the electrical memristor [START_REF] Tetzla | Memristors and Memristive Systems[END_REF], its thermal counterpart has received little attention. Based on the asymmetric temperature response of the thermal conductivity of VO 2 during its heating and cooling, Ben-Abdallah [35] proposed a conductive thermal memristor, whose Lissajous curve between the heat flux and temperature difference of its terminals was recently reported by Yang et al. [36]. The operation of this promising memristor is driven by the hysteretic metal-insulator transition of VO 2 , which is one of the most investigated Phase Change Materials (PCM), due to its ability to change its thermal, optical, and electrical properties in a narrow interval of temperatures, near room temperature [37][38][39][40][41]. The performance of the conductive memristor is, however, limited by the inevitable presence of interface thermal resistances and the speeds of the involved phonons and electrons, which are typically 3 orders of magnitude smaller than that of photons. These limitations could thus be overcome by a radiative memristor with contactless terminals.

The purpose of this letter is to demonstrate the proof of principle of a radiative thermal memristor, an anologue of the electrical memristor defined by the functional relation T = M (x, q)q between the temperature difference (T ) and heat flux q of a system with a generalized thermal resistance M (x, q) determined by q and a state variable x driving the internal state of the system [START_REF] Chua | [END_REF]34]. The q-T characteristic curve of this memristive system is generally a Lissajous figure crossing the origin (q = 0 for T = 0), which distinguishes it from an arbitrary dynamical system, as is the case of an electrical memristor [34].

Let us consider a PCM exchanging heat by far-field thermal radiation with a non-PCM, due to their temperature difference ∆T (t) periodically modulated in time t, as shown in Fig. 1. The emissivity ε 1 of the PCM depends on its temperature T 0 + ∆T (t), while the one ε 2 of the non-PCM is considered to be independent of its corresponding steady-state temperature T 0 , as is the case of SiO 2 and SiC, for T 0 < 600 K [42]. In order to ensure the thermalization of the PCM, we consider that the modulation period τ of ∆T (t) is much longer than its thermalization time (time required to reach the thermal equilibrium between its electrons and phonons), which tipically ranges from a few to a hundred microseconds, for the case of VO 2 [37,43] used in this work. This condition is good enough to guarantee that the heating frequency (τ -1 < ∼ 1 MHz) is much smaller than the spectral frequencies of the photons emitted by the two materials, which are in the order of GHz, for temperatures near room temperature [START_REF] Modest | Radiative Heat Transfer[END_REF]. Under this quasi-steady state, the far-field heat flux q exchanged by the two plates is e 1 (T 0 +DT(t)) q(T 0 , e 1 , e 2 , DT(t)) e 2, T 0 FIG. 1. Scheme of a radiative thermal memristor: a PCM exchanging radiative heat with a non-PCM through a vacuum gap, due to their temperature difference ∆T (t) periodically modulated in time t.

given by the Stefan-Boltzmann law, as follows [START_REF] Modest | Radiative Heat Transfer[END_REF] 

q = σε (T 0 + ∆T (t)) (T 0 + ∆T (t)) 4 -T 4 0 , (1) 
where σ is the Stefan-Boltzmann constant and the effec-

tive emissivity ε = ε -1 1 + ε -1 2 -1 -1 is determined by
the emissivities of the PCM and non-PCM [START_REF] Modest | Radiative Heat Transfer[END_REF]. For the sake of simplicity, we will consider that this non-PCM is a blackbody (ε 2 = 1), which reduces the effective emissivity to that of the PCM (ε = ε 1 ). We consider that the emissivity ε of the PCM changes for temperatures within its phase transition, such that its value (ε h ) during the heating process is different than that (ε c ) for the cooling one, at a given temperature T , as is the case of VO 2 [37,[START_REF] Lee | [END_REF][46][47]. This thermal hysteresis of the PCM emissivity is driven by correlated atomic interactions and establishes that ε is given by

ε(T ) = ε h (T )δ(T ↑) + ε c (T )δ(T ↓), (2) 
where δ(T ↑) and δ(T ↓) take the value of unity as the PCM temperature raises and lowers, respectively, otherwise they reduce to zero. For VO 2 , the emissivitities ε h and ε c can be well described by the following model [48] ε

n (T ) = ε i + ε m -ε i 1 + e -β(T -T0n) , (3) 
where ε i = 0.79 and ε m = 0.22 are the emissitivities of VO 2 in its insulating and metallic phases, respectively, T 0h = 342.5 K and T 0c = 334.5 K are its respective transition temperatures for the heating (n = h) and cooling (n = c) processes, and β = 1.57 K -1 . Equations ( 2) and ( 3) thus take into account the VO 2 thermal hysteresis of T 0h -T 0c = 8 K experimentally observed by Qazilbash et al. [40] and they indicate that the VO 2 emissivity is bounded between its values for the metallic and insulating phases (ε m ≤ ε 1 ≤ ε i ), as shown in Fig. 2. Note that at low temperature (T < 332 K), VO 2 behaves as a insulator with high emissivity, while for high temperatures (T > 345 K), it becomes a metal with low emissivity, such that its emissivity changes a factor of ε i /ε m = 3.59 across its phase transition. This significant emissivity contrast in a relatively small temperature interval, allows to enhance (reduce) the radiative heat flux with VO 2 in its insulating (metallic) phase, as established by Eq. ( 1). 
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2. Mean emissivity of VO2 for its heating and cooling processes. The dots stand for experimental data [40,41,48], while the lines represent the predictions of Eq. ( 3).

According to Eq. ( 1), the emissitivy variations of VO 2 between its insulating and metallic phases along with its thermal hysteresis generate a closed loop for the evolution of heat flux q, as the temperature difference ∆T periodically changes through time. This loop unfolds in two coupled loops (Lissajous curve) by properly modulating ∆T through positive and negative values, as shown below. The effective thermal resistance ∆T /q of the system (Fig. 1) will thus depends on ∆T and its sign (heating or cooling), which represents the history of the input temperature difference. This thermal memory effect is analogous to that of an electrical memristor characterized by a Lissajous I -V curve that induces the dependence of its electrical resistance on the input voltage difference and its polarity [34]. The radiative system shown in Fig. 1 can thus play the role of a thermal memory resistor (thermal memristor) with a memory resistance (memristance) M = ∆T /q given by Eq. ( 1), as follows

M -1 = σε (T 0 + ∆T ) (2T 0 + ∆T ) (T 0 + ∆T ) 2 + T 2 0 . (4 
) Taking into account that the PCM temperature T 0 + ∆T determining the values of M also drives the appearance of metallic (insulating) domains in an insulating (a metallic) matrix during the heating (cooling) processes [37], the memristance can also be described in terms of the volume fraction of these microscopic domains [40,41].

For instance, the volume fraction f h of the metallic domains appearing during the heating of VO 2 at temperature T is given by [37] 

f h (T ) = (-T /U )W 0 {-(U/2T ) exp(-U/T )ercf [2β(T 0h -T )/5]},
where W 0 (.) is the main branch of the Lambert W function, erfc(.) is the complementary error function and U is the activation energy (in units of Kelvin) of the metallic domains. Taking into account that U T [37], for all temperatures within the VO 2 phase transition, and that W 0 (x 1) ≈ x, this later relation reduces to

f h (T ) ≈ 0.5ercf [2β(T 0h -T )/5] ≈ [1 + exp (-β(T -T 0h ))]
-1 , which in combination with Eq. ( 3), yields

f h (T ) = ε i -ε h (T ) ε i -ε m . (5) 
Equation ( 5) thus relates the microstructural parameter f h of VO 2 with its emissivity ε h for the heating process. For the cooling process, on the other hand, one can show that the known volume fraction f c [37] of the metallic matrix of VO 2 containing its insulating domains, also reduces to Eq. ( 3), provided that U T and the subindex h is replaced by c. The common dependence of f n , ε n and M on the PCM temperature T 0 + ∆T allows therefore to consider the ensemble of Eqs. ( 2)-(5) as a system of parametric equations for the evolution of the thermal memristance M (f ) with the volume fraction f = f h δ(T ↑) + f c δ(T ↓) describing the degree of metallization of VO 2 , across its phase transition. This control of the thermal memristance by the state variable f reinforces its analogy with the electrical memristance, whose values are driven by the electrical charge [34], which is a state variable in electricity.

The heat flux and memristance are now numerically analyzed for a thermal memristor made up of a VO 2 plate exchanging radiative heat with a blackbody. To capitalize on the thermal hysteresis of the VO 2 emissivity, the reference temperature T 0 = (T 0h + T 0c )/2 = 338.5 K is set as the average of the insulating-to-metal and metalto-insulating transition temperatures. Furthermore, we consider a temperature difference ∆T (t) = θ sin(2πt/τ ) varying sinusoidally with time, in a similar way to the electrical memristor, which is usually excited with an alternating voltage difference [START_REF] Chua | [END_REF]34]. The amplitude θ is chosen large enough (θ ≥ T 0h -T 0c = 8 K) to ensure that VO 2 completes its hysteresis loop after one period τ . In practice, this periodic oscillation of the PCM temperature can be set with a Peltier cell [49], while the non-PCM is kept at constant temperature with a second Peltier cell. These cells typically operate with a resolution better than 0.1 K [50] and modulation frequencies from 0.1 Hz up to 100 Hz, which are much smaller than the infrared ones driving the thermal radiation at temperatures around T 0 . This is the reason why the oscilating temperature of the PCM is not expected to significantly alter the equilibrium state of the emitted photons in the radiative thermal memristor shown in Fig. 1.

Figure 3 shows the heat flux q, temperature difference ∆T and VO 2 emissivity ε driving the thermal radiation in the thermal memristor, as functions of time. Note that ε exhibits four different behaviors, within one period τ . In the initial case 1 (0 ≤ t/τ < 0.19), ε drastically reduces due to the insulating-to-metal transition of VO 2 , as ∆T increases. An additional increase and then decrease of ∆T keeps the VO 2 in its metallic phase with constant and low emissivity, as revealed by case 2 (0.19 ≤ t/τ < 0.50). In case 3 (0.50 ≤ t/τ < 0.69), ∆T continues reducing and triggers the metal-to-insulating transition of VO 2 characterized by the significant increases of ε, as shown in Fig. 2. The subsequent variations of ∆T maintain the VO 2 in its insulating phase with constant and high emissivity, as displayed by case 4 (0.69 ≤ t/τ < 1). The combined time variations of ∆T and ε for cases 1 and 3, induce a heat flux with a strong nonlinear dependence on the temperature difference, despite of the fact that ∆T T 0 = 338.5 K. For cases 2 and 4, on the other hand, ε takes constant values and q ∝ ∆T , as shown in Fig. 3 by the occurrence of the maximum and minimun values q and ∆T at the same times, and is established by Eq. ( 1), for ∆T T 0 . It is thus clear that the sharp variations of the heat flux with respect to those of the temperature difference, are generated by the phase transitions of VO 2 .

The Lissajous q -∆T curve of the proposed thermal memristor is shown in Fig. 4. The cycle direction is indicated by the arrows associated to the four behaviors illustrated in Fig. 3. The straight lines in cases 2 and 4 confirm the proportionality (q = G∆T ) between the heat flux and temperature difference, due to the absence of VO 2 phase transitions. The slope G = M -1 is the thermal conductance of the system and its value (G(2) ≈ 4σε m T 3 0 ) for case 2 is smaller than the one (G(4) ≈ 4σε i T 3 0 ) for case 4, because of ε m < ε i . The nonlinear behaviors in cases 1 and 3 are due to the VO 2 phase transitions driving the emissivity variations displayed in Fig. 3. The absence of these changes near 

)

Temperature difference, T (K)

1 T 0h -T 0c = 8 K 2 -6 -4 -2 0 2 4 6 -40 -30 -20 -10 0 10 T 0h -T 0c = 6 K T 0h -T 0c = 4 K T 0h -T 0c = 0 K q (Wm -2 ) T (K)
FIG. 4. Lisssajous q -∆T curve characterizing the thermal memristor. The regimes 1, 2, 3, and 4 correspond to the four characteristic zones highlighed in Fig. 3. Calculations were done for θ = 8 K and different hysteresis widths T 0h -T0c.

the extreme values (±8 K) of ∆T induces the pinched shape of the Lissajous curve. Note that the amplitude (differences between the curves 1 -2 and 3 -4) of this defining curve of the thermal memristor, is driven by the hysteresis (T 0h -T 0c = 8 K) of the VO 2 emissivity, such that it disappears for T 0h -T 0c = 0 K, as shown in the inset of Fig. 4. This amplitude also increases with the emissivity contrast ε i /ε m of VO 2 , as shown in Fig. S2 of the supplementary material. These facts make evident that the existence of the Lissajous q -∆T curve is determined by the combined impact of the thermal hysteresis (T 0h = T 0c ) and emissivity contrast (ε i /ε m = 1) of the involved PCM. This is confirmed by the area of the loops 1 -2 and 3 -4, which are equal and proportional to (ε i -ε m ) sinh [β(T 0h -T 0c )/2], as shown in the supplementary material. This latter relation establishes the material requirements to optimize the performance and applications of the proposed thermal memristor. Figure 5 shows the thermal memristances M related to the Lissajous q -∆T curves displayed in Fig. 4, as functions of the temperature difference ∆T . The linear portions of the top (2) and bottom (4) lines correspond to the regimes without a phase transition of VO 2 , while the complementary right (1) and left (3) lines results from its phase changes, in agreement with Figs. 3 and4. The height of the M -∆T loops is determined by the VO 2 emissivity contrast ε i /ε m = 3.6, which defines the ON/OFF states of the memristance (Fig. 5) and is higher than the one (1.6) of a conductive memristor [36]. The width of the memristance loop increases with the hysteresis T 0h -T 0c > 0, such that it dissapears for T 0h -T 0c = 0, in agreement with Fig. 4. In addition, the closed M -∆T loops are similar to those of the electrical memristance [START_REF] Tetzla | Memristors and Memristive Systems[END_REF], which indicates that what is done with electrical currents through the electrical memristor, could also be done with thermal currents, by means of the thermal memristor. For instance, the thermal memristor could be used as a binary memory, in which the ON and OFF values of the memristance (Fig. 5) are chosen to code the binary states 0 and 1, as is done with its electrical counterpart [START_REF] Tetzla | Memristors and Memristive Systems[END_REF]. In addition, given that the proposed radiative memristor can be scaled down to nanometric dimensions through near-field radiation, this device has great potential for developing thermal memories that could complement the electronic flash ones.

Finally, we point out that although the Lissajous q -∆T curve reported in this letter has been obtained with one PCM, we anticipate that this memristor effet can also be achieved with more complex systems involving a non-PCM with oscilating temperature (supplementary material) or two PCMs with temperatures properly modulated in time with equal or different frequencies. Furthermore, the development of the radiative memristor in the near field, would allow not only its miniaturization, but also the modulation of its memristance with the separation distance and steady-state temperature component T 0 of its terminals, due to the strong dependence of the heat flux on these two parameters [51]. Radiative thermal memristors could thus be useful to tailor the heat transfer at different spatial scales.

In summary, the proof of principle of a radiative thermal memristor has been demonstrated, by exploiting the thermal hysteresis of the emissivity of a phase change material exchanging radiative heat with a phase invariable one. For the case of VO 2 , it has been shown that the Lissajous q -∆T curve of the memristor yields a memristance, whose temperature variations in a closed loop are determined by the hysteresis width of VO 2 and the ratio of emissivities for its insulating and metallic phases. Considering the unique thermal properties of the proposed thermal memristor, the obtained results can open new research avenues in the development of thermal neurons, energy storage, and thermal management.
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 23 FIG.3. Time evolution of the heat flux, temperature difference and VO2 emissivity driving the thermal radiation in the memristor shown in Fig.1. The colored zones 1 and 3 stand for phase transitions, while the zones 2 and 4 represent no phase changes. Calculations were done for θ = 8 K.
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 211 FIG. 5. Closed loops of the thermal memristance associated to the Lissajous curves shown in Fig. 4. The regimes 1, 2, 3, and 4 correspond to the four characteristic time zones highlighed in Fig. 3.