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Abstract: Homogenization–basedestimatesof the effective behaviour of elastoviscoplasticpolycrystalsusually resortto

approximations like that of an inclusionembeddedin the homogeneous equivalent mediumin the caseof the self-consistent

scheme. We propose here to replacethis idealizedintermediateproblem by the actual computation of a polycrystalline

representative volumeelement.Computationsof a cubemadeof 200zinc grains arepresented andusedto calibratethescale

transitionruleof asimplifiedhomogenized polycrystalmodel. A coupledidentification procedureis presentedto determineboth

intragranularmaterialparameters andscaletransitionparametersfrom experimentaltension,creepandrelaxationtests.

1. INTRODUCTION TO COMPUTATIONAL HOMOGENIZATION METHODS

Homogenizationmethodsarenow a well-establishedtool of themechanicsof heterogeneousmaterials
to predicttheeffective propertiesfrom theknowledgeof theconstituents, at leastin the linear regime. In
elastoplastic andpurelyviscoplasticcases,boundsandestimatesareavailable, at leastfor simple loading
paths[1]. Estimateslike the well-known self-consistent schemeprovide the valuesof the meanstress
andstrain in eachindividual phase.In a metalpolycrystal, a phaseis an ensembleof grainshaving the
samecrystallographicorientationup to a givensolid angle. Accordingto theself–consistentscheme,the
stateof eachphaseis evaluatedusingthesolutionof theproblemof an inclusion of this phaseembedded
in the wantedhomogeneousequivalentmedium(HEM). This latter problemadmitsno exact analytical
solution in the non–linearcaseandoneusually takesa homogeneoustangentor secantoperatorfor the
matrix asanapproximation [2]. In [3], theauthorsresortto finite element(FE) computationsto solve the
inclusion problemandtunesomeparametersof the homogenizedmodel. The problemof the inclusion
embeddedin the unknown HEM canalsobe seenasan implicit problemfor the effective propertiesand
an inverseapproachcan be usedto determinethe propertiesof the HEM. In [4] a simple J2-plasicity
constitutiveframework is adoptedfor theHEM andthefinite elementmethodis usediteratively to calibrate
the parametersandfulfill the self-consistency condition. A similar inverseproblemis solved in [5] and
[6] but a morecomplex form of theconstitutive equationsis retainedfor theHEM including explicit scale
transition rules[7]. Again, inclusion problemsaresolvedusingtheFE methodto calibratetheparameters
involved in thescaletransition rule. A scaletransitionrule is a relationgiving themeanstress(or strain)
in a phaseasa functionof themeanmacroscopicstress(or strain)andotherinternalvariables.Theuseof
simplified explicit transition rulesis illustratedin section4.

Currentlyavailablecomputingcapabilitiesmake it now possible to abandonthe approximation of the
grainasaninclusion in aninfinitematrixandto computeinsteadavolumeelementof polycrystalcontaining
enoughgrains to regard it as representative of the polycrystal. Such computations of polycrystalline
representative volume elementscan be performed in the three-dimensional case relying on parallel
computing [8,9]. This approachprovidesthe full heterogeneousstressandstrainfields insidethe grains
including thegrainboundaryeffects.Themeanstressandstraincanbecomputedoverthewholevolumeor
overeachphaseandcanbecomparedto thepredictionof simplified homogenization models.In particular
suchcomputations canbe regardedasreferencecalculationsto assessthe quality of new estimations of
boundsfrom homogenization theory.



In the presentwork we proposeto calibrate simplified homogenization modelsdirectly from the
prediction of computations of polycrystalline aggregates. Simplified modelsare still necessarysince
the computations of polycrystalline aggregatesare lengthyandrequireparallelcomputing. They should
however includeno explicit yield surfaceat themacroscopiclevel andinsteadincorporatesimplified scale
transition rulesin orderto beableto beableto accountfor largedistorsionof theeffectiveyield surface.We
apply this methodology to the caseof an elastoviscoplasticmaterialfor which accurateestimatesremain
seldom.

2. MECHANICAL PROPERTIES OF BULK ZINC

Theelastoviscoplasticbehaviour of azincalloy usedasacoatingmaterialin galvanizedsteelsheetshas
beeninvestigatedat roomtemperature[10]. It hasbeenpossibleto producebulk zinc ingotsthathavebeen
rolled andfrom which platesampleshave beenmachined.A heattreatmenthasbeenchosento producea
grainsizeof about40µm. Thematerialis anisotropic dueto the typical zinc rolling textureandonly tests
in therolling directionareconsideredhere.Tensiletestsat differentstrainrates,creepandrelaxationtests
have beenperformed;someresultsaregiven in Fig. 1 togetherwith simulations thatwill beexplainedin
section5. Becauseof its low melting temperature,zinc displaysa stronglyviscoplastic behaviour at room
temperature.Becauseof thealloying elements,thematerialis foundto bemuchharderthanpurezinc.

Zinc hasaclosed-packedhexagonalcrystallographicstructure.Two mainslip systemshavebeenfound
to beactivatedduringthedeformationof bulk zinc,namelybasalslip onthebasalplane

�
0001� in direction

a � 1120 � (3 slip systems) andpyramidalΠ2 slip on plane � 1122� in directionc � a � 1123 � (6 slip
systems). Thesesystemsareincludedin theconstitutive modelling. Theconstitutive equationsdescribing
theintragranularbehaviour of zincarethefollowing [8] :
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Theanalysisis restrictedto smallstrains.Thetotalstrainis split into elasticandplasticpartsandthestress
is computedfrom Hooke’s law (1). A Schmidlaw is adopted.The slip rate γ̇s is givenby a Norton type
equationwith a thresholdτs

c. τs denotesthe resolved shearstresson slip systems. The N slip systems
include both basaland pyramidal ones. Two hardeningvariablesare introduced: non linear isotropic
hardeningτs

c andkinematichardeningxs accordingto :
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The internal variablexs is necessaryto betteraccountfor the relaxationtestsand its evolution law (4)
containsdynamicandstaticrecovery terms. The isotropichardeningevolution law (3) describesthe non
linear evolution of the critical resolved shearstressasa function of cumulatedslip γcum andinvolvesan
interactionmatrix :
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Eachslip( systemfamilly hasits own setof materialparametersK � n � Q � b� c � d � M � m, but in orderto reduce
thenumberof unknowns,a constrainton theratioof therespectiveparametersis imposedin thefollowing
identificationprocedure:

Qbas� Qπ2 	 τbas
0c � τπ2

0c 	 Kbas� Kπ2 	 τbas
0c � τπ2

0c 	 cbas� cπ2 	 1� 5 (6)

n � b � d � M � m arethesamefor all slip systems.Furthermore,we take [10] :
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Figure 1. Viscoplasticbehaviour of bulk zinc : tensiletestsat two strainrates(a); creeptestat 80 MPa followedby a jump to

100MPa (b); relaxationtestsat threedifferentstrainlevels(c).

3. COMPUTATION OF POLYCRYSTALLINE AGGREGATES

Thethree-dimensionaldistributionof thegrainsin asamplecanbeobservedexperimentally for instance
in the caseof multicrystallinespecimenscontaininga small numberof large grains[11]. In the general
caseit still remainsalmostout of experimentalreach. This is why the polycrystalline volume element
is generatednumericallyasa distribution of Voronoi polyhedra[9]. A multiphaseelementtechniqueis
usedto superposea finite elementmeshon the imageof the microstructure : the samecrystallographic
orientationis attributed to all integration point inside a given grain. In the presentwork, an isotropic
randomset of orientationshasbeenrandomlydistributed among200 grains. Sucha grain distribution
and the correspondingmeshare given in Fig. 2a. In the presentwork, we do not try to representthe
anisotropic overall behaviour of theconsideredmaterial.Furthermore,homogeneousisotropic elasticityis
considered,which is of courseactuallynot the casefor zinc grains. The observed macroscopicvalueof
Young’s modulus in the rolling direction(130000MPa) is retained. The constitutive equations(1) to (5)



areinte´ gratedat eachGausspoint. It is essentialto have enoughelementsin eachgrain in orderto have a
convergedsolution in thesenseof meshrefinement.This requiresat least1000integration pointspergrain.
This is why we resortto parallelcomputingfor the computation of polycrystalline aggregates[11]. The
RVE computedin this work is a 18x18x18quadraticbrick cubecontaining200grainsanddivided into 6
subdomains,eachsubdomainbeingcomputedonasingleprocessor.
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Figure 2. Distributionof 200grains(a);equivalent basalslip distribution for ameanaxialdeformationof 0 µ 004 (b, theredcolor

correspondsto anamount of slip greaterthan0 µ 01); equivalent pyramidalΠ 2 slip (c, theredcolor correspondsto anamount of

slip greater than0 µ 003).

It is clear that the numberof grains remainstoo small for this volume to be really representative.
However, in thecaseof f.c.c. elastoplastic crystals,it hasbeenfoundsufficientto reachastabilizedresponse



in tension( whenincreasingthenumberof grains[8]. Thishasnotbeencheckedin thecaseof h.c.p.crystal
yet. Moreover someeffectsdueto theapplicationof boundaryconditionscanbeexpected.Againin thecase
of f.c.c. crystals,it hasbeenshown that theboundarylayereffect extendsover aboutonegrain,provided
a fine enoughmeshis used,andevenlessin thecaseof freesurfaces.In thecaseof 200grains,boundary
layereffectson theoverall curvescanthereforenotbeexcluded.

Two tensiletestsand a sheartesthave beencomputedon this aggregate,for a given set of material
parameters.For tension, the vertical displacementis prescribedon two opposite facesof the cube,the
remainingfacesbeing free of forces. This correspondsto a meanprescribedaxial deformationfrom 0
to 1%. The distribution of basalslip and pyramidal slip activity is given in Fig. 2b and 2c for mean
strainE 	 0 ) 5%. A very strongheterogeneityis obtainedwith pyramidalslip occuringmainly at thegrain
boundarieswhereplasticincompatibilities develop. Thisiscorroboratedby themetallographicobservations
of Fig. 3 whichshowsslip linesnearsomegrainboundariesthathavebeenidentifiedastracesof pyramidal
slip planes[10]. This is dueto the fact that the initial critical resolved shearstressfor pyramidalslip is
muchlarger thanfor basalslip. Notethattheobservations have beenmadeat a freesurfaceof a specimen
andthattheview of Fig. 2 alsocorrespondsto freelateralsurfaces.Thecomputationgivesa similar effect
in thecoreof theaggregate.Themeanaxial stressΣ vs. meanaxial strainE curvesaregivenin Fig. 5, for
two differenttensile strainrates,togetherwith othersimulationresultsto beexplainedin section5.

Figure 3. Experimentalevidence of basalandpyramidal Π 2 slip in zincgrains(grain sizeabout 40µm).

4. EFFECTIVE POLYCRYSTAL MODEL

Homogenizedpolycrystalmodelsareavailableto estimatethe meanstress-strainin the phasesof the
polycrystalin thecaseof elastoplastic, purelyviscoplastic andevenelastoviscoplasticgrainbehaviour, for
instanceaccordingto theself-consistentscheme[1,2]. In thepolycrystalmodelproposedin [6,7] anexplicit
scaletransitionrule is introducedlinking themeanlocalstressσ� g in graing to themacroscopicstressΣ� , the
meanviscoplasticdeformationE� p andthemeanlocal viscoplasticdeformationε� pg accordingto :

E� 	 E� e � E� p � Σ� 	 C�� : E� e � Σ� 	 Ng

∑
g 1

fgσ� g � Ė� p 	 Ng

∑
g 1

fgε̇� pg (7)

σ� g 	 Σ� � C � B� � β� g � � B� 	 Ng

∑
g 1

fgβ� g � β̇� g 	 ε̇� pg � Dε̇pg
eqβ� g (8)

wherehomogeneouselasticity is assumed.The volume fraction of phaseg is denotedby fg, Ng is the
numberof discretizedorientations (phases).Non linear accommodationvariablesβ� g areintroduced,that



gradually¶ departfrom ε� pg accordingto thenonlinearevolutionrulein (8). For specificvaluesof parameters
C andD, classicalformulationlikeSachs,Lin or Krönerpolycrystal modelsareretrieved.In [5,7], thescale
transition parametersC andD have beentunedto mimic the responseof the self-consistentscheme.C
variesthenfrom 0 to theorderof magnitudeof theshearmodulus. Oncethestressσ� g is computedin each
grain, the singlecrystalconstitutive equations(1) to (5) areusedto computethe viscoplasticstrain rate
ε̇� pg. In the next section,we will calibratethemto accountfor the actualresponseof the aggregate. The
questionis whetherthe form of theequations(7) and(8), which is not far from standardhomogenization
modelsfor elastoplastic polycrystals, will still be suitedto describethe elastoviscoplastic behaviour of a
zincaggregate.
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Figure 4. Optimizationschemesfor theidentificationof materialandscaletransitionparameters.

5. OPTIMIZATION PROCEDURE

Two groupof parametersarosein thecourseof theprevioussections: materialparametersdescribingthe
intragranularbehaviour andscaletransition parametersappearingin thescaletransitionrule(8). Thesecond
groupcanbe identifiedusingthe responseof a polycrystalline aggregatewith given materialparameters.
The homogenizedmodel must then be able to reproducethe macroscopicbehaviour given in section
2. The identificationprocedurehererequiressimulation with both models(aggregateandhomogenized
polycrystal)andthecomputationof two costfunctions: thefirst one · 1 measuresthedifferencebetweenthe
meanresponseof theaggregateandthecorrespondingsimulationwith thehomogenizedmodel,whereasthe
secondone · 2 penalizesthedifferencebetweenthissimulationandtheexperimentalcurve. An optimization
procedureenablesonethento find the bestsetof materialandscaletransition parametersfulfilling both
requirements.In theprocessof comparingtheRVE computation andthehomogenizedestimate,oneshould
notonly checkthatthemacroscopicresponseis correctedbut alsothatthemeanstress/strain in eachphase
arecorrectlyreproducedby thehomogenizedmodel.

A computationwith 6 processorsof theconsideredaggregatelasts5 dayswhereasasimulationwith the
homogenizedpolycrystalmodelneedsa few minutes.This is why a slightly differentstrategy is adopted
representedin Fig. 4. In fact we decouplethe two identificationprocedures.A first trial for C � D is used
to optimize the materialparametersto minimize · 2. Oncean acceptablefit is obtained,onechecksthe
validity of C � D by computinga polycrystalline aggregatewith the new materialparameters,which gives
C1. A new estimation of C � D is thenproposedandonegoesbackto the first iterative procedure.In the
presentwork, we have carriedout thesethreestagesonly once.A tensiletestat 0 ) 001s� 1 hasbeenusedto
identify C � D, anacceptablefit hasbeenobtained(Fig. 5). As a validation,a tensiletestat 0 ) 0001s � 1 has
beensimulatedwith the aggregateandthe meanstress-straincurve hasbeencomparedto the simulation
of the homogenizedmodel. Figure5 shows that the viscouseffect is significantly underestimatedby the
homogenizationmodel.

Thebunchof curvesof Fig. 6aand6b gives themeanvalueof axial stressvs. axial strainfor all 200
grainsfor bothmodels.It appearsthatstressheterogenityis muchmorepronouncedin theaggregatethan



predicted¸ by the homogenizationmodel. In fact, the numberof grainsin the aggregateshouldbe large
enoughto have severalrepresentativesof thesamegiven orientations, to beableto computea meanvalue
over severalgrains,which is theactualmeaningof thephasein thehomogenizationmodel.This hasbeen
donefor f.c.c. crystalsand the result is closerto the homogenizedsolution [9]. In the presentcaseof
h.c.p. crystals,four specificgrainsarecomparedfor bothsimulationsin Fig. 7a. Finally a sheartesthas
beenperformedontheaggregateusinghomogeneousdeformationconditionsattheboundary, at0 ) 0001s � 1.
Themeanshearstress-straincurve is given in Fig. 7b andcomparedto thepredictionof thehomogenized
polycrystalmodel,whichunderestimatestheattainedshearstresslevels.

6. CONCLUSIONS AND PROSPECTS

At the end of this first attemptof a coupledidentification, the descriptionof the macroscopictests
remainsratherpoor: creepdeformationis overestimatedandtherelaxationis too rapidandtoosmall(Fig.
1). Thedifficulty of thehomogenizedmodelto reproducethedifferentreponsesof theaggregatemayhave
two origins:¹ thechosenaggregateis toosmallanda largernumberof grainsshouldbeconsidered;¹ the scaletransitionrule (8) is not sufficient to describeelastoviscoplastic materials: improvements

involving 1 to 3 morescaletransition parametersareproposedin [7,8] thatshouldbetested.

Finally, a betterdescriptionof the experimental resultscould be achieved by relieving the constraint
on materialparameters(6). Note that the real situation of thezinc alloy requiresto take anisotropic local
elasticityandthecrystallographictextureinto account.This will probablyrequirebiggeraggregatesanda
moresophisticatedscaletransition rule. Themethodology will remainthesameandthepresentwork is a
first attemptin thisdirectionwhichremainsto besignificantlyimproved. Absolutegrainsizeeffectsarenot
accountedfor in this work, sothat thefoundvaluesof materialsandscaletransitionparametersarebound
to onespecificgrainsize.However themethodcouldbeextendedto size-sensitivecrystalplasticitymodels
like [12].
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Figure 5. Simulationof tensiontestson thepolycrystallineaggregateandwith thehomogenized polycrystallinemodel.
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Figure 6. Meanstress-strainstatesin the200grains: aggregate(left) andhomogenizedmodel(right).
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