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Normalised quantity
At Ideal Thermal Equilibrium

© @ At zero, first perturbation order
Subscripts
a Absorption
b Porous medium boundary
e Emission
ef f Effective
ext Extinction
i Interfacial
sc Scattering
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DOTS Dispersed Overlapping Transparent Spheres
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Kn Knudsen number
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RTE Radiative Transfer Equation
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ST2 Two Semi-Transparent phases

Abstract

A purely statistical modelling of radiative transfer is applied to statistically
anisotropic and sometimes non-homogeneous macroporous media, in which the geo-
metrical optics laws are assumed to be valid. It is focused on the physical features of
media characterised, after statistical homogenisation, by non-Beerian effective phases
such that the extinction law is not exponential. Approaches that have been devel-
oped for media with Opaque and Transparent phases (OT) are generalised to media
with Opaque and Semi-Transparent phases (OST), Semi-Transparent and Transpar-
ent phases (STT) and two Semi-Transparent phases (ST2). Many assumptions of

previous papers are justified or invalidated. Limitations of the models are intro-

duced.



Non-Beerian effective phases are exhaustively characterised by accurate radiative
statistical functions: Extinction cumulative distribution functions, scattering cumu-
lative probabilities and general scattering phase functions. Key studied phenomena
are the correlations that occur in radiative transfer: i) Between transmission, from
source points to interfacial points, and interfacial extinction; ii) In OT and OST
cases, between interfacial emission, the following transmission and interfacial ex-
tinction; iii) In the case of non-diffuse reflection or transmission law, between an
interfacial incident intensity and an interfacial scattered intensity, and between this
scattered intensity and the following transmission and extinction.

In the case of a diffuse reflection or transmission law, the two first types of correlations
are taken into account within a non-Beerian effective phase by a unique Generalised
Radiative Transfer Equation (GRTE) that is expressed in terms of the radiative sta-
tistical functions and also includes the boundary conditions. The GTRESs associated
with OT, OST, STT and ST2 media are detailed. In the case of a non-diffuse re-
flection or transmission law, the three types of correlations are taken into account
for a non-Beerian effective phase by specific GRTEs. These GRTEs are associated
with the successive elementary paths from emission to final absorption after multiple
scattering events.

Under specific validity conditions, the GRTE of a homogeneous effective phase of
an OT medium degenerates into a classical RTE and a radiative Fourier law can be
applied within this effective phase. In the case of an OST or a ST2 medium, this
model can only be applied if the homogeneous effective phases are characterised by
the same temperature field. A radiative Fourier law is never valid for homogeneous
effective phases of a STT medium or for a non-homogeneous effective phase of any
type.

A non-homogeneous effective phase, with strong volume fraction gradients, is char-
acterised by radiative statistical functions that also depend on the coordinates of
the source points. All the previous models of radiative properties are generalised by
using a global transmissivity, product of the volume fraction at the source point by
the transmissivity deduced from the extinction cumulative distribution function.

Finally, the spatial limitations of the use of a GRTE or a radiative Fourier law are



enlightened from a comparison of all the spatial scales involved in the characterisa-
tion of the radiative statistical functions with the thickness of the radiative boundary

layer of the porous medium and with the spatial resolution of the temperature field.

1. Introduction

Macroporous media at high temperature are involved in many technologies of
energy (hydrocarbon reforming, solar absorbers, safety of a core of a nuclear reac-
tor, waste combustion, insulators for extreme thermal conditions, etc.). An accurate
modelling of radiative transfer has to be achieved in these applications. Radiation is
even preponderant in some cases. The present study is devoted to radiative transfer
within macroporous media such that the typical radiation wavelength is small com-
pared to the smallest considered spatial scale of the medium. The geometrical optics
laws are then assumed to be valid. More specifcally, this work is focused on effective
phases, obtained after homogenisation, that exhibit a non-Beerian behaviour, i.e.
that are not characterised by an exponential extinction law.

In a recent past, the characterisation of the radiative properties of porous media
was generally based on parameter identification techniques. In these approaches,
the porous medium was globally homogenised by a one-phase model and this effec-
tive phase was always assumed to be Beerian, i.e. characterised by an exponential
extinction law. A review of these methods is given in Ref.[1] and many practical

developments are gathered in a textbook|2].

In the two last decades, the development of advanced tomography techniques
has allowed the morphology of most macroporous media to be well known and the
radiative properties of these media to be accurately characterised, in particular by
a multi-phase approach. Two families of models have mainly been developed in
parallel: On the one hand, models that are based on the spatial averaging theorem
and, on the other one, purely statistical models.

Consalvi et al.[3] have first applied to radiative transfer within divided media an
approach similar to the volume averaged method of Whitaker and Quintard[4-7],

which is based on the spatial averaging theorem. Other approaches based on this



theorem have been developed: i) For statistically isotropic porous media by Lipinski
et al.[8, 9], Randrianalisoa et al.[10-12], Coquard at al.[13, 14], and Gusarov [15-18].
In many cases, an extinction coefficient is based on an extinction mean free path
that is determined from a Monte Carlo approach, without using in the model the
complete extinction distribution function; ii) For statistically anisotropic media by
Gusarov[19)].

The spatial averaging theorem is applied to the two coupled radiative transfer equa-
tions associated with the real phases. Two scales are then considered[8]: i) The
continuous scale of these equations; ii) The discrete scale of the final results. Effec-
tive scattering, absorption and extinction coefficients and effective scattering phase
functions, which take into account the interfacial effects, are obtained at the dis-
crete scale. The final coefficients are the sum of the intrinsic coefficients and of the
corresponding effective ones. The final phase functions are combinations of intrinsic
and effective phase functions. Two coupled effective Beerian phases are finally ob-
tained. This model has been successfully applied to different media that verify, at
least approximately, the scale separation assumption: Indeed, a validity condition
of the spatial averaging theorem is that the continuous and discrete scales are not
of the same order of magnitude[4-7]. But strongly non-Beerian effective phases are
generally characterised by continuous and discrete scales of comparable orders of
magnitude, due to long-range interactions between interfaces. Cite, for instance: i)
Regular arrangement of rods with void alleys (see Fig.2); ii) Absorbing long fibres of
a felt (see Sec.5.3). Models based on the spatial averaging theorem are questionable
in these conditions.

The developments of the X and - tomography techniques[20-25] and of the power
of the computers have also allowed an effective phase of a macroporous medium to be
accurately characterised by radiative statistical functions: Extinction cumulative dis-
tribution functions, scattering cumulative probabilities and general scattering phase
functions. The first works have been simultaneously achieved by Tancrez[26] and
Petrasch et al.[27], followed by many other authors[20-22, 25, 28-31]. Strongly non-
Beerian behaviours have been observed with a high degree of accuracy|25, 29, 31, 32].

As this statistical characterisation of the radiative properties was a new approach,



many assumptions have been made without justification[20, 25-27, 29, 33]. More-
over, the limitations of the models derived from these assumptions have generally
not been enlightened. An ad hoc model related to interfacial emission[25, 32, 34],

now appears to be erroneous for a non-Beerian effective phase.

The present theoretical paper deals with a purely statistical modelling of radia-
tive transfer within non-Beerian effective phases of macroporous media, which are
in most cases statistically anisotropic and sometimes non-homogeneous. Works that
have mainly been achieved for media with Opaque and Transparent phases (OT)
are generalised to media with Opaque and Semi-Transparent phases (OST), Semi-
Transparent and Transparent phases (STT) and two Semi-Transparent phases (ST2).
Specific physical phenomena that are involved in these different types of media are
enlightened in this original study. Assumptions made in previous papers are then
justified or invalidated and the limitations of the models are clarified. Moreover, all
these developments are achieved in order to be easily applied in radiative transfer
with a controlled spatial resolution, by using a Generalised Radiative Transfer Equa-
tion (GRTE) in a general case or, under some conditions, a radiative Fourier law.
The key theoretical features of non-Beerian effective phases, which are linked to the
homogenisation of the interfacial extinction, are presented with a minimum use of
equations in Sec.2 that is focused on the physical understanding of these phenom-
ena. The strong correlations that occur within non-Beerian effective phases between
interfacial emission, transmission and extinction and possibly between the previous
phenomena and the interfacial scattering source terms are enlightened and discussed.
The specific conditions of a Beerian behaviour are also stated.

Sections 3-6 deal with the practical application of the theoretical model of Sec.2
to OT, OST, STT and ST2 media. Section 3 is devoted to an original characteri-
sation of the radiative statistical functions associated with emission and scattering
interfacial sources, and to the modelling of the correlations discussed in Sec.2. Gen-
eralised Radiative Transfer Equations (GRTEs) associated with OT, OST, STT and
ST2 media are expressed in Sec.4 by taking into account the correlations between

interfacial phenomena defined in Sec.2 and expressed in Sec.3. The validity of the



radiative Fourier law, applied to an effective phase or to the whole porous medium,
is discussed for OT, OST, STT and ST2 media. When it is valid, a radiative con-
ductivity tensor is directly determined from the radiative statistical functions. The
spatial limitations of the different models that are based on the statistical method
are enlightened in Sec.6, from a comparison of all the spatial scales involved in the
characterisation of the radiative statistical functions with the scale of the optically
thick radiative boundary layer and with the spatial resolution of the temperature
field.

General conclusions are finally drawn.

2. Theoretical model

This Section deals with an original complete presentation of the key theoretical
features of radiative transfer within non-Beerian effective phases of a macroporous
medium, by comparison with the case of Beerian media. Published partial results
are synthetised, corrected and mainly generalised
In the statistical approach, two effective phases a and ~ are assumed to be present at
any point M'(r") of a physical volume element dV' of the whole porous medium with
presence probabilities II, and IL,, which are the corresponding volume fractions. An
interfacial element is also statistically assumed to be present at any point, as it is com-
monly done for small particles within a particle-gas mixture. The radiative exchange
between interfacial elements occurs within a continuous semi-transparent effective
phase, even if the corresponding real phase is transparent. After homogenisation,
the possible non-Beerian behaviour of an effective phase is due to this interfacial
exchange, which often corresponds to a long-range interaction.

A non-Beerian effective phase is characterised by a non-exponential transmissivity
Tya(1, 8,8 — s) between two points M and M’, of abscissa s and s" along an axis of
direction u. Consequently, extinction, scattering and absorption coefficients have no
physical meaning. If the effective phase is homogeneous, characterised by a uniform
volume fraction II,, the transmissivity 7, ,(u, s’ — s) is independent of the position
M (s) of the source. This assumption will be implicitly made in the following with

the exception of Secs.3.4 and 6.2.



When interfacial extinction is not ruled by an exponential law, the knowledge of the
radiative intensity at a point is not sufficient for characterising the variation of this
intensity at this point within a non-Beerian effective phase:

i) Correlations occur in the OT, OST, STT and ST2 cases between transmission up
to an interfacial point and interfacial extinction at this point, as shown in Sec.2.1;
ii) In OT and OST cases, correlations also occur between interfacial emission, the
following transmission up to an interface and interfacial extinction (Sec.2.2);

iii) If the real phases are characterised by a non-diffuse interfacial transmission or
reflection law, such as a Fresnel law, the intensity that is scattered by the interfaces
at a point within an effective phase is also strongly correlated with the incident in-
tensity at this point, as shown in Sec.2.3. On the contrary, such a correlation does
not occur in the case of a diffuse transmission or reflection law that is independent
on both the incidence and final directions. A necessary and sufficient condition for
an effective phase to be Beerian is also stated in this Section.

The bases of a statistical modelling of radiative transfer within an effective phase that
takes into account all the previously defined correlations are introduced in Sec.2.4.
Finally, Section 2.5 deals with a critical study of previous statistical works that is

based on the discussions of the present Section.

2.1. Correlation between interfacial transmission and extinction

Consider first, within an effective phase, a radiative source term S, (u,s) due to:
i) Either emission or scattering by a semi-transparent real phase; ii) Or interfacial
scattering that is associated with a diffuse transmaission and reflection law within the
real phases. S, (u,s) is issued from an interval [s,s + ds] of an axis of direction u.
As shown in the following Sections, there is no correlation in the previously defined
conditions between S, (u,s) and the following transmissivity 7,(u, s’ — s) from s to
s', even for a non-Beerian effective phase.
If the effective phase is Beerian, the variation within the interval [s,s" + ds’] of
the transmissivity from s to s’ is equal to 7,,(u,s — s) B,(u)ds’, where (,(u) is
an extinction coefficient that is independent of s — s and 7, ,(u, s’ — s) is equal to

exp[—p,(u)(s" — s)]. The variation of the global intensity due to extinction at s



simply writes in these conditions

/

dI¢"*(u,s") = —B,(u) ds’ /S S, (u, s)exp[—f,(u)(s" — s)]ds = —f,(u)ds' I, 4(u, s).
0 (1)
The global intensity I, ,(u,s’) then synthetises all the information required for de-
termining d/¢%(u, ), which drastically simplifies the model. There is no correlation
between transmission from s to s’ characterised by 7, ,(u, ' — s) and extinction be-
tween s’ and s'+ds’ characterised by f,(u)ds’.
But, for a non-Beerian effective phase that is characterised by a non-exponential
extinction law, extinction coefficients, and consequently absorption and scattering
coefficients, can not be defined. The variation of the transmissivity within [s', s'+ds’]
can be expressed as the product of the transmissivity 7, ,(u, s'—s) by a function that
characterises extinction between s and s’ and also depends on the distance s’ — s.
There is a strong correlation between transmission from s to s’ and extinction and
consequently scattering or absorption within [s', s’+ds’]. The variation of the global
intensity due to extinction between s’ and s'4+ds’ then writes

dTl,a( s —s)

dIc(u, s') = ds’ / Sy( 1 ds. (2)

It can not be expressed as a function of this intensity and is only obtained by summing
the contributions of all the sources. There is a memory effect of all the radiation

sources.

2.2. Correlated interfacial emission sources

According to the discussion of Sec.2.1, interfacial emission in OT and OST cases
can not be expressed by using an absorption coefficient, as commonly done for a
Beerian semi-transparent medium.

This difficulty is solved by using the reciprocity theorem, which is issued from the
detailed balance principle[35, 36] in statistical physics. This theorem states that
interfacial emission between s and s+ds in the direction u can be expressed from

interfacial absorption between s+ds and s in the reverse direction —u. As interfa-
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cial absorption is strongly correlated with transmission from s’ to s, the interfacial
emission source is strongly correlated with transmission from s to s’ and interfacial
extinction within [s', s'+ds’]. The corresponding equations are developed in Sec.3.2.2
in the case of a diffuse reflection law. The much more complex approach associated

with a non-diffuse reflection law is exposed in Sec.3.3.

2.3. Correlated and non-correlated interfacial scattering sources

Within an effective phase a of an OT or OST medium, the scattering source
term in a given direction u associated with an incident radiation in a direction u,
depends on the reflection law at the interfaces of the real phase. Similarly, for a STT
or ST2 medium, the scattering source terms within the effective phases o and v in
the direction u depend on the interfacial transmission and reflection laws of the real
phases. For the sake of simplicity, we only consider here the first case and assume
that the interfacial reflection law simply depends on the incidence angle cosine pu; at
an impact point M’. The results associated with a STT or ST2 medium can easily
be deduced from all the results obtained for an OT or OST medium.

The rays that are issued from points M (s) in an elementary solid angle d2;
around the direction u; and impact interfaces at points M’(s’) are characterised by
the distribution function f, (s’ — s, u;) of the distances MM’ and by the distribution
function f,(p1, ;) of p1. Three cases occur and are considered in the following:

i) p1 and s’ — s are statistically independent, whatever the interfacial reflection law.
This case corresponds to a Beerian effective phase, as shown in Sec.2.3.1;

ii) Interfacial reflection within the real phases is diffuse, independent of the initial
and final directions. This commonly considered case is discussed in Sec.2.3.2;

iii) Reflection is not diffuse and 1 and s’ —s are not statistically independent, general

case discussed in Sec.2.3.3.

2.3.1. Beerian effective phase
Assume first that, within the real phase o of an OT or OST medium, the inci-
dence angle cosines p; at the impact points M’ of the rays belonging to an elemen-

tary solid angle around the direction u; are statistically independent of the distances
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MM’ = s — s from the source points M (s). The internal scattering directions
within the effective phase «, which depend on the distribution function f,(u1,uy) of
i1 through the reflection law, are then independent of s’ — s.
Within the effective phase «a, there is then no correlation between the transmissivity
from M to M’ and the internally scattered intensity at the point M’ in df2, around
the direction u. The global variation of the incident intensity I, ,(u;,s’) in the di-
rection u; at the point M'(s") that is due to internal scattering in all directions is
then proportional to I,,(u;,s’) and, consequently, to an internal scattering coeffi-
cient 0, 44(u1). The scattering source term within an elementary solid angle d€Q is
then characterised by a unique phase functions p, 4o (u;, u), which depends both on
the reflection law and the morphology of the medium. The variation of the intensity
at the point M'(s") due to absorption is also proportional to I,,(u;,s’) and to an
absorption coefficient k, o (uy).
The statistical independence of s’ — s and py is then a sufficient condition of a Bee-
rian behaviour. If, on the contrary, it is assumed that s’ — s and p; are statistically
dependent, a strong correlation will occur between the scattered or absorbed inten-
sity and the history of the incident radiation, as shown in Sec.2.3.3: Absorption or
scattering coefficients can then not be defined. The statistical independence of s' — s
and i finally is a necessary and sufficient condition of a rigorous Beerian behaviour
of an effective phase.
Note that, in the case of a diluted medium (high volume fraction value), there is no
strong variation of 8" — s and the higher is the dilution the weaker is the variation of
s’ — s. The correlations between u; and s’ — s are then weak independently of the
geometrical configuration and the medium is then practically Beerian.

This condition is illustrated in Fig.1[26, 34] by the opposite behaviours of two
models of statistically isotropic and homogeneous foams:
i) Dispersed Overlapping Opaque Spheres within a transparent medium (DOOS);
ii) Dispersed Overlapping Transparent Spheres within an opaque medium (DOTS).
The logarithm of the transmissivity within the effective phase is plotted vs the optical
thickness 5°w at the optically thin limit, equal to Aw/(411)[26, 37], where A and

IT are the specific area per unit volume of the medium and the volume fraction of
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Figure 1: DOOS and DOTS: In[r(w)] vs S°w for different porosity II values[34] from the
model of Ref.[26]; DOOS: universal dotted straight line; DOTS: Curves associated with II =
0,18; 0,26; 0,37; 0,48; 0,56; 0,65; 0,72; 0,78; 0,82 (EM2C/GDF study).

the phase. A curve associated with a Beerian effective phase is then a universal
straight line of slope —1. It is rigorously the case for DOOS: 5% is then valid for
all the optical thickness range. On the contrary, the effective phase of DOTS is
never exactly Beerian. Whatever the porosity value, 3° is valid for the weak optical
thicknesses, but another extinction coefficient, which strongly increases when the
porosity decreases, characterises the large optical thicknesses. For high porosity
values, as previously discussed, a DOTS effective phase can also approximately be
considered as Beerian, with an optimal extinction coefficient value close to 3°. But it
is more and more non-Beerian when the porosity decreases, even though the medium
is statistically isotropic.

In fact, for DOTS or within a simple sphere, the chord lengths s’ —s and the incidence
angle cosine value pu; are strongly correlated: For instance, the values u; = 1 and
s'—s = D, where D is the diameter of a sphere, are totally correlated. The condition
of a Beerian behaviour is then not fulfilled. On the contrary, in the case of DOOS,
i1 and s’ — s are statistically independent.

Another example is given by a statistically axi-symmetrical felt made of overlapping

13



infinite semi-transparent cylinders within a transparent phase[31], more specifically
defined in Sec.5.3. The medium is statistically isotropic in two dimensions. The
effective phase outside the cylinders is strongly Beerian, as in the DOOS case. But
the semi-transparent phase is strongly non-Beerian: Indeed, within a cylinder, u; is
clearly correlated with the chord length s" — s.

The same results can obviously be obtained for Beerian effective phases of STT
and ST2 media.

2.3.2. Diffuse reflection law

If the interfacial reflection law is diffuse within the real phase o of an OT or OST
medium, the probability that any ray that is incident in d€2;(u;) at a given point
M'(s") will be reflected in dQ(u) is independent of u; and consequently of s — s.
It only depends on the geometrical configuration, more specifically on the belonging
of dQ2 to the real phase a. In these conditions, even for a non-Beerian effective
phase «a, the phase function p, 4o (11, 1) is unique but not isotropic and only depends
on the morphology of the medium. The associated scattered intensity in d2(u)
is proportional, as in a Beerian semi-transparent medium, to the global incident
intensity I, ,(u;,s’) and to the phase function p, 4(ug,u). This property used in
Sec.2.1 can be generalised to STT and ST2 media and drastically simplifies the
models. Nevertheless, interfacial extinction by scattering or absorption is correlated
with the incident radiation in the case of a non-Beerian effective phase.
In the paper, transmission or reflection is assumed to be diffuse for OT, OST, ST
and ST2 media with the exceptions of Secs.2.3.3 and 3.3.

2.3.83. Non-diffuse transmission and reflection laws (Non-Beerian case)

Within a real phase o of an OT medium, all the rays belonging to an elementary
solid angle d€2; around a direction u; that are issued from interfacial points M (s)
and incident over interfacial elements at points M (s") are characterised by the distri-
bution functions f, (s’ — s,uy) of the distances M M’ and f,(p1,uy) of the incidence
angle cosine p1, as shown in the introduction of Sec.2.3. These distribution functions

only depend on the morphology of the porous medium. In many cases, p; and s’ — s
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are not statistically independent: For instance, in the extreme case of a medium be-
tween two parallel planes, 17 and s’ — s are totally correlated. When p; and s’ — s are
not statistically independent, the interfacial reflection law is correlated with s — s.
In these conditions, the scattered intensity in a direction u at a point M’(s") within
the effective phase « is correlated with the transmissivity 7,,(u, s’ — s).

In the same manner, all the rays that are reflected within the real phase at the
interfacial points M’(s") in the elementary solid angle d{2(u) and impact another
interfacial elements at the points M"”(s”) are characterised by the distribution func-
tions f,(s” — s',u) of the distances s” —s" and f, (i, u) of the reflection angle cosine
i, which only depend on the medium morphology. As u; and s’ — s, p and s” — s are
not statistically independent. The scattering intensity within the effective phase «
at M’(s’) in the direction u is also correlated with the transmissivity 7,,(u, s” — s')
from s’ to s”.

Consequently, after multiple scattering events, the scattered intensity at a point
M’ of the effective phase in a given direction is correlated with all the successive trans-
mission and scattering phenomena from the non-correlated emission point within a
real semi-transparent phase, in OST, STT or ST2 case, or from the correlated in-
terfacial emission point, in OT or OST case, up to the scattering point M’. This

complex case is developed in Sec.3.3.

2.4. Radiative transfer modelling

Any model of radiative transfer is based on the determination of the radiative
flux vector qf(r') and the radiative power per unit volume PZ(r’) at a point M’(r')

of an effective phase «, of abscissa s’ along an axis of direction u, i.e.

/0 h / L) w9, (w) v, (3)

4
PR() = —divigR(r / / df”“” Aol s) 46 (). (4)

The intensity I,,, q% and P are defined by unit volume dV of the whole porous

medium, ¢.e. are proportional to the the phase volume fraction II,.
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As detailed in Secs. 2.1-2.3, the key difficulty is to express for a non-Beerian effective
phase dI, ,(u, '), the variation of the intensity between s’ and s'+ds’, due on the one
hand to extinction by scattering and absorption and on the other one to emission and
scattering sources. As extinction, scattering and absorption coefficients have then
no physical meaning for interfacial phenomena, a classical Radiative Transfer Equa-
tion (RTE) based on such quantities is not valid. A Generalised Radiative Transfer
Equation (GRTE) is then directly expressed in terms of the extinction cumulated
distribution function, scattering and absorption cumulated probabilities and general
phase functions (see Sec.4). When some restrictive conditions are fulfilled, simple
radiative Fourier laws are directly deduced from the statistical radiative properties,
in OT, OST and ST2 cases, as detailed in Sec.5.

Different models of temperature fields can be implemented:
i) If the effective phases are at equilibrium at temperature T within dV, PE[T'(r), 1] is
a source term of the unique energy equation, similar to the one of a reactive medium,;
ii) In the case of an OT or an OST medium, if the interfacial temperature is equal
to the temperature of the solid opaque phase Ti(r), which differs from the one of
the gaseous (semi-)transparent phase T,(r), the radiative power within the energy
equation of the solid phase writes: PZ[T,(r),r] = PE[T,(r),r]/Il,, where II, is the
solid phase volume fraction.
iii) If, in a more advanced approach, the temperatures of the two effective phases
T,(r) and Ty(r) and of the interfaces T;(r) of an OT or OST medium differ, the
interfacial flux writes: ¢® = P®[T}(r),r]/A, where A is the porous medium specific
area,;
iv) For a medium with a semi-transparent solid phase and a transparent gaseous one
(STT) the radiative power PX[T,(r),r] is simply applied to the solid phase energy
equation;
v) In the case of a medium with two semi-transparent phases (ST2) PE[T,(r), ]
and PgR [T,(r),r] are applied to the solid phase and gaseous phase energy equations,
respectively.
Unless otherwise specified, the results of the models iii), iv) and v) are presented

in the following. It is easy to deduce the results of the models i) and ii) from the
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previous ones.

A GRTE, which is directly expressed in terms of cumulative distribution func-
tions, is easily solved by a statistical Monte Carlo radiative transfer model, which
leads by taking into account the radiative boundary conditions to the determination
of I, o(u,r") and dl%((‘:)s/), and consequently of the fields of radiative flux qf(r’) and
power per unit volume PZ(r’) by Eqs 3 and 4.

As the implementation of the Monte Carlo radiative transfer model does not present

any specific originality, this transfer method is not detailed in the paper.

2.5. Critical comments on previous works

The models based on the statistical approach have been built step by step from
2004[26, 27] without a full knowledge of the theoretical bases associated with a non-
Beerian effective phase. Some first approaches are here discussed in the light of the
developments of Secs.2.1-2.4.

In first works[20-22, 26-29], a Beerian behaviour of an effective phase has been as-
sumed. The numerical determination of the transmission field 7,,(u,s" — s) from
any volume source point to any interfacial point of the effective phase has allowed
this Beerian behaviour to be numerically checked. Insofar as an effective phase is
considered, at least approximately, as Beerian by taking into account an accuracy
criterion, scattering, absorption and extinction coefficients can be identified and a
general scattering phase function directly built.

But the effective phases of some samples of porous media[25, 29] and of some classical
models[26, 29, 31] clearly present a non-Beerian behaviour. In particular, in case of
strong anisotropy an effective phase generally is non-Beerian[25, 29, 31].

In a first attempt for modelling by a statistical approach the radiative transfer within
a non-Beerian effective phase, the correlations between transmission and extinction
discussed in Sec.2.1 are taken into account in a first formulation of a Generalised
Radiative Transfer Equation(GRTE)[34]. But, in this equation that has only been
defined in the core of the medium an interfacial scattering source term is assumed
to be non-correlated with the incident intensity and interfacial emission has been

empirically expressed. This first model has not been implemented. A correct GRTE
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has been numerically implemented for radiative transfer within different strongly
non-homogeneous OT media characterised by a diffuse reflection law [30]. It ac-
counts for the radiative boundary conditions and pragmatically for the correlations
between interfacial emission, transmission and extinction defined in Sec.2.2. In an-
other work[31] dedicated to a STT medium, a felt of absorbing fibres characterised
by Fresnel transmission and reflection laws, all the correlations discussed in Sec.2.3.3
are taken into account and different GRTEs have been associated with the paths
between successive scattering events within any effective phase.
A radiative transfer model based on a radiative Fourier law, valid in restrictive con-
ditions such that the medium becomes Beerian at the considered scale, has led to
express a radiative conductivity for an isotropic OT medium|[34] and to a radiative
conductivity tensor for an anisotropic OT medium|25].

The following Sections 3-5 deal with the practical implementation of the theoret-

ical models of the present Section.

3. Correlated radiative properties of an effective phase

The characterisation of the extinction, scattering and absorption properties of
an effective phase associated with a real transparent propagation phase is directly
achieved by statistical numerical approaches. These approaches are, in practice,
specific Monte Carlo methods, which strongly differ from Monte Carlo radiative
transfer methods. They have extensively been described by many authors[20-22,
25-29] and are not presented here. In these methods, an accurate knowledge of
the medium morphology is required. It is issued from tomography data[20-22, 25,
28] with a spatial resolution a or is theoretically known[26, 29, 30]. Moreover, the
interfacial radiative properties have to be known at a scale smaller than a. The laws
of geometrical optics are assumed to be valid: a has to be larger than the typical
radiation wavelength.

Section 3.1 is an original presentation of the radiative statistical functions that
characterise of a non-Beerian effective phase: Specific functions are associated, on one
hand, with interfacial radiation sources and, in the other hand, with volume sources.

In the case of diffuse interfacial transmission and reflection laws, an equation which
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links the two types of functions generalises recent results[38]. The borderline case of
a Beerian effective phase is finally discussed.

Section 3.2 deals with the specificities of a non-Beerian effective phase associated
with a real phase with diffuse transmission and reflection laws. The interfacial non-
correlated scattering source terms and the correlated interfacial emission source term
are expressed, as results of the physical discussions of Sec.2.3.2 and 2.2 respectively.
The obtained equations generalise the results of Zarrouati et al.[30], obtained in spe-
cific conditions.

The case of a non-Beerian effective phase associated with a real phase characterised
by non-diffuse transmission and reflection laws, in particular Fresnel laws, which has
been recently studied by Dauvois et al.[31] for a STT medium is generalised in Sec.3.3
to other media.

The principles of the modelling of a non-homogeneous effective phase, recently de-
veloped by Zarrouati et al.[30], are exposed in Sec.3.4. This approach is the key of

future advanced accurate models as developed in Sec.6.

3.1. General statistical radiative properties

Within a real phase, the emission sources are interfacial (OT and OST cases) or
belong to the phase volume (OST, ST2 and STT cases); The scattering sources belong
to the phase volume (OST, STT and ST2 cases) or are interfacial (all cases). In the
following, any quantity associated with an interfacial source presents a superscript
unlike the case of a quantity associated with a volume source. A quantity with the

superscript ¥ is related to a volume source or an interfacial one.

3.1.1. General definitions

Extinction within any type of homogeneous effective phase « is characterised by
(S)

an extinction cumulative distribution function G}, (1, w), which a priori depends

on the frequency, on the direction u and on the distance w = s’ — s within the real

phase between a source point M(s) and the corresponding extinction point M’(s’)
(5)

et oW, w) represents the transmissivity

of an axis of direction u . Physically, 1 — G

T,Ei)(u, w) between M and M’ within the effective phase. If the effective phase « is

19



St

ob (u,w) is also the

associated with a transparent real phase (OT or STT case), G
cumulative distribution function of the chords M M’ within this last phase, which is
independent of v.

In the following, the superscript b is related to an effective phase associated with a

transparent real phase of an OT or STT medium or a virtual one of any medium.

t

ttva is given in Ref.[20]. The expression of G2, is

An accurate expression of G AN

similar.

ln(l_GeJct) (8/_8)

ﬁref(s/_s)

ext(e = 77/27 QO,UJ)] e ﬁOtw; From
above to below: ¢ = 1.5° (red crosses); ¢ = 16.5° (green crosses); ¢ = 31.5° (blue circles);
¢ = 43.5° (violet squares); Bold black line associated with In[1 — G*_, (0 = 7/2,w)] averaged over
¢ values[25] (EM2C/IRSN study).

Figure 2: For a degraded cross section of a rod bundle, In[1 — G

An example of a strongly non-Beerian extinction cumulative distribution func-
tions associated with a strongly anisotropic effective phase is shown in Fig.2: A
degraded rod bundle of a nuclear core that has been submitted to the conditions
of a severe nuclear accident[25]. The extinction cumulative distribution functions
Gt

ext

(0 = m/2,,w) of this OT medium have been determined from the images built
from ~ ray tomography experiments [25]; § = 7/2 corresponds to a plane perpen-
dicular to the initially intact rods; ¢ is the azimuth within this plane; 5%, equal

to A/(m 1) where A is the specific area and II the porosity of the medium, is the
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extinction coefficient at the optically thin limit for a statistically axi-symmetrical
configuration[29].
(0 =7/2,p,w)] would be represented, as for DOOS

in Fig.1, by a decreasing straight line of slope —1, which also occurs in the case of

For a Beerian medium, In[1-G?,
small optical thicknesses. For 3w values that correspond to the semi-transparency
(0 = 7/2,,w)] is strongly non-Beerian.
(0 =m/2,w)] av-

range, up to 5, the behaviour of In[1 — G

ext

Note that the bold black line associated with values of In[1 — G*,
eraged over the azimuth ¢ is much closer to a Beerian behaviour.
A comment related to the modelling of radiative transfer can be deduced from the
previous results. Many studies dedicated to anisotropic porous media have been
limited to an isotropic characterisation of their radiative properties, which has often
led to assume, at least approximately, a Beerian behaviour, as for instance shown
in Fig.2. As the radiative flux vector is generally oriented in a main direction, a
radiative transfer model that is based on averaged isotropic and Beerian data would
lead to erroneous results of radiative transfer by comparison with the results of a
model based on anisotropic non-Beerian data.

In OST, STT or ST2 media, extinction, scattering and absorption within the
real Beerian semi-transparent phase, characterised by extinction, scattering and ab-
sorption coefficients 3, ., Om,» and Kk, ,, are statistically independent of the cor-
(S)

extva

responding interfacial phenomena. G (u,w) then writes for the effective phase

of such a medium
w=s —s, 1-GY) (u,w) = exp(—Bp,» w) [1 — GE) (w,w)].  (5)

Interfacial absorption and interfacial internal scattering within an effective phase
that is associated with a real transparent phase (OT case) or a virtual one (OST
case) are characterised by absorption and internal scattering cumulative probabilities
P (u,w) and pP) na(u, w), respectively. The corresponding extinction cumulative
distribution function verifies

GO (w,w) = POt (w,w)+ P (u,w). (6)

ext o scV oo avo
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Similarly, interfacial internal and external scattering within an effective phase that
is associated with a real transparent phase (STT case) or a virtual one (ST2 case) are
characterised by internal and external scattering cumulative probabilities PS(CS ) Za(u, w)

and Ps(flzgm(u, w). Ggig;(u,w) then writes

(S)t _ p(s S

Gexta<u7 'UJ) - Ps(czga(u7 U)) + Ps(cgé'y(u’ ’LU) (7)
As the radiative properties associated with the interfaces of an effective phase of
a STT or ST2 medium are statistically independent of those of the real semi-
transparent phase, the variation of the interfacial external scattering cumulative

probability between s and s'+ds” writes

APLS). (0, 0) = exp(—Fp )~ P (u,0) ds' (8)

scvay g sevey
The variation of the interfacial internal scattering cumulative probability of an OST,
STT or ST2 medium is obtained by replacing v with « in Eq.8. Finally, in the OST
case, the variation of the interfacial absorption probability between s and s'+ds’ is
deduced from Eq.8, by replacing Pl 3gy(u, w) with Pa(*z);(u, w).
Similarly, the variation of the scattering cumulative probability associated with the
real semi-transparent phase between s’ and s'+ds’ becomes
AP, (ww) = (1= Gl (0, w)] exp(—Bg s 1) Ty, s (9)

There is here no correlation between transmission from s to s’ and extinction by
scattering within [s', s'+ds’], unlike the case of Eq.8. The variations of the absorbing
cumulative probability and of the extinction cumulative distribution function asso-
ciated with the real semi-transparent phase between s’ and s'+ds’ are also obtained
by replacing in Eq.9 o,,,, with k,,_ ., and 3, ., respectively.

An effective phase is also characterised by a refractive index n,, and scattering
phase functions pl(,So?a(ul, u) and possibly pl(,%v(ul, u). These phase functions a priori
depend on the incidence and scattering directions, u; and u respectively. A phase

function p, o (pse) associated with a real isotropic semi-transparent medium m, only
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depends on the scattering angle cosine ..

3.1.2. Links between G5t

ext o

and Gt

ext o

For an effective phase associated with a real phase with diffuse transmission and

reflection laws, the extinction cumulative distribution functions G2 and G*_,  are

ext o ext o

linked, as shown in Appendix A, by

(ISt
W < Wiin, * Gy o,

(w,w) = 0,

0 0
0 s G ) = 1= G/ (Glawa)) (10

where w,,;, is the smallest distance between two interfacial points. These original

equations generalise the results of Ref.[38] to media such that the solid phase is not

t

continuous. Only G¢_, .,

(u,w) is practically determined by a numerical Monte Carlo
method, as it is much easier to shoot rays within the real phase from random points
that belong to a volume than from random interfacial points. G5! _(u,w) is then

ext o
¢
deduced from G¢,,

(u,w) by using Egs.10.

The internal scattering and external scattering (or absorbing) cumulative probabili-
ties are then given by
pSt (U, w) = Wy aa G

scV oo ext

(w,w), P3¢ _(w,w)or P°! (w,w) = (1—wy a0 )G

scvary avao emta(uvw)v

(11)

where w, ., is the interfacial albedo equal to p, .. the interfacial diffuse reflectivity.

3.1.3. Case of a Beerian effective phase

If an effective phase is Beerian, it appears from Eqs.10 that G2% , and G!, , are
identical and write
Gfrtta(u7 w) = szta(u7 U)) =1- exp[_BVa(u)wL (12)

where f,(u) is the extinction coefficient of the Beerian effective phase . The scat-
tered or absorbed intensities between s’ and s'+ds’ are proportional to the initial

intensity I, (u, s’) and to global scattering or absorption coefficients, independently
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of the nature of the radiation source and are not correlated with the transmission

from s to s’. For instance, Equation 8 becomes

APrcy,10) = 030 = [+ 5ol ) 7 )05 (13)

In most of the papers dedicated to the characterisation of OT and OST media,
Gt

ext o

has only been determined instead of G5 . without using Eq10, without an

ext o
explicit justification[21, 22, 25-27, 29]. This approach is valid insofar the effective
phase is at least approximately Beerian[21, 22, 26, 27], even if in some case this
assumption is poor[29]. It is also valid even for a strongly non-Beerian effective
phase, when the results are only used in the validity conditions of a radiative Fourier

law[25], i.e. at a limit such that the phase becomes Beerian.

3.2. Effective phase with diffuse transmission and reflection laws

Reflection and transmission are commonly assumed to be diffuse, due to the fre-
quent lack of accurate data but also to the simplicity of the associated modelling.
The expressions of an interfacial scattering source term and of the associated scat-
tering phase function are detailed under this assumption in Sec.3.2.1 and that of a
correlated interfacial emission source term in Sec.3.2.2, by taking into account the

discussions of Sec.2.3.2 and 2.2 respectively.

3.2.1. Interfacial scattering source terms

As discussed in Sec.2.3.2 the internal and external scattering phase functions
Pvaa(Ur, 1) and p, o (ur, u) of an effective phase that is associated with a real phase
characterised by diffuse transmission and reflection laws are unique and independent
of the history of the incident radiation. Indeed the associated scattered intensities
only depend on the global intensity in the incidence direction u; and on the dif-

fuse bidirectional reflectivity and transmissivity within the real medium[39, 40]. The

phase functions are, in practice, determined in parallel with G%_, ,(u,w) in a Monte
Carlo method based on rays that are shot from random volume points, by determin-
ing for all rays the final directions from the transmission and reflection laws [26, 27].

In the case of an STT or ST2 medium, the external scattering phase function
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Dva~y(11,1) is the probability per units of incidence and scattering solid angles, for

rays incident in the solid angle d€2;,(uy) to be externally scattered in d(2,(u), i.e.

pl/ow(ula U)
47
fV/u,nag() Ty U1, 0,0, (r,up)] [—upng (r,ug)] dr

f04ﬁ (fV/u’.na<0 T o U1, W, (v, Wp)] [—up.m, (r,uy))] dr) dQ (w)

(14)

The incidence and scattering directions, u; and u respectively, are defined in the fixed
frame of the porous medium. The source points M(r) belong to a given volume V/

of the real phase a.. The bidirectional transmissivity 7/ [u1,u, n, (r,uy)] is defined

a
in the coordinates of the fixed frame; n, (r,u;) is the r?ormal unit vector, oriented
towards «, at the interfacial impact point that is associated with a ray issued from
M (r) in the incidence direction uy. The condition u.n, < 0 means that the scattered
direction belongs to .

In the case of an OT, OST, STT or ST2 medium, the similar expression of p, 4. (u;, 1)
is given for instance in Ref.[26].

Consider now, within a non-Beerian effective phase of an OT, OST, STT or ST2
medium, the interfacial scattering source term S5!  (u, s) of an interval [s, s+ds] of
axis u, around a point M (s). As discussed in Sec.2.3.2, the fraction of the incident
intensity I, ,(s},u1) at the same point M (s}), of abscissa s in the direction u;, that
is scattered in the direction u is not correlated with I, (s}, u1). It is proportional to
the globally scattered intensity wy, oo I, o(S), 1) and to the scattering phase function
Pyvaa(ug,u), which is determined by an equation similar to Eq.14. The interfacial

scattering source term then writes

wllaa a
SsSctuaoa(ua S) = A /47T 85,1(111)[1/04(111’ 8,1) pVaa(“la u) dQl(ul)' (15)
As also discussed in Sec.2.3.2, S5t
sivity 1 — G5!

ext o

is not correlated with the following transmis-
(u,s" — s) from s to s’ in the direction u. In the case of a STT or

ST2 medium, S5¢,  (u,s) is obtained by an equation similar to Eq.15, by replacing

scv oy
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Wy aa With wy oy and p,ae With py o.

3.2.2. Interfacial emission source terms (OT and OST cases)

black body

Figure 3: Reciprocal emission and absorption events

For an OT medium, the key problem is to express dP5,%, ,, power emitted in the
elementary solid angle dQ2(u) by the interfaces of a volume element dV', equal to
dSds, of temperature field T;(s) and incident at s" after transmission through the
effective phase from s to s’, as shown in Fig.3. The normal unit vector of dS is n
emitted by the interfaces of dV in dQ2(u) and

absorbed at the abscissa s’ by an interfacial element that is assumed to be black, dS’

This power is also equal to dP§,%

v

intercepted by dQ2(u), of normal unit vector n" and of arbitrary temperature 7, .

The reciprocity theorem states that

N

o (Th)
13(Th)

U}:| s'—s |7 dpdss l/( ) dP’dsy( u,w) (16)
It is then sufficient to express dPS , ,, power emitted by the black interfacial element
dS” in the reciprocal elementary solid angle d2'(—u) and absorbed by dV', between s
and s + ds. By using Eq.16 and the Clausius theorem (invariance of n2 u.ndS dQ),
dPs.t, , writes, as P! (—u,w) /0w = OP!(u, w) /0w,

AP, w) = AP (w,w) = T I5(T) dvdV a0 PSfuw). (17)
w

This result is valid for any type of reflection law. It appears in Eq.17 that emission
between s and s+ds, as absorption, is strongly correlated with transmission from s

to s': It is the signature of a non-Beerian effective phase, as discussed in Sec.3.2.2.
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In the common case of a diffuse reflection law, Equation 17 simply becomes

dPs.. (w,w) = TIn2 I(T;) dvdV dQ (1 — w,) iGSf

aw ext

(u,w), (18)

and, moreover if the effective phase is Beerian, the following classical result is found
again
9 st St St
(]' - wV) %Gea;t(l‘h U}) = (1 - WV)/BV [1 - Gemt(“’ w)] = Ky [1 - Gezt(u’ U})] (19)
As extinction by the real phase of an OST medium is not correlated with interfa-
cial emission, extinction, absorption or scattering, the additional extinction factor

exp|— B, m w] is simply introduced in Egs. 17 and 18.

3.3. Non-Beerian effective phase with non-diffuse interfaces

If transmission and reflection are not diffuse, all the transmission and scattering

phenomena are correlated within a non-Beerian effective phase, from an emission
point up to any considered point, as discussed in Sec.2.3.3. Moreover, in OT or
OST case, interfacial emission is also correlated with all these following phenomena.
The case of a STT medium has been pragmatically and numerically developed by
Dauvois et al.[31]. The present Section deals with the complete physical formalism
for an OST medium.
Consider first the case of emission by the real semi-transparent phase of an OST
medium in an elementary solid angle d2y around the direction ug. A set of specific
radiative statistical functions are associated with any elementary path between the
initial emission point and the first scattering point and between all the successive
scattering points. Gezsao(Uo, wo), Picao(Ug,wg) and pZ  ,(ug,u;) are the specific
extinction cumulative distribution function, scattering cumulative probability and
phase function associated with the first path in the direction ug between the emission
point My(so) and the impact point Mj(sg); wo is equal to s — so. Here and in the
following, a quantity with a superscript I is correlated with the history of the incident
radiation.

The point M/(s;) becomes a scattering source point that is now called M;(s;) for
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a scattering direction uy, as s; is its abscissa along the axis u;. GSHextal(ul, wy),
SH
Pscal

the second path in the direction u; from the scattering point M;(s;) to the impact

(uy,w;) and p5 L | (uy, uy) are the radiative statistical functions associated with

point M (s}); wy is equal to s§ — s;. The point M/ (s}) becomes a scattering source
point that is now called My(s1) for a scattering direction uy, as s is its abscissa
along the axis us, etc.

The specific extinction cumulative distribution functions GSL2  (uy, wy) associ-

ated with a virtual transparent phase (see Sec.3.1.1) writes, by setting: wy = sy —sn,

GesxttZN<uN7 wy) = (20)

Sy
(87 = Sepe(r,0)] dr 2, x(u') ds”.
E (5QaN uN / /&N(uN )/u’ na>0/Eﬁ/V [ t< )] N( )

In Eq.20, the summations are carried out:

i) Over all the source points M (r) of the part X4 of the interfacial surface that belongs
to the physical volume V' and is impacted by the rays issued from the elementary
solid angle dQ,(uy_1);

ii) Over all the directions u' of the elementary solid angle 6, (uy), around the
direction uy of the fixed frame, such that u’ belongs to the phase, i.e.: u’.n, > 0,
where n, (r,u’) is the normal unit vector at an impact point that is oriented towards
%

iii) Over all the points s” of the axis of direction u’, from My(sy) to My (sy);

Segt(r, 1) is the abscissa of the interfacial impact point.
PStH

scaa N

by the hemispherical reflectivity[39, 40] p." . [0/, ng, (r,u’)] in Eq.20. GSH (uy, wy)

(uy, wy) is obtained in parallel by multiplying the weight 0[s” —seq¢(r, u')]

is then deduced from GZLH | (uy,wy) by using Eq.5 and P22\ (uy,wy) by using
a similar equation.
The specific phase function p5 L (uy,uny1), probability per units of incidence

and scattering solid angles for rays that are incident in the solid angle dQy(uy) to

28



be internally scattered in dQ2y1(uny1), writes for an OST medium

S v(un,uni) J5620 s an)  mw >0 fzﬁ/uml.nazo Xy (r,w) dQq n(u) dr

47T 4 ’ ’
fO (fanN(uN)/U,-na>0 fzﬁ/ui\ﬂrl'nazo XN+1 (ra u/) anN(u ) dr) dQ/]\f+1
(21)

with

XmAnwwqm(ﬁ@mhmum»ﬂmm)ﬁwmmmﬂﬁmmwn%wnﬁnw»
(22)

The summations are carried out in Eq.21, both in the numerator and the denomina-
tor, over the source points belonging to ¥ and also over the elementary solid angle
§Qq v (uy) for the sake of compatibility with the determination of GSLH \ (uy, wy).
Moreover the summations are carried out in the denominator over all scattering di-
rections of the phase a.. The exponential factor in Eq.22 is associated with extinction
by the real semi-transparent phase of the OST medium of extinction coefficient 3, ,,, .

Consider now the case of initial interfacial emission at the point M (sy) within a
non-Beerian effective phase of an OST medium. This interfacial emission is correlated
with the transmissivity from M(sg) to the first extiction point M{(sj) (see Eq. 17)
and with a possible scattering at this point, etc. The power emitted by an elementary
volume dVj around My () in an elementary solid angle d{2 around the direction uy,
transmitted up to M{(sf,) and scattered at this point writes, by generalising Eqs.17
and 20 ,

deeVOSscétl,(uo, wy) = Iyn2 I(T;) dvdV dQ (23)

1 1 0 /86 / / / 4 "
X —p————— exp(— LB, vwo) Y (r,u';s”) drdQ,o(u ) ds”,
2% 6Q2a.0(1g) Owy s0 J8Qa0(ug)/u’.ne>0JS/V

with

mexvz@—mgwmunmﬂmawmAmmﬂf—%mﬂw<M>
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SiH SiH SiH StiH
koo (ug,uy), Gscfal(ul,wl), Pscfaal(ul,wl), politi(ug,uy), etc. are then deter-

mined as in the previous case of emission by the semi-transparent real phase m, but

differ from the previous corresponding quantities.

3.4. Non-homogeneous effective phase

. 0
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Figure 4: Left: Set of non-overlapping opaque cylindrical pellets of diameter D and height H = 0.8D
enclosed in a tube of radius R; = 2.5D[41-43]; Middle: Porosity field I vs x = (R, —r)/D, r radial

]

coordinate; Right: In( ITI(r)[1 — G, (r,e,,7")] | in a tube cross section; e, radial unit vector.

For the sake of clarity, this Section is only devoted to non-homogeneous effective
phases « associated with real phases with diffuse transmission and reflection laws.
For instance, the presence of a wall often generates a non-homogeneity within a
porous medium. It is the case of a set of pellets confined by a wall, as shown in
Fig.4[30]. Such media are characterised by strong gradients of the volume fraction
I1,(M) which is assumed to be continuous. They often present, in cartesian or
cylindrical coordinates, one or two dimensions that are much larger than the other
one(s) and along which they are statistically homogeneous.

The key quantities are radiative statistical distribution functions that also de-
pend on the position of the scattering or emission source point M (s), such as
Ggigal,(u,s,s’ — s) or Ggigw(u, M, M"). A non-homogeneous effective phase is

never Beerian, due to this dependence of Giizw(u, M, M'") vs s. Moreover, within

an effective phase of a non-homogeneous medium the classical transmissivity 1 —
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G(S)

eatar(@, M M) is not invariant by time reversal. According to the reciprocity the-

orem, only the generalised transmissivity I1,(M)[1 — G%) (u, M, M")] is invariant

extav

by time reversal[30], i.e.

(u, M, M")] = I, (M)[1 -G (—u, M', M)]. (25)

ext a

M.(M)[1 -G,
All the developments of Sec.3 remain valid if they are based on the generalised
transmissivity instead of the classical one and on similar quantities associated with
scattering and absorption. This approach has been implemented and applied to ra-
diative transfer for an OT case, a set of opaque spheres confined at the vicinity of
plane walls[30], by taking into account interfacial emission correlated with transmis-
sion. Figure 4 is an illustration of Eq.25, issued from a parallel study dedicated to

an axi-symmetrical system|[43].

4. Generalised Radiative Transfer Equation (diffuse interfacial laws)

The Generalised Radiative Transfer Equations (GRTEs) that are associated with
non-Beerian homogeneous effective phases of OT, OST, ST2 and STT media with
diffuse interfacial transmission and reflection laws are presented in this Section. As
discussed in Sec.2.4, they are based on the temperature field 7;(r) of the interfaces
(OT medium), on Tj(r) and the temperature field T,(r) of the effective phase a
(OST medium), on T,,(r) (STT medium) or on T, (r) and 7', (r) (ST2 medium). The
GRTEs associated with models based on a global temperature field can easily be
deduced from these GRTESs.

The more complex case of an effective phase associated with a real phase with non-

diffuse reflection or transmission law has been discussed in Sec.3.3.

4.1. OT medium

A homogeneous effective phase o of an OT medium with a diffuse interfacial re-
flection law is characterised by the isotropic albedo w, .. The emission source term

that is correlated with the following transmissivity has been expressed in Sec.3.2.2,
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the scattering source term and the associated phase function in Sec.3.2.1. The asso-
ciated GRTE then writes by setting: w = ¢’ — s,

!

La(w.s) = [ (1= ) M2 BT G0, w)ds (26)
w

Sb
/

+ /8 Sit’/aa(ua s)[1 — Gfxtta(uaw)] ds + I o(u, ) [1 — Gf;ztta(uvwb)]-
Sb

This equation was first introduced in Ref.[34], but for a model that was limited to the
core of the porous medium, and also in Ref.[38] but with a copy-paste mistake. The
first term of the right side of Eq.26 is the sum from the porous medium boundary s,
to s’ of the intensities that are emitted by the interfaces between s and s+ds in the
direction u and transmitted up to the point s’ (see Eq.18).

The second term of the right side of Eq.26 is the sum from s, to s’ of the intensities
that are incident from all directions of the space at the point M(s), scattered at
s in the direction u and transmitted from s to s’. As discussed in Sec.3.2.1, the
scattering source term, given by Eq.15, is not correlated with the incident intensity

distribution, but makes the GRTE extremely implicit, i.e.

Wy aa 0

S5t (u,s) =

SCV ax

o ), Gsﬁ(ul)IVa(ul’ 1) Dy aa(ug,u) dQy(uy), (27)
where s}(u;) is the abscissa in the incidence direction u; of the point M of abscissa
s in the considered direction u.
The last term of the right side of Eq.26 represents the intensity that is transmitted in
the direction u from a boundary point M,(s,) to M'(s"). It is assumed that I, ,(u, sp)
is not correlated with [1 — G2/ (u,w;)] (case a wall with a diffuse reflection law,
for instance).

Equations 26 and 27 are directly expressed vs cumulative distribution functions,
which is the requirement of a Monte Carlo method. The GRTE is then as easily

solved as a classical RTE. [30, 31].
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4.2. OST medium

An effective phase o of an OST medium with a diffuse interfacial reflection law
is characterised by five source terms, associated with emission and scattering by
the interfaces and the real semi-transparent medium m,,, and also with the radiation

issued from the boundaries. As previously, correlations only occur between interfacial
S

Srte ad Gy are given

phenomena. The corresponding original GRTE, in which G

by Eq.5 and the interfacial scattering source term S2. _ (u, s) is also given by Eq.15,
writes
/ . 2 go 9 S
LJO!(“’ S ) = (1 - wuaa) Hanr/aIV [E(S)] ) Gexta(u7 'lU)dS
Sp

+ La(u,sp) [l — G (u,s" — s)].

4.3. ST2 and STT media

The expression of the GRTE of a non-Beerian effective phase o of a ST2 medium
with diffuse interfacial transmission and reflection laws coupled with the GRTE of
the effective phase v involves five different source terms, i.e. emission and scattering

source terms of the real semi-transparent medium m,, internal interfacial scattering
s

scvya

« and intensity transmitted from the porous medium boundaries, which is assumed

source term S2 of o, external interfacial scattering source term S from v to

SCVoax

to be non-correlated with the folowing transmissivity. This GRTE has not been
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implemented to our knowledge.

/

Lo(us) = / Sy (1, 8) [1 = Gupar(w, 8" — $)]ds + La(w, s5) [1 — G, (1w, 5" — sp)]

Sb
/

8 al09) 4 55 8)] [ G 9] 29

where the total source term within m,, writes

4
Syme (0, 8) = oKy m, nia[,f[Ta(s)] + Tvma / Dym,, (Ur0) I, o [uy, 1 (ug)] dQg o (uy)
0

A7
(30)
and the external interfacial scattering source term of
w oI, (uy, s})
S5 = L D e : 31
scu’ya(uv 3) A /47r 88/1(111) Py (ul?u) 1’Y(u1) ( )

As previously s} is the abscissa in the direction u; of the point M of abscissa s in the
considered direction u. As the two phases are characterised by different refractive
indices, the solid angles d€2, and df2, at a scattering point differ. All the associated
transformations are ruled by the Clausius theorem.

The GRTEs associated with the effective phases of a STT medium are simply ob-

tained by setting: 8, = 0y = km~ = 0, as the 7 phase is transparent.

4.4. Degeneration into RTE

In the core of a porous medium and in regions where a non-Beerian effective phase
is practically isothermal along an optically thick distance, the GRTE associated with
this effective phase degenerates into a classical RTE, as shown in in Sec.4.4.1 in the
case of an OT medium. These conditions correspond to a Local Thermal Equi-
librium of Radiation (LTER), which is similar to the Local Thermal Equilibrium of
Matter (LTEM) of the molecular theory[44, 45]. The LTER is introduced in Sec.4.4.2
by comparison with the Ideal Thermal Equilibrium (ITE) defined for radiation in
Sec.4.4.1. The cases of OT, OST, STT and ST2 media are discussed in Secs.4.4.3
and 4.4.4.
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The main practical interest of this Section is to be the theoretical base of the popular

model of the radiative Fourier law developed in Sec.5.

4.4.1. Ideal Thermal Equilibrium

Consider the case of the non-Beerian effective phase a of an OT medium which is
characterised by an emission term that is correlated with the following transmission
of radiation (see Eq.26). This fact was not accounted for in a previous study[34]. At
Ideal Thermal Equilibrium (ITE) the effective phase «, of volume fraction II, and
refractive index n, o, is characterised by the equilibrium intensity Il, n2 I°(T') that
is independent of the position. The second term of the right side of Eq.26 vanishes
at a distance from the boundaries that is optically thick and this equation becomes

(u,w)]dw. (32)

vroa-v rvroa-v SCV ax ext o

I, n2 I°3(T) = (1 — wyaa) Man? I5(T) + S5L° / 1 - G5!
0

In these conditions, the equilibrium scattering source term writes at any point of the

effective phase

I, n2, I3(T)
SSto T) = oowyaa a''yvaty 33
scuaa<u7 ) fo [1 o GSt (u7 w)] dw’ ( )

ext

and the equilibrium emission source term is then deduced from Eqgs. 33 and 26

(1 —wyaa) a n? I2(T)

rvro-v

S = GEY (u,w)] dw

S8te.(u,T) =

ev oo

(34)

ext o

In ITE conditions the terms of extinction by scattering and by absorption are
equal to the opposites of the scattering and emission source terms, respectively.
By taking into account Egs. 33 and 34, they write — X, ,(u) I, n2 I(T) and

va-v

— K, o(u) I, n2 I2(T), by definition of the generalised scattering and absorption

vra-v

coefficients at equilibrium

w 1—w
Zya — — Voo d Kya — — Vo .
W= e made ™ T = A (w0 de

(35)
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The generalised extinction coefficient at equilibrium that then writes

1
fooo[l - GSt

ext o

Ba(u) = (36)

(u,w)] dw
is the inverse of a quantity averaged along an optically thick region, the area under

the curve associated with the transmissivity 1 — G2},
phase, 1 — G%¢,

ext a

(u,w). For a Beerian effective
(u,w) is equal to 1 — exp[—f,(u) w] and B,(u) is equal to S, (u).
Similar results are easily obtained in OST, STT and ST2 cases. In conclusion, the
GRTE associated with a non-Beerian homogeneous effective phase degenerates, in
ITE conditions, into a classical RTE that is characterised by the previously defined
coefficients at equilibrium.
A non-homogeneous effective phase is characterised by an extinction cumula-

(5)

extva

tive distribution function G (u,s,w) that depends on the position s. In ITE
conditions, the total source term is then non-uniform and generalised extinction, ab-
sorption and scattering coefficients at equilibrium can not be defined. Consequently,

a RTE can never be defined in this case.

4.4.2. Local Thermal Equilibrium of Radiation

It is now assumed, as in the Chapman-Enskog theory applied to a molecular
assembly[44, 45], that the intensity field I, ,(u,r) within an effective phase « is
practically characterised at a spatial scale that is optically thick by an equilibrium
intensity 1T, n? I2(T) at the temperature T', which only differs from the real intensity
field I, o (u,r) by a perturbation term that is neglected in this Section. This assump-
tion corresponds to a Local Thermal Equilibrium of Radiation (LTER), similar to the
Local Thermal Equilibrium of Matter (LTEM) of the molecular theory. Note that,
within a transparent real phase, this LTER condition can be realised even if the fluid
of this phase is strongly non-isothermal, but obviously in LTEM conditions. As seen
in this example, the scales of LTER and LTEM conditions are extremely different.

When an effective phase is in LTER conditions, it is characterised by physical
quantities defined in ITE conditions, as in LTTEM conditions. In particular, a classical

RTE based on the extinction, absorption and scattering coefficients at equilibrium
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defined in Sec.4.4.1 is then introduced, as shown in Sec.4.4.3 for an OST or OT
medium and in Sec.4.4.3 for a ST2 medium.

The strict validity conditions of this model are discussed in Sec.5 in which the dis-
crepancies to equilibrium conditions are studied and which is mainly devoted to the

radiative Fourier law and its validity conditions in Sec.5.1.

4.4.3. OST or OT medium

Consider first the effective phase of an OST medium. When the temperature
fields of the real semi-transparent phase m, and the interfaces differ a predominant
radiative transfer occurs between the interfaces and the phase m, at an optically
thin distance. A RTE with two emission sources at different temperatures, as done
in Ref.[25], is then not justified. In these conditions, the GRTE defined by Eq.28,
which presents two emission terms, has to be solved.
On the contrary, if the interfaces and the phase m, are characterised by the same
temperature field 7" and are practically isothermal along an optically thick distance,

a global RTE is valid as discussed in the introduction of Sec.4.4.2, i.e.

d
EIVO(<U7 S) = - [Ba<u) + 5Vma} Il/C'l(u? S) + HOé n12/a [KVOé<u) + /il/ma] Il(/)[T(S)]
Cvma [
b T [ ) o, ) 4 (),
™ Jo
Euaa u ar
+ %/ puaa(_ua _ul)lyoc[ulasll(ul>] dQl(_u1)7 (37)
0

where B,(u), K,,(u), ¥,,(u) and p,aa(—u, —u;) are the interfacial generalised
extinction, absorption and scattering coefficients at equilibrium and the interfacial
scattering phase function; 8, m,, Kvm, and o, ,, and p, ., the extinction, absorption
and scattering coefficients and the scattering phase function of the phase m,.

In Eq.37, ¥, 4a(u1) has been replaced by 3, 4o (u), due to using the invariance of the
flux at equilibrium by time reversal (see Appendix B) and ¥, ., (1) has been extracted
from the directional integration. The resulting expression of the last scattering source
term of Eq.37, which is more general than the expression in use in Ref.[25], is proofed

in this Appendix.
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The RTE associated with an OT case is obviously deduced by setting: S,,,, =

Rvmeg = Ovmg — 0.

4.4.4. STZ2 medium

In the case of a STT medium, if the effective phase corresponding to the transpar-
ent real phase is non-Beerian, a RTE can not can not be associated with it. Indeed,
the absorption optical thickness of this effective phase is always zero, never optically
thick.

In the case of a ST2 medium, as the assumption of optically thick effective phases
is never verified due to the predominant transfer between the two phases associated
with the external scattering terms, a model that is based on two coupled RTEs is not
valid for non-Beerian effective phases when the temperature fields of the two phases
differ. The two coupled GRTEs, given by Eqs.29-31, have then to be solved.

In regions where the two phases have the same temperature field and are prac-
tically isotermal along an optically thick distance, a porous medium of ST2 type is
globally modelled by considering a unique effective semi-transparent phase of uni-
form intensity I, and effective refractive index n,. The intensities, refractive indices
and elementary solid angles associated with the two phases, the effective medium

and the void, characterised by a subscript , are linked by

2 2 2
IV =n, [l/’l) L/a - Hoz nNya [l/’lH [V'y = H'y n]/’y Iuva

n:=1I,n2, + I, n? n2dQ = dQ, = n2 ,dQ, = n?,deV,

vy?

1,dQ = 1,dQ,, I,0dQ, =1,1,dQ 1,.,dQ, =11, 1,dQ (38)

Indeed, the intensity expressed in void is uniform within the two real phases. A
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unique RTE is obtained from the two coupled Eqgs. B.10 of Appendix B, i.e

%Iy(u,s) = — By(u)l,(u,s)+r,n, I[T(s)] (39)
%_gio”mmhmnmh%deMm>
+ E”iiu)/oﬁpm-(—u,—ul)Tu[ul,é"l(ul)] dQ(—uy)

where the global effective extinction and absorption coefficients B, and x, and the
effective scattering coefficients coefficient o, and ¥,,; and phase functions p, and p,;

associated with the phases m, and m., and the interfaces are defined by

n2k, = Ilan?, Kym, —i—Hwni,Y/@,mw

nto, = Ilan’,0um., +Hv”12/7‘7um7

28,00) = o, [Zyaa(w) + Do (W] + 1102, (2,0, (1) + Zyoa(w)]
B,(u) = kK, + 0, + X,(u)

Oy pu(ul'u) Haau Mo Dv Me <u1°u) + H"/UV My Pv My (ul'u)

E,”;<LI) pl,i(—U, —u1> Ha Euaa(u)puaa<_u7 —111)

n2
+ (n%j) Il By ay(0) pyay(—a, —uy)
™ H’Y EV'Y'Y(U') pl/'y'y(_u, —ul)
ny
+ (#) IL, va(u) pV’ya<_u7 —ul). (40)

As in the OST case, the expression of the different terms of the right side of Eq.39,
associated with the use of time reversal conditions, can be deduced from Appendix
B.

5. Radiative Fourier law

The radiative flux within a non-Beerian effective phase of an OT, OST or ST2

medium can be modelled by a radiative Fourier law in conditions such that the GRTE
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degenerates into a RTE, under two strong validity conditions detailed in Sec.5.1.
This radiative Fourier law is then obtained by a perturbation method, similar to
the Chapman-Enskog theory[44] based on the Boltzmann equation. This method
has been developed for obtaining analytic general expressions of the scalar radiative
conductivity k(T in the case of an isotropic OT Beerian medium, with interfacial
gray or non-gray reflection law([34] and also by Chalhafi et al.[25] for the non-Beerian
effective phase of a strongly anisotropic OT medium. As shown in Sec.4.4.3, it can be
applied to a non-Beerian effective phase of an OST medium only if the transparent
fluid phase and the interfaces have the same temperature field, as a global RTE with
two sources at different teperatures is not valid.

Section 5.2 deals with an original development of the perturbation model in the case
of non-Beerian effective phases of a strongly anisotropic ST2 medium. A radiative

Fourier law is never valid in STT case, as shown in Sec.5.3.

5.1. Fourier law validity conditions

The validity conditions of the radiative Fourier law are the same for a RTE issued
from the degeneration of a GRTE of a non-Beerian effective phase and for a RTE
associated with a Beerian medium. These validity conditions[46] are here simply
summarised in the case of an isotropic semi-transparent Beerian medium.

The scattering phase function of such a medium only depends on the scattering
angle cosine 1 = uj.u and scattering is globally characterised by the scattering

asymmetry factor g[47, 48] defined by

1
gy = 1/lpy(u)udu. (41)
Radiative transfer is characterised by a radiative Fourier law, i.e. a scalar radiative
conductivity k£, within a possible region of the medium that fulfils the three following
conditions[46]:

i) This region is homogeneous;

ii) The distances between all the points of this region and the porous medium

boundaries are optically thick. Indeed, in the zone that does not fulfil this condition
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the radiative flux is strongly influenced by the boundary radiative conditions (black
or reflecting opaque walls for instance). This last zone is called in the following
radiative boundary layer.

iii) For a given relative discrepancy ¢ over the radiative power, the temperature

field fulfils, at any point of the region, the inequality[46]

T < X (w,9), (12)

where k¢//(w, g) is an effective absorption coefficient that takes into account possible
multiple scattering events along the paths of the rays and depends on the albedo w
and on the scattering asymmetry factor g.

The radiative conductivity is due to a large number of successive emission-absorption
sequences along short effective distances, often shortened by multiple scattering
events[46]. It is physically ruled by an effective absorption coefficient and not by an
extinction coefficient. For instance, the value of the generalised extinction coefficient,
only due to scattering, can be extremely large within the effective phase associated
with a real transparent phase of a STT medium, but the Fourier law is never valid
within this phase as there is no absorption, and consequently no emission. It is also
not valid within the other absorbing phase, as the transparent phase generates a long
range connection with other regions of the medium, as seen in Sec.5.3.

The functions x(¢) and %/ (w, g) are tabulated in Ref.[46]. For instance, for ( =
1072, x is equal to 0.033. If the albedo is equal to 0.5 and g to —0.3, typical values
of backscattering by a porous medium, the criterion corresponds to x*/ = 1.70 x.
For a typical pore size of 100 um and a ~ value of 50 cm™!, the radiative Fourier law
is valid if: i—: < 2.8T K/cm. This criterion is generally valid at high temperature.
For instance, at 2000 K, the temperature variation has to be smaller than 56 K for
this pore size of 100 um and, at 500K, smaller than 14 K.

5.2. Fourier law for a ST2 medium

If the two phases of a ST2 medium are characterised by different temperature

fields, Fourier laws are not valid, even if these phases are Beerian, due to the prepon-
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derant exchanges between the two phases along distances of small optical thicknesses.
If the temperature fields of the non-Beerian effective phases of a ST2 medium are
identical and if the validity conditions of Sec.5.1 are fulfilled, radiative transfer is
ruled by a unique RTE (Eq.39) and a radiative Fourier laws is valid for the whole
medium, as developed in the following.

Consider the effective phases of a ST2 medium that are practically isothermal at the
unique temperature 7'(M) and are assumed to be optically thick within a sphere of
radius ¢ around a point M; § is typically larger than five times 1/k.ss the effective
mean free path of photons between their emission and their absorption, after possible
multiple scattering events (see Eq.42). The position of any point M is now defined
at macroscale, i.e. at a spatial scale larger than §, by R or by (u, S) where S is the
abscissa along the axis u. The aim of this Section is to express the radiative flux vec-
tor at macro-scale qf(R) given by Eq.3 vs the intensity field at macroscale I,(u, R).

By analogy with the conduction case, a radiative Knudsen number is introduced

<< 1 (43)

It is based on B,(u) instead of ks, which would be more physical, for the sake
of simplicity, by assuming that the value of the effective absorption coefficient is
large; Anyway, B,(u) will disappear in the following. By setting: RT = R/§ and
ST =5/§, the RTE (Eq.39), which is in fact a Boltzmann equation applied to photon

momentum|[48], becomes

L R) = Ko (u) wgradi [1,(w RY)] + B ond [T (R
+ M;—Z(u)/oﬂ—p’/(ul’u)IV[uhRi‘_(ul)]dQ(ul) (44)
2,/@'<'LI)

+ ) /0 pui(—u, —w) I [uy, RY (u)] dQ(—uy).

47 B, (u

Equation 44 is then solved, as in the Chapman Enskog model, by a perturbation
method, of perturbation parameter Knf(u). At the perturbation order 0, the first
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term of the right side of Eq.44, transport term, which is negligible compared to the
other terms, is not accounted for. The corresponding solution I, 50) is the equilibrium
intensity n2I2[T(R™)]. But the flux associated with this isotropic intensity is zero.
It is then assumed that the solution expressed in dimensional quantities writes at

macroscale

Lgl)(u, R)

I(wR) = IPTR)+ LOwR)  with: s

<< L (45)
I ,gl)(u, R) is anisotropic and generates the radiative flux. It is solution, at the pertur-
bation order 1, of the implicit equation obtained by removing in Eq.44 the emission
term, of perturbation order 0, and replacing I, (u, R) in the transport term with the

solution at the perturbation order zero. By introducing the linear functional

LX) = s [ b X )an()
+ %/Oﬁpw(—u, —uy) X(uy)dQ(—uy), (46)

and setting C'(u,v,T) = [n?/B(uy)]dI2(T)/dT, the solution IV is obtained by an

iterative approach

IV(u) = —C(u,v,T) u.gradg T — Z LEC(u, v, T) u.gradg T] (u),  (47)
k=1

where k is the iteration order. Consequently, the final solution Lgl)(u, R) is propor-
tional to —u.gradr T. Applied to Eq.3 it leads to a radiative Fourier law, i.e. in

tensorial notation by using the Cartesian coordinates X; at macroscale

0

a0 = KLIO0)] 5

T(Xy). (48)
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5.8. No Fourier law for a STT medium

The effective phase of a STT medium that is associated with a transparent real
phase is never optically thick. Consequently a radiative Fourier law is never valid for
the two effective phases of this porous medium, even if they are Beerian.

An illustration of the limits of the Fourier law is given in Fig.5 where the results

0.5 05
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0.2 0.2
"o 0.1
0.0 0.0
-0.1 -0.1
-0.2 -0.2
~06% 0.2 0.4 0.6 0.8 1.0 045 0.2 0.4 0.6 0.8 1.0

Figure 5: Normalised radiative power field P2L/oT(0)* (x/L) obtained from the GRTE and the
radiative Fourier law applied to a layer of insulation felt of absorbing fibres, of thickness L; T'(0) =
2000K, T(L) = 300 K;  Left: ko d = 0.3; Right: x,d = 100 (opaque fibres).[31]

associated with a GRTE model are compared with results obtained by a non-physical
Fourier model for an insulation felt. The fibres are made of overlapping absorbing
cylinders of finite length L,diameter d and absorption coefficient . within a trans-
parent phase. Details are given in Ref.[31]. Two extreme conditions are considered:
a) Optically thin fibres; b) Opaque fibres. The results of intermediate fibre optical
thicknesses vary between the two presented curves.

Different conclusion can be drawn: i) Whatever the optical thickness of the fibre,
the radiative Fourier model leads to strongly erroneous results, in the vicinity of the
hot wall; ii) It is not the case at the vicinity of the cold wall, where the weak relative
temperature difference along a large region allows a direct linearisation of the flux
(trivial case); iii) The Fourier model is valid in the core of the felt as predicted for

an OT case, i.e. a STT medium with x, d = 100, as shown in Fig.5 b; iv) It is never
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valid in the STT case, as shown In Fig.5 a, despite the fact that the absorbing phase

is optically thick at the considered scale, as previously discussed in Sec.5.1.

6. Spatial resolution of the statistical approach

The spatial resolution of the statistical model applied to radiative transfer is
here discussed, both in the core of a porous medium and in its radiative boundary
layer (see definition in Sec.5.1), according to the model in use (homogeneous or non-
homogeneous effective phase, transfer model based on a GRTE or on a radiative
Fourier law). This discussion is based on:

i) The four spatial scales that are involved in the characterisation of the radiative
statistical properties of an effective phase:

- d,, the typical pore size;

- dg, the spatial resolution of G, that is determined by a Monte Carlo method. It
is only limited by the experimental resolution of a tomography or by the numerical
resolution if the medium is theoretically defined. It is generally much smaller than
the typical pore size d;

- dg, the scale of the shooting zone, of volume V around a point M, from which are
issued the rays that allow the statistical radiative functions to be built[20, 26, 29, 31],
whatever the types of medium (OT, OST, STT or ST2), of effective phase (Beerian
or non-Beerian) and of interfacial transmission and reflection laws. This zone has to
be representative of the porous medium and as small as possible;

- deqt, the typical size of the extinction zone of the shot rays, which is generally larger
than the shooting zone. The extinction zone is identical to the shooting zone when
all the boundaries of this last zone are opaque or characterised by a total specular
reflection of the rays that is associated with the symmetries of a porous medium of
regular morphology;

ii) dr, the spatial resolution of the temperature field that depends on the coupling
of the different modes of heat transfer;

iii) d, the typical spatial scale of the radiative boundary layer.
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6.1. Homogeneous effective phase
Some typical examples allow the common case of radiative transfer within a

homogeneous effective phase to be illustrated:

y y

Figure 6: a) Left: Cross-section normal to the axis z of a bundle of parallel rods[25, 29]; Triangular
configuration; 6, angle with the axis z; ¢, azimuth defined by reference to the axis x. Merged
shooting and extinction zones enclosed between the bold lines; Shot directions included between
the dashed lines within a 30°p angle range. A perfect specular reflection (p = 1) is applied at any
impact over a symmetry plane, within the extinction zone[25, 29]. b) Right: Cross section of the
arbitrary thin shooting zone y, y+dy when the flux vector is parallel to the axis y. (EM2C/IRSN
study)

i) A statistically homogeneous porous medium is often periodic or practically
periodic. The merged shooting and extinction zones are then defined both by the
periodic structure and the set of the medium symmetries. It is the case for instance
of the bundle of rods shown in Fig.6 a: The shooting and extinction zones are a
volume, of hight dz and of scale dg, that is limited by the bold lines within a cross
section normal to the opaque rods.

Even if the spatial resolution dg of Gyt is much smaller than the pore size d,, the
rays that contribute to G are averaged over this shooting and extinction volume

of scale d,, which is of the same order of magnitude as the pore size d,,, i.e.
de << dp << dy = dey ~ d. (49)

The spatial resolution of radiative transfer results, based on a RTE or a GRTE for

a Beerian or a non-Beerian effective phase respectively, is then limited by d, in this
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homogeneous approach, even if the spatial resolution dy of the temperature field
issued from other heat transfer modes is smaller than ds. The homogeneous model
is then not optimal, in particular at the vicinity of the boundaries of the porous
medium which are often characterised by strong gradients of the temperature field.
On the other hand, if the validity conditions of the radiative Fourier law are ful-
filled, the medium is practically isothermal within zones larger than d,. The spatial

resolution of the temperature dr is then larger than d,, i.e.
do <<< ds = dey ~ dp < dr. (50)

The homogeneous model is then pertinent but with a limited spatial resolution.
Moreover, the Fourier model is not valid within the radiative boundary layer of
thickness ¢ and can lead to absurd results (see for instance Fig.5) .

ii) Some statistically homogeneous porous media do not present any symmetry
(case of a foam, DOOS or DOTS of Sec.3.1.1 for instance). If a compact shooting
zone is used, for instance a cube, the spatial scales associated with this medium

generally verify the conditions
de << d, ~dr << dy << deg. (51)

as the the typical size d of the shooting zone is equal to some typical pore sizes d,.
The practical spatial resolution of radiative transfer, based on a RTE or a GRTE,
for a Beerian or a non-Beerian effective phase respectively, is then limited by d;,
which a priori is larger than the spatial resolution dr of the temperature field that
is assumed to be three-dimensional. As in case i) this modelling is not optimal. A

model based on a radiative Fourier also presents the same limitation as in case 1).

iii) In practical applications, the statistically homogeneous media of the para-
graph ii) often present two dimensions, along = and y, that are much larger than the
dimension along z and are often practically isothermal. The radiative flux vector is

then practically orthogonal to the directions x and y that are assumed to be infinite.
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In the core of the porous medium, the pertinent shooting zone is then a thin slice

that is representative of the medium. The following conditions are verified
de << ds ~dp << dp << degy >~ 0. (52)

A homogeneous approach based on a GRTE is accurate as d, and dr are of the
same order of magnitude. In the modelling, the extinction cumulative distribution
functions that are associated with directions u oriented towards the boundaries are
simply truncated at the boundaries as the extinction scale d.,; is much larger than
ds.

A radiative Fourier law can also be used as previously in the core of the porous

medium.

6.2. Non-homogeneous effective phase

Consider now non-homogeneous effective phases. If the temperature field is one-
dimensional along an axis y, a periodic porous medium as the rod bundle of case
i) can be characterised by using a very thin shooting zone, a slice between y and
y + 0y, that is practically infinite along x and z, as shown in Fig.6 b. As the medium
is statistically homogeneous along x and z, the porosity II(y) of the shooting zone
is accurately defined. It is characterised by strong variations along y between a
minimum value and unity. This last value corresponds to a transparent medium. A
non-homogeneouse model of radiative transfer, defined in Sec.3.4 and necessary based
on a GRTE, can be applied in these conditions. Moreover, it also allows radiative
transfer within the radiative boundary layer to be accurately modelled, even if the
scale d..; of the extinction zone is much larger than the thickness dy of the shooting
zone. Specific radiative statistical functions are then associated with any elementary

shooting zone.

7. Conclusion

This study deals with radiative transfer within macroporous media with Opaque

and Transparent or Semi-Transparent phases (OT or OST), with Semi-Transparent
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and Transparent phases (STT) or with two Semi-Transparent phases (ST2), in which
the geometrical optics laws are assumed to be valid. It is focused on media that
present after homogenisation non-Beerian effective phases such that extinction is not
characterised by an exponential law. When the medium is statistically anisotropic,
a directional characterisation of the radiative properties is necessary, as the radia-
tive flux vector then generally presents preferential directions in radiative transfer
applications.

Within a non-Beerian effective phase of an OST, a STT or a ST2 medium a strong
correlation occurs between transmission, from any emission or scattering source point
M of the real semi-transparent phase to an interfacial impact point M’ and interfa-
cial extinction by scattering or absorption at M’. An interfacial extinction cumulative
distribution function, internal and external scattering cumulative probabilities and
associated scattering phase functions exhaustively characterise an effective phase of
a STT or ST2 medium. The external scattering cumulative probability is replaced
with an interfacial absorption cumulative probability in the case of an OST medium.
Moreover, it has been shown from the reciprocity theorem that, within an effective
phase of a OT or OST medium, interfacial emission at a point M is also strongly
correlated with interfacial transmission from M to another point M’ and interfacial
extinction by scattering or absorption at M’. The associated extinction cumulative
distribution function, absorption and internal scattering cumulative probabilities and
internal scattering phase function are then correlated with the interfacial emission
source term.

If reflection or transmission is diffuse, i.e. independent of both the incidence
and final directions, an internally or externally scattered intensity at M’ is corre-
lated neither with the incident intensity at M’ nor with the following transmission
and extinction phenomena, even if the effective phase is non-Beerian. The radiative
statistical functions of this effective phase are then unique.

In these conditions, a unique Generalised Radiative Transfer Equation (GRTE) is as-
sociated with any non-Beerian effective phase of an OT, OST, STT or ST2 medium,
instead of a classical Radiative Transfer Equation (RTE). It is directly expressed in

terms of the previously defined radiative statistical functions instead of extinction,
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scattering and absorption coefficients and takes into account the radiative boundary
conditions. A GRTE can be easily solved by any classical Monte Carlo radiative
transfer model, as it is directly expressed in terms of cumulative distribution func-
tions, which is the requirement of a Monte Carlo approach.

Under specific validity conditions the GRTE of a homogeneous effective propagation
phase of an OT medium degenerates into a classical RTE and a radiative Fourier
can be applied within this effective phase. In the case OST or ST2 medium, this
model can only be applied if the homogeneous effective phases are characterised by
the same temperature field. A radiative Fourier is never valid in the cases of homo-
geneous effective phases of a STT medium or of a non-homogeneous effective phase
of any type.

If reflection or transmission is non-diffuse, as in the case of a Fresnel-Descartes
law, any scattering source term within a non-Beerian effective phase is strongly
correlated with the complete set of foregoing successive events: Possible interfacial
emission and, in any case, all successive interfacial scattering events. Instead of a
unique GRTE, the effective phase is then characterised by a set of specific GRTEs
associated with all the successive emission and scattering source terms. Any specific
GRTE is expressed in terms of specific radiative statistical functions, which are
strongly correlated with all the corresponding radiative functions associated with
the foregoing events. This more complex problem can also been solved by a Monte
Carlo radiative transfer model.

A non-homogeneous effective phase, with strong volume fraction gradients, is
characterised by radiative statistical functions that also depend on the coordinates
of the source points. All the previous models of radiative properties are generalised
by using a global transmissivity, product of the volume fraction at the source point
by the transmissivity deduced from the extinction cumulative distribution function.
The method can easily be applied to media with two dimensions that are assumed
to be infinite.

The spatial limitations of the transfer methods based, on one hand, on a GRTE
or a radiative Fourier law and, on the other one, on a homogeneous or a non-

homogeneous approach have been discussed from the comparison of all the scales
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associated with the resolution of the radiative statistical functions, the pore sizes,
the shooting and extinction zones of the numerical approach, the resolution of the
temperature fields and the width of the radiative boundary layer.
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Appendix A. Interfacial shots and volume shots

A.1. General case

t

oot o, associated with volume

Are G2, associated with interfacial source points and G
S

2ot Ad Gegt o identical or different?

source points, defined in Sec.3.1.1, and consequently G

In G5% . (u,w), w is the length of the chord between an interfacial source point D(s)
St

and an interfacial extinction one E(s'). G2/,

function of the chords DE of length w; 1 — G54 (u,w) is then the probability that the

ext o

(u,w) is in fact the cumulative distribution

length of a chord DE 1is larger than w. Int he case of a phase that presents only convex

interfaces, for instance the space outside non-overlapping cylinders or spheres, w varies

between a non-zero minimum length wy,;, and a maximum one w4z, possibly infinite.
On the other hand, G, (u, w) is the cumulative distribution function of the segments

ME of length w joining a volume point of the phase M(s) to an interfacial impact point
E(s') and F!

ext a

(u,w)dw is the probability that the length of a segment M E belongs to the

range [w,w + dw], where F!_, (u,w) is the associated distribution function. Now w varies

eat o
between 0 and a maximum length w4z, possibly infinite.

At any segment of impact point E in the direction u and length w, is associated a
unique chord of same impact point £ and direction u and of length larger than w. As the
density of points in any element of length dw is uniform, the number of these segments M E

of direction u and of length in the range [w, w + dw] larger than w,;, is then proportional
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St
ext

to the number of chords DFE of lengths larger than w: If w > wmin, 1 — G

St
ext o

(u,w) is

proportional to F!, . (u,w). Consequently, G2, (u,w) verifies the equations

xt o

Stt (11 w) _ Féxta(uv ’LU)
exrt o ) -

ngta(ua wmin) ‘

(A1)

St
ext o

W< Win, . 1 — G (u,w) = 1, W > Win : 1 — G

Indeed 1 — G, (u,w) is equal to 1 for w = Wyyin.
St

oo associated with interfacial source points is

For a transparent effective phase, G

finally linked to G¢_,, associated with volume source points by

W< Wi : 1= G4 (w,w) = 1,
d d
Wit 1= GEhaw) = 4o Gha0)/ (o Ghawu)) (A2

Wmin

Equation A.2 generalises the result of Ref.[38], valid for a phase that presents concave

interfaces, such that: wy, = 0.

A.2. Beerian case

St

obo(u,w) is equal to 1 for

For an effective phase characterised by wm;, > 0, 1 — G
w < Wmin, Which is not a Beerian behaviour.

On the contrary, in the case of an effective phase characterised by wpi, = 0, 1 —
Gt

Lia(Ww) and 1 — G3Y  (u,w) have the same expression exp[—f,(u)w] if this effec-

ext a

tive phase is Beerian, as shown by Eq.A.2. This property has often been used, without
justification[20, 22, 26, 27, 29], etc.

Appendix B. Some properties of scattering

As discussed in Sec.4.4, coupled RTEs are not valid for a ST2 medium characterised
by two optically thick and practically isothermal non-Beerian effective phases if their tem-
peratures differ. Nevertheless, if the two non-Beerian effective phases are at the same
temperature, the whole medium can be characterised, in these conditions, by a global
RTE built by summing the two individual RTEs. Such an individual RTE, which also
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corresponds to a possibly Beerian interfacial behaviour, writes

d :

ST (0:8) = 1B, 005 (W) + 0 1) Ly (0,5) + i, T T (T () (B.1)
4r L ii(ug, u 4 vrei(ug,u

[ o) P s ass )+ [ o) P ) ()
0 0

4r
+gymj/0 nyj(ul,sl)dgﬂ(ul).
In Ideal Thermal Equilibrium (ITE) at the temperature 7', the detailed balance principle,
or principle of microreversibility[35, 36] states that all types of emission and scattering
source terms are equal to the reciprocal absorption and scattering dissipation terms. After
simplification, the equality between the source and dissipation terms corresponding to

external interfacial scattering writes
2 2 i bv kj(ub u)
I ny oy je(u) = Igngy, ; oy g (W) = —— € (us) (B.2)

and, by using the Clausius theorem [48, 49] that states that: n2, dQ; (1) = n?/j dQj1(uy),

47
Pbvgjlul, u
Hj quk(u) = Hk/ Jykj(ul) . ]4(1 )
0

- del(ul) (BB)

This last equation is entirely expressed in the phase j. The reciprocity theorem[50] applied,
in ITE conditions, to the external scattering of an elementary beam df);; by a volume
element II;, dV of the effective phase k towards the volume element II; dV of the effective

phase j allows the following equality to be written

)pukj(uhu)

(n?,kll‘j(T)kol(ul)dede> ok (w ——dQ;(u)
- (n 15(T)d0, (—u)T, dVdu) 7y (P W a0 () (Ba)

By using the Clausius theorem, the equality d2;(u) = d©Q;(—u) and by simplifying Eq.B.4
by n? . I2(T)dQ;(u)dVdy this equation becomes

vjtv

Pvkj(ar, u) pvjk(—u, —w)
)= dQ(w) = Moy g (—w) == ———

iy Uukj(ul kol(—ul) (B.5)
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Equations B.3 and B.5 then lead to

A py ik(—u, —u
() = o) [ EEEEE 0 cu) = o tw) (o)

This result can also be applied to internal scattering:
oy jj(0) = oy jj(—u) (B.7)

By using Eq.B.5, the Clausius theorem and Eq.B.6, the elementary external scattering

source term becomes

2
Puvikj(u,u n;, 5 11; Pujk(—1, —ug
oy k(1) = mel )Iuk(ulasl)dgkl(ul) = (n%iﬂi)gwk(u)w(zﬁr) Iy (a1, $1)dQg1 (—un).
(B.8)
Consequently, Equation B.1 also simply writes
d 2 70
gfyj(w 8) = ~[Bum,; + ovjj(u) + o jp(0)] Ly (0, 8) + kym; Ijng ; 1[T(s)]
4m 4m
Pum; (u1.u) (—u, —u
+0vmj/0 ij47r Ivj(u1a81)d9j1(u1)+quj(U)/0 Wﬁj(uhsﬂdﬁjl(—m)
2 . 4
ny ;1 / Pwjk(—u, —ug)
vj —1, ,81) dQp1 (—uy). B.9
+(n12/k;H/€>U jk(w) ; i k(ur, s1) dQg1(—u1) (B.9)

Equation 37 applied to a Beerian effective phase of an OT medium then also becomes, by

following a similar approach,

L,(lll, 81) dQl(—ul).
(B.10)

d _ o Am pl/i(_ua _ul)
TS  0,5) = T ) 2T o) () [ P
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