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Introduction

In the current engineering scenario, carbon fibers reinforced composites have found a great place in many high-performance industries such as aviation, automotive, textile, etc. With the advances in the material technology, many researchers focused their interest in finding out the effective thermal properties of the composite material at different scales starting from macro to micro. Although a lot of research work can be found at macroscale [START_REF] Sweeting | Measurement of thermal conductivity for fibre-reinforced composites[END_REF][2] [START_REF] Siddiqui | Development of Experimental Setup for Measuring the Thermal Conductivity of Textiles[END_REF], less studies were dedicated to the estimation of thermal properties at microscale such as at the level of single fiber.

In the literature, some methods use a bundle of fibers to approximate the thermal properties of single fiber such as Angström method or Thermal potentiometer [START_REF] Gallego | Modeling the thermal conductivity of carbon fibers[END_REF] or Laser flash method [START_REF] Craddock | Method for Direct Measurement of On-Axis Carbon Fiber Thermal Diffusivity Using the Laser Flash Technique[END_REF]. There are also a few techniques that work directly on single fibers such as AC calorimetry [START_REF] Yamane | Thermal diffusivity measurement of single fibers by an ac calorimetric method[END_REF], T-type probe method [START_REF] Wang | Thermal conductivity measurement of an individual fibre using a T type probe method[END_REF], pulse laser-assisted thermal relaxation technique [START_REF] Pradere | Thermal properties of carbon fibers at very high temperature[END_REF]. A brief detail of these techniques is presented in Table1. Some thermal conductivity values measured using these techniques are shown in Table 2 for different types of carbon fibers.

These techniques mainly focus on the estimation of single thermal property such as either thermal conductivity or specific heat or thermal diffusivity during one experiment. Contrary to these techniques, the 3𝜔 method is a strong benchmark that has the capability of measuring these thermal properties simultaneously. Furthermore, the applicability of the 3𝜔 method is large, it was used for solids at micro [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] to macro scales [START_REF] Liang | Experimental measurement and modeling of thermal conductivities of carbon fibers and their composites modified with carbon nanofibers[END_REF], liquids and gases [START_REF] Schiffres | Improved 3-omega measurement of thermal conductivity in liquid, gases, and powders using a metal-coated optical fiber[END_REF] [START_REF] Gauthier | Gas thermal conductivity measurement using the three-omega method[END_REF]. Less focus was given in adopting the 3𝜔 method for measuring the thermal properties of single carbon fiber. This technique consists in heating the sample with an alternating current at a frequency . The current leads to temperature fluctuations at 2𝜔, ultimately resulting in fluctuations of the voltage at both 𝜔 and 3𝜔 as it will be discussed in details further. The variation of the 3𝜔 voltage with the frequency contains the information about the thermal properties such as thermal conductivity and volumetric heat capacity of the sample. It is therefore important to eliminate the 1 𝜔 voltage by certain improvement in the setup such as a Wheatstone bridge [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] or an analog balance bridge circuit [START_REF] Wang | Simultaneous measurements of the thermal conductivity, thermal capacity and thermal diffusivity of an individual carbon fibre[END_REF].

Table 1 Literature survey on different methods used for thermal property measurement of carbon fiber This not only increases the stability of the 3𝜔 voltage but also increases the accuracy in the estimation of thermal properties [START_REF] Xing | Accurate thermal property measurement of fine fibers by the 3-omega technique[END_REF]. In the literature, there are multiple experimental configurations based on the type of sources such as constant current [START_REF] Wang | Simultaneous measurements of the thermal conductivity, thermal capacity and thermal diffusivity of an individual carbon fibre[END_REF] or constant voltage source [START_REF] Hou | Thermal characterization of single-wall carbon nanotube bundles using the self-heating 3ω technique[END_REF]. The milestone research work was provided in the paper of Lu [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] where he discussed the simultaneous measurement of the thermal conductivity and volumetric heat capacity of single platinum wire and carbon nanotube bundles acting itself as heater and sensor. This paper provided the basic analytical thermal model that can enable the estimation of thermal properties and many detailed experimental tips while performing the 3𝜔 method experiments under vacuum. It also dealt with radial heat losses due to radiation and convection by choosing proper approximation. None of the previous research showed the sensitivity of the measured voltage with respect to the thermal properties as function of the working frequency range that directly depends on the length of the sample used. The lack of sensitivity could explain the variation of measurement of thermal properties with change in the length for the same sample [START_REF] Wang | Simultaneous measurements of the thermal conductivity, thermal capacity and thermal diffusivity of an individual carbon fibre[END_REF].

This paper is aimed at providing a detailed analysis of the implementation of a 3𝜔 method for carbon fibers, giving design tips for a proper choice of sample dimensions and frequency range and quantifying the precision of the measurements. After presenting the principle and the analytical modeling of the 3𝜔 method [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] applied to the measurement of the thermal properties for wires or fibers, we show a complementary numerical formulation of the heat transfer equation that enables to account for lateral heat losses. On the basis of those tools, a sensitivity analysis of the measured voltage with respect to the thermal conductivity and volumetric heat capacity over a wide frequency range (10 -2 -10 4 Hz) is then presented. It highlights the importance of choosing a proper length of the sample with higher sensitivity that can ultimately improve the accuracy of the measurements. This leads to a proper experimental design which is detailed afterwards. Lastly, the thermal conductivity and volumetric heat capacity

Method

Heating Method Single Fiber [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] are measured for a chromel wire and two types of PAN-based carbon fibers and the effect of thermal contact resistance between sample and its holder is discussed. 

Analytical Model

The schematic diagram of the sample over the copper electrodes is depicted in Fig. 1. The fiber, assumed straight and of length L, is connected to two electrodes of constant temperature and submitted to an alternating current with a given frequency. The measurement of the voltage between the two electrodes over a certain range of frequencies is then used to identify the thermal properties, by using a thermal model, which can be either analytical or numerical.

This section provides a brief introduction of the analytical model for the 3𝜔 voltage response of a self-heating fiber depending on the imposed frequency (𝜔). The model assumes that the specimen is a uniform cylinder placed between two heat sinks (copper electrode) with perfect contact at the joints (Fig. 1). An alternating electrical current (𝐼 0 𝑠𝑖𝑛 (𝜔𝑡)) with a frequency 𝜔 passed through the sample that has an electrical resistance 𝑅 and length 𝐿.

Fig 1 Schematic diagram of the fiber sample with copper holders

Lu [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] has developed an analytical model for 1D heat conduction with a source term along the fiber that can predict the 3𝜔 voltage through the sample. The partial differential equation for solving the corresponding heat conduction problem is as follows:

𝜌𝐶 𝑝 𝜕 𝜕𝑡 𝑇(𝑥, 𝑡) -𝑘 𝜕 2 𝜕𝑥 2 𝑇(𝑥, 𝑡) = 𝐼 0 2 𝑠𝑖𝑛 2 𝜔𝑡 [𝑅 0 (1 + 𝛼 𝑒 (𝑇(𝑥, 𝑡) -𝑇 0 )] (1) 
with the following boundary and initial conditions:

{ 𝑇(0, 𝑡) = 𝑇 0 𝑇(𝐿, 𝑡) = 𝑇 0 𝑇(𝑥, 0) = 𝑇 0 ( 2 
)
where 𝜌 is the density, 𝐶 𝑝 is the heat capacity, 𝑘 is the thermal conductivity, 𝜔(2𝜋𝑓) is the angular frequency, 𝑓 is the frequency, 𝑇 is the temperature of the sample at position x and time t, 𝑇 0 is the ambient temperature, 𝐼 0 is [8]
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[7]

Rayon Based TC2 5-12.5 -850-1800 Periodic heating [START_REF] Pradere | Thermal properties of carbon fibers at very high temperature[END_REF] the amplitude of the current, 𝑅 0 is the electrical resistance of the fiber at 𝑇 0 , 𝛼 𝑒 is the temperature coefficient of this electrical resistance. By applying impulse theorem the temperature distribution through the sample can be derived as [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF]:

𝑇(𝑥, 𝑡) -𝑇 0 = ∆ 0 ∑ [1 -(-1) 𝑛 ] 2𝑛 3 * 𝑠𝑖𝑛 ( 𝑛𝜋𝑥 𝐿 ) [1 -( 𝑠𝑖𝑛(2𝜔𝑡 + 𝜙 𝑛 ) √1 + 𝑐𝑜𝑡 2 𝜙 𝑛 )] ∞ 𝑛=1 (3) 
where

𝑐𝑜𝑡𝜙 𝑛 = 2𝜔𝛾 𝑛 2 , 𝛾 = 𝜌𝐶 𝑝 𝐿 2 𝜋 2 𝑘
is the thermal time constant for axial thermal transfer and 𝛥 0 = 2𝐼 0 2 𝑅𝐿 𝜋𝑘𝑆 is the maximum DC temperature accumulation at the center of the specimen. Eq. 3 is obtained under the following condition that enables the proposed truncation Eq.3 of the solution.

𝛿 0 = 𝐼 0 2 𝑅 ′ 𝐿 𝑛 2 𝜋 2 𝑘𝑆 ≪ 1 (4) 
where 𝑅 ′ = 𝑅 0 𝛼 𝑒 and S is the cross sectional area. The temperature fluctuating at a frequency of 2𝜔 gives rise to a resistance fluctuation at the same frequency and can be expressed as:

𝛿𝑅 = 𝑅′∆ 0 ∑ [1 -(-1) 𝑛 ] 2 2𝜋𝑛 4 [1 -( 𝑠𝑖𝑛(2𝜔𝑡 + 𝜙 𝑛 ) √1 + 𝑐𝑜𝑡 2 𝜙 𝑛 )] ∞ 𝑛=1 (5) 
where 𝜙 𝑛 is the value of the phase constant. The expression of resistance fluctuation can then be added to the initial resistance 𝑅 0 of the sample to obtain the total resistance(𝑅 0 + 𝛿𝑅). This value of total resistance is then multiplied with the applied alternating current 𝐼 0 𝑠𝑖𝑛(𝜔𝑡) to obtain the voltage drop across the sample,

𝑉 = 𝐼𝑅 = 𝐼(𝑅 0 + 𝛿𝑅) = 𝑓(𝜔) + 𝑔(3𝜔) (6) 
The voltage has two components, one depending on frequency 𝜔 and the other one on 3𝜔 . The 3𝜔 part contains the information about the thermal properties as it is the fluctuating temperature dependent part of the overall voltage drop. The average (Root Mean Square) voltage at 3𝜔 frequency can be written as follows [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF]:

𝑉 3𝜔 𝑟𝑚𝑠 ≈ - 4𝐼 𝑟𝑚𝑠 3 𝐿𝑅𝑅 ′ 𝜋 4 𝑘𝑆√1 + (2𝜔𝛾) 2 (7) 
The RMS values of voltage at frequency 3𝜔 (𝑉 3𝜔 𝑟𝑚𝑠 ) is therefore a function of frequency and other parameters that are constants to be measured beforehand. Thus fitting this model with the experimental results enables to estimate the unknown parameters which are thermal conductivity and volumetric heat capacity of the sample under study. Successful implementation of this model obviously requires an accurate measurement of all the parameters governing Eq. 7 such as RMS current (𝐼 𝑟𝑚𝑠 ), length (𝐿), temperature coefficient of resistance (𝛼 𝑒 ), cross sectional surface area of the sample (S).

In the same work [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF], the condition for neglecting the heat losses due to radiation is also given. It states that conductive power should be much higher than the power dissipated due to radiation.

𝛿 1 = 16𝜖𝜎𝑇 0 3 𝐿 2 𝜋 2 𝑘𝐷 ≪ 1 ( 8 
)
where 𝜖 is the fiber emissivity and 𝜎 the Stefan Boltzmann constant and D is the diameter of the sample under study.

Numerical model

Previous researches on 3𝜔 method were restrictive to experiments in a vacuum chamber. This motivated the development of a numerical model that could not only work under vacuum but also approximate the effect of convective losses. This section shows a brief description of the numerical model for estimating the 3𝜔 response of one fiber in the configuration depicted in Fig. 1 after passing an alternating current. In the case of constant thermophysical parameters, the heat transfer phenomena can be described by the following 1D partial differential equation:

∑ 𝑐 ∞ 𝑛=1 𝜌𝐶 𝑝 𝑘 𝜕 𝜕𝑡 𝑇(𝑥, 𝑡) - 𝜕 2 𝜕𝑥 2 𝑇(𝑥, 𝑡) + 𝑚 2 (𝑇(𝑥, 𝑡) -𝑇 𝑜 ) = 𝑄 𝑘 (9)
where 𝑚 2 = 4ℎ 𝑘𝐷 ⁄ with h the heat transfer coefficient of air that surrounds the sample. Q is the average volumetric heat source due to the alternating current. By choosing ∆𝑇(𝑥, 𝑡) = 𝑇(𝑥, 𝑡) -𝑇 𝑜 , the above equation can be transformed to

∑ 𝑐 ∞ 𝑛=1 𝜌𝐶 𝑝 𝑘 𝜕 𝜕𝑡 ∆𝑇(𝑥, 𝑡) - 𝜕 2 𝜕𝑥 2 ∆𝑇(𝑥, 𝑡) + 𝑚 2 (∆𝑇(𝑥, 𝑡)) = 𝑄 𝑘 (10)
Implementing one of the deductions from the analytical model that the temperature is fluctuating at 2𝜔 frequency and so as the volumetric heat source ( 2𝑅𝐼 𝑟𝑚𝑠 2 𝑆𝐿 ⁄ ~𝑓(2𝜔)), the terms ∆𝑇 and 𝑄 can be sought in the following periodic form:

∆𝑇 = 𝑅𝑒(𝑇 ̃𝑒𝑗2𝜔𝑡 ), 𝑄 = 𝑅𝑒(𝑄 ̃𝑒𝑗2𝜔𝑡 ) ( 11 
)
where 𝑇 ̃ and 𝑄 ̃ are the complex expressions of the temperature drop and volumetric power respectively. Re designates the real part of a complex expression. Eq. 10 can be transformed by implementation of Eq. 11 to:

𝜕 2 𝑇 ∂𝑥 2 = - 𝑄 k + ( 𝑗2𝜔ρC 𝑝 𝑘 + 𝑚 2 ) 𝑇 ̃ (12) 
The spatial boundary conditions present in Eq. 2 can be transformed to Eq. 13

{ 𝑇 ̃= 0, 𝑥 = 0 𝑇 ̃= 0, 𝑥 = 𝐿 (13) 
A 1D mesh representative of the sample was generated and a central finite difference approach was used to solve the Eq. 12 by implementation of the boundary conditions of Eq. 13 . The discrete matrix representation of the Eq.

12 and 13 is

[ 𝑇 ̃2 𝑇 ̃3 ⋮ ⋮ ⋮ 𝑇 ̃𝑁-1 ] = [ 𝛽  0 … … 0  𝛽  0 … 0 0  𝛽  … 0 ⋮ ⋮ ⋱ ⋱ ⋱ 0 ⋮ ⋮ 0 ⋱ ⋱ ⋱ 0 0 0 0  𝛽] -1 [  ⋮ ⋮ ⋮  ] with { 𝛾 = 1 𝛥𝑥 2  = -[ 2 𝛥𝑥 2 + 𝑗2𝜔𝜌𝐶 𝑝 𝑘 + 𝑚 2 ] 𝛿 = - 𝑄 k (14)
The complex form of the temperature rise at all nodes (𝑇 ̃2, 𝑇 ̃3 … 𝑇 ̃𝑁-1 ) can be estimated by solving this linear system. The modulus of the average of this temperature rises over all nodes (N) gives the average longitudinal temperature rise 𝑇 𝑎𝑣 of the sample:

𝑇 𝑎𝑣 = ‖∑ 𝑇 ̃𝑖 𝑁 1 ‖ /𝑁 (15) 
The overall voltage response measured in 3𝜔 method is the modular 𝑉 3𝜔 𝑟𝑚𝑠 of the sample and thus the numerical 𝑉 3𝜔 𝑟𝑚𝑠 can be expressed as follows:

𝑉 𝑟𝑚𝑠 = 𝐼 𝑟𝑚𝑠 (𝑅 0 + 𝑅 0 𝛼 𝑒 𝑇 𝑎𝑣 ) = 𝑓(𝜔) + 𝑔(3𝜔) (16 
)

𝑉 3𝜔 𝑟𝑚𝑠 = 𝐼 𝑟𝑚𝑠 𝑅 0 𝛼 𝑒 𝑇 𝑎𝑣 ( 17 
)
This step is repeated for estimating 𝑉 3𝜔 𝑟𝑚𝑠 for the desired frequencies. The effect of convective loss during the measurements under atmospheric condition can be approximated by implementation of heat transfer coefficient [START_REF] Boetcher | Natural convection transfer from horizontal cylinders[END_REF] in the term 'm' present in Eq. 14.

Comparison between analytical and numerical models

The comparison between analytical and numerical models was proceeded by testing the 3𝜔 voltage fluctuations over a test case for chromel wire (diameter 13 µm) and carbon fiber (diameter 7 µm) , all with a 1.5 mm length. An alternating current of 6mA and 1mA was assumed to pass through the chromel wire and carbon fiber respectively. The values of thermal properties were obtained from the literature or from the wire or fiber suppliers (Table 5 and Table 6). The computed values of 𝑉 3𝜔 𝑟𝑚𝑠 under vacuum, by using analytical and numerical (with h=0) models iare compared in Fig. 2. It showed a good agreement between the 𝑉 3𝜔 𝑟𝑚𝑠 values. The difference lies mostly at lower frequencies (𝑓 < 0.1𝐻𝑧). with a 𝑉 3𝜔 𝑟𝑚𝑠 value less than 1.6% of maximum 𝑉 3𝜔 𝑟𝑚𝑠 . An analogous comparison between the two thermal models was also performed for the case of carbon fiber leading to similar results (discrepancy smaller than 1.6% of the maximum value of 𝑉 3𝜔 𝑟𝑚𝑠 ). Additionally, for each test, the validity condition of Eq. 4 for the analytical model is well checked with values of 0 as 4×10 -4 for chromel and as 4×10 -2 for carbon fiber. To demonstrate the influence of convective losses, one have chosen an approximate value of heat transfer coefficient using a correlation for natural air convection around a horizontal cylinder [START_REF] Boetcher | Natural convection transfer from horizontal cylinders[END_REF] with an assumption of max 1K [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] increase in temperature. The radiation losses can be neglected as the criterion of Eq.8 is always respected for the chromel wire (1~0.025) and also carbon fibers (1~0.079). It can be observed from Fig 2 2 that the convective heat transfer leads to a huge drop of the 𝑉 3𝜔 𝑟𝑚𝑠 value. Fitting of the analytical model was performed on this case in order to quantify the effect of convective heat loss on the estimation of thermal conductivity and volumetric heat capacity. Table 3 shows that the thermal conductivity value is increased by ~390% and the volumetric heat capacity value is decreased by ~8% for chromel wire if one uses the analytical model which does not take into account heat losses. These biases become more prominent in case of carbon fiber (Table 3) as its thermal conductivity is smaller and also as the approximated heat transfer coefficient almost doubled due to the smaller diameter of carbon fiber. This shows the importance of using vacuum while performing measurements for the estimation of especially thermal conductivity of wire or fibers. For our experimental tests, we have chosen a secondary vacuum with a 10 -6 mbar pressure resulting in an air thermal conductivity decrease of four orders of magnitude [START_REF] Ediss | Effect of Vacuum Pressure on the Thermal Loading of the ALMA Cryostat[END_REF]. Table 3 Thermal conductivity and volumetric heat capacity estimated with and without convective losses and using the analytical model (Eq.7)

Sample

Sensitivity Analysis

For the design of new experiments for thermal properties measurement, it is very useful to perform sensitivity analysis of the measured quantities with respect to the unknown parameters. It allows to find the set of experimental conditions that will maximize the sensitivity coefficients and therefore will insure a greater accuracy of the estimated values. In our case, the sensitivity coefficients of the voltage 𝑉 3𝜔 𝑟𝑚𝑠 with respect to k and Cp were studied as function of the frequency and also the sample length. As these sensitivity coefficients depend strongly on the sample length, one have considered their reduced expression (𝑋 * 𝑚 ) defined as [START_REF] Chapelle | Interfacial thermal resistance measurement between metallic wire and polymer in polymer matrix composites[END_REF]:

∑ 𝑐𝑋 * 𝑚 = 𝑚 𝜕𝑉 3𝜔 𝑟𝑚𝑠 𝑚𝑎𝑥 (𝑉 3𝜔 𝑟𝑚𝑠 )𝜕𝑚 , with 𝑚 = 𝑘, 𝜌𝐶 𝑝 ∞ 𝑛=1 (18) 
The reduced sensitivity coefficients for chromel wire and two types of PAN fibers were computed for sample lengths ranging from 0.5 to 3.5 mm. The thermal conductivity and volumetric heat capacity values were obtained from the literature or from the supplier (Table 5 and Table 6). Fig 33 shows that the sensitivities of voltage 𝑉 3𝜔 𝑟𝑚𝑠 with respect to k and Cp are high in a particular frequency range depending on the sample length. Therefore if one considers a frequency range of 1 to 100 Hz (which provides reasonable measurement duration), the sample length should not exceed too much 1.5 mm.

Experimental setup and samples

The constant voltage source based circuit using a Wheatstone bridge has the disadvantage of the measurement of thermal properties for sample of only low electrical resistance, typically less than 400 . As the electrical resistance of carbon fibers are higher (around 500  for a length of 1.5mm), therefore two differential amplifiers (AD624) with a constant current source (Keithley 6221) were used for the detection of the voltage signal in the sample (R) and the variable resistance (RV) as shown in Fig. 4(a). The signal from these two resistances were fed to the inputs A and B of the Lock in Amplifier (LIA Ametek 7265). The LIA was set to the configuration of A-B, a subtraction mode of the signal from the two AD624. The LIA was first set to 1𝜔 detection mode, which needs to be equal to 0 at each frequency involving RV= R and ultimately led to the cancellation of 1𝜔 signal. The variable additional resistance was pure resistance with no significant temperature increase. Then the LIA was set to the 3𝜔 detection mode and thus the A-B mode provides the 3𝜔 signal only through the sample. The thermal conductivity and volumetric heat capacity were estimated for the chromel wire and two PAN carbon fibers from Toray Industries, FT300B and FT800H. Single fiber/wire was placed between two copper plates as shown in Fig. 4(b) and (c) and covered carefully with silver paste and given sufficient time for the silver paste to dry Fig. 4 (c). The copper electrodes are acting as both heat sinks and electrical connectors. An accurate measurement of the parameters such as sample length and diameter, involved in the analytical and the numerical model was necessary. A Scanning Electron Microscope and a high-resolution optical camera were used to have an exact measurement of the sample diameter and length respectively. For this paper, the length of each sample was chosen in such a way that the working range frequency is 1-100 Hz thanks to the previous sensitivity analysis, making the 3 measurements quite fast (~30 min for 25 frequency values). Table 4 presents the lengths of the chromel wire and carbon fibers used for performing the 3𝜔 experiments. Later the sample was then placed in a chamber that can work as a secondary vacuum (10 -6 mbar) at room temperature. In order to show the influence of convective heat loss in the parameter estimation by the analytical model, the experiments were also performed at atmospheric pressure (10 3 mbar) for chromel wire. Despite the use of instruments with high accuracy, there are few uncertainties on known parameters such as length, diameter, current and etc. The model for the estimation of the overall uncertainty on the thermal conductivity and volumetric heat capacity through transient measurements was presented by Milosevic [START_REF] Milošević | Estimation of thermal contact resistance between the materials of double-layer sample using the laser flash method[END_REF].

Type of fiber Diameter (µm) Length (mm)

𝑆 𝑓𝑖𝑛𝑎𝑙 = [𝑋 𝑇 𝑊 𝑋] -1 with 𝑊 = [𝜎 𝑉 3𝜔 𝑟𝑚𝑠 2 + ∑ (𝜎 𝑚 𝑝 𝜕𝑉 3𝜔 𝑟𝑚𝑠 𝜕𝑚 𝑝 ) 2 𝑝 ] -1 (19) 
where 𝑋 is the sensitivity coefficient matrix, 𝑊 is the variance covariance matrix, 𝜎 𝑉 3𝜔 𝑟𝑚𝑠 is the variance of measured 𝑉 3𝜔 𝑟𝑚𝑠 , 𝜎 𝑚 𝑝 is the variance of the known parameters p, 𝑆 𝑓𝑖𝑛𝑎𝑙 is the matrix of variance and covariance.

The values of 𝜎 𝑚 𝑝 can be estimated with the errors on the known parameters during measurements of 𝑉 3𝜔 𝑟𝑚𝑠 for chromel wire represented as 𝑒 I =0.1%, e R =0.5%, e α e =0.5%, e D =0.2%, 𝑒 L =2.8%. During the measurements for carbon fiber, the error is similar to the chromel except in case of the diameter for which 𝑒 𝐷 = 5.1% predicted from Table 4. The diagonal terms of 𝑆 𝑓𝑖𝑛𝑎𝑙 represent the variances m 2 of the estimated parameters m (k or Cp) including the effect of the uncertainty of the known parameters. For a 95% confidence band, the relative uncertainty em on parameter m is obtained using em=1.96 m/m.

Experimental Results

Chromel wire

The validation of the experimental setup was achieved by choosing a wire with known properties. Therefore a 13.6m diameter chromel wire was tested. Its diameter was checked to be fairly constant with perfectly circular cross-section over the length. Fig. 5 shows the experimental test performed in vacuum and atmospheric condition for a frequency range of 1 to 100 Hz. Both experimental data were fitted by the analytical model to determine the thermal conductivity and volumetric heat capacity of the chromel wire. Table 5 shows the estimated values of the thermal conductivity and volumetric heat capacity for the chromel wire by using 3𝜔 method. The experiments conducted under vacuum showed very good agreement of the measured values for thermal conductivity and volumetric heat capacity with the reference values from the literature. The overall uncertainties in the measurement of thermal conductivity and volumetric heat capacity for chromel are ~2.9% and ~1.3% respectively (section 6).

As expected from our initial remark with the influence of convective loss, the thermal conductivity estimated from the experiments performed under the atmospheric condition is very unrealistic and with a discrepancy of ~390% from the reference value [START_REF] Sundqvist | Thermal diffusivity and thermal conductivity of Chromel, Alumel, and Constantan in the range 100-450 K[END_REF]. In case of fitting by the numerical model for experiments in an atmospheric condition, the heat transfer coefficient was approximated to be ranging from 450-740 Wm -2 K -1 for a temperature rise from 0.1 to 2K and using the correlations presented by Churchill and Chu [START_REF] Boetcher | Natural convection transfer from horizontal cylinders[END_REF] and also Morgan [25] which are valid for the obtained Rayleigh number during our experiments. The impact of the range of heat transfer coefficient is shown in the estimation of the thermal properties (Table 5) by the numerical model leading the estimated thermal conductivity not reliable under atmospheric condition. In addition, one should note that the used correlations were established for steady state regimes and not periodic ones. 5 Thermal properties measured for chromel wire by fitting with the analytical model under vacuum and atmospheric condition (* this range is due to the range of h value from the correlations [17] and [25] and also due to a 0.1 to 2K temperature rise )

Carbon fibers

The 3𝜔 method was then used to estimate the thermal properties for the two PAN carbon fibers. Fig. 6(a) shows the experimental 3𝜔 voltage fluctuations with a 1 to 100 Hz frequency range performed in a vacuum chamber. The thermal conductivity and volumetric heat capacity were measured for the four samples of FT300B with different lengths by fitting with the analytical model. Fiber FT800HB was tested for single length of the sample of 1.56 mm (Fig. 6(b)). The measured values of thermal conductivity and volumetric heat capacity for the carbon fibers are presented in Table 6 and compared with the data provided by the fiber supplier (Toray Industries).

The uncertainties in the measurement of thermal conductivity and volumetric heat capacity are ~8.1% and ~4.9% respectively for these carbon fibers, as estimated from the uncertainty analysis shown in section 6. 

Table 6 Thermal properties estimation for carbon fibers

The experiments performed under atmospheric condition could give an approximate range of thermal property with the condition of proper estimation of theoretical heat transfer coefficient. This is impossible to achieve in case of carbon fiber due to the complex cross section as shown from the SEM image (Fig. 4(d)) and the reliability of the correlation for the estimation of heat transfer coefficient. Although the numerical model could be used for the estimation of heat transfer coefficient along with the thermal conductivity and volumetric heat capacity for an experiment performed under atmospheric condition, but it was observed that the thermal conductivity and heat transfer coefficient are highly correlated parameters, making impossible the correct estimation of these parameters simultaneously. 

Effect of thermal contact resistance between carbon fiber and copper electrodes

The analytical and numerical model works with an assumption of perfect thermal contact between the sample and copper electrodes, which is impossible to achieve in practice. Therefore an estimation of thermal contact resistance was done from the measured values of thermal conductivity with different lengths of the sample by the calculation of the overall thermal resistance (L/k) for each length. Fig. 7 shows the evolution of thermal resistance with length for the fiber FT300B. The measured thermal resistances can be fitted with linear regression. The y intercept of this plot gives the thermal contact resistance when the fiber length is 0. The obtained value (8.83 10 -6 m 2 KW -1 ) can be compared to the intrinsic thermal resistance of the fibers (L/k~10 -4 m 2 KW -1 ). The overall effect of the thermal contact resistance for the 3𝜔 method is, therefore less than 7% of the thermal resistance (L/k). The inverse of the slope of the linear regression provides the final value of the thermal conductivity of the FT300B carbon fiber which is equal to 10.82

Wm -1 K -1 .

Conclusions

The analytical model for fiber developed by Lu [START_REF] Lu | 3 ω method for specific heat and thermal conductivity measurements[END_REF] was found to be accurate enough to estimate the thermal conductivity and volumetric heat capacity of small metallic wire and carbon fibers. The importance of experimenting only under vacuum condition was proven by quantifying the influence of convective loss on the estimation of thermal conductivity using this analytical model and a numerical model able to take into account the heat losses. The effect on thermal conductivity is very high, especially for sample of low thermal conductivity.

The volumetric heat capacity turned out to be not so affected by convective heat losses. A detailed sensitivity analysis for both thermal conductivity and volumetric heat capacity was done for getting results with higher accuracy. It indeed enabled the choice of an adequate frequency range and sample length. Based on the experimental configuration of differential amplifiers with a constant current source, the results for small chromel wire and carbon fibers obtained under vacuum showed high precision with respect to the reference values. The higher uncertainty in the measurement for carbon fibers is mainly due to the discrepancy of the diameter through the length of samples. The sum of the two thermal contact resistances at both fiber ends was also estimated to be less than 7% of the overall thermal resistance of the sample thus the influence on the measurement of thermal conductivity is small. Finally, the adaptation of the 3𝜔 method to the measurement of the thermal properties of carbon fibers presented here is proved to be efficient and reliable. Furthermore, the uncertainties were thoroughly calculated and provided an acceptable interval of confidence. Further work will be dedicated to the measurement of the radial thermal conductivity of carbon fibers. 

Fig 2

 2 Fig 2 Numerical and analytical models comparison and effect of convective losses (13.6m chromel wire)

Fig 3 .

 3 Fig 3. Sensitivity analysis of the V3 rms voltage to the (a) thermal conductivity and (b) volumetric heat capacity

Fig 4

 4 Fig 4 (a) Electrical setup for 3𝜔 measurement (b) Sample holder (c) Specimen attached to the electrode with silver paste (d) Cross section of the PAN carbon fiber(FT300B) obtained from scanning electron microscopy

Fig 5

 5 Fig 5 Measured (•) and fitted (-) V3 voltages for chromel wire with vacuum and atmospheric conditions

Fig 6

 6 Fig 6 Measured (•) and fitted (-) V3 voltages for (a) FT300B carbon fibers with multiple sample lengths, (b) FT800HB carbon fiber with a 1.56mm sample length

Fig 7

 7 Fig 7 Thermal resistance vs length for FT300B
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Table 2

 2 Longitudinal thermal conductivity and thermal diffusivity values of carbon fiber from literature. ( *RT= Room temperature )

Table 4

 4 Dimension of the samples used for 3𝜔 measurement

	Sample 1	6.95-7.23	1.24
	Sample 2	6.69-7.01	1.34
	Sample 3	7.32-7.61	1.53
	Sample 4	6.99-7.62	1.76
	FT800H	5.45-5.79	1.56
	Chromel	13.62	1.64
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