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Abstract

In this paper we consider an ergodic diffusion process with jumps whose drift coefficient depends
on p and volatility coefficient depends on ¢, two unknown parameters. We suppose that the process is
discretely observed at the instants (¢}')i=o,...,n With An =sup,_q (i1 —¢i') — 0. We introduce
an estimator of 6 := (u, o), based on a contrast function, which is asymptotically gaussian without
requiring any conditions on the rate at which A,, — 0, assuming a finite jump activity. This extends
earlier results where a condition on the step discretization was needed (see [13],[28]) or where only
the estimation of the drift parameter was considered (see [2]). In general situations, our contrast
function is not explicit and in practise one has to resort to some approximation. We propose explicit
approximations of the contrast function, such that the estimation of 6 is feasible under the condition
that nAE — 0 where k > 0 can be arbitrarily large. This extends the results obtained by Kessler [17]
in the case of continuous processes.

Efficient drift estimation, efficient volatility estimation,ergodic properties, high frequency data, Lévy-
driven SDE, thresholding methods.

1 Introduction

Recently, diffusion processes with jumps are becoming powerful tools to model various stochastic phe-
nomena in many areas, for example, physics, biology, medical sciences, social sciences, economics, and so
on. In finance, jump-processes were introduced to model the dynamic of exchange rates ([6]), asset prices
([22],[18]), or volatility processes ([5],[10]). Utilization of jump-processes in neuroscience, instead, can be
found for instance in [8]. Therefore, inference problems for such models from various types of data should
be studied, in particular, inference from discrete observation should be desired since the actual data may
be obtained discretely In this work, our aim is to estimate jointly the drift and the volatility parameter
(u, o) =: 0 from a discrete sampling of the process X? solution to

t t t
Xf:Xg+/ b(u,Xf)ds+/ a(o,Xf)dWer/ / (X8 )zi(ds, dz),
0 0 0 JR\{0}

where W is a one dimensional Brownian motion and zi a compensated Poisson random measure, with a
finite jump activity. We assume that the process is sampled at the times (¢});=o,... », where the sampling
step A, 1= sup;_g _,—1ti41 — ti goes to zero. A crucial point for applications in the high frequency
setting is to impose minimal conditions on the sampling step size. This will be one of our main objectives
in this paper, for the joint estimation of p and o.

It is known that, as a consequence of the presence of a Gaussian component, it is impossible to estimate
the drift parameter on a finite horizon time; we therefore assume that ¢]! — oo and we suppose to have
an ergodic process X?.

The topic of high frequency estimation for discretely observed diffusions in the case without jumps
is well developed, by now. Florens-Zmirou has introduced, in [11], an estimator for both the drift and
the diffusion parameters under the fast sampling assumption nA2 — 0. Yoshida [29] has then suggested
a correction of the contrast function of [11] that releases the condition on the step discretization to
nA3 — 0. In Kessler [17], the author proposes an explicit modification of the Euler scheme contrast that
allows him to build an estimator which is asymptotically normal under the condition nA¥ — 0 where
k > 2 is arbitrarily large. The result found by Kessler, therefore, holds for any arbitrarily slow polynomial
decay to zero of the sampling step.

When a jump component is added, less results are known. Shimizu [27] proposes parametric estimation
of drift, diffusion and jump coefficients showing the asymptotic normality of the estimators under some
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explicit conditions relating the sampling step and the jump intensity of the process; such conditions on
A, are more restrictive as the intensity of jumps near zero is high. In the situation where the jump
intensity is finite, the conditions of [27] reduces to nAZ — 0.

In [13], the condition on the sampling step is relaxed to nA2 — 0, when one estimates the drift parameter
only. In [23] a jump-filtering technique similar to one used in [13] is employed in order to derive a
nonparametric estimator for the drift which is robust to symmetric jumps of infinite variance and infinite
variation, and which attains the same asymptotic variance as for a continuous diffusion process.

Also in [2] only the estimation of the drift parameter is studied. In such a case, the sampling step
(t7)i=0,...n can be irregular, no condition on the rate at which A,, — 0 is needed and the assumption
that the jumps of the process are summable, present in [13], is suppressed.

In this paper, we consider the joint estimation of the drift and the diffusion parameters with a jump
intensity which is finite. Since for the applications it is important that assumptions on the rate at which
A, should tend to zero are less stringent as possible, we aim to weaken the conditions on the decay of
the sampling step in a way comparable to Kessler’s work [17], but in the framework of jump-diffusion
processes. We therefore want to extend [2] looking for the same results, but for the joint estimation of
the drift and the diffusion parameters instead of focusing on the drift parameter only.

The joint estimation of the two parameters introduces some significant difficulties: since the drift and
the volatility parameters aren’t estimated at the same rate, we have to deal with asymptotic properties
in two different regimes.

Compared to previous results in which the parameters are estimated jointly (see [27]), we show that it is
possible to remove any condition on the rate at which A,, has to go to zero.

Moreover, we consider a discretization step which isn’t uniform. This case, to our knowledge, has never
been studied before for the joint estimation of the drift and the volatility of a diffusion with jumps.

A natural approach to estimate the unknown parameters would be to use a maximum likelihood

estimation, but the likelihood function based on the discrete sample is not tractable in this setting, since
it depends on the transition densities of X which are not explicitly known.
To overcome this difficulty several methods have been developed. For instance, in [1] and [19] closed form
expansions of the transition density of jump-diffusions are studied while in [16] the asymptotic behaviour
of estimating functions is considered in the high frequency observation framework. They give condition
to ensure the rate optimality and the efficiency.

Considering again the case of high frequency observation, a widely-used method is to consider pseudo-
likelihood function, for instance based on the high frequency approximation of the dynamic of the process
by the dynamic of the Euler scheme. This leads to explicit contrast functions with Gaussian structures
(see e.g. [28],[27],[21]).

In Kessler’s paper the idea is to replace, in the Euler scheme contrast function, the contribution of
the drift and the diffusion by two quantities m and mq (or their explicit approximations with arbitrarily
high order when A, — 0); with

m(p, o, z) = E[X?

tit1

|Xz:x] and (1)

m2(“a g, ZL’) = E[(XG

612 v 0
tit1 m(ﬂ’ a, Xt,)) ‘X L= 1']
In presence of jumps, the contrasts functions in [28] (see also [27], [13]) resort to a filtering procedure
in order to suppress the contribution of jumps and recover the continuous part of the process.
The contrast function we introduce is based on both the ideas described here above. Indeed, we define

it as

n—1
(Xt —m(p, 0, Xti))Q ma(u, o, Xt,)
Un(/”ﬁ U) = Z[ +7177/2(‘LL o Xt) + log(Ai_t)](pAﬁ,i(XtPrl — th)1{|Xfl|§A;,kz}, (2)
=0 Y i n,t

where the function ¢ is a smooth version of the indicator function that vanishes when the increments
of the data are too large compared to the typical increments of a continuous diffusion process, and thus
can be used to filter the contribution of the jumps. The idea is to use the size of X;, , — Xy, in order to
judge if a jump occurred or not in the interval [t;,¢;41). The increment of X with continuous transition
could hardly exceed the threshold AP | therefore we can judge the existence of a jump in the interval if

n,i’
[ Xeiy — Xo | > AL, for B e (3, 3).
The last indicator in (2) avoids the possibility that | X3, | is too big, the constant & is positive and will be
chosen later, related to the developments of m and mo that are the natural extension to the case with

jumps of the quantities proposed in [17]. Indeed, we have defined them as

o) EIX(, Pap, (Kb, —XDIXE =]
mu,o,x) = - an
Elpas (X7, = X0)IX? =]



E[(X?

tit1

0, X))o ps (XE, — X0)|X0 =]
Elpar (X0, - X0)IX] = 1] |

tit1

mQ(/’La a, I) =

The rates for the estimation of the two parameters is not the same, which implies we have to deal with
two different scaling of the contrast function, which lead us to the study of the asymptotic properties of
the contrast function in two different asymptotic schemes.

The main result of our paper is that the estimator 6,, := (fin, 0p) associated to the proposed contrast
function converges with some explicit asymptotic variances. Comparing to earlier results ([28], [27], [13],
[2]), the sampling step (t7')i=o,....n can be irregular, no condition is needed on the rate at which A, — 0
and the parameters of drift and diffusion are jointly estimated.

Moreover, we provide explicit approximations of msy that allows us to circumvent the fact that the

contrast function is non explicit (explicit approximations of m are given in [2]). We give an expansion
of mg exact up to order A2, which involves the jump intensity near zero, and is valid for any smooth
truncation function ¢. With the specific choices of ¢ being oscillating functions, in particular, we remove
the contribution of the jumps and we are able to prove explicit developments of the function ms valid
up to any order. Together with the approximation of the function m showed in Proposition 2 of [2], this
allows us to approximate our contrast function, at arbitrary high order, by a completely explicit one, as
it was in the paper by Kessler [17] in the continuous case.
This yields to a consistent and asymptotic normal estimator under the condition nA¥ — 0, where k is
related to the oscillating properties of the function ¢. As k can be chosen arbitrarily high, up to a proper
choice of ¢, our method allows to estimate the drift and the diffusion parameters, under the assumption
that the sampling step tends to zero at some polynomial rate.

Furthermore, we implement numerically our main results building two approximations of m and msy
from which we deduce two approximations of the contrast that we minimize in order to get the joint
estimator of the parameters. We compare the estimators we find with the estimator that would result
from the choice of an Euler scheme approximation for m and ms. From our simulations it appears that
our joint estimator performs better than the Euler one, especially for the estimation of the parameter o.

The outline of the paper is the following. In Section 2 we introduce the model and we state the
assumptions we need. The Section 3 contains the construction of the estimator and our main results
while in Section 4 we explain how to use in practical the contrast function for the joint estimation of
the drift and the diffusion parameters, dealing with its approximation. We provide numerical results in
Section 5. In Section 6 we state useful propositions that we will use repeatedly in the following sections.
Section 7 is devoted to the proof of our main results while in Section A.1 of the Appendix we prove the
propositions stated in the sixth section. We conclude giving the proofs of some technical results in the
Sections A.2—-A.3 of the Appendix.

2 Model, assumptions

We want to estimate the unknown parameter 6 = (u, o) in the stochastic differential equation with jumps

t t t
X0 =X§ [ bn XDds+ [CaexDawer [ q(sdsde), teRe (@)

0 0 0 JR\{0}
where 6 belongs to © := Il x X, a compact set of R* W = (W;);>0 is a one dimensional Brownian
motion and g is a Poisson random measure associated to the Lévy process L = (L;)¢>o such that

L, := fg Jg zii(ds, dz). The compensated measure fi = p — fi is defined on [0, 00) x R, the compensator
is fi(dt,dz) := F(dz)dt, where conditions on the Levy measure F will be given later.

We denote by (2, F,P) the probability space on which W and p are defined and we assume that the
initial condition X§, W and L are independent.

2.1 Assumptions

We suppose that the functions b : I x R - R, a : ¥ x R — R and v : R — R satisfy the following
assumptions:

A1l: The functions v(z), b(u, ) for all € II and a(o, x) for all o € ¥ are globally Lipschitz. Moreover,
the Lipschitz constants of b and a are uniformly bounded on 11 and X, respectively.

Under Assumption 1 the equation (3) admits a unique non-explosive cadlag adapted solution possessing
the strong Markov property, cf [4] (Theorems 6.2.9. and 6.4.6.).
The next assumption was used in [20] to prove the irreducibility of the process X°.



A2: For all @ € © there ewists a constant t > 0 such that X{ admits a density p?(z,y) with respect
to the Lebesgue measure on R; bounded in y € R and in x € K for every compact K C R. Moreover, for
every x € R and every open ball U € R, there exists a point z = z(x,U) € supp(F) such that y(x)z € U.

Assumption 2 ensures, together with the Assumption 3 below, the existence of unique invariant dis-
tribution 7%, as well as the ergodicity of the process X?.

A3 (Ergodicity): (i) For all ¢ >0, [ ., |2|"F(z)dz < cc.

(ii) For all p € 11 there exists C > 0 such that zb(u, z) < —C|z|?, if |z| — oco.
(iii) |y(x)|/|x] = 0 as || — oo.

(iv) For all 0 € ¥ we have |a(o,z)|/|z] = 0 as |z| = oo.

(v) V0 € ©, ¥g > 0 we have E|X§|? < oco.

A4 (Jumps): 1. The jump coefficient v is bounded from below, that is infer |v(x)] := Ymin > 0.
2. The Lévy measure F' is absolutely continuous with respect to the Lebesgue measure and we denote

F(z) = Fldz),

8. F is such that F(z) = AFy(z) and [, Fo(z)dz = 1.

Assumption 4.1 is useful to compare size of jumps of X and L. The Assumption 5 ensures the exis-
tence of the contrast function we will define in next section.

A5 (Non-degeneracy): There exists some ¢ > 0, such that inf, , a*(o,z) > ¢ > 0.

From now on we denote the true parameter value by 6y, an interior point of the parameter space ©
that we want to estimate. We shorten X for X?%.

We will use some moment inequalities for jump diffusions, gathered in the following lemma that fol-
lows from Theorem 66 of [25] and Proposition 3.1 in [28].

Lemma 1. Let X satisfies Assumptions 1-4. Let L; := fo fR zfi(ds, dz) and let Fs := 0 {(Wy)o<u<s, (Lu)o<u<s, Xo}-
Then, for allt > s >0,

1) for allp > 2, E[| X; — XS|P]% <cft— s|%,

2) for allp > 2, p € N, E[| X}y — X|P|Fs] < c|t — s|(1+ | X,|P),

3) for allp > 2, p € N, supp,epo,1) E[| Xs4a[P|Fs] < (1 +[X[P).

An important role is played by ergodic properties of solution of equation (3)
The following Lemma states that Assumptions 1—4 are sufficient for the existence of an invariant measure
7% such that an ergodic theorem holds and moments of all order exist.

Lemma 2. Under assumptions 1 to 4, for all § € ©, X9 admits a unique invariant distribution ©° and
the ergodic theorem holds:

1)For every measurable function g: R — R s. t. 7°(g) < oo, we have a.s. lim;_,o0 T fOtg(Xf)ds =%(g).
2)For all ¢ > 0, 7¥(|2|?) < oo

3) For all ¢ > 0, sup;~ E[| X/]7] <

4) Moreover, limy_,o 1 fo [ X919 ds = 70(|x|7).

A proof is in [13] (Section 8 of Supplement), it relies mainly on results of [20].

A6 (Identifiability): For all p1,pe in II, u1 = po if and only if b(u1,x) = b(us, ) for almost all
x. Moreover, Yoy1,09 in X, 01 = o9 if and only if a(o1,z) = a(oa,x) for almost all x.

AT: 1. The derivatives ﬁ, with k1 + ko < 4 and ko < 3, exist and they are bounded if k1 > 1. If

k1 =0, for each ko <3 they have polynomial growth.

2. The derivatives (%,;Wz,g, with k1 4+ ko < 4 and ky < 3, exist and they are bounded if ky > 1. If k1 =0,

for each ko < 3 they have polynomial growth.
3. The derivatives y*)(z) exist and they are bounded for each 1 < k < 4.

3 b(:r,,uo) d O
A8 et B be | HeCeman S lde) (st 2 , then det(B) # 0.
0 4 fR “a(z,00) O'[)) (d:E)



3 Construction of the estimator and main results

Now we present a contrast function for estimating parameters.

3.1 Construction of contrast function.

Suppose that we observe a finite sample X, ..., Xy, with 0 =tg <t; < ... <t, =: T},, where X is the
solution to (3) with § = 6. Every observation time point depends also on n, but to simplify the notation
we suppress this index. We will be working in a high-frequency setting, i.e. A, :=sup,_g Ap; —0
for n — oo, with A, ; := (ti41 — t;). We assume that lim,,_,o, T}, = cc.

In the sequel we will always suppose that the following assumption on the step discretization holds true.
AStep: there exist two constants ¢y, ¢y such that c; < A‘:;;ﬂ < ¢1, where we have denoted A,,;, as

yeeesn—1

min;—g, .. n—1An;-

We introduce a jump filtered version of the gaussian quasi-likelihood. In our setting, the observed data
are discrete, hence we have to decide whether jumps occur or not in an interval from only the increment
of our process, although that is a stochastic decision which may sometimes include some misjudgments.
This criterion should be chosen depending on n, and increase the accuracy of judgements as n tends to
infinity. This leads to the following contrast function:

Definition 1. For 8 € (1,1) we define the contrast function U, (u,0) as

n—1
L (th‘+1 - m(,u,a, Xti))2 m2(/1'70'a th)

Un(ﬂag) = ;[ mg(u,q th) +ZOQ(T)]§DA€Z(X)5H_1 _Xti)1{|Xt,¢|§A,:’]:}’ (4)

with

E[X? o 0 (X, —XP)|XE =1
L i+l An,i tit1 t; t; ) 5)
m(,u,m .’E) = E[@Aﬁ ‘(XteiJrl _ Xfl)ngl _ .’L'} ) (
BI(X0,, - mln.0.X,) e (XL, - X0)|X0 =a] 6
mQ(MaO',QT) = E[QOAﬁ_(XtHiH —Xz)|X€ :x] ( )
and

@Ai i(Xti+1 - th‘) = (P( )

AL
The function ¢ is a smooth version of the indicator function, such that ¢(¢) = 0 for each ¢, with |¢| > 2
and ¢(¢) =1 for each ¢, with || < 1.

The last indicator aims to avoid the possibility that |X,| is big. The constant k is positive and it will be
chosen later, related to the development of both m and ms.

Moreover we remark that m and my depend also on ¢; and ;1. By the homogeneity of the equation
they actually depend on the difference t;11 — ¢; but we omit such a dependence in the notation of the
two functions here above to make the reading easier.

We define an estimator én of #y as

én = (ﬂnva'n) € arg min Un(pﬁ 0)' (7)
(n,0)€0©

The idea is to use the size of X;,,, — Xy, in order to judge the existence of a jump in an interval [t;, t;1).
B

The increment of X with continuous transition could hardly exceed the threshold A ;. therefore we can

— Xy > AL

The value B has to be chosen carefully. For instance if g is too large, and therefore Ai,i is too small, the

judge a jump occurred if | X

i+1

probability of getting the increment Aii by the continuous diffusion can not be ignored, on the other

hand, if 8 is too small, and therefore AP s too large, we cannot ignore the probability of getting an

n,i
increment less than Aﬁ)i when a jump occurs in an interval. In the definition of the contrast function
we have taken 5 > i because, in Lemma 3 and Proposition 6 below (and so, as a consequence, in the
majority of the theorems of this work), such a technical condition on § is required.

We observe that, in general, there is no closed expression for m and ms, hence the contrast is not explicit.
However, it is proved in [2] an explicit development of m in the case where the intensity is finite and
in this work we provide as well an explicit development of ms that lead us to an explicit version of our
contrast function.



3.2 Main results

Before stating our main results, we need some further notations and assumptions. We introduce the
function R defined as follows: for § > 0, we will denote R(6,A? . z) for any function R(6, An L) =

’I’LZ’

R; ,(0,2), where R; , : © x R — R, (0,2) — R; (0, ) is such that
>0  |Rin(0,2)] < c(14]2]%)AS (8)

uniformly in # and with ¢ independent of i, n.
The functions R represent the term of rest and have the following useful property, consequence of the
just given definition:

We point out that it does not involve the hnearity of R, since the functions R on the left and on the
right side are not necessarily the same but only two functions on which the control (8) holds with Afm-

and A? .. respectively.

nz’

In the sequel, we will need a development for the function ms. We will assume that such a develop-
ment exists, as stated in the next assumption:

Ad: There exist three functions r(u,o,z), r(x), R(6,1,z) and 61,02 > 0 and ko > 0 such that, for
|x| < ATL 'L )

m2(:u7 g, l‘) = An,iaz(x7 0)(1 + An,ir(,uv g, ‘T)) + A:{;‘Slr(x) + Aiﬁ62R(07 17 x)a (10)

where r(u, 0, ) and r(z) are particular functions R(6, 1, z), that turns out from the development of meo,
and the function r(x) does not depend on . Moreover, the order of such functions does not change by
deriving them with respect to both the parameters, that is for ¥ = g and 9 = g, |9yr(p, o, 2)| < c(1+|x|%)
and |0y R(0,1,x)| < (1 + |z]°).

Assumption Ad is not restrictive. Examples of frameworks in which Ad holds are introduced in Propo-
sitions 2 and 4, that will be stated in the next section and proven in the appendix. Let us stress that it
is crucial for the proof of the consistency of the estimator that the second main term of the expansion
(10), ALT917(2), does not depend on the parameter 6.

n,r
The followmg theorems give a general consistency result and the asymptotic normality of the estimator

0.
Theorem 1. (Consistency) Suppose that Assumptions 1 to 7, AStep and Ad hold. Then the estimator
0,, is consistent in probability:

én L 0o, n — o0.

Theorem 2. (Asymptotic normality) Suppose that Assumptions 1 to 8, AStep and Ad hold. Then
(VTufin = 10), V160 = 00)) > N(0, ) for n — o0,

BLb(l, ) —
where K = ( fR ;I Uﬁo ) 1 3 ( O) )
O f]R a(x 0'0;) (d"z"))il

The proof of our main results will be presented in Section 7.

4 Practical implementation of the contrast method

In order to use in practice the contrast function (4), one need to know the values of the quantities
m(u, o0, Xy,) and ma(u, 0, Xy,). Even if in most cases, it seems impossible to find an explicit expression
for them, explicit or numerical approximations of this functions seem available in many situations.

4.1 Approximation of the contrast function

Let us assume that one has at disposal an approximation of the functions m(u,o,z) and meo(u, o, x),
denoted by m(u, 0, ) and 7o (u, o, 2) which satisfy, for |z| < h=*0, the following assumptions.
Ap :



1. |m(p,0,2) —m(u,o,2)| < R(O,h°r,x), |ma(p,o,x) —me(p,o,z)| < RO, h*2, z),
where the constants p; > 1 and py > 1 assess the quality of the approximation.

2. (0L, 7,2) — O, 7,2)] + |0 (1,0, 7) — Byma(p 0,)| < RO, K1, ), for i = 1,2, for all
|z] < h=% and where € > 0.

3. The bounds on the derivatives of m and mo gathered in Propositions 8, 9 and 10 hold true for m
and ms replacing m and ms.

We have to act on the derivatives of the two approximated functions m and ms as we do on m and ms.
That’s the reason why we need to add the third technical assumption here above, which assure we can
move from the derivatives of the real functions to the approximated ones committing an error which is
negligible. Now, we consider 6,, the estimator obtained from minimization of the contrast function (4)
where one has replaced the functions m(p, o, X+,) and ma(u, o, Xz,) by their approximations m(u, o, x)
and ma (i, 0, ). Then, the result of Theorem 2 can be extended as follows.

Proposition 1. Suppose that Assumptions 1 to 8, Ad, AStep and Ap hold, with 0 < k < kg, and that

\/ﬁAfLﬁl/2 — 0 and \/ﬁAfLrl/2 — 0 as n — oo.
Then, the estimator 6, := (fin, 0n) s asymptotically normal:

~ ~ L
(VTn(jin — po), vVn(d, —09)) = N(0,K) forn — oo,
where K is the matriz defined in Theorem 2.

Proposition 1 will be proven in Section 7.4.

We give below several examples of approximations of ms(u, o, X¢,) which can be used, together with
the approximations of m(u, o, X;,) given in Proposition 2 of [2], to construct an explicit contrast func-
tion.

4.2 Development of my(u, o, ).

We provide two kinds of expansion for the function ms. First, we prove high order expansions that
involve only the continuous part of the generator of the process and necessitate the choice of oscillating
functions ¢. Second, we find an expansion up to order A2 for any function ¢, and, in particular, show
the validity of the condition Ad in a general setting. For completeness, we recall also the expansions of
the function m found in [2].

4.2.1 Arbitrarily high expansion with oscillating truncation functions.

We show we can write an explicit development for the function ms, as we did for the function m in
Proposition 2 of [2], taking a particular oscillating function ¢. In this way, it is therefore possible

to make the contrast explicit with approximation at any order. We define A(k)( ) := A¥(hy)(z) and
A(I?;(x) i= A% (hs)(z), where A(f) :==bf + 3a® [, with b(p,y) = b(u,y) — [ 7(y)2F(2)dz; Ky and K
we have written here above stand for ”Kessler”, based on the fact that the development we find is the
same obtained in [17] in the case without jumps by the iteration of the continuous generator A.. The

functions who appear in the definition of Ay;l) and Ay(? are the following: hy(y) := (y — ), ha(y) = y2.
To get Proposition 2 we need to add the following assumption:

Af: We assume that z — a(z,0), © — b(x,u) and & — ~y(x) are C* functions, they have at most
uniform in p and o polynomial growth as well as their derivatives.

Proposition 2. Assume that Assumptions 1-4 and Af hold and let ¢ be a C*° function that has compact
support and such that ¢ =1 on [—1,1] and Vk € {0,..., M}, [, z*¢(z)dz = 0 for M > 0. Moreover we

suppose that the Lévy measure F' is C*°. Then, for |x| < A ko with some ko > 0,

[B(M+2)] A LB(M+2)] A
ma(p, 0,x) = Z A(k) —(z+ Z A(k) ) + R(6, AB (M2) 2. (11)
Moreover, for 9 = p ord =0

00 R(0, A7 )| < R(O, AL ). (12)



It is proved below Proposition 2 in [2] that a function ¢ which satisfies the assumptions here above ex-
ists: it is possible to build it through 1, a function with compact support, C* and such that ¥ |;_; y(z) =
IVM!. It is enough to define p(x) := %zﬂ(az) to get ¢ =1 on [—1,1]; ¢ is C*°, with compact support and
such that for each I € {0,...M}, using the integration by parts, [, z'¢(z)dz = 0.

It is thanks to such a choice of an oscillating function ¢ that the contribution of the discontinuous part
of the generator disappears and we get the same development found in the continuous case, in Kessler
[17], due only to the continuous generator.

In the situation where (11) holds true with |S(M + 2)| > 2, we get a development for ms as in Ad for
r(x) identically 0 and r(u, o, ) being an explicit function.

For completeness, let us recall that under the same assumptions as in Proposition 2, we have the
following expansion for m (see Proposition 2 in [2]):

[B(M+2)] Ak
mpo,z)=z+ Y A%f(x)% + RO, A0 2), for |z < Ak, with ko > 0. (13)
k=1 ’

4.2.2 Second order expansion with general truncation functions.

Another situation in which Ad holds is gathered in the following proposition, that will be still proven in
the appendix:

Proposition 3. Suppose that Assumptions A1 -A5 and A7 hold, that 8 € (i%) and that the Lévy
measure F is C'. Then there exists ko > 0 such that, for |z| < A%

n,i,
1438
ma(u, o, z) = An,iaZ(:c,U)qL ,;E;) F(0) / 02<p(v)dv+Aiﬁi(3B2(9:,u)Jrhg(x,9))+A£ll’j_4’6)/\(2+ﬁ)/\(3_2ﬂ)R(@, 1, z);
R

B - (14)
where hy = %CLQ(CLI)Q + %aga” +a%b 4 aa’b+ b%. Moreover, for both ¥ = p and ¥ = o, Oy R(0,1,x) is still
a R(0,1,x) function.

We observe that, defining r(z) := F(0) [ v’¢(v)dv and r(u, 0, x) := W, we get a devel-
opment as in Ad for 6, := 3.

We observe that if fR v2p(v)dv = 0, we fall back in development of Proposition 2 up to order 2. We
therefore see that the choice of an oscillating truncated function ¢ is necessary in order to remove the
jump contribution.

It is worth noting here that biggest term after the main one is due to the jump part and do not depend
on the parameters p and 0. We'll see in the sequel that is necessary, in order to prove the consistency of
fln, that this contribution does not depend on the drift parameter. Considering indeed the difference of
the contrast computed for two different values of the drift parameter, its presence results irrelevant.

We remark that the term with order 1 4+ 45 is negligible compared to the order 2 terms since in our
setting 3 is assumed to be bigger than i.

In Proposition 3 before F is required to be C!, such assumption is no longer needed in following more

general proposition.

Proposition 4. Suppose that Assumptions A1 -A5 and A7 hold. Then there exists kg > 0 such that, for

o] < AL,
AL+38 AP
mao(p, o, x) = A a(z,0) + —= /u2 u)F(u—= du—i—Af”- 30%(z, ) + ho(z, 0))+
AZTPa2(z, o) ulA?
+b/ ' (1) + w2 (u)) F(—2 du+A£LS;2ﬁ)A(2+ﬁ)R 0,1,2), 15
[0+ ) (S + A (6.1,2) (15)

where hy = 3a*(a’)? + 3a®a” + a®b' + aa’b + b?.
Moreover, for both 9 = p and ¥ = o, Oy R(0,1,x) is still a R(0,1,x) function.

We see that the contributions of the jumps depend on the density F' which argument in the integral
depend on A, ;. If we choose a particular density function F' which is null in the neighborhood of 0
the contribution of the jumps disappears and, in this case, we fall on the development for ms found by
Kessler in the case without jumps ([17]), up to order A2 ;.

The expansion (15) looks cumbersome, however all terms are necessary to get an expansion with
a remainder term of explicit order strictly greater than 2, and valid for any finite intensity F'. In the
particular case where F' is C', the first three terms in the expansion give the the main terms of the
expansions (14), while the last integral term, with order AP s clearly a rest term. However, in the

n,i



situation where F' may be unbounded near 0, with [ F(z)dz < oo, the last integral term is only seen to
be negligible versus Af” Hence, this last integral term may be non negligible compared to the rest term
and is needed in the expansion.

Finally, we recall the expansion of m valid under the Assumptions Al-A4 (see Theorem 2 in [2]),

1+28 B

- uAl
m(p, o, z) =z + Ay bz, p) + —= /u u)F ek dquRH,Ai_iZﬁ,x. 16
(1,0,2) M)+ =2 [ gl PEE - ROAZ ) (16)

Developments of my given in Propositions 2 - 4, together with the developments of m given in (13),
(16) will be useful for the applications, as illustrated in the following section.

5 Simulation study

Let us consider the model

t t
X, =Xo+ / (01 X5+ 02)ds + oW, + 7/ / zfi(ds, dz), (17)
0 0 JR\{0}

where the compensator of the jump measure is Ti(ds, dz) = AFy(z)dsdz for Fy the probability density of
the law N (py,0%) with s € R, 07 >0,0>0,6; <0,0, € R, v>0, A > 0.

We want to explore approximations for m and ms which make us able to find en explicit version of the
contrast function. According to Proposition 2 (respectively Proposition 2 in [2]), we know that using
sufficiently oscillating truncation functions the expansion of ma (respectively m) is the same as Kessler’s
expansion for the continuous part of the SDE.

Since the Kessler’s expansion approximates the first conditional moments of X; = Xo + fot (91)7(5 + 05 —
YApg)ds + oWy (see (1)), which is the continuous part of (17) and which is explicit due to the linearity
of the model, we decide to use directly the expression of the conditional moment and set

~ ) A v Ay — 0
(01,03, ) = (3 + o — Lo et TR 22, (18)
01 01 01
while the approximation of ma(u, o, x) is
o2
Mo (01, 0,2) = ——(e2018mi —1). (19)

20,

We want to compare the estimator 6,, we get by the minimization of the contrast function obtained by
the Kessler exact correction of the bias in which we use the approximations (18) and (19) for m and msq
with the estimator based on the Euler scheme approximation:

ﬁlE(01792,$) =+ (01{E + 92 — )\’)/‘LLj)Ami, ﬁle(J, 213) = 02An,i- (20)

According with Proposition 2, we build oscillating truncation functions. To do it, we choose ¥ : R — [0, 1]
a C* symmetric function with support on [—2,2] such that ¢(z) = 1 for || < 1. We let, for d > 1,
o(z) := (Y(x) — Y(x/d))/(d — 1), which is a function equal to 1 on [—1,1], vanishing on [—d, d]°, such
that [ ¢(z)dz = 0 and that [, z¢(x)dr = 0. In the contrast function we use the truncation function
AN (), where ¢ > 0 is some constant. In the theoretical parts of the paper we have chosen ¢ =1,

as this constant does not matter asymptotically, however for the practical usage of the method on finite
sample the choice of the constant ¢ is an important issue.

For numerical simulations we choose T'= 100, n = 5000, A\=1,v=1,60; =—-1,0=2,0=0.5,c=2
and d = 2. We estimate the bias of the estimators using a Monte Carlo method based on 500 replications.
First, we consider 8 as big as possible, fixing it equal to 0.49; then we will take 8 = 0.3; in both cases
the jumps size has common law N (4, 0.25).

In Tables 1 and 2 we illustrate, for 8 = 0.49 and 8 = 0.3 respectively, the behaviour of the two estimators

Mean for 8; = —1 | Mean for 05 = 2 | Mean for o = 0.5
éE”l"r -0.98576674 2.03648076 0.48215837

0, -1.00242758 1.99964172 0.49684659

Table 1: = 0.49

gEuler and ,,. The first is obtained using Euler scheme to approximate the two unknown functions m



Mean for 61 = —1 | Mean for 85 = 2 | Mean for o = 0.5
éE“ler -0.95638861 2.45094605 1.32435848
0, -1.00262437 2.00372846 0.49855887

Table 2: 5 =0.3

and my through mZ (61,65, ) and mZ (o, x), while we obtain 6,, through the developments (18) and (19)
for m and meo, based on the Kessler exact correction of the bias.

We see from Table 1 that when § is big the noise, already small in the first line, is reduced for the joint
estimation of all three parameters through Kessler exact approximation. We make § decrease in Table
2, now the estimations of the three parameters through Euler approximation doesn’t work well anymore
(it results evident, in particular, for the estimation of o). Looking at the second line of Table 2, instead,
we see that the noise is visibly reduced for the estimation of all the three parameters and so that the
estimator 6,, performs well for any (.

Regarding the value of 3, it might not seem like a very natural choice to take it small, since in this way
the threshold is big and so we can not ignore the probability to have a jump in the interval considered
even if the increment is less than A?. However, the choice of 3 can be traced back to the choice of ¢ and,
because of the well performance of our estimator for no matter which 3 considered, we can deduce 0, is
less sensitive than é,b:uler to the threshold issue.

In the previous case we have used Kessler approximation to remove the bias deriving from the con-
tinuous part at any order and, according with Proposition 2, we have taken an oscillating truncated
function ¢ for which the initial contributions of the discontinuous part of the generator disappear. Now
we still consider (17) in which Fy is still the probability density of the law N (u,0%), but we use the low
order expansion available for any truncation function.

According to Theorem 2 of [2] (see also (16)) we have, considering a threshold level which is CAZVZ-, the
following development for m:

— C2A1+A2’8 ucAﬁ .
m(61, 02, 0,) = &+ Anb(a, 01, 65) + —=— / wp(w) F(——=)du + R(6, A )
R
which leads us to the approximation
- A28 ucA?
m(0y1, 00, z) =z + A, ;b(z,01,02) + —— / up(u) F(—)du,
v R v

for b(z,01,02) = (012 + 02) — yAp;. It follows |m(0y,02,0,2) — m(0y,02,2)| < R(6, Aifﬁw).
Concerning the approximation of ms, from its development gathered in Proposition 4 we define

ucAg i

c
ma(o) := An,mQ + %/RUQQO(U)F( 5 =)du,

which is such that |my(01, 02,0, ) — ma(0)| < R(0, A2 ;, x).
We estimate jointly the parameter 6 = (01,02, 0) by minimization of the contrast function

n—1 ~ ~
(Xti - m(017927Xti))2 ma (0 70aX7'
Un(®) = 3= S +log(72(; ‘ t'))MAg (X, — Xu), (21)
i=0 b) i n,t ’

where ¢ > 0 will be specified later.
We compute the derivatives of the contrast function with respect to the three parameters:

B m(alv 02, th))th
7712(0')

n—1
2( X,
891Un(9) = Z ( fi ¢0Ai ‘(Xti-#l - th) =
=0 "

n—1

2
TT’LQ(O’)

(]

(Xt Xti - An,ielXti - An,i92 + An’t’y)\ﬂj - J{)thspcAf i(Xti+1 - Xt‘)7

i+1 i
i=0
where we have denoted as Ji the term in the development of m turning up from the presence of jumps,

CQAitzﬂ ucAf P
2 [g up(u)F(——>*)du.

which is

10



We want dg, U, (0) = 0, it leads us to the definition of the following estimator:

Z?;Ol (Xti+1 - Xti - An,i92 + An,i’y)‘/lfj - J{)th SDCAE,, i(Xti+1 - th)
Z?;ol An,iXtQi(PcAi)i(XtiJrl - th) '

1,n =

In the same way

n—1 ~
Q(XtH_l - m(017 927 th))
0= 2 (o) Peay, K = Xe) =
9 n—1 .
- ma(o) Z(Xtm — Xy, — Dp 01 Xy, — Ap il + DAy iy Ay — Jf)%AfL’i (Xtiyy — X))

=0
Since we want 9y, U, (6) = 0, we define 6, in the following way:

n—1 n—1 z;
Zi:o (Xti+1 - th‘ - An,ielXti)roAi 7A'(‘Xffwrl - th) Zi:o JIQDCAQ i(XtH»l - th)
n—1 : + ’)/)\,U/] - n—1 y =
Zi:o An,i(pcAi’i(Xtii»l - Xti) Zi:o An,i(pcAﬁ’i(XtiJrl - Xti)

(22)

92,71 =

I

ZZT'L:O Jf(pcAiYi(Xu#l - th)
1

Z?:O Ami@cAfL i(Xti+1 - th‘)

__ pEuler
= Qn

)

we can see 9~2,n as a corrected version of the estimator é,EL“le' that would result considering the Euler
scheme approximation for the function m, as in (20). We observe moreover that, considering a uniform

2 A28 B
discretization step, the last term in (22) becomes simply £ := © ﬁ" Jr ugo(u)F(%)du.
Computing also the derivative of the contrast function with respect to o2, we have

Oy2 Uy (0) = i[_(Xti+1 —m(b,02, Xy,))20p2ma(0) + ma(0)0s2ma(o)

]wcAz i(Xt11+1 - Xt,-)7

which is equal to zero if and only if
n—1
> =Xty — (01,02, X4,)) A i + A (A io® + I (Xioyy = Xi,) =0,
i=0 "
; AL+38.3 ucAP |
for Jy := === Jp vPo(u)F( 7"")du, which is the part deriving from the jumps in the development

of ma(c). It drives us to the estimator

Z;L:*(]l (XtH—l - m<917 927 Xti))2An,i(PCAiﬂ’ (th‘+1 - th) Z?;Ol An,iJéﬁpCAfm (th‘+1 - th)
Z?;Ol A%,i@CAg,l(XtiJrl - th) Z?;Ol A?L,iwcAﬁyi(Xtiﬁ»l - th) '

~2
g, =

Considering an uniform discretization step it is

Z?;Ol (Xti+1 - m(eh 02, Xti))2spcA§7i(Xti+1 - th) Jo
An Z?;OI <'DcAﬁyi (Xti+1 - Xti) Ay

~2
O, =

Again, it can be seen as a corrected version of 52Fuer the estimator that would have resulted considering
the approximation of the functions m and mgy as defined in (20). In such a case, not only we wouldn’t
have seen the contribution of the jumps appearing in the second term here above, but also in the first
term we should have replaced m with its Euler approximation.

To illustrate the estimation method, we focus on the estimation of the parameters 65 and o2 only.

For numerical simulations we choose the parameters as we did above Table 1.

The real values of the parameters we want to estimate are f; = 2 and ¢ = 0.5; we estimate the bias of
the estimators using a Monte Carlo method based on 500 replications.

We see that there is not a big difference in the estimation of 65 with and without the correction term
while, regarding o2, the estimator found through our approximated function 7 and 7y performs better
than the estimator we got through Euler scheme, especially for 5 smaller.

_ CZAiB

B
The two estimators of 65 differs in fact only for the contribution of the jumps AJ—i == Jr wp(u)F(%A")du

11



Mean for 5 =2 | Mean for 0 = 0.5 Mean for 6 =2 | Mean for o = 0.5
gEuler 2.04057 0.67069 gEuler 2.02889 0.51503
0, 2.03926 0.53084 0, 2.02686 0.50930
(a) B=10.3 (b) B =0.49

Table 3: Monte Carlo estimates of 5 and o2 from 500 samples. We have here fixed 8 = 0.3 in the first
table and 5 = 0.49 in the second one.

that is in this case close to zero, because of the natural choice of taking a truncated function which is
symmetric. Indeed, even if the density function F' isn’t symmetric, asymptotically the only contribution
it gives is due by its value in zero and, therefore, the symmetry of ¢ is enough to ensure the limit of the
integral is zero. _

Also in this case the estimator 6,, performs well for any 5, which means that even if we take a wrong
threshold ¢ for which the well detection of the jumps is not guaranteed, the performance of the estimator
0,, remains high.

6 Preliminary results

Before proving the main statistical results of Section 3, we need to state several propositions which will
be useful in the sequel. They will be proven in Section A.1.

6.1 Limit theorems

The asymptotic properties of estimators are deduced from the asymptotic behavior of the contrast func-
tion. We therefore state some propositions useful to get the asymptotic behavior of U,.

Proposition 5. Suppose that Assumptions 1 to 4 and AStep hold, A,, — 0 and T,, — oo and f is a
differentiable function R x © — R such that |f(z,0)| < c(1+|z]°), |0z f(x,0)| < c(1+]|z|°) and, fory =p
and 9 = o, |09 f(x,0)| < c(1+ |x|°). Then x — f(x,0) is a w-integrable function for any 6 € © and the
following convergences hold as n — oo :

n— P
Ll 3050 Anif (Xee, )Ly, <azty = Jp fl@, O)m(dz)[ =0,

n— P

2. |T7177 Zi:ol An,if(th‘vg)@Aﬁ)i(XtHl - th)l{\xt7\§A;’j} - fR f(z,0)m(dz)| = 0,

n— P
3' |% Zi:ol f(the)l{|XtL|§A;’;} - fR f(xa Q)W(dl')‘ — 07

n— P
4. |% Zi:ol f(the)(PAﬁ_’i(Xti+1 - Xti)1{|Xti|§A;’;ﬁ} - fR f(.’L‘, (9)7T(d$)| — 0.

Statements 1 — 2 and 3 — 4 of the proposition here above, as well as the first and the second point
of Proposition 6 below, turn out being similar if the sampling step A, ; = A, considered is uniform.
Otherwise, we need these two different convergences because, in order to estimate p and o jointly, we
have to deal with different scaling of the contrast function.

Proposition 6. Suppose that Assumptions 1 to 4 and AStep hold, A, — 0 and T,, — oo and f:

R x © — R. Moreover we suppose that 3c: |f(z,0)| < c(1+ |z|°) and that B € (1, 3).
Then, V0 € O,

n—1
1 P
L. Ti Z f(Xtme) (Xti+1 - m(M7 g, Xti))Q @Ai i(Xti+1 - Xti)l{\Xt, \<A*’f} — Af($79>a2(x’ Uo)ﬂ(d.’L‘).
n part s il="n,i
n—1
1 f(Xy,,0 P
2. EZ (At ) (Xti+1 7m(/1’a O—vXti))z @Aii(XtHl 7Xti)1{‘Xt.‘<A_kf} — /Rf(l',e)(IZ(x,O'g)’]T(dﬂi).
pard n.i , i1S8n

The proof relies on the following lemma. In the sequel we will denote E;[.] for E[.|F3,], where (Fs)s is
the filtration defined in Lemma 1.

Lemma 3. Suppose that Assumptions 1 to 4 hold. Moreover we suppose that 8 € (%, %) Then

n,i

I'Ei[(Xti+1 - m(:uv g, Xti))2 QQQAL? v(Xti,«#l - th)] = An,ia2 (th ) UO) + R(97 A1+ﬂ Xti)? (23)

12



2'Ei[(Xti+1 - m(ILL7 g, th‘))4 904Aﬁ A(Xtii»l - th)] = 3A$L,ia4( UO) + R(9 A4+B )7 (24)

n,e

3.For k > 1’ ‘Ei[(Xti+1 - m(;“’v a, th)) @Zﬁ _(Xti+1 - th)” < R(Qa An,ia Xti)’ (25)

4 For k> 2, 9K >0, Eil| Xy, —m(p 0, Xe)[* lppr (Xup, — Xo)[¥] < R, AZNER X (26)

’ 4
5.k > 0, Ei[(Xti+1 - m(MO’ O-OvXti>)3|(pAfi i(Xti+1 - th)‘k ] = R(QO’ Arﬁ;jﬂ’ Xti)'

We observe that the first and the second points here above are particular cases of the the fourth one,
in which we get some better estimation. In particular, we can identify in detail the main term.
Concerning the fifth point, instead, we remark that for k = 3 we don t have the main contribution of the

Brownian part anymore, which gave us the rest function of size A2 n (26). In this case the main term
of the development is glven by the square of the Brownian integral tlmes the jump part, which magnitude
can be estimated by 4 3+ 6.

In next lemma we consider the derivatives of ¢, getting an improvement of the estimations here above. It
relies on the fact that, from the definition we gave of such a function, we know its derivatives are different
from zero only if the increments of our process are smaller than 2Afm (as it was for ¢) and bigger than

Afm (extra bound that we did not get using ). Having therefore no longer only an upper bound but

also a lower bound for X;, , — X;,, it is now possible to prove a better version of (26):

Lemma 4. Suppose that Assumptions A1-A5 A7 and Ad hold. Then ¥p > 1, Vk > 1 and Vr > 0,
EXE,, =m0, Xe)Plod) (X7, = X0 < RO 077, Xy,).

1 ’ . tit1

Considering only the jump part, the following result holds:
Lemma 5. Suppose that Assumptions A1-A4 holds. Then, ¥q > 1 we have

E|AX] pps (8:X)|% = R(60, AL X)),

where AX? = ft e 2y (X)) ia(ds, dz).

Other estimation about the expected value of the jump part in the presence of an indicator function
which is 0 if the increments are bigger than cAgyi are gathered in Lemma 4 of [3].

Using the lemmas stated here above, it is possible to prove the following proposition, that will be proved
in Section A.1 and which is useful to show the tightness of the contrast function.

Proposition 7. Suppose that Assumptions 1 to 4 and AStep hold, A, — 0 and T,, — oo and g;r is
a differentiable function R x © — R such that |g;n(z,0)] < ¢(1 + |z]°) and, for 9 = p and 9 = o,
|09 Gin(z,0)] < c(l+|x|°). We define

n—1

1
Sn(e) = T E (Xti+1 - m(u’ a, Xti))gOAi i(Xti+1 - Xti)gi,n(tho)'
™ =0 '

Then Sy(0) is tight in (C(O©),]|.||.)-

6.2 Derivatives of m and ms

We now state some propositions which concern the derivatives of m and mso that will be useful in the
sequel.

Proposition 8. Suppose that Assumptions A1-A5 A7 and Ad hold. Then, for |z| < A, k“ and Ve > 0,
we have .
1. 8m (0, Xe,) = Dni@ub(Xe, 1) + RO,A02 77, X)),

2.|8Um(M,O'7Xti) <S (9 AniaXt')
3. |aﬂm2(:u‘,07 Xt1)| < R( AEL i )a

4. 0yma(p, 0, X1,) = 28,,.:0,a( Xy, 0)a(Xy,, 0) + R(O, AP X, ).

n,,

13



Estimation on the second derivatives are gathered in the following proposition:

Proposition 9. Suppose that Assumptions A1 - A5, A7 and Ad hold. Then

|02 ,m(p, 0, X4,)| < R(6, Afw t:)s 07m(p, 0, X4,)| < R(6, Ani, Xy,), (27)
m(p, 0, Xy,) = D i00b(1, Xe,) + R(6, A; X)), (28)

|05 gma (0, X)) < R(0, A7, X4,), |0nma(p, 0, X0,)| < R(0, A7, Xe,), (29)
Zma(p, 0, X)) = 20,,.:0,a(0, X4, )a(o, Xt,) + R(6, Af”, ) (30)

Deriving once again, the orders do not get worse. Indeed, the following estimations hold.

Proposition 10. Suppose that Assumptions A1 - A5, A7 and Ad hold. Then

L \827”2(/% g, th)| < R( An 3l ) 2. |8 m2(M,U Xt )| < R(e An ) )

opo

3. ‘a mQ(;UﬂU Xt )| < R(0 An i ) 4. |(9§’m2(u,a,Xti)| < R(Q AniaXt')a

wpo

5. 10sm(p, 0, X))l < R(0, Ap i, X¢,); 6. w0, Xe,)| < R(0, A;w )

|05 e

7. | upo (/J,O‘ Xt >| < R((9 An i) ) 8. |63m(lh<77 th)' < R(evAn,i7Xti)'

Propositions 8, 9 and 10 will be proved in the appendix.

7 Proof of main results

We first of all study the asymptotic behaviour of the contrast, from which we find the consistency of our
estimator.

We underline that, to get the consistency of the drift parameter, the normalization of the contrast function
is different than the normalization we use to find the consistency of &,,. Even if it doesn’t seem a natural
choice, it works well on the basis of Proposition 6.

7.1 Contrast’s convergence

To prove the contrast convergences, the development (10) of mg will be useful. We have shown in [2] (see
(16) also) that under Assumptions (A1)-(A4) the following development of m(u,o,z) holds :

m(:uv (o m) =x—+ An,ib(x7 M) + RJ(An,i7 .’E) + 1 (:U/7 ag, LL’), (31)

where 1 (i, 0, ) is a particular R(0 Aibt‘s, +,) function (with 6 > 0) and R7 (A, i, ) = —An; [ 27(x)[1—-

Pas (v(x)z)]F( )dz; the J underlines that 1t turns out from a jump term. It has the same properties of

the functlon R defined in Section 4.2 but it does not depend on 6.
Let us now prove the consistency of 0,,. The first step are the following lemmas:

Lemma 6. Suppose that A1 - A5, AStep and Ad hold. Moreover we suppose that 8 € (i %) Then

2Unls) 5 [ 1922 4 togte(a, o)), (32)

c(x,0)
where c(x,0) = a®(x,0) and 7 is the invariant distribution defined in Lemma 2.

Lemma 6 is useful to prove the consistency of 6,,, while we will use next lemma to show the consistency
of fin

Lemma 7. Suppose that A1 - A5, AStep and Ad hold. Moreover we suppose that 8 € (%, %) and that
201 > 1. Then

c(z, 09)

1 b z, —b Z, 2
()~ Ul o)) 5 [ LD ZIEI iy 1) = s 0] (1 = S22 ),
T R c(z,0) R

(33)
where r(u, o, x) is the particular R(0,1,x) function who turns out from the development (10) of mao.

c(z,0)
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7.1.1 Proof of Lemma 6

Proof. We first of all observe that by the equation (10) we have, for |Xy,| < An 7,
1 B 1

m2(/~L70—7 th) An,iC(Xt“U)( + A(Sl r(Xr,)

n,ic(Xy, O')

+ An,ir(:u7 g, th) + R(Gv A'}:ri(h ) th))

1 s, T(Xe,) 261 A(1482)A2
S N PN STV RN g, A2 AIHE)N2 3y 4
An7iC(Xt,i,O')( n,i C(Xti,O') , T(:u’ g t’L) + R( n,i tz)) (3 )

In the sequel we will just write 7 for 261 A(1+3d2) A2. We observe that, as a consequence of the Assumption
Ad, we have for both ¢ = pand ¥ = o, |0y R(6, A7, ;, X;,)| < R(6, An .+ Xt ), where the two rest functions
are not necessarily the same.

Similarly,
tog(T2UL 0 X)) _ 1oge(X,,, 0)) + log(1 + A%, X)L AL (0, X,) + RO, AL, X)) =
An,i i T, C(Xti , 0_) ) i n,1
X,
=log(c(Xy,,0)) + AillM + Ay ir(p, 0, X1,) + RO, A:L s Xt,)- (35)

co(Xy,,0)
Using both (34) and (35) in the definition of U, (u, o), we have to show that

(X))
Xtm )

An,ir(,u/va7 Xt )+R(0 A;w ))+

n—1
1 (X, —mlp,0,Xy,))? 5
D D : Xy, 1 1-A%,
n =0 ATLJC(XtMO') @Af’( bt ) {|X <A n,i ( (

n—1
1 s (X))
+= 3 (log(e(Xe,, 0)+AY, C
i=0 g " (Xt“ 0)

3

8
et Ay (0, Xy, ) FR(0, A X W)ear (X =Xi)lgx, j<a-ry = Moo
)T 7 B J:1

converges to the right hand side of (32). We know that I} 5 fR(m)T((dI) because of Proposition 6.

c(z,0)
Using the third point of Proposition 5, I LN Jgzlog(c(z,0))m(dx). All the other terms converge to zero
in norm 1 and so in probability. Indeed, passing through the conditional expectation and using the first
point of Lemma 3 we have

n—1 A51 X
E I"I]<EZEHMEKX —m(p,0, X)) (Xt — Xe)]1 <
H 21 = n g An,ic2(Xti70') i tig1 M, 0, At @Afm tit1 t; {‘Xt,i‘SA;’j;} >
Al & 5
< D E[IR(0,1, Xp,)[] < cAl,
=0

reminding that r(X%,) is a function R(6,1, X;,) by its definition and having used the property (9) on R,
its polynomial growth and the third point of Lemma 2. In the same way we obtain

E|) <cA, and  E[L] <Al

that goes to zero since 7 = 261 A (1 4 d2) A 2 is always positive.
Concerning I, as a consequence of the definition of r(z) and the fact that A, ; < A,, we have again

51 n—1

ZE\RQ X)) < el

E[|Zg ]

which converges to zero for n — oco. Again, acting in the same way we have
E[|I7]] < cA, and E[|I¥]] < cAT.
Convergence (32) follows. O

7.1.2 Proof of Lemma 7
Proof. Using again (34) and (35) we have that

i S[(XtHl - m(/i, g, Xti))2 - (Xti+1 — m(MO’ s Xti))

Tin(Un(,UqU)_Un(/lO,U)) = An,iC(XtiaO') An,iC(Xt,”U) ]LPAB (A X)1{|X <A nl}+
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n—1
_"_i Z Aél T(Xti) [(Xti+1 - m(/J'7U7 Xti))2 (Xti+1 - m(/l,07(77 Xti))2

. - A X)1 -
LX) A Xe.0) BrselXeo) 7l B e ey
n—1
1 (Xti+1 - m(,LL,O', Xti)>2
+ﬁ;An,ZT(M7U7Xti)[1 - An iC(X,g.,O’) ]SOAﬁl(AZX)lﬂXfJSA;ﬁ}—’_
n—1
1 (Xt,,, —m(po, 0, Xt,))?
b i 31 — i+1 i ; 1 .
Tn ;A R 7"(,“070'7 th)[ A . (Xti,U) }SDAﬁJ(A X) {\Xti‘SAnf;}“F

o SR 0), Al Xo) R (1), 8, ) et TR g (A cay

Ty i=0 An,iC(Xth)
n—1 6
1 (XtH»l - m(,uo,@ XtL))
+T7 ;[R«MO’ ) A’ﬂ Al >+R(<M07 ) An 77 ) An iC(Xt 70_) }‘pAﬂ (A X)l{\X \<A k} = Z s

where we have introduced the notation A; X := X, — X;, and we recall that 7 = 261 A (1 4+ 02) A 2.

We have already proved in Lemma 4 of [2] that I} L —(b(z’“ 0)—b(z.pt dz). We observe that I} differs
c(x,0) 2
r(Xe,;)

n,ic( Xy, o’)
order to prove the convergence of I it is pObblble to show that the added An’i make I3’ converge to zero
in probability.

Concerning 17,

from I7* only from the presence of A% and so, since J; is positive, acting exactly as we did in

n—1
TLZAHZT(M,O’ X, )cpAa (A; X)1{|X <A }—>/ r(p, o, )7 (dz) (36)

=0

as a consequence of the second point of Proposition 5. Moreover, using the third point of Proposition 6,
we have that

n—1
1 (X¢,., —m(p, 0, Xy,))? P c(x,00)
— Yy A, r(p,o, Xy, o : AX)1 —k : :
7 2 Anirl o Xo) TS (X1, ety [ o) S ()
(37)
From (36) and (37) it follows
N / (0, 2)[1 — SET 1
° R e C(.CL‘70') .
Acting on I} exactly like we did on I3 we get
L / r(po, 0, x)[1 — C(x’ao)]ﬂ'(da:)
* R o C(:I:,O’) .
Concerning I, it is
1 n—1
T—ZR(G,AZLJ,X“WA?Li(AiX)l{lxtiEA;,z} < AT 11 ZR LXe)pan (AiX),
™ =0 ’ ’

which converges to zero in norm 1 and so in probability because of the boundedness of ¢, the polynomial
growth of R, the fact that i = O( ) and that r — 1 is always positive since we have assumed 24§; > 1.
Moreover, passing through the condltlonal expectation and using the first point of Lemma 3 we have that

n—1 n—1
1 7 (Xl 1 _m(M’U’Xi)) F— T—
7 D EIR(0, AT 5, X0 B[ X, a)t oar (DXL, jca-y] S A 12 ~ > E[R(6,1,X,)] < Al
n i=0 n,1 i)

i=0

We have therefore proved that the second part of IZ' converges to 0 in norm 1 and therefore in probability.

It follows IZ 5o and, acting exactly in the same way, we have also I 5o It yields (33). O
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7.2 Consistency of the estimator.

In order to prove the consistency of ,,, we need that the convergences (32) and (33) take place in proba-
bility uniformly in both the parameters, we want therefore to show the uniformity of the convergence in
0.

We regard W and S, (p,0) = 7 (Un(p,0) — Up(po,0)) as random elements taking values in
(C(©),]]-l.)- It suffices to prove the tightness of these sequences; to do it we need some estimations for
the derivatives of m and mqy with respect to both the parameters, which are stated in Proposition 8, that
will be proved in the Appendix. Such a proposition will be also useful to study the asymptotic behavior
of the derivatives of the contrast function. We observe that, as a consequence of (31) and Proposition 8,

for ¥ = por ¥ =o0itis |Osri(p,o,x)] < RO, A, Xy,).

Un(p,0)
n

Lemma 8. Suppose that Assumption A1-A5, Ad, AStep and A7 are satisfied. Then, the sequence
is tight in (C(0), ||.|l»)-

Proof. The tightness is implied by sup,, %E[sup#’g |09Un (1, 0)|] < oo (see Corollary B.1 in [26]), for ¥ = pu
and ¥ =o. It is

n—1
agUn(,u,O') = Z[iQaﬂm(u’U’ Xti)(XtHl — m(iu’707 Xfa)) o aﬂm?(uvga Xti)2(Xti+1 - m(.u’a g, Xti))2+
i=0 m2(/’[/’0-7 th) m2(/’[’50-7 Xt,,)

(38)
8197712 (N: a, th)

o, Xy Pan (Bl x <ass)

Using the first and the third point of Proposition 8 and the development (10) of mq it follows

n—1
E[Sup |8MUTL(.UJa U)” < Z ]E[sup |R(9a la Xti)(Xti+1 - m(.ua g, Xti))‘PAB (A7X)‘117n]+
Hn,o i=0 n,o n,i
n—1 n—1
+ Z E[Sup |R(97 L, Xti)(Xt'H»l - m(:u7 g, Xti))QQOAB ,(AiX)lli,n] + Z ]E[sup |R(97 A’I’L,i7 Xti) 1i>n]7 (39)
=0 Ho e i—0 o
where we have used 1, ,, instead of 1{‘th <Ak} to shorten the notation.
We observe that Y
]E[Sup |R(97 17 Xti)(XtH»l - m(/‘? g, Xti))@Aﬁ ,(AiX)‘li,n] <
w,o n.i
< E[(Sup |R(97 1, Xti)l)(sup |(Xti+1 - m(/j“ﬂ g, th))(pAi s (AZX)l)ll,n] <
H,o ,0 Ji
< E[(Sup |R(07 1, th) 1i,n)(|(Xti+1 - m(/J'O> g, th))SDAfL Z(AlX)D]—’—
Mo ’
+CE[(Sup |R(97 17 th) )(Sup |m(lu’7 g, th) - m(ﬂOv g, Xti))‘)li,n]' (40)
w,o o

We can now use Cauchy-Schwartz inequality and (23) in Lemma 3 on the first, while on the second we
use the development (31) of m getting that (40) is upper bounded by

CE[R(6, A is X,)]2+CE[(sup [R(6, 1, Xz,) ) (sup | A, (6(Xi,, 1) =b(Xt,. 10))+71 (1, 0, X, ) =71 (10, 0, Xi,)])] <
Qo

0

1 1 1
< eAZ + cE[sup |R(0, Ay i, Xi,)|] < cAZ + A, < cAZ, (41)
n,o
where we have also used the boundedness of ¢, the fact that R has polynomial growth uniformly in 6
and the third point of Lemma 2 to say that our process has finite moments.
In the same way,

Efsup [R(6, 1, X4, ) (Xt,,, ~m(p, 0, X1,)) 200 (AX)|Lin] < Elsup [R(6, Ay, Xy, [+ Elsup [R(6, A2, X,)[] < e,
n,i 1,0

1,0 o n,i’
(42)
Replacing (41) and (42) in (39) it follows

1 1
sup EE[sup 10, Un (11, 0)|] < AR < ¢ < o0.
n o
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We can act in the same way on 9,U, (i, 0). Considering this time the second and the fourth point of
Proposition 8 and still using the development (10) of ms and (23) in Lemma 3 it follows

n—1

1 1
sup ﬁ]E[sup |05 Un (1, 0)|] < sup Z E[ sup |R(6, An X))+ R(0,1,X,)]] <e< oo
n w,o

29

The tightness is therefore proved. O

Lemma 9. Suppose that Assumption A1-A5, A7, AStep and Ad are satisfied. We suppose moreover that

01 in the Assumption Ad is such that 261 > 1. Then, the sequence Sy (pu,0) = Tin(Un(u, o) — Un(to,0))
is tight in (C(0©),|.|l.)-

Proof. Let’s take again the notation used in the proof of Lemma 7, for which S, (u,0) = 26_1 ;- Since
the sum of tight sequences is still tight, we will proceed showing that they are all tight. We start with
I3; acting as we did in Lemma 8, we prove that sup,, E[sup,, , [9s%'|] < co. We observe that, for J =
and ¥ = o,

n—1
: 1 (th N m(/l,ov';(ti))2
81923 = — E An,i[éi9 (M’ ’ tl)(l A ‘C(;(t O) )
1n var: n,t i)

(Xti+1 B m(“ﬂ g, Xti))2

—r(u, 0, X¢,)09( A, c(X,.0) )]SDAELi(AiX)l{\XMEA;’z} =: I§1+I§2~
n, i o ) ’

On I%; we use the first point of Lemma 3 and that |9y7(u, 0, X¢,)| < R(0,1, X;,) as stated in Assumption
Ad to get

SUPE[SUP |13 1 H >
1,0

Z E Sup |R 9 )(Xti+1 - m(u7 g, Xti))2<pAﬁ I(AlX”ll,nH <c

(43)
where we have used the polynomial growth of R, the third point of Lemma 2 and (42) and the notation
1;,, instead of 1{|X <Azt

L —m(0,Xe,))?
n 7C(Xt ,0)
cases they are upper bounded, using the first and the second point of Proposition 8, by |R(6, 1, Xy, )(X;,,, —
m(p, 0, Xt,))pas (A;X)]. We can therefore use (40) and (41), getting

Concerning I35, the derlvatlves of Gl t” with respect to p and o are different but in both

sup E[sup [I3'5|] < csupA2 <e < oo. (44)
T

From (43) and (44) it follows the tightness of I§. Acting exactly in the same way on I} it is clear it is
tight too. Concerning IZ and I§, recalling that the function R(6,A], ;, X;,) turns out from (34) and it is
such that its derivatives with respect to both the parameters remains of the same order, we observe it is
possible to act like we did on I3 getting

sup E[sup [I7]] < cAT! + cA},
n w0

since we have chosen 20; > 1 and so ¥ — 1 is positive. Clearly the same estimation hold for I§.

We now prove that I is tight. To do it we observe that, using the development (31) and the dynamic
(3) of the process X we have

tit1 tit1 it1
Xo, - ml, 0, X,,) = / b(Xs o) ds + / a(00, X2)dW, + / / V(X )2jilds, dz)+ (45)
¢ t t; R\ {0}

7RJ(ATL,1'3 Xf7) - An,lb(Xfm.u“) -7 (N? a, th)

It is worth noting that only the last two terms here above depend on p and so replacing (45) in I some
terms are deleted by compensation. Therefore we can define

n—1 (A X)1
Pan (BiX)lgx, <azk
Il 1= Ti {X [A%,i(bZ(Xtihu) - bZ(thu’O)) + 7“%(/,[,, g, th) - ’I"%(/.Lo, g, th)+
i=0 n 'LC(Uv ti)

tit1
+2A7L7’ib(Xtm U)Tl (,ua ag, th) - 2An,zb(th P /LO)Tl (,an g, th) + 2[/ b(XS’ :uO)dS + AXzJ+
t

i
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_RJ(AH let)][A '(b(Xth') - b(thMO)) + 7"1(”,0' Xt') - Tl(uo?o-v Xti)]’

where we have denoted by AX; the jump part in AX;, that is j; s fR\{O} (X -)z(ds, dz).
Moreover we define

— 2(b(Xe;, 1) — b(Xt,5 o)) ft a(og, Xs)dWs

Ity : ? ; c(o, X,) ?az (Bl x, <ot}
) 1 n—1 2(7"1(/!, o, Xt ) 7’1(”07 o, Xf )) f it1 a(CTo, Xs)dVVs
Iy 5= T Z A, ic(o, X)) (pAgi(AiX)l{‘Xii‘gA;lz '
n l:O n,t ) i ' 1

Itis I7" = IT'y + I’ + IT'3. We are going to prove that I1'; is tight showing that the expected value of the
derivatives is bounded, like we have already done. On I 12 and I{'5 we will use instead the Kolmogorov
criterion for which, if for some positive constant H independent of n and for m > r > 2, .S, is a sequence
such that

E[(S.(0))") < H Vo € O, (46)

E[(Sn(ﬁl)—Sn(Gg))m] SH‘}U —u2|r+H‘O'1—O'2‘T V91,02 6@, (47)
then S, is tight.

Let us start considering I7';: we want to show that sup,, E[sup,, , [0sI7';]] < co. We observe it is

1 &R Par, (A X)1{|Xf |<azk}
T, Anic(o, Xy))

Ity = [AD 1(2b0,ub) (Xe,, ) +(2r1 0 ) (1, 0, X, ) 42805 ((9,0) (X, )1 (1, 0, X, )+

=0

tit1
+b(th :u) (aurl)(/u7 g, Xti ))+2(/ b(X87 #O)dS_FAXiJ_RJ(An,i’ Xti ))(Anﬂaub(th > U)+8MT1 (u“’ g, Xti))];
t

7

1 n—1 @Ai I(AZX)l{lxt |§An};
T ’ Aol X)) (2710571 (1, 0, Xt,)—2110571 (0, 0, X4, )+200 5 (0( X, , 1) 0o 1 (11, 0, Xy, )+

no_
0o 171 =
1=0

tita
—b(X¢,, 10)9571 (o, 0, Xti))+2(/ b(X s, p0)ds+AX] =R (Ap iy X1,)) (051 (105 0, Xt,) =81 (1, 0, X1,)) ]+
t

i

Ooc(Xeis o) (BiX)Lfix, j<ar

- A0, X0) A2 03X 1) = B2 (Xos10)) + 1200, X) = 1 (10,0, X )+

tit1
+2Anﬂb(Xt7 ) M)Tl (.uv g, th) - 2An7ib(Xt1, 5 ,uO)Tl (Hov g, Xt7) + 2(/ b(XSa ,LLQ)dS + AX1J+
t

R (A i, X)) (B i(0( X, 1) = 0( X, 110)) + 71 (1,0, X)) = 71(p0, 0, X))
Using the polynomial growth of b and recalling that r; is the particular R(6, A+ x X;,) function that

n,t )
turns out from the development (31) of m and it is such that [9yry(p, o, Xt,)| < (9 Ay, X)) as a
consequence of the first two points of Proposition 8, we get

n,e

n—1
> leas (AXIRO, Ani, Xo,) + RO, AL X, )+
n ZZO n,r

tit1

+2(] b(Xs, po)ds| + |AXT |+ R (Ap i, X1,)) (R(0, 1, X1,) + R(0, A, 4, Xt,))]-
t;

Using Lemma 5, the boundedness of ¢, the fact that % = O(ﬁn) and that 2| ftt“ b(Xs, po)ds|] is a
R(00, Ay, Xy,), it follows

n—1
1
SupE[Sup |a'l9]1 1 H S Sup(TLA Z E[Sup IR(G) An,i7 th)—i_(R(eOa An,i) Xt¢)+RJ(An,i7 th))R(ea 1) th)‘]—i_
w,o n n i=0 M,o
1 n—1
by 3 Bl |ROL XDEIAX sz (80 <

where in the last inequality we have used Lemma 5 here above, the polynomial growth of R uniform in
¢ and the third point of Lemma 2. I7'; is therefore tight.
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We now show that (46) and (47) hold on I',. Indeed, using Burkholder and Jensen inequalities, we get
E[lI75(61) = I72(62)[™] <

b(X —b(X X X
12 t,v/’(‘l b( tw/”'O) b( tu/J/Q) b( tLa/J’O |m|/ 0_07 s)dWs|m|@A5(AZX)|m]

- nmAm O'l,Xt ) (O’Q,Xt )
(48)
We observe that, as a consequence of the finite-increments theorem, we have
b( Xy, — b( Xy, b(X —b(X 0ub(Xy,, fi
| ( tutul) ( tu/J’O)_ ( tm/’@) ( tLvl’LO)'m_I ( til’u)(ul_MQ)'*' (49)
C(UlaXti) (027Xt ) (Xtmo')
~ (b(Xe,, /1) — b(Xe,, 110)) 0o (X, 0)

(o1 —02)|™ < R(6,1,X,) |11

— p2|™ + R(0,1, Xy, — oo™
c(Xti,&) :u2| + ( P t,)'gl 02| )
where actually the functions R are calculated in a point 6 := (j1,), with i € (u1, u2) and & € (o1, 02)
but, since the property (8) of R is uniform in 6, we have chosen to write it simply as R(f, 1, X;,). Using
also the boundedness of ¢, we get that (48) is upper bounded by

cn 2 -1 n 1
nmAm

i+1 i+1
E[] / (o0, X)W, B0, 1, X, |1 —ps2) ™ +E] / a0, X)W, B(O,1, X,,)]|or—os| "
Using Burkholder-Davis-Gundy inequality we have, Vp > 2,
tit1 tit1 » p
B([  alo. X)aW.y < B[ oo X)) < B[RO, A Xi)E = AL, (50)
t; ti
where in the last inequality we have used the polynomial growth of a and the third point of Lemma 2.

From Holder inequality and (50) it therefore follows

c
— p2|™ + 7(71A )% lo1 — oo™ < |1 — pe|™ + clor — o2|™,
n

where we have also used that nA,, — oo for n — oco. For r := m (47) is proved.
Concerning (46), acting in the same way we get

n n m c
E[Ih,z(@l) - 11,2(92)| ] < m\#l

—1n-1 tit1 c

C’I’L2
17 E[R(61,1, X;,)™ Xs)dWs|™ AX) L ——=x <ec
Bl 2(0)"] < g L EIROWL XM | alon, X)Wl "lony (A" < Gty <

Iy is hence tight. The tightness of I7'5 is obtained acting exactly in the same way, remarking that

(9“7'1 (ﬁ? o, th)

|7“1(M0701,Xt1-) — 11,01, Xe,)  r(po, 02, Xe,) — ri(pe, 02, X4,) 1m

Anaclon, Xo) (o2, X1) SR e, T
Oy ,0,X1,) — Oor1(ft, 0, Xy, Oyc(a, Xy, )(r ,0,Xe,) —ri(f, 0, Xy, m
senlio 2 B 2 g ) Bes Ru)nfn s ) Sn Sl 6, - o)m < 61

m

S R(ea 17 XtL) M1

—u2|m+R(9,1,Xt.) —0’2|

as a consequence of the fact that (rq(u, o, X¢,))™ and (9yr1(p, o, Xt,))™ are respectively upper bounded
by R(6. A", X;,) and R(0. AT.;. X,,).
Concerning I3, we act like we did on I1 . We still use (45) getting 13, I35 and I3';. We observe that, if

n noo__. n—1 n—1 A5 (X)) n
we define s7 as IT; =: > /" s7, then I3, = > 71" An,ic(a,Xti)Sj'

By the computation of 9,15 and 9,13 it follows that

sup]E[sup |09154]] < sup(cA‘S + AP <
w,o

In order to prove that also I3, and I35 are tight we still use Kolmogorov criterion. From (49) and (50)
it follows

om om

A
E[|155(61) — I35 (02)|™] < c—— |11 — po|™ 4+ c—2—
[[132(61) — 135(02)] }_C(nAn)? p1 = o] +c(nAn)7

o1 — 02| < cpur — p2|™ + cloy — o™
and E[(IQ"’Q(H))’”] <ec.

The tightness of I35 is obtained in the same way, through Kolmogorov criterion and (51).
The sequence S, is therefore tight in (C'(©), |||, ), as we wanted. O
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7.2.1 Proof of Theorem 1.

Proof. Let us begin with the consistency of ¢;,. An application of lemmas 6 and 8 yields

%Unm,a) 5 U(o,00) = / (A9 | g (ef, o)) () (52)

R C(l’, U)

uniformly in 6.

In order to prove that the uniform convergence here above implies the consistency of ¢, since the
convergence in probability is equivalent to the existence, for any subsequence, of a subsequence converging
almost surely, we will consider that the convergence in (52) is almost sure and prove that it implies that
0n — 0o almost surely. For a fixed w, thanks to the compactness of ©, there exists a subsequence
ny such that (fin,, 0y, ) tends to a limit O = (loo,0oo). Hence, (52) together with the continuity of

o+~ Ul(o,o00), implies
1 PO
— Uy, (/"nk ) Unk)(w) = U(0oo, 0'0)-
ng

But, by the definition of our estimator 0,,,

1 . . 1 .

nikUnk (Mnk ) Unk) < FkUnk (M’ﬂk ) UO)'

So, using again the convergence (52), we get U(0s,00) < U(0p,00). On the other hand, since for all
y>0,y0>0itis y?o +log(y) > 1+1log(yo) we deduce, using also the identifiability stated in Assumption
A6 and Proposition 8.1 in Supplemental materials of [13], that 0o, = 0¢. We have proved that any
convergent subsequence of &, tends to oy, hence 7, ﬂ oo and we are done.

Concerning the consistency of fi,,, we have from Lemmas 7 and 9 that the convergence (33) holds uniformly
in 6. In order to deduce the consistency of i, the method is similar to the previous one. We know now
that (fin, ,0n,) tends to (teo,00), hence

1
T,

0) = b(x, p1s))?
c(x, 00)

Ut ) = U 0, )) 5 [ 2L n(dr) > 0.

But Uy, (fin,,6n,) — Un, (o, 6n,,) < 0 and so we conclude by A6, getting poo = po and therefore the
consistency of fiy,. O

7.3 Asymptotic normality of the estimator.

The proof of the asymptotic normality goes along a classical route (see for instance Section 5a of [12]).
We define the following notations:
1
0
Mn = ( g" 1) .
Vvn

Let
7 1
S = <\/ﬁ(ﬂnuo)) Lo(60) = *\/T—nﬁ',LUn(uo,ao)
’ Vi(en =) ) ! B JlﬁaaUn(ﬂmoo)
and ) 2
Cn(0) = %naiszn(ﬂ7U) ﬁ;?[]n(/%o')
AL Un(p0) 25U (1, 0)

Then

Now, by Taylor’s formula,

n

1 .
/ V20U, (60 + w(6, — 60))du <’f" - “°> = —VoU,(6p),
0 g g0
since V@Un(én) = 0. Then, using (53), we have
1 A
/ Cr (8o + u(By — 60))duS,, = Ly (6o). (54)
0

We deduce from this equality that, in order to prove the asymptotic normality of 0,, and hence to end
the proof of Theorem 2, it is enough to prove the following lemmas:
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Lemma 10. Suppose that Assumptions A1-A8 and Ad hold. Then, as n — oo,

La(00) % L~ N(0,K"),

(2 bWO) dx 0

where K' = s a(@,00) m{de) a a(m 0’0) :
0 8 f]R a(xz,00) (dl‘)
Lemma 11. Suppose that Assumptions A1-A8 and Ad hold. Then the following statements hold:
5 ub(z,10)
2 d 0
1~Cn(90) K B = ( fR a(x ao) ( CU) 8 wloion) ) ’
0 4 f]R a(z,00) (d;E)

2. sup |Cn(6o+ é) — Cr(60)] L 0, where e, — 0.
{I61<en}

7.3.1 Proof of Lemma 10.

Proof. As a consequence of a combination of Theorem 3.2 and Theorem 3.4 in [14] (c.f. also Section A.2
in the Appendix of [26]) we get the result if we prove that L,(fp) is a triangular array of martingale
increments such that, for a constant » > 0, the following convergences hold.

We define ¢; and ¢; such that 8,U, (10, 00) =: Sy Ci(fo) and 95Uy (p0,00) = S1—y Ci(fo). Then it
must be

n—1 el
Ti Z Ei[CiZ(90>] 5 4/]1{(822)(;;::;))%@35) (\/Tl)zw Z]Ei[<i2+r(90)] LN 0, (55)
" =0 ’ n i=0
ln_l 72 P 9-a(x, 00) 2 (da ;n_l (Fagr P
n ;EZ[Q (Gl = 8/]R( a(x,00) )7m(de) (V/n)2+ ;Ez[gﬁ (60)] = O, (56)

\}meg%mmn (57)

First of all we observe that L, (6p) is a triangular array of martingale increments as a consequence of the
definitions of m and ms. Indeed, using (38), we clearly have

_28Hm(:u07 00, th:)
ma (o, 0o, Xt,)

(Xti+1 - m(NOv 00 Xti))2
ma(po, oo, Xt,)

E;[¢i(00)] =

E; [(X;

i1 m(:anO-Oath))SDA{:L(Alx)]l{\X |<A” }+

n,i

aﬂmQ(N’Ov 00, th)
+
ma(po, 00, Xy,)

E{(1 - oag (X ix, sty =0

In the same way, computing the derivative with respect to o we clearly have E;[(;(6)] = 0.
Concerning 0,U,,, using (34) we can see (;(6p) as

—20,m(po, 00, Xt,) 2
Al;V»L‘C(Xti, O_O) (XtiJrl - m(,an 00, Xh‘))SDAivi (A7’X>1{|X11|§Aglz} + Ri,n(eo) = C’L(HO) + Ri,n(eO)a

we have already proved in Lemma {5 of [2] the asymptotic normality of \/% Z?;OI @(90) and, in particular,
that convergences (55) hold with (;(6p) instead of ;(6p).
In order to conclude the proof of (55), it is enough to have % Z?:_Ol Ei[R7 . (60)] L 0 and

(A=) Sy B[R (69)] 5 0. Tt is
= n-! S1AL
! a m M()’UC)’Xti)R(a?Anli th)
T, ZEL[ A Anic(Xy,, 00) ’ VEil(Xt,,, —m(po0, 00, X¢,)) 025 (D X)]+
’ = n’z ¢ n,i

a ma M07007Xt ) 2
1 K
nA Z ma(to, 00, Xt,) ) {Ixi1<a;5t

Ei[(XtiJrl - m(/u‘Ov g0, Xti))4<p2Aﬁ (AtX)]1{|th |§A;ﬁ

m%(MO’ 00, Xti)

Z Ouma(to, o0, X, ))
nA ma (o, o0, Xt,)
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As a consequence of the first and the third point of Proposition 8 and using first and second point of
Lemma 3 it is upper bounded by

n—1 n—1
C C
=Y " R(60, A2 X, R(00, A2 ;. X,
n ; ( 0y =ng ti) + TLAn ; ( 0y Pnis t1)7

which converges to zero in norm 1 and so in probability.
Acting in the same way, using this time the fourth point of Lemma 3 twice, for k = (2+7) and k = 2(2+r),
it follows that also ( \/%)2“” S ]E [R2+r(00)] goes to zero in probability.

Concerning the derivative of the contrast with respect to o, it is

n—1 1
LGRS LS (Z200mto. 00 X o, (g, 00 X ) P (DXL, caniy
o ma(po, 0o, Xt,) i il ="
1 - Osm2 M0,007Xt) 2 (thﬂ _m(N'O?UOath))Q 2 2
- E;[(1— i - A; X1 kY- 58
Tl Z ,U(),O'(),Xt) ) [( mQ(/Lan—OvXti) ) SOAil( )] {lXtilgAn’]z} ( )

The first term here above goes to zero for n — oco. Indeed, by the development (10) of mg, the second
point of Proposition 8 and equation (23) in Lemma 3 it is £ Y R(fy, An i, Xy,), that goes to zero in
norm 1 because of the property (9) of R, its polynomial growth and the third point of Lemma 2. The
convergence to zero in probability follows.

The second term of (58) instead, using the fourth point of Proposition 8, the development (10) of ms
and (34), is

23 a(Xy;,00)a(Xy,,00) o BAS (X1, — m(po, 00, Xt,))?
— i & 0o, AP X)) E; [(1— A : A X)L
Z Xt ) ) +R( 0y 2ng t1,)] 1[( m2(’u/0,0_0’Xti) ) @Aiq( )] {‘X ‘<A7“

(59)
We now need the following lemma:

Lemma 12. Suppose that Assumptions A1-A4 hold. Then, Vg > 1,

Eillpas (AX)|] =14 R(0, Ani, Xt,)-

Proof. Lemma 12.
We can see Eif[p s (A:X)|] as 14+ Eiflo, e (A X)]9 —1].

Because of the definition of ¢,the expected value here above is different from zero only if |A; X| > Agﬂ
Hence, using (65) it is

]EZHQOAEH(A%X)P - 1] < CEi[l{IAiX\ZAﬁ 7}] < R(G, Anm Xti)'
O
Using the lemma here above, still the development (10) of ms and (23) and (24) in Lemma 3 we have

(Xti,«i»l - m(MO’U()vthz))z a4(Xt7¢70'0) _ a2(XtiaUO)
ma(to, 00, Xt,) c2(Xy,,00) c(Xy,,00)

12025 (AX)] =1+ R(6p, AN X, ) +3

B
An,i ne

E;[(1 -

_1 _1
+R(907Ai1,;\(6 4)7Xti) =2+ R(907Af11,;\(ﬁ 4))Xt¢)7

we remind that c(x,0) = a?(x,0). Replacing the last equation in (59) we get

1n—1 4(aaa(Xt“O'0))2 n—-1 ﬁ/\(sl/\(ﬁfi
P2 T e ety o 2 R AT X,

i=0
The first term here above converges to 8 fR(%)2
Proposition 5 while the second one clearly goes to zero in norm 1 and so in probability thanks to the
polynomial growth of R, its property (9) and the assumption we made B > 1. It follows the first

1
convergence of (56). To obtain the second one we observe it is

m(dx) as a consequence of the third point of

n—1 n—1

1 24 (g —20,m(tt0, 00, Xt;) 04y 247 24
nlts ;EZ[Q % Z ma (o, 0o, Xt,) ) 1{‘Xti\SAZ,’§}EZ[(Xti“_m('uo’UO’Xti)) ('OAB (A X1+
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n—1

1, 9omalpo, 00, Xt,) ot c 2(2 2(24r)
_ ) " _ E;[(X;.., — 00, X3, )23 A X)) <
nits go 2(o, 00, X1,) {lx“lgA"ﬁ}(C—i_ 57" (1o, 00, X4,) [(Xeaa =maio, 0, X)) wAfi,i ( =
n—1 n—1
- r 1 1 V(24 1
< A5L1+2)A(1+6(2+ ) ZR 00,1, X, )+ T ZR(HO’ 1, X, )+ A0 (+26(2+47) (%v))m ZR(G(” 1, Xy,),
i=0 i=0 i=0

(60)
where we have acted like before using the development (10) on ms and the second and the fourth point
of Proposition 8. Besides, we have used the fourth point of Lemma 3 with K =24 r and k = 2(2 4 r),
respectively. It is now clear that the first two terms of (60) go to zero in norm 1 and so in probability
for n — oo. Concerning the third one, if the minimum between 0 and 1+ 282+ r) — (2+r) is 0 it

is exactly like the second one and so we know it goes to zero in probability, otherwise it can be seen
1 A6+ = (24745 1 27}—1

(HA”)% n n i=

because of the fact that the exponent on A, is always positive. Indeed 1 +28(2+7r) = (2+7r)+ 5 >0

iff 26(2+7r) > 1+ %, that is 3 > 22;1) -1

To conclude, we prove the convergence (5 7) We have

as R(6y,1, X:,), that goes to zero since nA,, — oo for n — oo and

n—1
1

40,,m 9,
N Z [Ei[Gi(80)Ci(60))] Z ([~ (b0, 00, X2,) (X, = mlpao, 00, X))+
n =0 ma

Bﬂm c'?c,mg + aﬂmQ 8Jm

(Xti+1 B m(,ufo, g0, th‘,))Q

—2 X ) (Xe ., — X)) (1 — 61
( m% )(,U,(],O'Q, ti)( tit1 m(,u'070—03 tz))( m2(ﬂ07007Xti) )+ ( )
8um2 aomQ (Xti+1 — m(/j“()v 00, th))

s (X)L
2 ' ma(po, 00, Xt,) ”‘pAim( Nix, 1<at)

Now using the four points of Proposition 8, the first, second, third and fifth points of Lemma 3 and the
lemma here above we get that (61) is upper bounded by

n—1 n—1
1 4
= > R(00. 8 i X)) + R(00, A3 X)) + R(60, A3 7 X)) < AL°E Z R(0o,1,X,,),
n =0 i=0
which converges to zero in norm 1 and so in probability since we have chosen 5 > i > %. O

7.3.2 Proof of Lemma 11.

Proof. Point 1.
We start showing the convergence of C,,(fy) to B. We observe that

1
L -2(X,,., —m)O? 0,,m0 20Xy, .. —m)0,mo, AX, . —m)d,mad,
8;21,0'(]71(/’60’0-0) = Z[ ( tit1 m) Ho’m_z T o-m+ ( tit1 m) L m2+ ( tigt m) M2 m+

i=0 ma ma m3 m3
62
2(Xti+1 7m)28.um2aam2 aﬁomQ (Xt1:+1 7m)2 aum2agm2 7 n—1 n

where, for shortness, we omit that m, mg and their derivatives are calculated in (uo, 0g, Xt,).

6 - Un (140, 00) 0 we will use repeatedly Lemma 9 in [12] and the estimation
of the derivatives of m and mg gathered in Propositions 8 and 9.

ngol I7'; goes to zero in probability for n — oo because I is centered and, using also the first point of
Lemma 3

In order to show that

n—1 nl n—1
11 1 11

EIEl—I-”2< § A X 9AniX.<—fA2§: 0,1,X,),
pard [(z,l)]—n nZOR at)R(v ) tm)—nAnn n R(av tl)

n M

which converges to zero in norm 1 and so in probability as a consequence of the polynomial growth of R
and the third point of Lemma 2. Y 7~ 01 i'2 goes to zero in norm 1 and so in probability. Indeed, using
the development (10) of ms and the first two point of Proposition 8, it is

n—1

1 %1 —
E[m|21 ﬁ; 0, A, Xz,

i=0

1
] <cAz,
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which goes to zero.
Concerning I3, it is still centered and from the first and fourth points of Proposition 8 and the first
point of Lemma 3 it follows

n—1 n—1 n—1
11 1 1
—— E;|(] < 0,1, X 0,A,, X)) < —A, 0,1, X:,),
7o LB < ngR DX RO: i Xi) S LB 3 R.1L X
which converges to 0 in norm 1 and so in probability. Hence, ﬁzn 1I s L 0 from Lemma 9 in [12

]
The same apphes to I',, which squared is upper bounded by nA Ly~ne R(G A2 X, )R(0, Ay i, Xt,) <

nAn n nz (07 laXt )

On >, ‘I i's we prove the convergence in norm 1 and so we have the convergence in probability: from
the first point of Lemma 3, the development (10) of ms and the third and the fourth points of Proposition
8, it is

\
-

ZR 0 An 7,7Xt )R(aa ]-7Xti) S A’I’%L R(Gv]-vXti)v

1 1%
Z (127501 < -
vl = ny A n <
which goes to zero.
We observe that, as a consequence of the definition of my, I} is centered. In order to apply Lemma 9 in

[12] we evaluate its squared value, that is

I\
o

n—1 n—1 n—1
11 11 11
— =N E[(I7%)? R(0,An i, X 0,1,X,) < =Y R(,1,X,),
7o 2 B < RO X0) S A e D R(E1X0)

where we have also used the estimation of the mixed second derivative of mo contained in Proposition 9.
To conclude the proof about the mixed derivative of the contrast function, we observe that > . LI
converges to 0 in L! from the third and the fourth point of Proposition 8 and the boundedness of . We
obtain

n—1 —
E[| > I < Aing R(0, A Xe,)] < A,
=0 =0

that goes to 0 as we wanted.
8 b(w,uo))

e 7(dz). In order to do it we compute
0)

The next step is to prove that 1 82 U, (10, 00) L 2fR
92Un (1o, 00) and we observe it is exactly like (62) but all the derivatives are with respect to p. For such a

reason we keep referring to (62) and we write 92U, (1o, 00) = ZJ 1 Z" ! I” We are going to show, in

particular, that % i ! 1"2 converges to the wanted integral, while 7~ (Zn 1 IZ” +2J D D ! I" i) = LN

0. Indeed, we observe that Iz’fl, 1;‘3, 1:174, IZ,LG are still centered and, using Lemma 3 and Prop051t10ns 8
and 9 it is easy to show that their squared values are upper bounded in the following way:

7
n i=0

1 n—1

1 11
(7)) € —— A= ST R0, A, X )R(0,1,X,,) € ——— S R(0,1,X1,),
A 2 2 RO B XiORO,L Xu) € 220 3 RO X

that goes to zero in norm 1 and so in probability since nA,, — oo for n — oc.

— n—1 n—1
= 1 1 P
22 [(I75)? SWA 11 =S R(0, M, Xi)R (9,Ai7i,Xti)gA$LnA EZR(Q,LXM)%O.
Iy i=0 i=0 n =0

Now I iq and I "3 are exactly the same quantity and so the estimation here above clearly holds also for

I o n
I}, instead of Ii,B' Concerning Iiyﬁ, we have

n—1 1 n—1

1 - 1 .1 11 P
—E E;[(I7)?] < ALE R(H, A2 R(0,1,X;. n f§1~291X.—>0.
T’IQL pars [( z,G)]—nA nn,= n,i’ )(7a t,)_ ”An”izo (77 tw)

The application of Lemma 9 in [12] gives us 7- S Iy 4 Iy + Iy + 1) L 0. We now prove the

convergence to 0 in norm 1 of % Z?:_Ol (11"5 + I~Z”7) Indeed, using again the first point of Lemma 3, the

development (10) of my and the last two points of Proposition 9 it is - Z:-ZOI E[|I~l"5 + ffﬂ] <

n—1 el
1
2
<A ;E[R(a,An,i,Xti)R(o,An,i,Xt )+ R(O.A% . X)) < Ay Zi:o E[R(0,1, X:,)] < cAn,
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which clearly goes to 0.
Concerning the principal term T—ln S 01 Iy, we observe that using (34) and the first point of Proposition
8, it is

(8um)? (D idublpio, Xo,) + R(60, A2, X,,))?

X)) =
o (/Lan—Ov tt) An)iC(Uthi)

An,i(aub(lu’()a Xti ))
c(og, Xt,)

with 7 = 2 A (1 4 d2) A 201, as defined below (34). In the last equality we have used that the other terms
are negligible. Now we have that

X))
pops TXe) A X,
( n,i C(Xti,O'o) ) 7’(#07 00, tz)+

R(HO A(2_5 e)A(1+61) X )

T,

+R(007A:L’L? )) =

1 M@0, Xt,))? Ouble,
2_2 ,( 1 (ﬂO tf,)) W (AXi)l{IXtJSA;ﬁ} K _Q/R(f(p“o))%r(da?),

(00, Xr,) afz,00)

as a consequence of the second point of Proposition 5 while
n € 1 5 . .
nA YD 01 —2R(0o Anzz B—e)A(1+61) , Xt )@Aﬁ,i(AXi)l{lXtiISAZ,’Z} is upper bounded in norm 1 by

n—1
3_B—e)As; 1 3 _B—e)AS
i )“nng[Rwo,l,Xn)]gcA% o,

that converges to 0 since the exponent on A, is always positive.

To prove the first point of Lemma 11 we are left to show the convergence of %8§Un(uo7 09).

Again, we still refer to (62) observing that that the only difference is that all the derivatives are with
respect to 0. We write 92U, (o, 00) =: Z:‘:l Z?:_ol I

We keep using Lemma 9 in [12] joint with the development (10) and Propositions 8 and 9 to show that
the centered terms go to zero in probability, that is

n—1
1 L P
E Z(Ilfl + 1"3 + ] 4 + Iz 6)(‘0AB (AXi)l{\Xti\SA;E} — 0.
i=0
Moreover,
1 n—1 ) 1 n—1
~ Y B[ < Y B[RO, Ani, Xi,)] < Ay 0.

i=0

=0

<.

We are left to deal with the principal terms 7 's and Ir 'z and so we study the convergence of

1y (95 mz) (2(Xt1;12 m? 1)¢Aﬁ (AX )1{‘X <azk) From the development (10) of my and the

development of OJ,ms stated in the fourth point of Proposition 8 it follows that the conditional expected

value of the quantity here above is

1 (284,,:00a(Xy;,00)a(Xy;,00))? , 2(Xe, —m)? ..
1 Zn ik m;(Xto JO);Q 0 (An i;;(lxt,i,ao) — 1)1{|Xti|§A;,’Z} plus a negligible term that comes from

the developments (10) and (34) and it converges to zero in norm 1 and so in probability.
The principal term is therefore such that, using the second point of Proposition 6 and the third of
Proposition 5, we get

n—1

% ST+ 1) 5 4/(M)2w(dm).
R

— a(x,o0p)

Point 2.
We Szar(t) proving that \/7 SUP|5 <., |02, Un (60 + 0) — 92,Un(0o)| goes to 0 in probability for €, that
goes to

In order to do that, it is enough to show that the sequence 0%, U,(0) is tight, which is implied by

\/7 po
sup,, ﬁﬂi[sup#ﬂ 09(92,Un (1, 0))|] < 00 (see Corollary B.1 in [26]), for ¢ = p or ¥ = 0.

We observe it is

ol 209may,m —2(Xy,,, —m)d5,om  2(Xy,,, —m)dE,mdyma 2(82

; mdym + 0, md%,m)
aﬁcfﬁUn(Ma J) = Z[ + 5 170 i 9

m m m
i=0 2 2 2

+ 2a/tmaama19m2 _ 2aq9maumaam2 +2(Xti+1 - m) (8?“97718577’12 + aﬂmazq9m2) _ 4(Xti+1 B m)aumaamQBﬂmQ +

2 2 2 3
my mj mj my
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~ 20ym0um20,m N 2(X4,,, — m)((?ngzaam + 0,,m20%,m) B 4( Xy, , — m)Dumad,mdymy N

m3 m3 m3
,4(‘th7"+1 — m)aﬂmaﬂm2adm2 +2(Xti+1 - m)Q(afmmﬁgmz + 8um26[2n9m2) 76(Xti+1 — m)Qaum230m28ﬁm2
m3 m3 ms
azaﬂmQ aigm2819m2 (Xti+1 — m)2 aﬁamg Q(Xti+1 — m)aﬂm (Xti+1 _ m)2819m2
o e 2 )1 - ) + ( T . )+
2 m3 mo mao mo m3
02 ym20,ma + 9,ma0?yma  20,me0,madyms n—1 17
- 2 + = 3 N _(AXi)l{\Xt,\gA*’? = Z Zli,j(ﬂaaa ).
m3 ms nd <Al e

Now using Assumption Ad, the estimation on the derivatives of m and mso gathered in Propositions 8, 9
and 10 and the inequalities (40), (41) and (42) it follows

n—1 17

1
Elsup [0, (02, Un (1, o)) = Elsup | S S Loy (0, )] < enAl.
H.a 9 =0 j=1
In the same way we get
n—1 17 .
E[sup |05(92, Un (1, sup| Z Z (s 0,0)]] <enAl ;.
a4 =0 j=1

Hence, for both ¢ = p and ¥ = o we can say it is supn \/% [sup“ o 109(92,Un(p,0)|] < ¢ < oo; that
implies the tightness of our sequence and so that \/7 SUp|gi<., | SUn(00 + 0) — aﬁUUn (0o)| goes to 0

in probability for €, that goes to 0.
To prove the convergence to 0 in probability of * o SUDjg <. |20, (00 + 0) — 82U, (6o)| for e, that goes

to 0 we act in the same way: we show that the sequence 782 U,(0) is tight through the criterion
Supy, n]E[supu o ‘619(82 (M? ))” < 0.

We observe that, computing the derivative with respect to 9 of 92U, (i, o), we obtain 17 terms analogous
to the case just studled with the only difference that also the derlvatlves that were with respect to p are
now with respect to o. In particular, it is 9 (02U, (1, o)) = >y Z I j(0,0,9).

We still use Assumption Ad, the estimation on the derlvatlves of m and m2 gathered in Propositions 8,
9 and 10 and the inequalities (40), (41) and (42) to prove that E[sup,, , |05 (82Un (1, 0)|] < oo. Indeed, it
is

n—1 17
E[sup |0y (02U, (11, o) sup | Z ZL j(o,0,0)]] <ec
i 1=0 j=1

Moreover, since the order in which we compute the derivatives of the contrast function commute, we have

n—1 17 n—1 17 n—1
1
E[sup |0, (02U, (11, 0)|] = E[sup | g E I (0,0, )] bup| E g L j(n,0,0)]] < E cA; .
HT o =0 j=1 Mo =0 Jj=1 1=0

We can therefore say that, for both ¢ = p and ¥ = o, it is sup,, 2E[sup,, , [09(02Un (1, 0)[] < ¢ < oo
that implies the tightness.

We are now left to show that 7}7 SUp g <., 02U, (60 + 6) — 92U ()] L 0 for e, — 0. We still consider

the notation introduced in the first point for which 92U, () = ZJ D ! I”]( ) with 92U, (0) that is
as in (62) but both the derivatives are calculated with respect to p.
From Proposition 7 we already know that -+ anl I7';(0) are tight sequences for j € {1,3,4}; having

—202m X 280, m(1,0,X¢,)0 0, X+, .
oo Xe) ong 2umilne Xt;)0uma(po t’), twice. We see that the
mg(u 0, Xt;) m3(u,0,X¢;)

assumptions required on g; , hold as a consequence of the estimation on the derivatives of m and my
gathered in Propositions 8 and 9 and the development Ad of ms.

We also show the tightness of the other terms proving that, for both ¢ = y and ¥ = o,

sup,, T%IE[supM DY 819(1 no I 4T "6+If7)\] < c¢. Indeed, using the estimation on the first derivatives
of m and mo gathered in Propositlon 8 and the development Ad of my it is

taken as g; (0, X;,) respectively

n—1 n—1
1
supT— sup|za Iz2| <sup Z(A,”JrAf”) <eg,
[ ] ™ i=0
1 n—1 n—1
supT— sup|za .722| <sup Z(An,i—f—Anl) <c

"I =g ™ =0
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In the same way, using Assumption Ad, the estimation on the derivatives of m and mso gathered in
Propositions 8, 9 and 10 and the inequalities (40), (41) and (42) it follows

n—1
1 ~ 5 3 .
sup - Blsup | D 04Tl + g + I17)l) < sup e (A8 4 A5 4 ARy <
n noopo ) n T
1 5 3
sup - sup|28 (15 + I + I ) < sup —— (A" 4+ A2 L A2 <,

We have therefore proved that the sequence T 32 U, (0) is tight, which implies the convergence to zero in
probability of 7-sup <. 05U (0 +0)— 02 n( 0)|- O

7.3.3 Proof of Theorem 2.
Proof. By (54) we get

We find that the matrix )
/ [Cr(Bo + u(B,, — 00)) — Cn(00)]du + Cr(60) (63)
0

converges in probability to the nonsingular matrix B. Hence, taking the limit on both sides after multi-

plying by the inverse of (63), we see by the continuous mapping theorem that S, 4B~ N(,K~1).
The asymptotic normality of S,, is therefore proved. O

7.4 Proof of Proposition 1

The proof of the proposition is essentially similar to the proof of the asymptotic normality of the estimator
0, given in Sections 7.1—7.3 and we skip it. The main difference comes from the fact that, the first
derivative of the contrast function is no longer centered and, in order to prove Lemma 10, we need also

that T% > ' E[Ci(00)]] 5 0and L ) ' E[Ci(60)]] 5 0, where we have kept the notation of Lemma
10.

The ﬁrst convergence here above holds true for m and s replacing m and my if /n AT 0,
NS * 4 0and NGO AP LN 0; which happens under our hypothesis.

Moreover we have that %Z?:_()l IE[C:(60)]] % 0 with 1 and 7y replacing m and my for p; > % and
p2 > 1, which is always true in our setting.

A Appendix

In this section we prove all the technical results we have introduced, starting from the preliminary results
stated in Section 6.

A.1 Proof of limit theorems

We first show Proposition 5, observing that its last two points are the discretized version of the first point
of Lemma 2.

A.1.1 Proof of Proposition 5

Proof. The first two points have already been proved in Proposition 3 of [2].

We want to show that L S>"1 £(Xy,, ) converges in L? to [, f(z,0)m(dz).

Since Var(L Y070 £(X1,,0)) < & 3210 32020 Cou(f(Xe,,0), £(Xy,,0)), we need to estimate the covari-
ance.

We know that, under our assumptions, the process X is 8- mixing with exponential decay (see [20]) that
is 3y > 0 such that Bx (k) = O(e™"%); with Bx (k) as defined in Section 1.3.2 of [9]. If a process is (-
mixing, then it is also a-mixing and so the following estimation holds (see Theorem 3 in Section 1.2.2 of

[9)
1
|CO’U(XtNth)‘ <c ”Xti Hp Hth Hq ar (Xti’th)
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with p, ¢ and r such that %—i— % —l—% = 1. Using that a(Xy,, Xy;) < Bx([ti—t;]) = O(e~ =l in our case
the inequality here above becomes |Cov(f(Xy,,0), f(Xy,,0))] < ce= 1t where we have also used the
polynomial growth of f and the third point of Lemma 2 to include the two norms in the constant c.
We introduce a partition of (0,7;,] based on the sets Ay := (k2= (k+1)Zz], for which (0,T},] = Up_j Ay.
Now each point ¢; in (0,7),] can be seen as tj j, where k identifies the particular set Ay to which the
point belongs while, defining M}, as |Ax|, h is a number in {1,..., M}} which enumerates the points in
each set. It follows

n—1n—1 n—1 n—1 Mg, My, 1Tn n—1 n—1 Mg, Mg,

_ _ 1 _ er n _1 k| Tn

— E E e Loyl —t] < E E E E e~ 7 Itky hy —tho hs S E E E § e~ FYIk1—k2| ,
i=0 j=0 1=0 ko=0 hy=1 ho=1 k1=0 ko=0 h1=1 ho=1

where the last inequality is a consequence of the following estimation: for each ki, ks € {0,...,n — 1} it
is |t — thyhy| > |k — ko)t — Tn
18 ki1,h1 ko, ho| Z 1 2 n pr
Now we observe that the exponent does not depend on h anymore, hence the last term here above can

be upper bounded by cer i Sy S My Mye v lka—hal S

Moreover, remarking that the length of each interval Ay is 7", it is easy to show that we can always
upper bound M}, with % Aim’ with T, = Z;:Ol Ay <nA, and so My <
bounded by a constant c;.

Furthermore, still using that T,, < nA,,, we have er <eron < ¢ because by our hypothesis, Anaz
goes to 0 for n — oco. To conclude, we have to show that % Zkl —0 Zkz -0 6_77““1 k2l 5 0 for n — oo,
We define j := k1 — ko and we apply a change of variable, getting

An

n—1 n—1 n—1 n—1

- Z Z 67’7\/61 ka| Tn < % Z 67%7|j|%|n—j| < E Z e*%’YmAmm < fl — < Ti7
n k1=0 ko=0 n = n-1) n =) n(l —e 7Y 1n7.n) "
that goes to 0 for n that goes to co. We therefore get |2 >7"" 01 (X, 0) — [ f( m(dx)| Lo

In order to show the third point we observe that

nfl
|7Zf th 1{|X <AL ’“} /fl’ 0 dl’ ‘ < |7Zthm 1{‘){ <A k} Zf(Xt@a9)+
i:O

=0

1 n—1
Hy 3 1060.0) = [ sl o(an)

We have already proved that the second goes to 0 in probability, while the first is

|1 leol f<Xti’0)1{|Xt, ! |, that converges to 0 in L! as a consequence of the polynomial growth of
f and the third point of Lemma 2 and so in probability.

We act in the same way in order to show the fourth point, observing that, by the definition of ¢, it is

nl nl

|*Z;f XeiO)111x, 1<ary(Pas (AXG) = 1)) < —~ X;lf Xeo OLf1x, <oy ix, 202 ) (64)
We observe that, since AXS = AX; — AX/, if |AX;| > A'ﬁi and |AX; |AXF| must be
B
more than —5*. Hence
E[1 8 =E|[1 +E[1 <
Hiaxuza ) =H {mxuzM |AXJ|<A§“}] | {AXHZAZ,WAXI-JZAZ”}]
Al Al E[AXE i
PAXY| > =) +P(AXY | = =25 < e HMT R0, 800 X0) < ROAEP™ X)) = RO, A, X,

(65)
On the first probability here above we have used Tchebychev inequality and the fourth point of Lemma

1, for |[AX/| > A the fact that the intensity of jumps is finite and therefore the probability to have at

n,i

2
1_ T . o .

of r > 1, we get that R(6, Affl A , X1,) is negligible compared to R(0, A, ;, Xy,).

From Holder inequality, the polynomial growth of f, the third point of Lemma 2 and (65) it follows

that the right hand side of (64) goes to 0 in norm 1 and so in probability. The proposition is therefore

proved. O

least one jump blgger than can be computed and it is of order A,,. Moreover, by the arbitrariness

We now prove Proposition 6, that is a consequence of Lemma 3.
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A.1.2 Proof of Proposition 6

Proof. In order to show that the first convergence holds, we define

st = %nf(Xti’ 0) (Xe,,, —m(p, 0, Xe,))? <PA§J,(Xti+1 - Xti)l{lXtiISA;,’Z}' From Lemma 9 in [12], if we
show that

n—1

n—1
Z —>/fx9 (z,00)m(dz) and ZE — 0,

=0

then the proposition is proved. We observe that (23) yields

n—1 n—1 n—1
n 1 1
z% Ei[si'] = ﬁ Z% A f (X, 9)0,2(Xt” 00)1{|Xti|§A:L,’Z} + ﬁ Z% An,if (X4, 0)R(0o, An o Xt,)-

The first term here above converges in probability to [ f(x, 0)a?(x,00)7(dr) as a consequence of the
first point of Proposition 5, while the second is upper bounded by

Aﬁ}z Z;L:_(Jl f(Xe,,0)R(00,1, X;,), which converges to zero in norm 1 (and so in probability) by the poly-
nomial growth of both R and f and the third point of Lemma 2. Moreover, using (24) and the fact that
T%L = O(ﬁ), we have

n—1
1

E H,A ’ < = 2X‘79R031aX‘a

Z| |— QZ 0y Bni )_n;f(tz )(0 tq,)
which goes to zero in norm 1 and so in probability for n — oo as a consequence of the polynomial
growth of both R and f and the third point of Lemma 2. The first point is therefore proved. In order
to show the second point of Proposition 6 is enough to act on the sequence 37 := 1 W (Xtipy —
m(p, 0, X)) ppe (X, — Xti)1{|Xt1|<A—k_} exactly like we have just did here above, with the only

difference that the third point of Proposition 5 has to be applied instead of the first one. O

A.1.3 Proof of Lemma 3

Proof. Replacing m(u, o, Xy,) with its development (31) and using the dynamic (3) of X we have

tiv1 tiy1 i+1
th‘,+17m(ﬂao—7 Xt7) = / b(XS;,U'O)d5+/ a(XS,Jo)dW5+/ /RZ’Y(Xs*)ﬂ(dsadz)+R(07An,iaXti) =
t t t;

i i

tit1
=: / a(Xs,00)dWs + B . (66)
t

i

In order to prove (23) we start considering

tit1
Ei[(Xti+1 - m(Ma@ Xti))z(pAB ,(th'+1 - th)] = El[(/ G’(XS7UO)dWS)2<pAﬁ _(Xti+1 - XtL)]+
n,i ‘ n,i

i

tit1
+Ei[(Bi,n)290A5 _(Xti+1 - XtL)] + 2Ei[Biyn</ a(XS’ OO)dWS)(PAB ,(Xti+1 - th)]
n,i f n,i

i

Now the first term on the right hand side here above is

tig1 tit1
El[(/ a’(XS7UO)dWS)2] + El[(/ a(XS’ OO)dWS)Q(QOAﬁ ,(XtH»l - Xti) - 1)] =
ti t; n,i
2 e, 2 fie 2
= B (X oo B [ 02 (Xey00)~0* (X oS HE [ (X 00)dW) s (X=X =D)L
t t ot

” " (67)
Moreover,

Bl [ 16X 00) = 0 (X0l + Bl | alXeuo0)dWe o (Xivpy = Xu) = ]| <

tig1 tiv1 | 1
< [ Eil200,0(Xu00)| X, - Xulds + B[ alXaon)dW) P E Ly nas y (69
t t -

where X, € (X, X¢,) and we have used Holder inequality and the definition of ¢, that is equal to 1 for
|AXZ| < Ag i
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Using Cauchy-Schwartz inequality and the second point of Lemma 1 on the first term of (68) and
Burkholder-Davis-Gundy inequality and (65) on the second we have that the right hand side is upper
bounded by

tit1
/ (907An Z7Xti)d5+R<90;An,i>Xt ) (907An K2l ) < R(907An17 )+R(907 n,i 7Xt )
t;
where we have taken ¢ next to 1.
Replacing in (67) we get
tiy1
Et[(/ a(X87 UO)dWs)Z@Aﬁ _(XtH»l - th)] = An i@ (th,a'o) + R(907 An i ) (69)
t; et
Now we evaluate the contribution of (B )%
tit1
Ei[(Bi,n)gcpAB ,(Xt1+1 - th)] < CE%[(/ b(XS’:u’U)dS)QQPAB ,(Xti+1 - th)]—i_
i " i
i1 tit1
B / [ A i )Py (Xipy = X))+ RO.AL X < e [ B (X pldst
n,i t;
+R(00, AP Xy,) = R(00, A2 ;, Xy,) + R(00, ALY, Xy,) = R(00, AL, X4), (70)

where we have used Jensen inequality, Lemma 5 and the fact that R(6y, A?
compared to R(fo, A;’ffﬁ?Xti) since 2 > 1+ 20.

We observe that (69) still holds with 1 instead of ¢ (see (67) ). Using it, Cauchy-Schwartz inequality and
(70) it follows

X;,) is always negligible

’I’Ll’

tit1 tit1
E;[B; 0 ( / a(Xs,00)dW)opn (Xeip—Xe,)] < cBil( / (X, 00)dW, )2 Ei(Bin) 2035 (Kb, —Xe,)]7 <
t n,t t n,t

< R(f0, A i, Xo,)2 R(00, A5 X,)% = R(00, AL X0,). (71)
From (66), (69) - (71) it follows (23).

Concerning (24), we have

B al¥eo0dW)ten AX)I =Bl a(Xon)dW) L[ alXc)dV) (o (AX)-1)L

Using Holder inequality and the definition of ¢ we have that the second term here above is upper bounded
by

tit1 N
M(/ a(Xe, 00)dW)PIFB(|AX,] > AP )F < R0, A2 ;. X, )R(00, AL 1, X,.) = R(0p, A5, X,.),
t

i (73)
where we have used BDG inequality, (65) and we have taken ¢ next to 1. Moreover,

Ei[(/t T a(Xe,00)dW,)Y] = Ez‘[(/t - “(Xtmffo)dWs)“HEi[(/t T la(X o 00)—a(Xe, 00)JdWL) 4 (74)

i i i

+§: (j> Ei[(/ttiﬂ (X, UO)dWS)j(/ttHl [a(Xs,00) — a(Xy,, 00)]dW,)*].

Since the expected value of the fourth moment of the gaussian law is known we have

tit1
E|( / a(X, 00)dW,)"] = BA2 ' (X, o0). (75)
t

7

On the second term of the right hand side of (74) we use again BDG inequality to get

El( / "a(Xe,00) — a(Xe,, 00)ld )] < Ef( / a(X.,00) — a(Xe,, 00)Pds)?] <

i i

tit1 tit1
< An,i/ 10all5, Bl X — Xy, |*]ds < cA, |s = tal (14 |X¢,|Y)ds < R(6o, A 4, Xe,),  (76)
t

i t;
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where we have also used Jensen inequality and the second point of Lemma 1.
Concerning the last term in the right hand side of (74), from Holder inequality it is upper bounded by

> (e[ atuonpiwm F [ s - o ool -y

_ t; t;

Now we take p; = 7. and so py = fj. Therefore, using also (75) and (76), the expression here above is

i(“.)m[( /tti“a(Xt 00)dW,) T E( /t“ﬂ[a(xsma(XtHUO)]de)LW .

j=1 J i i
4 i
SZ(])R GOaAnzaXt )i (907A7L17Xt SZ( ) 907A iaXt ) (QOaAnq,v )a (77)
Jj=1 Jj=1
since when j = 1 and j = 2 we get terms that are negligible if compared to R(6, An 0 Xt;)-
Replacing (73), (75) - (77) in (72) it follows
tit1
]Ei[(/ a(Xs,00)dWs) g s (AX;)] = 3A7 ;0" (Xe,, 00) + R(bo, An i Xt,)- (78)
ti et
We now study the contribution of B; ,,. First,
4 i 4
Eil(Bin) lpps (AX3)]] < C]Ei[(/ b(Xs, po)ds) o ps (AXG)[]+
mn, tb n,t
tit1 tit1
B[ [ A )aldsd2) ey (AX))+ ROALLXe) < eAls [ BB X woldst
ti o t;
+R(00, ALY Xy,) = R(00, Ah 4, Xe,) + R(00, 0,5, X1,) = R(6o, ALK Xy,), (79)

where we have used Jensen inequality, Lemma 5 and the fact that R(6g, A% ,, X¢,) is always negligible
compared to R(6y, Ai:;w, X¢,) since 4 > 1+ 48.

Using (66) we have that

'I’Ll’

E;[(Xt,,, —m(p, 0, Xti))4\<pAQYi(AXi)|] - Ei[(/t‘ it a(Xs,o—o)dWs)4|‘/’A£,i(AXi)‘]+]Ei[(Bi’n)ﬂ(pAz’i(AXi)‘]+
| (80)
*Z ( el aCton)a (B sy (AXIL

1

On the last term here above we act like we did in (71), using holder inequality and taking p; = %. It
follows, using also (74), (75), (76), (77) and (79), that it is upper bounded by

3
J 4—j 4
Z( ) (6o, m,Xt ViR (GO,AiLﬁMaXt,-)T :Z( ) R(6o, A 1+4B+ L (1-48) LX) (81)

= j=1 J

Since we have chosen 3 > %, the terms in which j = 1,2 are negligible compared to the one in which
7
j =3 and so we get R(QO,A‘ﬁ-ﬁ Xt,). From (78)- (81) it follows (24).

n,:

In order to show (25) we start considering B; ,,:

tit1

tit1
|Ei[Bi,n<pZB (AX)]] € R(0o, Ap i, Xi,) + B b(Xs, p)ds|] + B \ / 2y( X, i(ds, dz)|] <

t;

tit1 i1
<R(60,An,i,Xti)+cEi[/ b(X,, 1 )|ds]+cIE/ /|Z\F ) (X )|ds] < R(f, An i, X0, ),
t

(52)
having used the definition of B;,, given in (66), the boundedness of ©F, the polynomial growth of both b
and ~ and the third point of Lemma 1.
Moreover,

Bl alXaondWeh, AX))=El[ oKW Bl o(Xm)dWo) (e, (AX)-D]|<

. . . n,t
i i i
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= R(907An 2 )Ei[l{mx”zAﬁ }]% R(e(hAnz s X1,), (83)

where we have used (65) and taken ¢ next to 1. From the inequality here above and (82) it follows (25)

Concerning (26); we have

’ tH'l ’
i =m0, X3 py (AXDM < Bl [ a(Xerr0)dWeMloy (AX0F +eBillBin s (AX0)F)

< R(00, A2, X0) + R(0o, A | X,) + R(Bo, AL X)) = R(00, A2 x,),

where we have used on the first term here above the fact that ¢ is bounded and BDG inequality while
on the second we have acted like we did in (70) or (79), with ¢ that this time is equal to k.

We now want to show the fifth and last point of the lemma. Using (66) we have

tit1 4
() / a( Xy, 00)dW,) B2,

th

(XtH_l - m(/"'O) 00, Xt

Therefore

j t ni

(3.)1532‘[(/“’+1 a(Xs,00)dW, )]B?n]SOZﬁ (AX;)].

M-

i
=]

Ei[(Xti+1 - m(:U'O,UOaXti))‘g(pZﬁ (AXZ)] =

J

We observe that, for j = 3, it is
tit1 ,
(Xs,UO)dWS)?)(SDZB (AX;)—

B[ (o0 (AX) =Bl aCtonaw 1l a

i

< ; a i s
7

Eil( / (X, 00)dW)?] + i / (X 00) — alXer, o0) AW+ R(Bo, AL T, X0,

i

We remark that the first term here above is centered while on the second we can act like we did on (76)

(still with an exponent that is 3 instead of 4), obtaining

B[ [a(X0) = a(Xe, o0} < R0, AL X,

For j = 0, instead, we get a term on which we act like we did in (70) or (79), with ¢ that this time is
equal to 3 and so we can upper bound it with R(fp, A(H?’B)AS y Xt )-
For j =1 and j = 2 we use Holder inequality, getting
tit1 3 tita L1 (3=5)q K’ 1
B[ a(Xeou)dW) B, (AX0) SB[ a(Xe,oo)dW)PPE(BSIAE (AX)) <
ti t; n,i

tiy1 &’ 334 i
SE([ ol o)W BB AT T (AXON S = R0, ALE X0 R0, A0, X, =
t

= R(6, ALTPHED x, ),

Now, since >
which is R(fo, A,
AQ —€ th) +R(00’A217;§-35)A3,Xti)+

Eil(Xe,,, — m(po, 00, X0,))* 0% s (AX)) = R(00, A2,

FR(8, 0517, X0) = R0, AT X0,),
since we can always find an e > 0 for Wthh 2—e>1438> g + 3. The result follows
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A.1.4 Proof of Lemma 4

Proof. We first of all observe that, for all £ > 1, |g0’AE (X7, — X)|F is different from 0 only if [ X/

tit1 tiv1
X/ e [Aﬁ i 2A7BL ;). Recalling that from its definition (66) f:’“ b(Xs, p ds—i—ft e 2y (X )a(ds, dz)+
R(0, An,z,th), it follows
Bl s =m0 Xe)P oy (X0, = X0 < Gl '/ DIWA N pxp |, -xe1as 2l g} 1T

(84)

+CIE“BW|pl{|xg+l—xa.,\ew N 1}}'

n,i’

On the first term here above we use Holder inequality, (50) and (65), remarking that {|Xt‘9i+1 - X/ e (A7 2AP ]}

’I’Ll’

{|Xfi+1 - X7 > Agl} We get it is upper bounded by

tita h
B [ (Xt o)aw AL, E < RO.AT

1 Zi1—e
_x9 \E[Aﬁ QAB )R<97 An,i7Xti)p2 = R(ea Aﬁ,z 7Xti)7
tit1 tg

for all € > 0. In the last inequality we have taken p; big and ps next to 1.
We now study the second term of (84). From the definition of B;,, given here above, Holder inequality,
the polynomial growth of b and still (65) we get that the second term of (84) is upper bounded by
R(O,APT1 ¢ X, )+E[|AXJ|P1{‘X9

n,i X9|€[A,,7,2A§7]}].
We now recall that AX{ = (Xt0+1 er) AX/ and so when | X/

then |AX¢| must be more than ZAB Hence

-Xx?| §2A and |[AX/] >4Am,

tit1

Jp J\|p
EHAXz' 1{\Xf,i+1—Xfi|€[AB 2Aﬁ ]}] S]EHA‘XVZ| 1{|Xteb 2A/3 ]»‘AX{]|Z4AEL,-;}]+

n,i’

XD ElA]

n,i’

E[AX P | < B[ AX] PP P(AXS] > 247 )os +

X0, —XEIelal 2af L lax]|<aal ;)

n,i’

+eADPP(IXE | — XP | € [AD 240 1 AX]| <4A] ) < (85)

tiy1 n,i’

(G=8)r

< RO, A1 X0 )RO.8,7 X0 +R0, A7, X,,) = RO, A% 77 X, )+R(0, AL, X,,) = RO, AL, X,,),

’ﬂl’

where we have used Kunita inequality (for pp; > 2, that holds since we take p; big and p2 next to 1),
Tchebyschev inequality as we did in (65) on the first term and still (65) on the second. Moreover we have
used that, by the arbitrariness of 7 > 0, we can always find r and e such that (% —B)r—e> 14 fp. The
result follows. O

A.1.5 Proof of Lemma 5

Proof. The case ¢ > 2 has already been proved in Lemma 10 of [2] so, we are going to focus on the case
q€11,2).
For all n € N and ¢ € N we define the set on which all the jumps of L on the interval (¢;,t;41] are small:

. A7
erz = |AL5‘ < ——; Vse€ (ti7ti+1] .
TYmin

We split the jumps on N;, and its complementary, getting

- th)

o]+ EiHAXiJ(PAﬁJ(Xt — X )" (Ni)el- (86)

i+l i1

EfAX 050 (X,

We now observe that, by the definition of N, the first term here above is upper bounded by

i+1 i1
\/ /||< s— ) (ds,dz) |q+|/ / 4A53H| 2| [y (X-)|a(ds, dz)]9].

From our assumptions on the jump density the second term here above is upper bounded by a R(6, An i Xt,)
function while on the first one we use Lemma 2.1.5 of [15]. We can therefore upper bound it with

i41
/ / aaz, T (X o)l a(ds, d2)] < R(6, 8,157, X)),

— Ymin
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having used again that fi(ds,dz) = F(dz)ds and Assumption 4 on F. Tt follows
]Ei[IAXzJLpAﬁ ,(AXi)|q1N}J < R(9 AgL i ) + R(Q, A::;qu Xti) (9 An e )

Regarding the second term of (86), we have that |[AX/| < |AX;| + |AX{| and, as we have already
remarked several times, by the definition of ¢ it is different from zero only if |[AX;|? < cAﬁ%. It follows

Eil|AXi|%@an (AX)|T(niye] < cANGP((N})S) < R(0, A9, Xy),

where the last inequality is a consequence of the following:

_ A7 tiv1 poo
P;((N})°) =P;i(3s € (tiytiga] 1 |ALs| > —2) < c/ [mﬂ F(z)dzds < cAy ;.
min ts n,0

TYmin

In the same way

Ei[|AXS|pps (AX0)|L(ng)e] < CA;Z AL +[X,|9) = RO, Am2q X3,).
Putting all pieces together we have
EAXY|Ylpns (AX)I7) < RO.AL,,X,,)
that is the result we wanted remarking that, for ¢ € [1,2), 1+ 8¢ > ¢ and so A] ; = Afl,Ai(Hﬁq). O

A.1.6 Proof of Proposition 7

Proof. We want to prove the tightness of the sequence S, (0). Since the sum of tight sequences is still tight,
we show the tightness of the sequence S,1(0) and Sy2(6) which are such that S, (6) = S,1(0) + Sn2(6):

1

Sn1(9) = Ti Z(Xti+1 - m(:umo'OvXti))(pAﬁ _(Xti+1 - Xti,)gi,n(a’Xti) and
n = n,i
1 n—1

Sn?(a) = Ti Z(m(ﬂoﬂao’ Xti) - m(:uvav Xti))SOAf’ ,(Xti+1 - Xti)gi,n(evXti)'
[ "

We prove that S,1(0) is tight using Kolmogorov criterion, we therefore want to show that inequalities
analogous to (46) and (47) hold. Starting with the proof of (47) we have that, using Burkholder and
Jensen inequality,

—1 n—1

EHS’Vﬂ(el) Sﬂ1(92)|m S m Z]E th+1 (:uOvO'O’Xti))‘m‘(pZﬁ v(Xti+1_Xti,)|gi7n(01’Xt'i)_gi,7l(927Xti)|m]'

(87)
We observe that, using finite-increments theorem and the assumption on the derivatives of g; , with
respect to the parameters, it is

|gi,n(017 th) - gi,n(923 th) m

< ‘R(97 L, Xti)

Ty — pe|™ + R0, 1, X)) — oo™ (83)

where actually the function R is computed in a point 6 := (fi,6), with i € (u1, p2) and 6 € (o1, 02) but,
since the property (8) of R is uniform in 6, we have chosen to write it simply as R(6,1, X;,). Replacing
(88) in (87) and using the fourth point of Lemma 3 it follows

m_q
m cn2 mA(14mpB m m c OAN(14+mpB— 2 m m
ElISu (61)=Sm (82)|"] < ot (=gl Hor=oal™) < s AT gl o —al™),
n n

with 0 1)m A%A(H_mﬁ_%) < ¢ because nA,, is lower bounded by a constant and we can always find an
nlAg,

m > 2 for which 1+ mf — 2 > 0 since 3 € (4, 3). Hence, (47) is proved.

Acting exactly in the same Way but using this time the control on g;, instead of on its derivatives we

have also an estimation for S,; analogous to (46); the tightness of S,; follows.

Concerning S,2 we observe that, for ¥ = p and ¥ = o, it is

|00Sn2(0)] < ¢|@ym(p, 0, Xi)|gin (0, X )| + clm(po, 00, X)) = m(p, 05 Xi,)[|099in (6, X2,)|-
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From the controls we have assumed on g; ,, and its derivatives, the finite-increments theorem and the first
and the second point of Proposition 8 we have |0ySn2(0)] < R(0, A, ;, X,). Therefore for both d = p
and ¥ = o, using also that - = O(-4-), we get

n—1
sup E[sup |0y Sn2(0)|] < sup Ti Z Elsup |R(6, Ay iy Xt,)] < c.
n M, n n i=0 M,

The tightness of S,z (and therefore of S,,) follows.

A.2 Proof of derivatives of m and ms

In order to prove the developments and the bounds on the derivatives of m and ms, the following lemmas
will be useful. We point out that X¢ is X" and so the process starts in 0: X0* = .

Lemma 13. Suppose that Assumptions from 1 to 4 and A7 hold. Then, ¥p > 2 dc¢ > 0: Vh < A, Vx we
have

B2 < ooy, BN ) < ot ol (59)

122 < o4 ), E[IWI”] < (1 + [a]f), (90)

5125 ) < o1+ o) (o1

12 < o4 ), B2 ) < o1+ o (92)

EHWP] <c(ltlaf),  E| aﬁ] < o1+ ), (93)

Proof. Lemma 13.
Inequalities (89) have already been proved in Lemma 9 of [2]. To show the first inequality of (90), we
observe that the dynamic of the process 9, X% is known (cf. [7], section 5):

h h h
e X" = / Aub(pt, X200, X0 ds+ / (8pa(0, X0%)0, X" +-0,a(o, X)) AW+ / / By (X0")0, X0 2u(dz, ds).
0 0 0 R

(94)
From now on, we will drop the dependence of the starting point in order to make the notation easier.
Taking the LP norm of (94) we get it is upper bounded by the sum of three terms. On the first one we
use Jensen inequality and the fact that the derivatives of b with rapport to = are supposed bounded to
obtain

h h h
| [ (0.t X0)0,X0asp) < 07 [ B(o.b(n, X0, X!I7)ds < et [ Bl X!P)ds. (95)
0 0 0
Let us now consider the stochastic integral. Using Burkholder-Davis-Gundy inequality we have

h h
IE[I/ (0za(0, X{)05 X{ + Opa(o, X{))dW, ] < CEH/ (Osa(o, X))*(0:X{)?ds| %]+
0 0

h h h
+cE[\/ (B,a(o, X?))2ds|4] gch%—l/ E[|8UXf|p]ds+ch§‘1/ E[(1+|X?)ds < (96)
0 0 0

h
< ch%A/ E[|9, X?|P]ds + ch® (1 + |z|°),
0

where we have used Jensen inequality, the fact that, by A7, the derivatives of a with rapport to = are
supposed bounded and those with rapport to o have polynomial growth and the second point of Lemma
1.

We now consider the third term on the right hand side of (94), it can be estimated using Kunita inequality
(cf. the Appendix of [15]):

h h
E| / / 3w(Xf—)30szﬂ(dz,d5)lp]SE[/ / 10,7(X0_ )0, X0 7| 2|P i(dz, ds)]+
0 R 0 R
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h h
0 0 51 < 0 y|p op z|PF(z)dz)ds
+E| / / (O (X0 )0, X?)2221(dz, ds)| ] < / E[J0,(X2_)[P|0, X°|7)( / |2[PF (2)dz)ds+

h h h
0 042 2 Bl<e 01P1ds & ¢ 9\24s|%
Bl [ @ (X2)0, XD 2FEaaslE] < [ 210, X015+ e8] [0, X0)PaslE),

where in the last two inequalities we have just used the definition of the compensated measure [i,the
third point of Assumption 4 and the fact that the derivatives of v are supposed bounded. By the Jensen
inequality we get

h h
EH/O /R8z7(ng>angzﬁ(dz,ds)|P] < c(l—f—h%‘l)/ E[|80X59|p]d8. (97)

0
From (95), (96) and (97), it follows

h
E[|9, X{|7] < c(h?~' + hE~1 4 1) / E[|0, X0 |Pds + ch® (1 + |z]°).

Gronwall Lemma gives us
L

[0, XJ|P] < ch® (1 4 |a])ec™" ™ +h2

we therefore obtain the first inequality in (90). Concerning the second, we observe we can deduce the
dynamic of the process 0, X? from (94). It is

+1)
;

h h
0, X = [ (0200, X200, X10, X402 by, X2)0, X2 +0,b(u, X0)3E, X )ds+ | (DRalo: X0)0, X{0, X!+
0 0

ou

+02,a(0, X0)0, X! + 0pa(o, XI)02,X2)dW, +/ / PV(XT )05 X200, X+ 0py (X2 )02, XE)2(ds, dz)

On the p-norm of the first integral we use Jensen inequality, the fact that the derivatives with respect
to x are bounded and the estimation we have already proved on the LP norm of the derivatives of our
process with respect to p and o. We get it is upper bounded by

h h
=t [ (0, X00, X2 B0, XL L+E0Z, XEPds < c(hSreni)(1laf )t [ E(o2, Xplas
having also used Holder inequality. Acting in the same way on the stochastic integral we get it is upper
bounded by
. p h

chE (37 WP)(1+ []7) + k™! /0 E(|05,, X I")ds
while we upper bound the third term in the dynamic of 6§MX 9 acting as we did in order to show (97),
with , N

ch 2P (1 4 |a]) + c/o E[|02,X?|P]ds + ch® (1 + |z|°) +ch%’1/0 E[|02,X?|P]ds

In total we have, not considering the negligible terms,
h
E[|03, XAIP) < eh3P (14 |a]) + c(h?~! +hE71 41 / E[|0g, X:|"1ds

From Gronwall Lemma it follows the second inequality of (90), as we wanted.
We are left to show (91). Again, the dynamic of 92X? is known:

h h
R2X{ = / (25(1, X0)(0, X0)? + 0,b(11, X902 X)ds + / (02a(0, X0)(0,X0)? + 202, a0, X0)0, X0+
0 0

+0ma(o, XOVORX? + 82a(o, XP))dW, + / / 2 (XY (05 X7)2 + 0oy (X)O2X0)2ji(ds, dz).  (98)

Acting exactly like we did for the estimation of the p-moments of the processes d, X% and 92 uX 9 we get

. i . h
E[|02 X7 < c(1 + |2|°)(h? 4+ B3P 4+ hP + h% + hPHY) 4 (b~ + hE 1 + 1)/ E[|02X?|P)ds.  (99)
0

Using Gronwall Lemma and remarking that the other terms are negligible compared to ch? (1 + |x|%), we
obtain the result wanted.
Concerning the third derivatives, it is easy to see that, writing the dynamics of 92X Z, 82X " BEWX,’;
and afiWX 2 the principal terms are such that their order are, respectively, h%, h and twice h3. Acting
exactly like before, (92) and (93) follow. O
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We are left to show one last proposition, before showing Propositions 8, 9 and 10:

Proposition 11. Suppose that Assumptions 1 to 4 hold. Moreover suppose that (Zy)y is a family of
random variables such that E[|Z;,|P|X§ = z] < ¢(1 + |z|°). Then Vk > 1 Ve > 0, we have

k —e
sup  E[|Zy]lo\) (XE — 0)||X§ = 2] = R(0,h' <, ).
he0,A,]

We have used gagz) (y) in order to denote the k-th derivative *) (% ).

Proof. Proposition 11.
Once again, |gpgf3)(X 9 — 2)| is different from 0 only if | X? — x| € [R®,2h”]. We can therefore use Holder
inequality (with p big and ¢ next to 1) and (65) to get, Vh € [0, A,],

k 1 1 1 e
E[|Zulff) (X—)||X§ = o] < BZl"|XE = 2l Bl xp _ cinn anony X6 = al¥ < RO, h,2)% = R(0,0', ).
O

A.2.1 Proof of Proposition 8

Proof. The first point has already been showed in Proposition 8 of [2], we start proving the second. Since
by the homogeneity of the equation m and ms depend only on the difference ¢;,1 — t; we can consider
WLOG Vh < A,

E[X}ona (X)) — X0)|X§ = 2] _ E[X7pps (X} — 2)]

Elon (X7~ XO)X0 =]~ Elpys (X — )] (100)

m(p, 0, x) =
Hence,

E[(0:X7)ns (X, — )] + E[XFh— (0, X7) 3,0 (X)) — )] E[h" (9 Xp) s (X} — 2)]

Oym(p,o,x) = —m(p,o,x)

Elpns (Xﬁ — )] Elpps (X}f — )]

[
On the numerator of the second and third term we use Proposition 11 taking as h, respectively, Xg%
2

and 82—1{’?. We get, remarking moreover that from (31) m(u,0,z) is R(6,1, z) and from Theorem 1 in [2]

also the denominator is lower bounded for |x| < |h|~¥,
o 0,2)| < (0,1, 2) (0, X7)ipna (X7 — )| + R(0, 13707 ). (101)

To estimate |E[(0y X )¢ns (X? — z)]| we replace the dynamic (94) of 9,X?. On the first integral we use
Holder inequality and (95) to get

h h
IE| / (Dub(XO%, )0y X0 dsippa (X] — 2)]| < (ch?™) / E[|0, X773 < cht(1+ |2|°) = R(6, h, x),
0 0

where in the last inequality we have also used the first inequality of (90). On foh 0:a(X9% 0)0, X0=dW,
we use again Holder inequality, (96) (considering only the estimation on its first term) and the first
inequality of (90) to obtain

h
1B / D0,a(X0, )0y X0 AW, ops (X0 — 2)]| < R0, h, ).
0

Concerning |E[foh 05a(X0% 0)dWspps (X — 1)]|, we act on it like we did in (83), with d,a instead of a.

We therefore get |]E[f0h Dpa( X%, 0)dWspps (XP — )] < R(6,h,z). To conclude the proof of this point
we use on the jump part Holder inequality, (97) and the first inequality of (90). We get

h h
IE| / / 0y (X0 )0y X? 2ji(dz, ds)pns (X — 2)]] < (c(1+hE1) / E[|0, X?P)ds)s < R0, RGHM ),
0 R 0

We can take p = 2, finding [E[(0,X¢)¢ns (X! — z)]| = R(0,h,z). Replacing it in (101) and observing
that % — [ is always more than 1, it follows the second point of Proposition 8.

In order to prove the third and the fourth point we first of all need to compute the derivative of mo with
respect to both the parameters. We can just write

E[(X}, — m(u,0,2)) (99X} — dgm(p, 0, 2))pps (X}, — )] n
Elpns (Xﬁ — )]

Oyma(p,0,x) = 2

38



E[(X], —m(p,0,2))*h™ " (0 X}}) ¢}, (X}, — )] E[(99Xp) 0} (X, — )]
Elpns (X}, — )] Elpns (X}, — 2)]
We are going to show that, considering the derivatives with respect to both p and o, Is ¢ and I3 are
negligible compared to I; g. In order to prove it we use Theorem 1 of [2] on the denominator of I g
and I3 g, while on the numerator of I 9 we use Holder inequality, (89) if we consider the derivative with
respect to p or the first equation of (90) if we consider the derivative with respect to ¢ and Lemma 4.

On the numerator of I3y we use Proposition 11 and we remind that, as a consequence of Ad, my is a
R(6, h, x) function. It follows

+ mao(p, o, x)h =P =: 1o+l 0+150.

L2 + I3, < R(O,°FP~¢ 2) + R(O,h* P 2) = R(0,h*"7~¢, z); (102)
Iy + Iso| < R(6,h2P~¢ 2) + R(6,h2 7, 2) = R(,h3 1P~ 1) (103)

Concerning I g, its numerator is
2E((X], — m(p, 0,2))8p X} pps (X], — )] — 20gm(p, 0, 2))E[(X], — m(p, 0,2))ons (X], — 2)] = 1]y + 17 5.
From the first two points we have already proved of Proposition 8 and the third point of Lemma 3 we get
I, < R(0, 1%, x),  |I7,] < R(0,h* x). (104)

Now we consider I fl and we act differently depending on if we are dealing with the derivative with
rapport to p or those with rapport to 0. We start studying I7,. Using a notation analogous to the one
used in the proof of Lemma 3, we set

h
X! —m(p,0,z) = / a(X?,0)dW, + By,
0

and so it turns we have
h
17, = 28(( | a(X2,0)dW.)0, Xfipns (Xf — )] + 2B[(Bi)0, Xfipns (X] — ). (105)
0

On the second term here above we use Cauchy-Schwartz inequality, control analogous to (70) and the
first estimation in (90), getting

E[(B1)0s Xjiions (X7 —)] < cE[(Br)*¢hs (Xi—2)*E[(0,X7)°)F < R(0,h'*28,2)2 R(0, 1%, x) = R(9, h' 7, ).
(106)
To evaluate the first term on the right hand side of (105) we replace the dynamic (94) of 9, X?, isolating

the principal term: 0, Xh = fo dpa(X%, 0)dW, + G,. We get

h
E[(/O o)dWs) /8aX 0)dWs)]+ [(/0 a(X?, 0)dW,) /3aX ,0)dW) (ppe (X —x) (1())];;

h
HE[( / a(X?, 0)dW.)Goippa (X[ — ).

On the first term here above we add and substract both a(z,0) and O,a(x,0) getting a main term
and three terms of increments. We observe it holds the following estimation, using Cauchy-Schwartz
inequality, (50) and the first point of Lemma 1

h
E[( / Dya( X0, o)dW,)Y} <

(108)

M\»—l

h h
E[( / [a(XC, o) —alz, 0)]dW,) / Bpa( XY, 0)dW,)] < E[( / [a(XC, 0)—a(z, 0)]dW,)?]

h
< CE[/ (X, — 2)2ds]} R(0,h} 2 / R(0,h%, 2))R(0, 1%, 2) = R(0, b2, 2).
0

We can act in the same way considering the increments of d,a or the term on which we have the increments
of both a and dy,a. It follows that the first term of (107) is

h h
E[( /0 a(, o) AW, )( /0 Dya(z,0)dW)] + RO, k2, 2) = ha(z, 0)dya(z,0) + RO, A2, 2)  (109)

On the second term of (107) we use Holder inequality twice (with p big and ¢ next to 1), (50) twice and
(65). We get it is upper bounded by

h h
E[I( /0 a(X?, o)dW)( i Opa(X?, o) dW 8)|P]7E[(pps (X —2)—1)9)7 < R(0, h,2)R(0, h,x)s = R(0, h2~¢, z)
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Concerning the third term of (107), we first of all use Cauchy-Schwartz inequality, the fact that ¢ is
bounded in absolute value and (50) in order to estimate the stochastic integral while, to estimate the
2-norm of G,, we use (95), the estimation (96) about the negligible part of the stochastic integral and
(97). It follows it is upper bounded by

R(6,h?,x)c(h? + h) = R(0,h%,2), (110)

where we have also used the first estimation (90) to estimate the expected value. From (106), (109) -
(110) it follows
I7y = ha(z,0)0,a(x,0) + R(0, RITP 2.

Using also (103) and (104) we get the development of 9,mo we wanted.

We are left to prove the third point of Proposition 8. It means, comparing it with (102) and (104), to
prove that |I}';| < R(#,h? ). We observe that (105) still holds with the derivative with respect to p
instead of those with respect to 0. We now recall that B, = foh b(Xs, p)ds + R(0, h,xz) + AX; and we
replace it in E[Bp,(9,X%)¢ns (X — )], getting

h
IE[(/ b(X s, 1)ds) (0, X )onn (Xp—2) 1+ R(0, h, 2)E[(0, X )pna (X7 —2) [+ E[(AXG]) (8, X )pna (X —2)]| <
’ (111)
< R(0,h%, ) + R(0, WP 2)7 R0, h,x) = R(0, h%, z) + R(0, k2P~ 2) = R(0, h%, ),
where we have used Holder inequality (having taken p big and ¢ next to 1), the fact that ¢ is bounded, the
polynomial growth of b, the first estimation in (89) and Lemma 5 (in a non-conditional form). Concerning

the first term of (105), we still replace the dynamic of 9, X? := foh 9,b(X?, n)ds + G,,, where G, is the
negligible part in the dynamic of 3qu and it is such that

h
BGul?) < e(1+ 18+ 1) [ B0,X0Plds < (A B 4 )1+ o)
0

(see Lemma 9 in [2]). We have also used the first inequality of (89). It follows ]EHGNP’]% < R(#, hH%,az),
for p > 2. The first term of (105) is therefore

h h h h
E[( / (X)W ([ 90X p)as) + El / (XL )W 0bXE, )1 = s (X1 = )+
(112)

h
+E[( /0 (XY, 0)dW) Crupns (XE — ).

Now on the first term here above we act like we did for the estimation of the derivative with respect to
o: we get

h h h
h8,b(z, 1)E] / a(X?, 0)dW,] + E[( / a(X?, 0)dW.)( / (X, 1) — b, 1))ds)]

Now we observe that the first expected value is 0, while on the others we can use Cauchy-Schwartz
inequality, (50) and we estimate the increments like in (108). Hence, the first term of (112) is in module
upper bounded by R(6,h?,z). On the second term of (112) we act like we did on the second term of
(107), using Holder inequality twice (with p big and ¢ next to 1), (50), the polynomial growth of both a
and b and (65). We get

h h
E{( / a(X?, )W) ( / 9b(X?, u)ds) (1—pns (X0 —2))] < R0, h*,2)R(0, hy2)R(9, k', 2) = R(0, h3~, ).

Using on the third term of (112) Cauchy-Schwartz inequality, (50), the fact that |¢| is bounded and the
estimation of the LP norm of G,, given above (112) for p = 2, we get it is upper bounded in absolute
value by R(0,h?, ).

It follows |I{';| < R(,h* x), as we wanted. O

A.2.2 Proof of Proposition 9

Proof. We first of all write 830171. Again, since by the homogeneity of the equation m and msy depend
only on the difference t; 1 — ¢; we can consider, for all h < A,,, m(u,o,x) as in (100). Hence, writing ¢

(k)

for pps (X — x) (and p™*) for ©r5 (Xf — x)), we have % m(p,0,x) =

E[(95,X7)¢] N 20 PE[(0,X7) (0 X))¢']  h™PE[(9,X7)¢"1E[(9- X])¢] N hPE[X} (07, X7)¢']
E[p] E[¢] (Elp])? E[p]
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h*PE[X} (9, X7) (0, X7)¢"] hPE((0,X7)¢') _h PE[X] (0. X0 |E[0,X0)¢] B~ mE[(07,X})']

—0,m

E[#] E[#] (Efg])? E[e]
(113)
_hPmEI0,X) 0 X)) | h P mEl(0, X)L, X])e Z o
Elg] (E[e])?
Now on I3 and ZJ —4 I} we use Proposition 11, where Z, are respectively a“,f(h ahxh X7 a“}‘:f(h X9 Ou }f(’” ah)fe ,
2 2
9 )1(’ XZ % X" in the first and “Xh in the second expected value of I7, 6“”;(’1, 6";(” a”f", a”f“ in the
h2 h2 h2 h2 h2

first expected value of I} and Zlh in the second one. Recalling moreover that |m(u, o, z)| < R(0,1,z),
2

dym(u,o,x)| < R(0,h,z) and the denominator gives always R(0,1,z) it follows
)

10
[I3+> 1P < R(0,h3 777 2)+ R(0,h3 277 )+ R(0, h* 7=, 2)+ R(0,h> 27~ z) = R(0, h* 27, x).
j=4
(114)
On I} we use Holder inequality, the fact that || is bounded, second inequality in (90) and still the fact
that the denominator is R(6,1, z) to get

17| < R(6,h%, ). (115)

We now deal with the numerator of I}, the denominator is still R(6,1,z) as a consequence of Lemma 12.
In the second expected value we apply Holder inequality, the boundedness of || and first inequality of

(90) while on the first we use Proposition 11 with Z, that this time is “ X We get

15| < R(0,h3 77 ). (116)

From (114), (115) and (116) it follows the first inequality in (27).
In order to prove the second inequality in (27) we compute 92m(u, o, z), getting 10 terms as in (113) i
which the derivatives are always with respect to 0. We therefore say that 02m(u, o, ) := 210 I™. On

j=17"3"
2 0
12 and ZJ —4 I we still use Proposition 11 taking as Z respectively (0, X”) X,‘i 32)%%’ X,f (0, ifh) , 8;;”,
9 6\2 0
D ¢4 8h§h in the first and :ﬁh in the second expected value of 7, ah)fh ; (acifh) ) a;)fh' in both the first
2 2 2 2

and the second expected values of I7,. Recalling also that [0,m(u, o, z)| < R(0, A, 4, z) it follows

10
4317 < R0, > P~ )+ R(0, h2 P~ 2)+R(0, h2~2°~¢ 2)+R(0,h3 7~ 2)+R(0,h*2° =, z) = R(0,h? "< x).
2 J
=4
~ (117)
Concerning the numerator of I}, using Holder inequality, first inequality in (90), the boundedness of ¢
9
and Proposition 11 for Z = ;7;' it follows
2
I3 < R(0,h*77¢,x). (118)

We now have to study I}. We replace the dynamic (98) isolating the principal term: 92X =: foh 02a(a, X)dW+
Goo-

Gy is the negligible part and, as a consequence of (99), (in which we recall that ch? (1 + |x|¢) comes

from the principal term), we already know that

h
E[|Gool?] < c(1+ |2|)(h2 + h3P + hP + hPHY) 4 e(hP~ 1 + hE 1 + 1)/ E[|02X?[P)ds < ¢(1 4 |z|°)h5 T
0

(119)
Therefore, Vp > 2, E[|Gw|p]% < R(0, h%+%7m).
We can see I in the following way:

} h h
I =Bl [ 02l X)W, +BI( | 02a(o. X2)aW.)ons (X = 2) = 1)) + ElGarns (X1 — o).

The first expected value is zero, on the second we use Holder inequality, (50) and (65) to get it is

upper bounded by R(6, h%_e, x). On the third term here above we use Cauchy-Schwartz inequality, the
boundedness of ¢ and (119) for p = 2 getting it is R(6, h, x).
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It follows second inequality in (27). Equation (28) has already been proved in Proposition 8 in [2].
Concerning the second derivatives of mg, it is qumg =

2E[(8, X} — 8,m) (8, X) — Dym)y] +21E[(X2 —m)(9;, X} — 05,m)¢)] +2]E[(XZ —m)(9, X}, — Bum)h™F 0, X} ¢'] "
E[p] E[p] E[g]

2E[(X} — m) (9, X} — 9um)h~ P g]E[9, X ¢'] N 2E[(X) — m) (9, X}, — Dom)h=" 9, X} ] N
(El¢])? E[yp]

L BIXR = m)*(9,X5)h =" (0, X7) "] +]E[(Xﬁ —m)* (T X e EI(X] —m)*(0,X0)h" SB[ 00, X o] n

Ely] Efy] (E[y])?2 0
o BP0 BN 0 X)) 0. X)) ") EINPO5 X0 ¢ EhT(0,X)) B0 X])e] _
T Ely] ? Ely] ? Ely] ? (E[])?
12
=: ZIJ"
j=1

On I we use the first and the second point of Proposition 8 to say that both the derivatives of m are
R(6, h,x). From the boundedness of ¢, Lemma 12 and the estimation of the derivatives of X gathered
in Lemma 13 it follows

| — 2E[(8, X)) — 0,m)0yme]| < R(0,h?, ).

We now have to study
2E[0, X} 05 X p] — 20,mE[0, X\ 0] =t IT'y + IT',.

We start considering I7',. As we have already done after (106), we see GJXZ as foh 8ga(X§, 0)dWs+ Gy,
hence

(75| < R(6, h, x)I]E[(/Oh pa(XY,0)dW,)(p—=1)|+E[Go ]| < R0, h, 2)[R(0,h2 @)+ R(0, h,z)] = R(0,h*, ),

where in the last inequality we have used on the first term Holder inequality, Burkholder - Davis - Gundy
inequality and (65) while on the second we have used Cauchy - Schwartz inequality and the fact that the
2- norm of G, is upper bounded by a R(#, h, ) function as a consequence of (95), (96) and (97).
Concerning I7';, replacing again 0, X! and using the estimation on the 2-norm of G, as we have already
done it follows

h
7] < ClE(( / Dpa(X?,0)dW.)9, X0 )| + R(0, 12, ).
0

Now we observe we have already proved in the conclusion of Proposition 8, starting below (111), that
I = 2]E[[(f0h a(X?,0)dW,)d, X} ] is such that |I{')| < R(,h? x). Acting exactly in the same way,
considering now d,a(X¢, o) in the stochastic integral instead of a(X¢, o), we get that |I7',| < R(0, h?, z)
and so, using also Lemma 12, |I7'| < R(6, h?, z).

Considering I3, it is I3 =: 3"} + I3, where I3} := 2E[(Xz_g[)é]ai”)(2)¢]

n 2E[(Xf —m
I3y =: (_aﬁam)W'
Now on I3, we use Cauchy-Schwartz inequality, first point of Lemma 3 and (90) getting [I3;| <

R(6,h? z), while on I35 we use the third point of Lemma 3 and (113) we have just proved in order

and

to obtain |I3,| < R(6, h%,x). The application of Holder inequality, Lemma 4, Lemma 13 and the first
point of Proposition 8 on the numerator of I3 gives us

17| < hPR(6, A" *97, 2)7 R(6, b, ).

It is enough to take p next to 1 to get it is negligible compared to R(#, k2, z). We act on the first expected
value of I} like we did on I3 while on the second we use Proposition 11. It yields

17| < hPR(6,h3,x)R(0,h?, ) = R(0,h*P~<,z).
On I§ we act like we did on I3, hence
12| < h™PR(0, k"7, 2)7 R(6,h% ¢, z),
that is negligible. In the same way

17| < B2 R(6, W' T20P )5 R(6, 13 x),
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12| < W PR(0,h' 2P 2)s R(6,h3 ¢, ) and
S h ) 71‘ % ) _€7x b %_E’x *

I < h=2PR(0, W1 257 2)» R(6, bt R(0,h

We recall that [0,ma(p, 0, z)| < R(0, h,x) and |ma(u, o, z)| < R(8, h, x), therefore
I3 < h™PR(6,h,2)R(0,h* ¢, z) = R(O,h> P~¢ x),
|ITo] < 2P R(0, h, 2) R(0, 13 ¢, z) = R(0,h* 2", ),
1351 < WP R(0, h,2)R(0, 13, ) = R(8,h? "~ ),
1175 < h™2PR(0,h, 2)R(0, h2~ ¢, 2)R(0,h2 ¢, z) = R(0,h?2P~< ).

First inequality in (29) follows. In order to show the second one we should compute 9,ma(y, o, x). Since
it is exactly like 9%, ma(u, o, x) but with all the derivatives with respect to p, we still refer to (120) and

no

. . 2 7
we V\ilu write Bﬁmg(u, o,x) =: Z;:l I7.
On I7, Z;ig I we act exactly like we did here above, getting
=, 12 = 1 3 1
L'+ I < R(0,h?, 2)+h P R(0,h* PP 2)v R(0,h? x)+h P R(0, h> , x)R(0, h*~<, z)+h P R(0, ' PP ) v R(0, h*, x)+
j=3

+h28 R0, BT8P 2) 5 R(0, B2, 2)+h P R(0, W1 T2PP 2)5 R(0, h, z)+h 2P R(0, W25 2)v R(0, h, z)R(0, h>¢, z)+
+h P R(0,h?, x)R(0,h* ¢, 2)+h"*’R(0, h,x)R(0, h*~ ¢, x)+h P R(0, h, x)R(0, h* ¢, 2)+h >’ R(0, h,2) R(0, h*~*, z),
that is a R(0, h?, x) function as a consequence of the fact that, choosing p next to 1, all terms are negli-

gible compared to the first one.

We now deal with fQ” We still need to split it in I~§1 and jzgz, where 1:511 =
Zn 2E[(X ] —

I3, =: (—?Zm) - E’iw]m)w]' R

Using on I3, Lemma 3 and (28) we obtain |I3'y| < R(6, h?, z).

In order to estimate f;l we isolate the principal term in the dynamic of aﬁX 2, getting 8ZX Z =
foh 651)()(59, w)ds + G, where G, is the negligible part and it is such that, for p > 2,

2E[(X ) —m) (92 X})¢] a

=] nd

E[|Guul?] < c(1+ [a])(h*F + WP*T1) = R(0, WP, @), (121)

as showed in the proof of Lemma 9 in [2].
Replacing in the definition of I3'; we have

h
(GuaX0 — )] 2BLJy 26(XY . p)ds (X[ — m)]
|+
Ele] Ele]
Now on the first term here above we use Cauchy-Schwartz inequality, the first point of Lemma 3 and
(121) obtaining it is upper bounded by R(#,h2,z)R(0, hz,z) = R(0, h%, z), while the second one is upper
bounded by

. 2K
3] < | -

h
chdjb(z, p)[E[(X}, — m)e]| + CIE[/O [076(X7, 1) — 9b(x, p)]ds (X} — m)pl| <

< hR(0,h,x) + R(6,h? , 2)R(6,h? ,z) = R(0, h%, ),

where we have also used Lemma 12 in order to say that the denominator is lowed bounded by 1+ R(6, h, ),
Cauchy-Schwartz inequality, the first point of Lemma 3 and an estimation analogous to (76) for the in-
crements of the derivative of b. It follows |1:§1| < R(9,h% ).

Second inequality in (29) follows.

We now want to show (30). To do it, we need to compute 92mq(u,o,x). Again, we still refer to
(120) considering all the derivatives with respect to o, writing 82mq(u, o, z) =: 3242, I, From If to 17,

j=17J
all the terms are negligible. Indeed, acting like we did on both 23223 I3 and S22 I™ we have

j=37"J

12
NI < hTPR(O, 1P 1)y RO, h ) +h P RO, kTP ) R(0,h*<, )+ h P R(0, h1+77 2) 7 R(0, h,x)+
j=3

+hT2PR(0, WA T252 ) R(0, h,2)+h P R(0, kX287 2)v R(0, h, 2)+h 2P R(0, W' T2PP ) v R(0, h2,2)R(0, h ¢, )+
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+h PR, h,2)R(0,h* ¢, 2)+h 2P R(0, h, 2) R(0, h2~¢, 2)+h P R(0, h,2)R(0,h* ¢, 2)+h 2P R(0, h, x) R(0, h*~ %, z),
that is always negligible compared to R(6), h%’x) taking p next to 1. We now consider f{’ Its numerator
is

E[(0,X7)%¢] + (95m) E[p] — 2(0,m)E[(05 X7) ] =: 17y + I1'5 + I}’

We start considering f}’l , in which we replace the dynamic of &,Xz = foh Oga(o, X2)dW, + G, where
we have already seen that, for p > 2, E[|G4|?] < c¢(h? + h? + RETV)(1 + |2|°) = R(6,h5 T, 2). We
therefore can say that, taking p = 2 and using (50), we have

h
Iin,l = EK/ aUa(U? Xse)dWS)z(p] + R(97 h% ) (E) + R(97 h27 LU)
0
The first term here above can be seen as

h h
E( / Dpalo, XO)AW,)*( — 1)) + E[ / ((0,0)% (0, X?) — (Bp0)2 (0, 2))ds] + h(0pa)2(0 7).

Acting like we did in (67) - (69), we have

h h
EK/O aoa(07Xf)dWs)2(90—1)]+E[/o (Dra(o, X0))2 — (Dra(o, 2))|ds]| < R(0,h*, )

and so we get R s
Iy = Mdsa(o,x))* + R(6,h?, ).

On fo we use the second point of Proposition 8 and Lemma 12 to get |f{‘2\ < R(0,h% x). In the same
way, from second point of Proposition 8, the boundedness of ¢ and (90) we get |f{‘3| < R(0,h2,2). Tt
follows I} = h(dsa(o, x))* + R(0, h,x).

We now study I, that the denominator is still 1 + R(, h,x) as a consequence of Lemma 12 while the
numerator can be seen as

2E[(X} — m)02X 1] — 202mE[(X} — m)p] = I}y + I2',.
In order to deal with I}Ll we consider the reformulation (66), so we have ZE[(th a(X?,0)dW,)(92X 7)) +
2E((Bn)(9; X7)].
The second, as a consequence of Holder inequality, the definition of By, Lemma 5 used to estimate the
1
jumps and the first inequality in (90) is upper bounded by R(#, h(1+PP)AP 2)% R(, h%,x). Taking p next

to 1 it follows its order is k2.
In order to study E[(foh a(X?,0)dWy)(02XF)¢] we introduce once again the notation used above (119),

for which 92X} = foh 22a(o, X?)dW, + G4,. Hence, we have

h h h
] 2 0 0
E[( / a(X?,0)dW,)( / O2a(o, X0)dW,)¢] + E[( / a(X2,0)AW,)(G o).

The second term here above is, using Cauchy-Schwartz inequality, (50), the boundedness of ¢ and (119),
just R(,h?,z) while the first one is

h h h
E[( / a(X?, )W) ( / aia<a,xf>dwg><w—1>1+m/ a(X?, 0)02a(0, X0)ds] = R(6, 1, x)+
0 0 0

h h

—HE[/ [a(X?,0) — a(z,0)]02a(0, X?)ds] + a(z, o) / a(o, X?) — 02a(o, 2)]ds)] + ha(z, 0)02a(o, x),

0 0
where we have also used Holder inequality, (50) and (65). Now we observe that

h
Bl (a(X!.0)~ale.)02a(o. X{)ds]| < ¢ / Bl ol X0 s < [ R0 ) = RO,

0 0
Acting in the same way on a(z, o) fo a(o, X?) — 02a(o, z)]ds)] it follows that
I3, = ha(z,0)0%a(o,z) + R(0,h3 , z).

On IAQQ we use the second inequality in (27) and the third point of Lemma 3 and so we obtain

|IA5L,2| S R(Q, hza $)7

the result follows. 0
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A.2.3 Proof of Proposition 10

N‘n
Proof. We define 82m2 (u,0,2) as ZJ 1 IJ" =: 2;2:1 Dj}; and we recall that, as stated in Proposition 9,
~ J
[I7'| < R(0,A7 ;,z) . We can therefore see its derivative with respect to p in the following way:
5 2 O0uNpw _ OuDj.
Oma(p,0,0) = (——— —IP—=2). (122)
j=1 DI_;” b I

We start considering the second term here above: we remind that Dy, can be E[¢] or (E[¢])?. In both

cases its derivative is, using Proposition 11, a R(6,h?~#~¢ x) function; which makes the second term
of (122) upper bounded by Z;il |I~]”|R(9, h?=B=¢ z) < R(A,h*=F~< z), as a consequence of the second
inequality of (29).

Concerning the first term of (122), we know that Df;, is a R(0,1, x) function because of Lemma 12, while
the magnitude of the derivative of the numerator does not get bigger since the order of Xg and m remains
the same by deriving them once more (as gathered in the second inequality of (92) and in Remark 10 of
[2]) and the fact that, by deriving ¢, there comes out h=?¢’9, X{. From the first inequality in (89) such
terms are negligible compared to the ones we have already studied.

The first term of (122) is therefore still a R(#, h?, x) function.

The same reasoning applies to the study of the other seven third derivatives. O

A.3 Development of my(u, 0, x)

In order to prove our main results we need a development of msy, that we stated in Ad and we find, under
the choice of a particular oscillating function ¢, in Propositions 2, 3 and 4.

The main tools is the iteration of the Dynkin’s formula that provides us the following expansion for every
function f: R — R such that f is in C2(F+1);

k

i+1
E[f(X M»W—1:23”mw / [ R O )X = 0]
j=0 '
(123)
where A denotes the generator of the diffusion, setting A° = Id. A is the sum of the continuous and
discrete part: A := A, + Ay, with

Acf(@) = 5a%(@,0)7" (2) + B, ) ()
bz, 1) = b, 1) — [, 29(x)F(2)dz and

Auf(@) = [ (1o +(@)2) = F(a) P
A.3.1 Proof of Proposition 2.

Proof. We first of all observe that, by the definition of my and m it is
E[(X7,.)*¢a (Xf+1 - X})IX) = 2]

me(u,o,x) = — (m(p, 0, )2
It has already been showed in Proposition 2 in [2] that
[B(M+2)] AF
m(u,o,x) =x + Z Ay(? (l‘)% + R(0, Ai,(iMH)a z),
k=1 '

where AW (x) = A°(hy)(x), with hy(y) = (y — 2).
Acting like we did in Proposition 2 of [2], we want to find a development for

B[(XY, )% eap (XD, = XD)IXT = 2]
E[@Aﬂ (Xe

Do - XDIXP =a] s, (2)
First we focus on the expression of n. We define the set of rest functions R? in the following way:

oLV

RP :{ (:C y’Anl7 ) s. t. VI Z O,Vl' S {0,1} ,30,|W
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It is worth noting that, if » € RP, then both A.r and Agr are in RP, where the integral-differential
operators A, and A4 are applied with respect to the second variable y (see details in proof of Proposition
2 in [2]).

We also introduce the set FP:

p k
FPi= 1 g(y.0) st.3(y.0) = > o ((y — ) ATDAK S iy (w,,0)A07)
k=0 1

where, Vk, j, VI > 0, VI' € {0,1}, 3¢ such that, for ¥ = p and ¥ = o, supycgq \%hk)j(x,y,ﬁﬂ <
c(1 + |z[® + |y|°), with ¢ that depends on k,j,! and . By the same proof as in Proposition 2 of [2] it is
possible to prove that, if § € FP then A.§ € FP+2 and, for all § € F?,

Aaj(y,0) = =Ag(y, 0) + r(a,y, ATTTT6). (124)
It has also been proved that, as a consequence of the equation here above, the following relation holds:
Ay © 00 A ily) = AL g(y) (- W)V (g, AT 00),

with {(41,...,7n5) the number of ¢ in {iy, ... iN} the iterations considered.

We observe that g(y) := y*o((y — 2)A,, ) belongs to Fy. To find its development through Dynkin’s
formula we can act exactly like we did in Proposmon 2 of [2].

We get that the principal term in the development of the numerator is

N l N—l Ak k'

Ani l An 1(_)‘)
DAY (0) Y T (e AL, ), (125)
=0 k=0 ’

with Ag, () = A.(h2)(z) for he(y) = y? and r(z,y, Ag’(iMﬁ), 0) € RP(M+2) The integral rest term in
the Dynkin formula is

i+1
| / / / E[AN g (X, )| Xy, = elduyy.dugduy| < R(O, A7V o), (126)

Using (125) and (126) we have the following development:

N N—1 k:/ k‘l
AF (=)

= “A“) §:7"”1(€,, ) + RO, AN 2y 1 RO, AT g, (127)

=0 k=0 ’

If (N+1)(1—28) > B(M + 2), it entails

[B(M+2)] Al 0 [B(M+2)] Ak/-(—)\)k/ B(M12)
na @)= ) TEAR @) D R ROATY 0), (128)
1=0 ’ k=0 ’

To get the control (12) on the derivatives of (128), we show that one can differentiate with respect to the

parameters the remainder term.

Aﬁ(M—i—Q) 0
n,i ) )

We remark that, as r(z, y, is in RA(M+2) and because of the definition of such a set, we clearly

have that for ¥ = p and ¥ = o, the function dyr(z,y, Aﬁ’(iMH), 0) is still a R(6, Aﬁ’(iMH), x) function.

Concerning the derivatives of the integral rest, we have that, since ANT1g e F2N+1)

2N k
AN =" oW (= 2)ADATTE O by, )AL
k=0 7=0

where ﬁk,j are polynomial functions of a, b and their derivatives. Then, for ¥ = p and ¢ = o it is

aﬂE[ANJrl ( UN+1)|Xt1 _x] [819AN+1Q(X“N+1)+8XAN+1 ( U«N+1)819XUN+1|X15L = ]

We use an upper bound on the conditional moments of the derivative of X with respect to both the
parameters (see Lemma 13 in the Appendix) and we act as for (126) to get a control of the integral rest.
From the computation of 9y AN T1g(X it shows up an extra A;g but we can always choose N such
AB(M+2), 1,)

n,i

UN+1 )
that the derivatives of the integral rest remain negligible compared to R(6,
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We now consider the denominator da, ,(z): since it is exactly like it was in the development of m, we
have already proved in Proposition 2 of [2] that its expansion is

[BAI+2)) Ak

da, . (z) = Z Tﬁ’i(—k)k—i-r(x,%Agy(iMH)), (129)
k=0 ’

where A is the intensity of jumps defined in the fourth point of Assumption 4 and r is a rest function
which belongs to RP(M+2),

Acting exactly as we have done on the numerator we get that the derivatives of r(z, z, AELSM +2))

are still

R(6, Aﬁ(lM +2),x) functions and that the derivatives of the integral rest remain negligible compared to
M+2

RO, AL g,

From the expansion of da,, ,(x) we can say that there exists kg > 0 such that for [z] < Ao da, ,(x) > %

n,t

Vn,i < n: we are avoiding the possibility that the denominator is in the neighborhood of 0. Hence, for
|z| < A the development of my is

na (x) [B(M+2)] Al 0 [B(M+2)] *) Ak B(M+2)
(g = Y AR -Gt > AW+ Al 0),
n,i 1=0 : k=1 ’

(130)
The expansion (11) follows after remarking that A&gi (x) = 0.
Moreover, since the rest term in the development of m comes from the same place as the rest in the

fraction just studied, also its derivatives with respect to p and o remain R(6, Ag(lM +2), x) functions. The
result follows. O

We now prove Proposition 4, Proposition 3 is a consequence of it.

A.3.2 Proof of Proposition 4
We recall that

( ) E[(X2601+1 - m(ﬂ’a g, Xti)V@Ai i(Xg_,_l - Xg) Xt?, = £C} ’szn Z(Qj)
mo\l,0,2) = : = .
Elpas (X7, — X)X, = ] I (@)

The expansion (15) in Proposition 4 is a consequence of the following two expansions for i, ,(x) and
dAn i (l‘),

B

fin, () = A a®(z,0) + ﬂ / v2ap(v)F(%)dv + A2 [3b% (2, p) + ha(z,0) — Ma*(z,0)]
Api n,i ) 'y(x) & ’Y(l') n,i 3 2\ )
AZfﬁQQ(x o) uA?
n,i ) 9 / 2 1 r n,t A(372ﬁ)/\(2+ﬁ) 131
# SRy [ e )t R0, AL ), (13)
~ 1+8 uA? 228
da, (1) =1— Ay A+ —= / u)F 2 du+ R(0, A5 x). 132
ane @) oy P R, 8T (132

The fact that the order of the remainder term in (15) is unchanged by derivation with respect to the
parameters p and o, will be a consequence of a similar property for the remainder terms appearing in
(131)—(132).

Proof of (131). In order to develop the numerator na, ,(z), we define the function h;,(y) := (y —
m(p,0,2))?¢ s (y — ) and we use Dynkin formula (123) on it, up to third order. It becomes

1 1 tit1 u1 u2
Elhin(X?,)IXE =a] = hiyn(x)+An,iAhi,n(x)+§AfL7iA2hiyn(x)+6 / / / E[A%h; o (XE,)|X! =
ti ti ti

(133)
We now successively study the contribution of each term in the Dynkin’s development.
By the definition of h; ,,, we have h; ,(z) = (z — m(u, o, z))>. B
We recall that Ah; ,(z) = Achin(z) + Aghin(z), where Ach; n(x) = %aQ(gc, U)h;'m(x) + b(x, u)h;n(x)

and

Aghin(x) = /

R

in (2 4+ 27(2)) = b (2)] F(2)dz = /

| et 2(e) = mlpo.2)fopz (1) F(2)dzt
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~@=mlpa) [ oy OFCE = (@ = mno,0)? [ loa; (1@) - opy OF G+ (13
+7%(2) AZQ¢A5i(zv(w))F(z)dz+ 2(x —m(u, 0, x))v(w)/szAg,i(zv(w))F(@d&

Using now the boundedness of ¢, the fact that [, F(z)dz = A and the development of m (31), we have
that the first term here above is a R(6, An s ) functlon and, from Proposition 8, also its derivatives with

respect to both the parameters are R(6, Ai ;» ) functions.

w(r)z

On the second term of (134) we apply the change of variable v := , gettlng e) fR v2p(v)F( 7(;)’ )dv.

On the third we use the definition of ¢ for which ¢(¢) = 0 for ¢ such that |¢| > 2 and again the development
of m to get it is upper bounded by

le(z —m(p, 0,2))y(z) / e 2F(2)dz| < R(0, A ). (135)
zl2l< =55

Again, we can calculate the derivatives with respect to ¥ for both ¥ = 1 and ¥ = o, getting a term that
is still a R(A, AL*? ) function by Proposition 8.

n,,

It follows
2 28 2 UAEH' 148
Adhi () = RO, A2 )+ A2 [ w2o0)F(Edo + RO,AL ),
T JR y(x)

In order to compute Ach; ,(z) we need the derivatives of h; ,, they are

B () = 20y = m(p,0,2))ops (4= 2) + (y = mp,0,2))*A, 0l (y— ),

hin(y) = 2050 (y—2) +4(y—m(p o, fﬂ))AmsoAzs (y—z)+ (y —m(p, 0,x)) Aﬁ%gﬂ (y—=), (136)

h)(y )—6Am<pAa (y— ) +6(y — m(p,0,2)A 2% s (y— )+ (y — m(p, 0,7))? A wfi (y — ),

n,i

Bin(y) = 128530 (y =) +8(y =m0, )AL 0 (v =)+ (y =l 0,0) AP0 0 (y—w);

we have calculated the derivatives up to the fourth because they will be useful in the sequel.
Replacing the first two derivatives, calculated in z, it follows

Achin(z) = a®(z,0) + 2(x — m(p, o, 2))b(x, 1). (137)
Therefore we have
ALTSP vAP _
Ei[h (XZ+1 )] = (m—m(u, g, l‘))Z—"—An ia (Jf O)+% / U2%0(’U)F( ’Y( ”)l )dv+2An7i($_m(H’a g, l‘))b(l‘, /’[’)—1—

(138)
FR(O, A2 2) 4 SN2 A / / / E[A%h, 0 (X7)| X0 = aldusdusdus.
We now study A%h; ,(z). We recall it is
A?hy () = A2hy () + AcAghi () + AgAchi n () + A3, ().

We observe that we can write A2h; () as Z?Zl hj(z, G)hfjg(z) where, for each j € {1,2,3,4}, h; is a
function of a, b and their derivatives up to second order: hy = 2a2b +0b', hy = $a?(a)? + a3d” +
a®b’ + aa'b + b2 hs = a®a’ + a®b and hy = . Moreover, recalling that by the deﬁnltlon of v We have

@xs (0) =1 and (p(k) (0)=0Vk >1, it follows R, (x) = 2(x — m(p,0,2)), kY, (z) = 2 and A"} =0
VI > 3. We obtain o

Agh%n(x) = 2h1(33, 0)(3) - m(u, g, QZ‘)) + 2h2($, 6) = R(97 An,ia Jf) + 2h2($, 0)7 (139)

where the last equality is a consequence of the development (31) of m.
Concerning AcAqhin(z), it is 1a(z, 0)(Aahin(2))” + b(z, 1) (Aghin(x))’. We start considering

(Adhin(x)) = /[hi (@ +27(@)) (1 + 27'(2)) — i, (2)]F (2)dz.

We now observe that, Vk > 1 and Vy € R, [y—m(u, 0, 2)|* o8 (y—2)| < (ly—z|"+|z—m(p, 0,2)|") o s (y—
z)|. We have that |y — z|*|p,s (y — )| < cAffi\goArs (y — )| as a consequence of the definition of ¢
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while, using the development (31) of m , it follows |z —m(u, 0, 2)[F|p,s (y—x)| < R(0, Ak ;,x). Putting
the pieces together it is ’
ly = m(p,0.2) | loss (v —2)| < RO, AL, 2) + R(0, A% 5, 2) = R(0, A @); (140)

it is easy to remark that the same reasoning holds with the derivatives of ¢ instead of ¢. We underline
that from the estimation (140) here above and the computation of the derivatives of h; , we get that,
Vvl > 0, each term of the [-derivative of h;, has the same size. Indeed, each time we derive ¢ an extra
A;f turns out but we can recover it on the basis of (140). In particular, VI > 0 it follows

|(Aahin(@))'] < AL ;A +cl17 ll0)- (142)

Concerning the second derivative of Agh; (), it is

< ROA 0. (141)

)

h(

Therefore we obtain

(Adhin(x))" = /R[hé’,n(x +29(2)) (1 + 27 (2))? + 1y (@ + 27(2)) 27" (2) = hi ()] F (2)dz =

= /R [P w2y (@) =y (@) +227 (@) b (+2y(2)+2° (7 ()2 (b2 (@) iy (a2 () 2y (2)) F (2)dz

On I3 and I; we act like we did on the integral in (135), observing that in the computation of A}, we
always have ¢ or its derivatives which make the integrals different from 0 only for |z| < CArﬁm" On Iy
we use (141) for | = 1, getting |I5| < R(6, Afl,
obtain Iy = —2\.

To conclude the study of A.Agh; () we have to deal with I;:

r). We observe that, by the computation of A}, (z) we

[ a2 @) P = [ 200 (A@)FEE+ 48, = mn0,0) [ o (A@)FE)
R R ’ R n,i
(143)
870 [ @y, r@)FE+ A2 [ (@ mipoo) +o9@)ek, (1@)FE):
zy(x)
A,
z) for each k > 1, we obtain

Applying the change of variable u :=
|z — m(p,o,7)F < R(O, Ak

77/17

and recalling that from the development of m it follows

AP uA?
/ B! (@t () F(2)dz = / (2p(u)Fug! () 4+ 0" () P dut R(0, ALTHNE2901-28) )
R v(z) Jr () ’

It is worth noting that the magnitude of the first term in the left hand side of the equation here above
depends on the density F'.
Remarking also that ¢(u) = 0 for each u such that |u| > 2, it follows

B

Al TNy
Aghin(z)) = ”/ 20(u) + ug' (1) + 12" (1)) F(—=2)du — 22 + R(0, AU 29 ) (144
From the definition of A.Agh; n(z), (142) and (144) we get
AP a?(z,0) uA?
A Aghi o (z :L/2 w) + up' (u) + uQ" (u)) F 8 du — a? x,a)\—&—RG,Agi_Qﬁ)w,x.
ahin(z) @) R(%() ' (u) @())(7(33)) (z,0) (0,4, )
(145)
Now we deal with
AgAch;n(x) = /[Achi,n(x + 2y(x)) — Achy n(2)]F(2)dz. (146)
R
From (137) it follows
/ Achin(2)F(2)dz = Xa*(z,0) + 2X(x — m(p, 0, 2))b(x, 1) = Aa*(x,0) + R0, Anis 2), (147)

where we have also used the development (31) of m. Moreover,

[ Acbintotor(@)FE)E = [ [502(+21() )bl (r-+29(@)) b+ o)) o+ 2 () F ()
. . (148)
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Acting on the first term of the right hand side of the equation here above exactly like we did in (143) we
get it is equal to

Afm A 2 2 Ia ’U,Ag,i d R(O A172ﬁ 149
27($)/u|<2 a*(z+u i 0)(20(u) + up' (u) + u@" (u)) (7(1‘) )du+ R(0, A, 57 x). (149)

We upper bound the second term of the right hand side of (148), instead, using (141) for [ = 1. Tt yields

I/RE(x +2y(@), w)hf o (@ + 29(2)) F(2)dz| < R(9, Ay, ), (150)

where we have also used the polynomial growth of b. Replacing in (146) the equations (147) - (150) we
obtain

A B
Adchi () = / (-l o) 2plu) g (012" (1) Py du—Aa? (. 0) RO, AL,
o 29(2) Jusjul<2 e v(x) st

(151)
We have to study AgAqhin(x). It is

A2 ()] = | / [Adhin(a-+27(2)) — Aghs m (2)|F(2)d2] < / |(Aghs )|, 121 (@)|F(2)dz < RO, A% , ),

(152)
where we have used the definition Agh;,, and (141), remarking that the estimation (142) holds also in
no matter which y € R.

From (139), (145), (151) and (152) it follows

1
§Ai)iA2hi)n(x) = Afm»hg(x, 0) — )\Aiﬂ»aQ(Jc, o)+ (153)
AZtP ul?
n [ o o)) 2 g 0+ )Pk (0, AN ),
4v(2) Jusjul<2 v(x ’

To complete the study of the numerator of mo we need to estimate ft T [P EIARh (X)) XD =
z|duzdusduy. We introduce the following norm on CP functions, w1th p >0, c > O

F® (y)
1 llsoc sup [ =——=|.
p l;)ye 1+|y|)

We observe it is

If y+ 27+ |y + 29 (y)))°

/ Fy+21 ()| F(2)de = F(2)dz < | s / (Ltly+27() )PP (2)d=.

(1+ |y +2v(y))°
We can therefore evaluate the norm of Ay f, getting
Auf Jo(L+1yl° + (A + Jy[)°|2|°) F(2)dz
a8 w0 = || < Mo ~ +0) el oo
i [P o (T Tul)e a0

By similar computations on the derivatives of Agf we obtain, Vp > 0, with p < 4, || A4 f]|
(similar calculations are in Theorem 2.3 of [23]).

In order to find an upper bound for the norm of A.f we observe that, from the polynomial growth of
both the coefficients a and b, it follows

Af | 3ewo)"W) | M@)o e
R T ) R (RN V) el R )

00,E,p < ch”oo,Em

(1 +[y)*

Hence, we deduce that || Acf|| o 420 < ¢l fllo0,z0- Acting again with similar computatlon on the following
derivatives, as done detailing in the proof of Theorem 2.3 in [23], we get || A.f||
We want to use the estimations on ||A4f|| and ||Acf]|
of

E[A3h;, (X!,)| X! = x] but A3h;,. We observe it is, for ¢ > 4,

| ()] + 1 (W)l

00,6+2,p — <c ||f||oo,c,17+2

and equation (141) to evaluate each term

0,6,p ©0,C,p

Ei[Adhin (X0,)] < ([ A o o0 Bil(L+ 1X5D < ellhinll o 5.0 RO, 1, 2) < R(O, A7 2);

]Ei[AdAdAchi,n(XZg)] < NAdAdAchinll g 0 Bl + X0, 1) < cllhinl R(0,1,2) < R(6, 1, );

00,¢,0 00,6—2,2
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remarking that the same estimation holds for A;A.Aqh,;, and A AgAqh;,. Moreover we have

Ei[AcAcAghin(X0)] < | AcAcAahin|| R(0,1,2) < R(0,A %" z)

7117

Eil(1+ X3, )] < ¢llhinll

00,¢,0 00,6—4,4

and we can upper bound A.A4Ach;, and AgA.Aqh; ,, with the same quantity.

We are now left to study E;[A2h;, (X’ )]. As we have already done considering A2h;,(z), we see
A3h; ,, as linear combination of the derivatives of h; ,: A2h; n(y) == 2?21 h; (v, H)h(j)( ) where for each
j€{1,...,6} h; is a function of a, b and their derivatives up to fourth order.

Using a conditional version of Proposition 11 (that will be stated and proved in the sequel) we get Ve > 0,
V) > 3 Eillhy (X0, O)h7 (X0 < RO,A,5C7077 ).

u )
Concerning the ﬁdrst two terms of the sum, we have
[Ei R (X0, 00 5 (X0, ) Fha (X0, R (X0 < [|RE ] Ballha (X0, O+ A7 ]| Eillke (X7, 0)] < R(6, 1, 2),

which follows from (141) and from the polynomial growth of a, b and their derivatives, which constitute
the functions hy and hs. Putting all the pieces together we get

tit1
= / / / E[A%hn(X9,)|X! = a]dusdusduy < R(9, AP72DN7979) 4y = R(9, A3 2).
t t; t;

From (138), (153) and the equation here above it follows E;[h; (Xf+1)] =

A AP _
= (x—m(u, U,$))2+An,ia2(x,o)+L/UQQO(U)F( n’z)dv—i—?An,i(ﬂc—m(u,o,a:))b(a:,u)—i—Aiihg(m,H)—&—
y(r) Jr v() ’
(154)
AP ulA?
“AA2 a¥ (@, o)+ / [0 (z, 0)+a* (z+ul]) ;, o)) (2p(u)+ug’ (u)+ue” () F(— = )du+R(0, AL 2PN ),
' 4ry(z) luj<2 e v(z) m

The expansion (131) follows from (154) and (16), with the smoothness of z — a?(z,0), and [ F(z)dz <
0.
O

Proof of (132). Concerning the denominator of maq, we still use Dynkin formula up to third order, this
time on f; n(y) :== N (y — z). We observe that, by the building, f;,(z) =1 and fi(f;) (x) = 0 for each
k> 1. Hence, A.fin(z ) =0 and

n,i

Agfin(a) = / fin(z +7(2)2) — 1F(2)dz = / et PaL A DFCH =

zy(z)
AP

n,i

As we have already done we can see the first term here above, after the change of variable u := , as

'v(z) - [ Jul<2 o(u)F(= ")1 )du, which order depends on the density F'.

Concerning the study of A%f; ,,(z), we first of all remark that A2f; ,(z) = 0.
Moreover, we observe it is f}fj}( )=A ’? kcp(Akg (y — ) and so by the boundedness of ¢ and its derivatives

we get that, for each k > 1,
‘ _<RO.A ). (155)

n, [

We therefore have, Vy € R,
[(Aafin(®))| = |/Rf{,n(y +29(W) (L + 27 W) F(2)dz = Afi ()] < R(O, A7, y)
and, in the same way, |(Aafin(y))"| < R(0, An : P y). 1t follows
A (0)] = 3020, ) (Aafin(@))” + b, ) (Aafon (@) < (O, AL 0);

(Aicfin@)| = | [ Acfinla+21(@) FE)de| < RO.AF 2)
R
and, using also finite-increments theorem, |AqAqfin(x)| < R(0, An 1, ). Putting pieces together we have

5454 fin(2)] < RO, A7 ).
Considering the integral rest of the Dynkin formula , we act like we did in the study of the numerator,
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passing through the use of the norm ||.||
(155). It yields

so.cp and the estimation of the derivatives of f;, gathered in

Ei[A3fi, (XS] < R(0,1,2),  E;[AqAdA.fi, (X0)] < R(O,A,37, ),

0 —4p 0 1-68—¢
E; [AdAcACfin (Xus)] < R(@, An,i 733)’ E; [Agfin (Xus)] < R(G’, An,i ,:E),

having also used Proposition 11 to get the last one estimation here above. It turns out the denominator

18
B

ALP uA? _—y
L Bnat 2 [ )P du + RO, AL o) (156)
’Y(x) wiu|<2 ’Y(‘T) '
since we can always find an € > 0 for which 4 — 65 — € > 2 — 28 and we have 3 — 48 > 2 — 23. This
concludes the proof of the expansion (132). O

To conclude the proof of the Proposition 4 we are left to show that the derivatives with respect to

both the parameters of the rest terms in the expansions (131)—(132) are still rest functions and their
order remains the same.
We observe that up to the development of second order in Dynkin formula, the rest functions R are totally
explicit in our computation and so it is possible to calculate its derivatives with respect to both p and
o. As we have already seen during the proof, we can use the estimations on dym(u, o, z) for ¥ = p and
¥ = o gathered in Proposition 8 and the fact that (x — m(u,o0,z)) is a R(6, A, 4, z) function to get that
size of h; , and of the rest functions does not change after having derived with respect to the parameters.
Concerning the integral rest coming from the third order of the Dynkin formula, we have that

819Ei[A3hi,n(X33)] =E, [819143}11‘7”()(33)] + E; [6xA3hi,n(XZS)a19X].

On the first term of the right hand side here above we can act exactly like we did on E; [A3hi)n(X3

)]
getting a rest function whose order does not change, while from the computation of dx A3h; ,( 53)
-B

an extra A, appears but, since from Lemma 13 the norm 1 of dyX is R(0,A,,;,x) for ¥ = p and

1
R(0,A} ;,x) for ¥ = o, it is enough to use previously Holder inequality and observe that both % — p and

1 — 8 are positive to get that the second term here above is negligible compared to the first.

A.3.3 Proof of Proposition 3

Proposition 3 is a particular case in which Proposition 4 holds. The proof relies on the fact that the
N
uw(;‘)’l) to F(0) through finite-increments

intensity F is supposed to be C! and so we can move from F(
theorem.

Proof. From (15) we get the proposition proved remarking that

B

1428 [ 2 o U‘An,i = A28 [ 2o u 1428 [ 2 niy u
A [ ot Pt = ALY [ e+ A5 [ el — Fo)a

and, from finite-increments theorem, the last term is in absolute value upper bounded by
1+3 ~ 143 - uAl |
cA Bﬁ Jg [ulPlo(u)|[F'(@)|du = R(6, A, B &), where @ € (0, )
Moreover, by the smoothness on F' we have required, it follows that terms in (15) whose size depends on

the density F' are now upper bounded by a R(f, AP x) function. It yields (14). O

n,i
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