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Abstract. Stenosis, defined by a partial or full obstruction of the ar-
teries, is a frequent anomaly in the cardiovascular system. The pressure
drop across a stenosis indicates the severity of the pathology. There is
currently no non-invasive method to obtain this pressure drop. In this
communication, we use four different blood flow models to compute the
pressure in an idealized geometry of stenosis: the steady RNSP model,
the Multi-Ring model, the 1D model, and algebraic models. We compare
these models on a test case under a steady flow. We then developed a
gradient-based parameter estimation method to compare the complex
models (1D and Multi-Ring) with algebraic formulas. We used the pa-
rameter estimation to evaluate the influence of the geometry, wall elas-
ticity and flow parameter on the empirical coefficients of the algebraic
formulas.
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1 Introduction

Aortic CoArctation (CoA) is a congenital heart disease that appears in young
children and that accounts for 5 to 8% of all congenital heart diseases [5]. CoA
is defined as a partial narrowing of an arterial segment called stenosis and is
frequently located either in the area where the ductus arteriosus inserts or in
the ascending aorta.

In clinical studies, measurements of the blood pressure drop across a stenosis
give significant indications regarding the severity of the pathology. Trained med-
icals can establish a diagnosis based on these specific data. Despite continuous
improvements in the field of medical imaging giving the instantaneous velocity
field and topology in the vascular network, pressure data cannot be assessed
non-invasively. Modeling is therefore a relevant option for computing blood flow
in stenosed vessels, and to extract pressure data. In this communication, we pro-
pose to study several blood flow models to evaluate the transstenotic pressure
drop in large arteries, such as the ones where CoA appears.
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Complex models for blood flow are based on the Navier-Stokes equations
[8, 18]. Solving the fluid flow coupled to the displacement of the arterial wall in
a three-dimensional (3D) domain is complex and requires high computational
resources. For real-time medical applications, some simplifications have been
introduced.

In the case of large arteries, we can assume axisymmetry in the blood flow
and that the axial wavelength is greater than the typical radius. We thus obtain
the Reduced Navier-Stokes Prandtl (RNSP) equations [11,16] that we can solve
using elastic [19], hyper-elastic, viscoelastic [1] or rigid walls.

By averaging the RNSP model over the cross-section of the vessel, we can
derive the classical one-dimensional (1D) model [2]. It also requires a pressure
law at the wall [19], and a hypothesis about the shape of the velocity profile to
compute the friction.

Finally, by averaging the 1D equations over the length of the artery, we
can obtain zero-dimensional (0D), or algebraic, models [27,28]. By solving these
models numerically, we can compute the pressure and velocity field in the given
domain and thus calculate the pressure drop across a stenosis.

In this study, we defined an idealized geometry of a stenosed artery, computed
the pressure in the stenosis and compared the following models: the steady RNSP
model, the Multi-Ring model, the 1D model, and algebraic models.

The paper is organized as follows: in Section 2, we present the fluid models; in
Section 3, we compare the models on a steady test case; in Section 4, we develop a
parameter estimation method to compare the 1D model to the algebraic model by
estimating the dependence of the coefficients of the algebraic models parameters
on the stenosis properties; in Section 5, we extend this parameter estimation
to the Multi-Ring model; finally, in Section 6, we discuss our results and give
perspectives to improve the present study.

2 Fluid models for transstenotic pressure drop

2.1 The Navier-Stokes equations

The motion of blood in arteries is governed by the three-dimensional (3D) Navier-
Stokes equations. In large arteries, the average shear rate γ̇ is high enough to
consider that the fluid is homogeneous and Newtonian. We can also consider
that blood flow is incompressible. It leads to the following mass and momentum
conservation equations

∇ · u = 0, ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u, (1)

where u is the 3D velocity vector, p is the pressure, ρ is the fluid density and
µ the dynamic viscosity. In a cylindrical system, the components of the velocity
vector u are (ur, uθ, ux).
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2.2 Long-wavelength simplication

Considering the geometry of an artery as a cylindrical tube, we can assume that
blood flow is axisymmetric. The wavelength of the pulse wave is much larger than
the characteristic radius of a large artery, we can thus simplify the Navier-Stokes
equations (1) under the long-wavelength assumption and obtain


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p(x, r, t) = p(x, t),

(2a)

(2b)

(2c)

which are refered to as the Reduced Navier-Stokes Prandtl (RNSP) equations.
More details about the derivation can be found in [16], [6]. We can solve this
model with two approaches. The first consists of removing the unsteady term
from (2b) and supposing a rigid wall, which we refer to as the steady RNSP
in the following. The second consists of coupling (2) with an elastic law for the
arterial wall. The pressure law that characterizes the deformation of the wall is
the simple elastic law

p(x) = K
(√

A(x)−
√
A0(x)

)
, (3)

where the parameter K characterizes the elastic behavior of the arterial wall
and depends on the Young modulus and Poisson coefficient. A(x) is the cross-
section and A0(x) the reference cross-section equal to πR2(x), specified later in
Equation (6).

In this approach, we solve the flow by decomposing the fluid domain in
concentric rings. We refer to this method as the Multi-Ring model [11] in the
following.

2.3 One-dimensional model

We obtain the 1D equations by averaging the system (2) over the cross-section
of the tube. The 1D equations can also be interpreted as a particular case of the
Multi-Ring model with only one ring and an assumption on the velocity profile
and the wall shear stress. The averaged equations are





∂A

∂t
+
∂Q

∂x
= 0,

∂Q

∂t
+

∂

∂x

(
Q2

A

)
= −A

ρ

∂p

∂x
− Cf

Q

A
,

(4a)

(4b)

where Q is the flow rate and A the cross-sectional area. The friction coefficient
Cf is set to 2(ξ + 2)µπ [22]. The parameter ξ determines the friction depending
on the assumption on the velocity profile. In the case of a parabolic velocity
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profile, ξ = 2. We use the same elastic pressure law (3) to couple the flow and
the wall.

This model has been previously used in the literature [12, 17,18, 23] to com-
pute the flow in the systemic circulation to study the presence of a stenosis.

2.4 Algebraic model

The next level of simplifications leads to algebraic, or zero-dimensional, models.
They are obtained from averaging the fluid equations (4) over the longitudinal
variable. There exists a variety of these models in the literature [17,20,23,27,28]
to compute the pressure drop in constrictions and were each derived for a specific
application. All of them treat a stenosis as a constriction of a 1D flow and can be
considered as generalizations of Bernoulli’s equation, or a balance of mechanical
energy. All these expressions involve empirical parameters depending on the
configuration and the geometrical properties. For unsteady flows, Young and
Tsai [28] proposed the following algebraic model

∆Palg =
Kvµ

D0
U(t) +KuρLst

dU(t)

dt
+
Kt

2

((
A0

Ast

)2

− 1

)
ρ|U(t)|U(t), (5)

where ∆Palg is the pressure drop across the length of the stenosis Lst, D0 the
diameter and A0 the cross-section of the unobstructed vessel, Ast the cross-
section at the throat of the stenosis, Kv, Ku and Kt are empirical coefficients.
U(t) is the instantaneous input velocity and | · | represents the absolute value of
·.

The first term captures the Poiseuille viscous loss depending on the coefficient
Kv. The second term represents the inertial effect of blood flow in a constric-
tion with an inertial coefficient Ku. The third term accounts for the non-linear
effects depending on the coefficient Kt. These expressions are considered in the
literature as the gold standard for model comparison and used by physicians
to grossly estimate the pressure drop across an arterial stenosis, in cases where
they do not have access to an invasive measurement.

Despite the simplicity of this type of model, the drawback is that the coeffi-
cients are empirical and were determined in the literature for specific experiments
[20].

3 Comparison of the models on a steady case

3.1 Geometry of the stenosed artery

Figure 1 defines the geometry of a stenosed artery of length L, radius R0, stenosis
length Lst and stenosis degree α. The shape of the radius of the wall is

R(x) = R0

(
1 + α exp

(
− (x− xst)2

xl

))
, (6)
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where xst is the axial position of the throat of the stenosis and xl is related to
the length of the stenosis Lst.

The pressure jump ∆P that we evaluate in this study is the pressure differ-
ence between upstream and downstream of the stenosis, i.e. over the length of
the stenosis.

x

R0

L

Lst

U(t)

�P R0

✓
1 + ↵ exp

✓
� (x � xst)

2

xl

◆◆

Rst = R0(1 + ↵)

Fig. 1. Geometry of the stenosed artery of length L, radius R0, stenosis length Lst and
stenosis degree α (α < 0). The shape of the radius of the wall is Equation (6), with
xst the position of the throat of the stenosis, and xl related to Lst. The pressure drop
over the length of the stenosis is ∆P .

3.2 Numerical methods

As all of the models presented in Section 2 are non-linear, we do not have ac-
cess to analytical solutions and thus require numerical schemes to solve them.
Different approaches to compute fluid models, such as finite element methods,
finite volumes or finite differences, have been introduced in the literature.

For the steady RNSP model, we used an implicit finite difference scheme [16].
For the Multi-Ring model and the 1D model, we used a finite volume approach.
We split the system of equations into a convective subproblem that accounts for
the transport and a reaction subproblem for the friction source term. We treated
the convective subproblem with an explicit method using a kinetic scheme for the
flux [3]. We solved the viscous subproblem using an implicit numerical scheme.
More details can be found in [11] for the Multi-Ring model, and in [10] and [7]
for the 1D model.

We introduced a time discretization with a constant time step ∆t = 2 · 10−6

s for the Multi-Ring model and ∆t = 10−5 s for the 1D model. We used Nr = 32
concentric rings and divided the length of the artery into Nx = 800 cells for the
Multi-Ring model. For the 1D model, we used Nx = 250 cells. The RNSP code
is steady and thus only requires a spatial discretization, we chose Nx = 4000 and
Ny = 1000. These are typical values for computations with enough precision.

We computed the three models using codes developed in our laboratory writ-
ten in C or C++.
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3.3 Comparison of the center pressure

We first compared the steady RNSP, Multi-Ring and 1D models, described in
Section 2, in a rigid stenosed artery against the Poiseuille pressure in an axisym-

metric straight rigid tube p(x) = − 8ρU2
0

R0ReR
(x− L).

At the inlet of the vessel, we imposed a steady input flow, i.e. at x = 0,
U(t) = U0. At the outlet of the vessel, we imposed a zero pressure i.e. at x = L,
p = 0. The properties of the configuration are reported in Table 1, and the
geometry is shown in Figure 1.

Table 1. Properties of the stenosed artery. R0: initial radius, α: degree of stenosis,
L: artery length, Lst: stenosis length, ReR: Reynolds number based on the radius, U0:
input velocity, ρ: fluid density, µ: dynamic viscosity, K: elasticity. All values are in
CGS units.

R0 α L Lst ReR U0 ρ µ K

1 -0.4 40 10 100 100 1
ρU0R0

ReR
107

Fig. 2. Dimensionless center pressure along the stenosis represented in Figure 1 with
properties of Table 1. The black solid line (—) corresponds to the steady RNSP model,
the green triangles (4) to the Multi-Ring model, the orange circles (©) to the 1D
model, and the dashed blue line (- - -) to the Poiseuille pressure along a straight tube.



Pressure drop across arterial stenoses 7

We observe that the center pressure drop between the beginning and the
throat of the stenosis is similar in all models in the stenosed artery. However,
the center pressure downstream of the stenosis is different in the 1D model
compared to the steady RNSP and the Multi-Ring. Indeed, the 1D model does
not account for the recirculation near the walls and the jet formation in the
center after the stenosis, as we impose a constant shape of the velocity profile in
each section. The downstream flow is therefore not impacted by the constriction
in the 1D model, as opposed to the steady RNSP and Multi-Ring models.

The models presented in this section allow computing the velocity and pres-
sure field in the entire domain. In fact, the relevant indicator for medical diag-
nosis is the pressure drop ∆P evaluated across the stenosis. Therefore in the
following section, we compare the pressure drop using all the models of Section
2.

3.4 Comparison of the pressure drop

In the Figure 3, we show a comparison of the dimensionless pressure drop be-
tween the algebraic model from [27], the 1D model, the Multi-Ring model, and
the steady RNSP model. We show a comparison with in vivo pressure drop mea-
surements from [26]. We excluded one measurement that gave a bad agreement
between their experimental and model predictions.

Fig. 3. Comparison of the dimensionless pressure drop as a function of the degree of
stenosis in percent −100α for the algebraic model from [27], the 1D model (©), the
Multi-Ring model (4), the steady RNSP model (�), and measurements from [26] (♦).

The in vivo measurements from [26] show that the steady RNSP and Multi-
Ring are the most accurate models to estimate the pressure drop across the
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stenosis. However, we can also observe that for mild stenoses, the 1D model
gives a reasonable agreement with the in vivo measurements.

For the configuration of Section 3.3, we computed the pressure drop across
the stenosis with the different models. We obtained ∆P = 16 mmHg for the 1D
model and ∆P = 33 mmHg for the steady RNSP and Multi-Ring models, which
seem to be reasonable values, i. e. within the physiological range. For reference,
we compared this pressure drop with the algebraic formula using the values of
the empirical coefficients from [27] which gave ∆P = 89 mmHg for the same
configuration. The algebraic pressure drop is clearly out of the physical range.

It seems reasonable to think that even if the 1D model might underestimate
the pressure drop, it is a better starting point than the current algebraic formula
with the empirical coefficients of the literature. Therefore, in the following sec-
tion, we compare the 1D model to an algebraic formula for which we estimate
the empirical coefficients with a parameter estimation process.

4 Comparison between algebraic and 1D models under
unsteady flow

For the sake of simplicity, in Section 3, we compared the models using a steady
input flow. In this section, we investigate the unsteady effects on the pressure
drop across a stenosis using the 1D model.

4.1 Description of the 1D model

We use the same geometry and properties of the stenosed artery as shown in
Figure 1. We study unsteady flows and thus impose at the inlet of the vessel
x = 0 an oscillating velocity U(t) = U0 sin(2πωt) with U0 the amplitude of the
input velocity and ω the frequency. At the outlet of the tube, we still impose a
zero pressure, i.e. at x = L, p = 0.

4.2 Parameter estimation method

To compare the 1D model with the algebraic formula (5), we need to estimate the
empirical coefficients Kv, Ku, and Kt. The objective is to study the dependence
of the parameters on the stenosis properties. We therefore define a cost function
J that measures the difference between the pressure drop of the model ∆Pmodel,
in this case the 1D model, and the algebraic pressure drop ∆Palg as

J(P) =

(∫ T

0

(∆Pmodel −∆Palg(P))
2

dt

)1/2

(7)

with P = {Kv,Ku,Kt} the set of parameters to estimate. We minimize the cost
function J with respect to P using a Basin-Hopping algorithm [24] of the SciPy
library [15] from Python. The algorithm runs a gradient-based method L-BFGS-
B (from the initials of the original authors Broyden [4], Fletcher [9], Goldfarb
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[13], Shanno [21]) and, to ensure the global minima of the parameters, creates a
random perturbation of the parameters P at each step in the specified parameter
space. The method allows finding Popt that minimizes the cost function J , which
we show in the following section.

4.3 Estimation of empirical parameters on the 1D model

We chose to estimate the empirical coefficients Kv, Ku and Kt as a function of
several parameters: the geometrical parameters that are the stenosis length Lst
and the cross-section ratio A0/Ast, the wall rheology parameter K and the flow
parameter ReR.

We first observed that the estimated value of the coefficient Kt was close to
zero when using the 1D model.

In Figure 4(a), we show the estimated value of the coefficient Kv as a func-
tion of the cross-section ratio A0/Ast. We compared our estimation with two
in vitro experimental measurements from [20] for two configurations that were
similar to ours, reported in Table 2. Even though the agreement between the two
experimental points and our estimation of Kv is reasonable, we have several ex-
planations for the differences. First, the geometry is different as the constriction
in [20] is an abrupt reduction of the radius as opposed to ours that is smooth.
Second, they are investigating steady flows. Finally, the aspect ratio of Lst/D0

is smaller in their experiments than in our simulations. Seeley and Young [20]
established a theoretical expression for Kv

Kv = 32
La
D0

(
A0

Ast

)2

(8)

with La = 0.83Lst + 1.64Dst a correction of the stenosis length Lst, which we
show in Figure 4(a). Similarly to our estimation of Kv, Seeley and Young [20]
showed that this empirical coefficient only depends on the geometrical charac-
teristic of the constriction.

Figure 4(b) shows that the dependence of Kv on the length of the stenosis Lst
is linear. As the Kv term in this equation corresponds to the viscous Poiseuille
pressure jump, we added for reference the Poiseuille value of Kv in a straight
tube that is 32Lst/D0. The comparison stresses the linear dependence of Kv on
the length over which we calculated the pressure drop.

Figure 4(c) shows that the wall elasticity does not influence the value of Kv

as the coefficient does not vary significantly with K. When the elasticity of the
wall becomes smaller, the coefficient increases a little bit however it does not
correspond to the value of the wall elasticity of large arteries [25].

Similarly, we observe that there is no dependence of Kv on the Reynolds
number ReR as shown in Figure 4(d).

We can therefore conclude that the parameter Kv is only a function of ge-
ometric parameters that are the cross-section ratio A0/Ast and the length of
the stenosis Lst, as predicted by Seeley and Young in [20] and more recently by
Heinen et al. in [14].
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(a) (b)

(c) (d)

Fig. 4. Values of the coefficient Kv as a function of (a) the cross-section ratio A0/Ast,
(b) the length of the stenosis Lst, (c) the elasticity K, and (d) the Reynolds number
based on the radius ReR. The coefficient Kv is estimated from the 1D model using the
algebraic formula (5). We added on (a) a comparison with in vitro measurements in
(♦) and a theory in (—) for Kv from [20]. We added on (b) the Poiseuille value of Kv

in a straight tube. Lst and K are in CGS units, the other quantities are dimensionless.

Table 2. Estimation of the empirical coefficient Kv of Equation (5) from Seeley and
Young [20] for comparison with Figure 4(a).

α Lst/D0 Kv

point 1 -0.375 2 421
point 2 -0.5 2 1160

Figure 5(a) shows a strong dependence of Ku on the cross-section ratio
A0/Ast as Figure 4(a).
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In Figure 5(b), there is no obvious linear dependence of the coefficient Ku

on the length of the stenosis.
Similarly to Figure 4(c), Figure 5(c) shows that the value of Ku is not sig-

nificantly affected by a variation in elasticity K.
However, unlike Figure 4(d), Figure 5(d) shows that Ku depends on the

Reynolds number. The coefficient Ku has an asymptotic behavior from ReR ≈
200.

(a) (b)

(c) (d)

Fig. 5. Values of the coefficient Ku as a function of (a) the cross-section ratio A0/Ast,
(b) the length of the stenosis Lst, (c) the elasticity K, and (d) the Reynolds number
based on the radius ReR. The coefficient Ku is estimated from the 1D model using the
algebraic formula (5). Lst and K are in CGS units, the other quantities are dimension-
less.

4.4 Comparison between algebraic and 1D models

In Figure 6, we compare the pressure drop computed with the 1D model and
the algebraic pressure drop from Equation (5) using the estimated optimal pa-
rameters Kv, Ku, reported in Table 3 and Kt = 0.
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With only two terms in the algebraic expression (5), we reproduce exactly
the shape of the pressure drop between upstream and downstream of the stenosis
under a steady flow.

Fig. 6. Comparison of the pressure drop across the stenosis between the 1D model (©)
and the algebraic model (5) (- - -) for an unsteady input velocity with pulsation ω = 1
s−1. The properties of the stenosed artery are reported in Table 1 and the parameters
Kv and Ku of the algebraic model are reported in Table 3.

5 Comparison between algebraic and Multi-Ring models
under unsteady flow

As shown in Figure 2, the pressure peak at the throat of the stenosis was simi-
lar in all the models, however, the upstream to downstream pressure drop was
different in the 1D model compared to the steady RNSP and Multi-Ring mod-
els. And, in fact, this is the relevant pressure drop for the medical diagnosis.
We observed in Figure 3 that the 1D model gives a reasonable estimation of
the pressure drop for mild stenosis. However, for more severe stenoses, the 1D
model underestimated the pressure drop and, therefore, we needed to use a more
accurate model. We thus applied the same parameter estimation strategy like
the one described in Section 4.2, using the Multi-Ring model [11]. However, as
the non-linear effects are accounted for with more accuracy in this model, we
now consider that Kt 6= 0 in Equation (5) and reported the optimal value in
Table 3.

In Figure 7, we compare the pressure drop computed with the Multi-Ring
model and the algebraic pressure drop from Equation (5) using the estimated
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optimal parameters Kv, Ku and Kt, reported in Table 3. We used the same
method to estimate the optimal set of parameters as in Section 4.2 where the
cost function J (7) now depends on the Multi-Ring pressure drop.

By comparing Figures 6 and 7, we can see that the amplitude of the maximum
pressure drop is higher for the Multi-Ring model than for the 1D, similarly to
Figures 2 and 3. By adding a non-linear term to Equation (5), we retrieve the
exact shape of the unsteady pressure drop across the stenosis of the Multi-Ring
model.

Fig. 7. Comparison of the pressure drop across the stenosis between the Multi-Ring
model (4) and the algebraic model (5) (- - -) for an unsteady input velocity with
pulsation ω = 1 s−1. The properties of the stenosed artery are reported in Table 1 and
the parameters Kv, Ku and Kt of the algebraic model are reported in Table 3.

Table 3. Empirical dimensionless coefficients Kv, Ku and Kt of the algebraic models
(5).

Kv Ku Kt

400 1.5 0.7

6 Conclusion

In this study, we compared four types of reduced-order models (algebraic, 1D,
Multi-Ring, steady RNSP) to compute the pressure drop across a stenosis. We
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showed a comparison of the center pressure in an idealized geometry of stenosis.
We highlighted that with a steady input flow, the steady RNSP, Multi-Ring, and
1D model behaved similarly in terms of the shape of center pressure between the
beginning and the throat stenosis. Using experimental data from [26], we showed
that the Multi-Ring model reproduced the measurements reasonably well. We
concluded that, even though the 1D model might underestimate the pressure
drop, for mild stenosis it is a good first approximation and is less computationally
expensive than the other models.

Therefore we used our models to estimate the empirical coefficients of the
algebraic formula using the 1D model in our configuration with a Basin-Hopping
optimization method. We first found that the non-linear term is negligible using
the 1D model, i. e. Kt = 0. We found that the coefficient Kv characterizing
the viscous loss only depended on the cross-section ratio and the length of the
stenosis. The coefficient Ku characterizing the inertial effects depended on the
cross-section ratio but also the Reynolds number. An important observation is
that the wall elasticity K does not play a significant role in the center pressure
drop across the stenosis.

We finally showed that this optimization process can be extended to the
Multi-Ring model and give a value for the third coefficient Kt that characterizes
the non-linear effects, which is no longer negligible with the Multi-Ring model.

In this study, we computed the models in an idealized geometry of stenosis,
which is a limitation. Indeed, to make patient-specific predictions of the pressure
drop across a stenosis, we should compute the pressure in real geometries. This
would require some high-quality imaging along with a segmentation algorithm
to determine the radius at each time and position of the artery. However, the 1D
models that treat the arteries as straight axisymmetric elastic tubes have proven
reliable in the literature and are a good starting point, if not better, compared
to the current algebraic formulas.

Another limitation is that we do not have real invasive measurements to
validate the method in the case of a stenosis. Therefore, the main perspective of
the present study, to make a patient-specific estimation of the pressure drop, is
to obtain invasive pressure measurements to compare our models to. Knowing
how the coefficients of the algebraic formula depend on the characteristics of the
stenosis would constitute a sort of abacus and thus allow estimating the pressure
drop in real-time medical applications. The first results of intra-arterial catheter
measurements of the transstenotic pressure drop show that the Multi-Ring model
is the most accurate model.
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