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Mathias Rapacioli,⇤a Fernand Spiegelman,a and Nathalie Tarrat⇤b

The present work highlights the links between melting properties and structural excitation spec-
tra of small gold and silver clusters. The heat capacity curves are computed for Ag20, Au20,
Ag55, Au55 and their ions, using a Parallel-Tempering Molecular Dynamics scheme to explore the
Density Functional based Tight Binding (DFTB) potential energy surfaces and the multiple his-
togram method. It is found that clusters having very symmetric lowest energy structures (Au20,
Ag55 and their ions) present sharp or relatively sharp solid-to-liquid transitions and large melting
temperatures, important structural excitation energies and a discrete isomer spectrum. Opposite
trends are observed for less ordered clusters (Ag20, Au55 and their ions). Regarding the structural
evolution with temperature, very symmetric clusters encounter minor evolution up to the starting
melting temperature. The present study also highlights that, in contrast with the case of Au20, a
single electron excess or default is not determinant regarding the melting characteristics, even
quantitatively, for clusters containing 55 atoms, for gold as for silver.

1 Introduction

One of the originalities of clusters, as finite systems, is their melt-
ing behaviour. Early studies evidenced the size evolution of the
solid to liquid melting and showed that the melting temperature
decreases with size in the nanoparticle regime1,2. Moreover,
while in macroscopic bulk, transitions are sharp and occur at
a well defined temperature, phase transitions in finite systems
occur over a finite range of temperatures. These mechanisms of
phase transitions in clusters were investigated some years ago by
several authors3–5, who demonstrated the inequivalence of the
thermodynamical ensembles for finite systems, in analogy with
other finite systems such as nuclei and the major role of phase
coexistence at the transition. A number of these pioneering stud-
ies were conducted using model Lennard-Jones potentials4,6,7.
In the case of metal clusters, several experimental8–17 and
theoretical18–33 investigations were achieved to evidence the
specific features of finite size melting with a description of the
interatomic forces more realistic than the simple Lennard-Jones
potentials.
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While a continuous behaviour of their properties can be ex-
pected for relatively large sizes and in the nanoparticle size do-
main (N>100-1000 depending on the species), a discrete evolu-
tion is exhibited for small sizes down to the microcluster domain.
Such finite size effects clearly affects the structure and energetics
of clusters with the occurrence of the so-called magic numbers.
It also affects the thermodynamical properties28,29,34–38. The
pioneering experimental study on small sodium clusters in the
range N=20-147, reported by Haberland et al.8, showed particu-
lar large melting temperature for specific size around N=55 and
N=147, and strong finite size effects were also observed on the la-
tent heats. The underlying mechanisms of phase transitions were
unraveled by a number of authors12,24,25,27,30,31,34,36,38–41, de-
tailing the melting process in finite systems to initial isomerisation
and finally melting as the number of accessible isomers at a given
energy/temperature increases yielding a fluctuating state of the
system. Thus, the density of isomers becomes a key property in
describing melting at the microscopic level. While the equilibrium
geometries in themselves are not supposed to influence melting,
the potentials energy landscape is obviously determinant. Never-
theless, the gaps between the lowest energy equilibrium geometry
and the lowest isomers can be related to the particular stability of
the former, e.g its magic character. It has been shown in a number
of simulations that clusters with a magic character often present
a large gap to isomerisation, and therefore a higher melting tem-
perature with also a sharper peak in the caloric curve than its
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immediate non-magic neighbors8,42. Obviously, the magic char-
acter of a given size can stem either from geometric stability or
electronic stability, as it is the case in metal clusters. Both types of
stabilities can also interfere and even combine, like in the specific
clusters Au20 (see32 and references therein) or Al32 particularly
stable and exhibiting sharp caloric curves17,31. Not only size but
also charge can influence the caloric properties of relatively small
metal clusters17,31,32, since charge changes the filling of the elec-
tronic shells.
We will hereafter focus on gold and silver clusters. Their
structural and melting properties have been investigated us-
ing various experimental setups34,40,43,44 and theoretical ap-
proaches19,20,24–28,28–30,33,35,36,41,45–49, mostly with empirical
potentials. The most stable structures reported for different clus-
ter sizes exhibit either very regular shape (e.g. Au20 or Ag55)
or amorphous patterns50. As an example, it has been reported
that Au55 could present cavities below its outer shell33,48,51 and
a competition between ordered and disordered geometries has
been evidenced in the case of Au147

33,52. Beyond the search for
the most stable isomer, studies have been conducted to identify
structural excited isomers26,45,47,51. In small clusters, a premelt-
ing involving transition towards these secondary minima has been
reported24–26,35,46,49. For large clusters, another possible pre-
melting mechanism has been suggested in the literature involving
a melting of the cluster shell prior to the the cluster core19,36,41.
The melting temperature was reported to increase with the metal
nanoparticle size for large clusters27,34,43, confirming the pioneer
observation of Buffat and Borel2. For small clusters, the melting
temperature evolution with size is non-monotonous36 and the ad-
dition or removal of an atom can lead to drastic variation of the
melting temperature28–30,45. Moreover, for such small sizes, the
melting temperature may also depend on the charge state32.

The present work is devoted to a detailed comparative study
of melting between isovalent noble metal gold and silver clusters
for the intermediate sizes 20 and 55, which can be considered
as the low limit of the transition between clusters and nanopar-
ticles. It extends a previous work restricted to the influence of
charge on the melting of Au20

32. While isovalent, silver and gold
exhibit quite different properties due to the strong relativistic in-
fluence in the electronic structure of gold53,54. The size choice
was made because because N=20 is a double magic number for
gold (geometrically a symmetric pyramid associated with a 20
electron closing of its outer electronic shells55), while N=55 is
not magic for gold. In contrast, Ag55 was found in many theo-
retical studies as an icosahedron with two complete geometrical
shells. Note that as far as we are aware of, the only investiga-
tions of the caloric curves for gold and silver cluster clusters with
size N=55 were done in the framework of EAM potentials26,56.
We analyze the different thermodynamical behavior of the silver
and gold clusters, based on the correlation between the density
of isomers, the isomerization gaps and the characteristic of the
solid-to-liquid transition. The influence of the charge of the clus-
ter on the density of isomers for such intermediate sizes is also
illustrated. The multiple histogram method to obtain the melt-
ing curves from DFTB simulations involving Parallel Tempering
Molecular Dynamics is now standard and briefly summarized in

the section 2. Section 3 presents the caloric curves for Au(�,0,+)
20 ,

Ag(�,0,+)
20 , Au(�,0,+)

55 and Ag(�,0,+)
55 and the discussion about the

underlying microscopic aspects of the transitions. Finally a con-
clusion is given in section 4.

2 Computational details

In the present work, we have used the Density Functional based
Tight Binding (DFTB) scheme57,58, in its second order formula-
tion (also known as Self-Consistent Charge DFTB59), to compute
the potential energy surfaces for neutral, anionic and cationic
gold and silver clusters. In a previous work60,61, we adapted (see
supplementary materials for more details) existing gold62 and sil-
ver parameters63 and validated their use to properly model these
metals from cluster to bulk sizes.
The exploration of the PES has been done using a Parallel-
Tempering Molecular Dynamics (PTMD) scheme64, as imple-
mented in the deMonNano code65,66. In this scheme, several
trajectories are run in parallel in the canonical ensemble at dif-
ferent temperatures. In practice, 60 trajectories were computed,
corresponding to 60 temperatures following an exponential dis-
tribution between 50 K and 2000 K. The trajectory time lengths
were progressively increased in order to ensure convergence of
the heat capacity curves (between 1 and 6 ns). The timestep
was 1.5 fs and the temperature was controlled by a Nose-Hoover
chain67,68 of 5 thermostats coupled to the system through a fre-
quency of 80 cm�1 . In order to increase ergodicity, exchanges of
temperatures between the different trajectories were attempted
each 1.2 ps using a metropolis criterion.
Although heat capacities can in principle be build from the po-
tential energy distribution obtained for the different simulated
temperatures, we have used the multiple histogram approach, as
formulated by Labastie and Whetten4 which reduces the statisti-
cal noise and extrapolates heat capacity values for temperatures
not included in the PTMD simulation.

3 Results and discussion

The structural aspects for neutral, cationic and anionic Ag20,
Au20, Ag55 and Au55 within the DFTB approach were discussed
in details in a previous work51 from global exploration (PTMD
complemented by quenching). The lowest energy isomers for
Au20, Au+

20 and Au�
20 were found to be very symmetric structures,

namely a Td pyramid fort the neutral cluster and a Td pyramid
with small Jahn-Teller deviations for the anion, in agreement with
previous experimental and theoretical works69–71. In contrast,
the lowest energy structures of Ag20 and its ions are essentially
based on pentagonal arrangements and have lower symmetry,
namely C3 for the neutral and the cation, Cs for the anion. For size
N=55, the results are interchanged. The lowest energy structures
of Ag55 neutral and ions all result from small Jahn-Teller distor-
sions of the very symmetric (Ih) double icosahedron (D2h, D5d and
D3d for the neutral, the cation and the anion respectively), while
the low energy isomers of Au(�,0,+)

55 have more disordered shapes
with cavities inside the cluster.
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Fig. 1 Structures of the DFTB lowest-energy isomers of Ag20, Au20, Ag55
and Au55.

Figure 1 only displays the lowest energy equilibrium structures
of the neutral clusters. The equilibrium structures of the charged
clusters presenting only small deformations of the neutral ones,
the details would not be discernible at the figure scale. For more
information, we refer the reader to our previous publication51.
Note that the presence of cavities in Au55 gold clusters has been
recently confirmed by two other DFT studies33,48. In itself, the
fact that the structures are symmetric or disordered is not directly
influential on the thermodynamical properties which result from
averages at a given temperature. However, very symmetric
structures often correspond to particularly stable equilibrium
structures and may therefore be associated with larger structural
excitation energies and higher melting temperatures than the
disordered ones. The variability of the isomer spectrum is thus
determinant on the thermodynamic properties21,26,45 and will
be analyzed in the discussion.

The heat capacity curves as a function of the canonical tem-
perature are shown in figure 2 in the temperature range of the
solid-liquid transition. The case of Au20 was already discussed
with respect to charge effects32 and is given here for comparison.
The first observations concern the temperature widths of the
transitions and the heights of the associated peaks. In the case of
neutral Au20 and Ag55, the transition is rather well defined, with
peak heights around C/N = 8 and 6 kB respectively and with
half-widths around 300 K and 180 K respectively (taken as the
widths at the peaks half heights). The situation is quite different
in the case of Ag20 which exhibits an extremely smooth and flat
transition and in the case of Au55 for which the width of the
transition extends almost over the whole temperature domain
investigated with a roughly linear increase, up to the well defined
peak maximum. The characteristic temperatures of the heat
capacity curves are given in table 1. The transition temperatures
Tmelt are taken as the peak maxima. We also give the inflexion
temperatures Tin f lex, which are usually interpreted as the starting
melting temperatures. However, in some cases, e.g. Ag20 and
Au55, the inflexion points of the caloric curves are uncertain, and
we have alternatively defined the starting temperature Tstart as

the left temperature at half width. The melting temperatures
Tmelt for neutral Ag20, Ag55, Au20 and Au55, are 581 K, 763 K,
1101 K and 1154 K respectively. One can observe that while
the addition or removal of a single electron may quantitatively
change the position of the heat capacity peaks (see for instance
Au20 and its ions), it does not significantly change the qualitative
aspects of the heat capacity curves.

Tstart Tin f lex Tmelt

Ag�20 359 - 574
Ag20 411 418 581
Ag+20 215 - 398
Au�

20 646 691 822
Au20 978 1017 1101
Au+

20 717 763 867
Ag�55 685 730 795
Ag55 672 717 763
Ag+55 665 685 724
Au�

55 795 - 1115
Au55 808 - 1154
Au+

55 678 - 1160

Table 1 Starting melting temperatures Tstart , inflexion point temperatures
Tin f lex and melting temperatures Tmelt in K (±3K) for Ag(�,0,+)

20 , Au(�,0,+)
20 ,

Ag(�,0,+)
55 and Au(�,0,+)

55 .

In a previous references32,51, the structural excitation energies
of all isomers found below 1 eV within the PTMD /quenching ex-
ploration scheme were reported. Important energy gaps between
the lowest energy isomers and the first excited ones were found
in the case of the symmetric clusters, namely Au20 and Ag55 (0.64
eV for neutral Au20 and 0.51 eV for Ag55 for instance). Conversely,
in the less ordered systems Ag20 and Au55, small gaps were found
(0.12 eV for Ag20, almost no gap in the case of Au55). This fin-
gerprints could still be observed in the ions, with finite well es-
tablished gaps (somewhat reduced) in Au(�,+)

20 and Ag(�,+)
55 and

very small or vanishing gaps in Ag(�,+)
20 and Au(�,+)

55 . More thor-
ough insight can be reached from the features of the global iso-
mer spectra given in figure 3. One can observe that the sharpest
transitions, corresponding to the most ordered clusters Au20 and
Ag55 are related to cases where there is a significant isomer gap
between the lowest energy structure and the higher ones. Let us
note that in the case of Au20, the isomer spectrum shows several
isomers lying at extremely low energies close to that of the best
structure, which are isomers corresponding to slight Jahn-Teller
distortions of the symmetric Td structure. Since the present work
does not include quantum effect nor vibrational zero point energy
effects, we do not discuss those isomers which moreover do not
bring any visible features in the heat capacity curve at low tem-
perature. As mentioned above, the gaps are particularly large for
Au20 and Ag55, and the isomer spectrum keeps a discrete nature
up to 1 eV. This is at strong contrast with Ag20 for which the iso-
mer spectrum still exhibits lines corresponding to various isomers,
however lying close-by. In Au55, the isomer spectrum is so con-
gested that it appears as a quasi continuum above 0.15 eV. These
high densities of low-energy isomers are associated with flat or
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Fig. 2 Canonical heat capacity curves per atom (C/N in kB) for neutral (blue), cationic (black) and anionic (red) Ag20, Au20, Ag55 and Au55 clusters.
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very broad transition features. Several oscillations appear in the
raise of the caloric curve. We checked that the visited structures
do not include a few specific isomers only but a large number of
noticeably different amorphous structures, consistently with the
almost continuous isomer spectrum. It is thus not possible to as-
sign those features to uniquely defined isomerization. We now
consider the ions. In the case of Au�

20 and Au+
20, the gaps are re-

duced to 0.35 eV and 0.27 eV respectively, and a larger number of
isomers appear in the range 0.3-1 eV. This provides an explana-
tion for a broadening of the transition peak and a shift of the melt-
ing to lower temperatures, namely 822 and 867 K respectively.
Ag55 is a larger cluster in which the addition or the removal of an
electron is less influential. Its isomer spectrum is not significantly
changed, characterized by first structural excitation gaps of 0.45,
0.46 and 0.46 eV for the neutral, the anion and the cation respec-
tively. The isomer gap in Ag+20 is about the same as that of the
neutral, while its isomer spectrum becomes strongly congested in
the range 0.18-0.38 eV, which may explain the almost flat aspect
of its heat capacity curve, the melting temperature indicated in
table 1 being to be taken with extreme caution. In Ag�20, the first
structural energy gap is strongly reduced and a very smooth heat
capacity is obtained with two shoulders. The isomer spectrum of
Au�

55 is even more congested than the spectrum of the correspond-
ing neutral cluster. Concerning Au+

55, a lower density of isomers
is observed between 0.1 and 0.3 eV. Finally, an important obser-
vation is that, while in Au20 and Ag20 the effect of a single charge
on the melting temperature may result in shifts in the range 200-
300K, this effect almost vanishes for the largest clusters Au55 and
Ag55 where the shifts are only in the range 30-50 K.

In order to get further insight in the structural order changes
along the melting process, we have also analyzed the cluster
structures by computing the averaged Radial Distribution func-
tions (RDF) at a given temperature defined as

g0(r,T ) =<
1
N

N

Â
i

1p
2ps

e�
(r0i�r)2

2s2 >T (1)

where index 0 stands for the center of mass of the cluster and
i a current atom. The average concerns all the cluster configura-
tions at a given temperature. The gaussian smoothing was used
(s=0.05 Å) to reduce the noise, especially at low temperature.
Temperature-dependent RDFs are reported in Fig. 4 for Ag(�,0,+)

20

and Au(�,0,+)
20 , and in Fig. 5 for Ag(�,0,+)

55 and Au(�,0,+)
55 . On these

figures, the RDF at the melting temperature Tmelt is depicted as
solid black lines and the one at Tstart as dashed black lines. Clearly,
due to their high symmetry, the RDF of Au20 and Ag55 at low tem-
perature both have only a few characteristic and rather narrow
peaks, corresponding respectively to the pyramidal structure and
to the icosahedron. Obviously when the temperature increases,
the atomic fluctuations induce a broadening of the RDF peaks.
One can observe on the Au20 spectrum that the evolution of the
RDF between Tstart and Tmelt is quite significant. At Tstart , the peak
structure in the RDF is still clearly identifiable and still associated
to a given structure perturbed by vibrational fluctuations. Alter-
natively, at the meting temperature, even though the RDF is not

flat, the peaks at 1.8 and 4.8 Å have almost disappeared and the
RDF has almost completely lost its structuration. A similar situa-
tion can be observed in Ag55, except that the two-shell structure
seems to be still preserved within the two-maxima feature of the
RDF around 2.8 and 4.9 Å. Let us note that, above the melting
temperature, some distances are now recorded between the two
shells in the range 3-4 Å, fingerprinting exchanges between the
shells. Again, the situation is significantly different in the case of
Ag20 and Au55 . In Ag20, the peak structure is still slightly visible,
however considerably smeared. In Au55, the RDF at Tstart has lost
its initial structure, the two peaks of the RDF at 4.8 and 5.4 Å
being merged. Moreover, there is no strong difference between
the RDFs at Tstart and Tmelt , which is clearly related to the temper-
ature width and the smoothness of transition for these clusters.
The same differential behaviour of the RDF is seen for the ions
Au(�,+)

20 and Ag(�,+)
55 on one side (sharp transition), Ag(�,+)

20 and

Au(�,+)
55 on the other side (smooth transition). From the above

analysis, it appears that the melting temperature can be inferred
from the RDF evolution in the case of ordered clusters such as
Au20 and Ag55, while the continuous evolution of the RDF in dis-
ordered cases prevents such determination.

A number of previous theoretical studies have determined the
caloric curve of gold and silver clusters (mainly neutrals), either
for small sizes or in the nanoparticle regime up to a few thou-
sands of atoms19,20,24–28,28–30,33,35,36,41,45–47,49. First-principles
calculations were used to investigate the thermal properties of
small gold clusters up to N⇡2428,29,45,47, with a special focus on
Au20 and its neighbours. The thermal stability of small gold cages
was examined by Chandrachud et al.45. Most of the other studies
were conducted using EAM-type potentials. In large clusters and
nanoparticles, emphasis was put on the occurrence of a surface
premelting19,36,41,49. In gold, specific studies were concerned
with a solid-to-solid transformation into metastable icosahedral
shape35,46.
Mainly two studies, both using EAM-type potentials, have investi-
gated the melting of gold and silver clusters for size N=55. Hamid
et al. conducted an EAM-type study on several metal clusters em-
phasizing the crossover between icosahedral Ih and f cc Oh mor-
phologies and determined the caloric curves56. For Au55, they
found a melting temperature close to 400K, quite far from the
one determined in the present study (Tmelt = 1154K). For refer-
ence, the bulk melting temperature of gold is 1337K72. It is to
be noticed that neither the Ih nor the Oh structures are the low-
est energy structures, neither in the EAM study of Hamid et al.
nor in the present study. Finally, let us mention that the melting
temperature of Au20 in the present DFTB approach is 1101K to
be compared with 770K in the DFT/LDA study of Krishnamurty
et al.29. This was discussed in a previous article32 as related to
different isomer gaps (0.64 eV with DFTB, 0.75 with DFT/TPSS71

and 0.44 with DFT/LDA29).
In the case of Ag55, Mottet et al.26 found a melting at 570 K,
starting from 530 K. Both this latter result and our present melt-
ing temperature (Tmelt = 763K) are significantly lower than that
of the bulk (1232 K73). In the two studies, the first isomerisa-
tion gaps are similar (⇡ 0.5 eV), showing that the first gap is not
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Fig. 3 Structural excitation energies of minimized structures for Ag(�,0,+)
20 , Au(�,0,+)

20 , Ag(�,0,+)
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55 .
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Fig. 4 Temperature-dependent Radial Distribution Functions for Ag(�,0,+)
20 and Au(�,0,+)

20 . The temperature color code is indicated on the right. RDF at
Tstart : dashed black line. RDF at Tmelt : solid black line.
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Fig. 5 Temperature-dependent Radial Distribution Functions for Ag(�,0,+)
55 and Au(�,0,+)

55 . The temperature color code is indicated on the right. RDF at
Tstart : dashed black line. RDF at Tmelt : solid black line.
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completely sufficient to characterize the transition. Clearly, the
differences between the melting temperatures are to be related
to the different potentials used and the specific isomer densities
above the first gap in the two respective studies.
We have addressed here some specific cases, either ordered clus-
ters presenting a large gap between a single lowest isomer and
the next one, or disordered clusters presenting almost no gap at
all. Clearly, other sizes may exhibit a different energy landscape
with two or more low energy isomers, where the temperature
evolution would start as a structural isomerization to a hot solid
prior to melting. In such case, the isomer spectrum would exhibit
two or more well identified low energy lines and might induce
a shoulder or a peak in the capacity curve below the main one
(see for instance the case of Al+115

38, Ga+80
11 and previous dis-

cussions12,31,38,74). Let us mention that the identification of a
second isolated isomer well separated from the higher ones does
not necessarily induce any premelting feature in the caloric curve,
as evidenced in the case of Au20 in our previous work32.

4 Conclusion

We have determined the heat capacity curves for Ag20, Au20,
Ag55, Au55 and their ions associated with the solid-to-liquid tran-
sition. The present work highlights the direct links between the
structural excitation spectra and the melting properties of small
gold and silver clusters. Clusters exhibiting very symmetric low
energy structures, such as Au20 and Ag55 and their ions, display
large structural excitation energies and a discrete nature of their
isomer spectra below 1 eV. They present sharp or relatively sharp
solid-to-liquid transitions and rather large melting temperatures,
relatively to their respective sizes. A relatively minor evolution
of their structure is observed up to the starting melting tem-
perature. Conversely, less ordered clusters, such as Ag20, Au55
and their ions, have small or vanishing structural energy gaps,
isomer spectra almost continuous above low energies and they
undergo a much smoother transition. Moreover, the evolution
of the RDF of Au55 shows a loss of structuration significantly
below the melting temperatures associated with a transition
within a broad temperature range. The identification of these
very different structural and thermodynamic characteristics for
clusters of similar size composed of the isovalent metals gold
and silver completes the picture of dissimilar properties for those
two elements. The correlation between the thermodynamical
behaviour and the isomer spectrum observed in the present work
also gives credit to the description of the onset of disorder at
phase changes in the spirit developed in the early works of Rose
and Berry75 and concerned with the topologies of the energetic
and entropic high-dimensional landscapes of clusters and the
role of amorphous basins vs ordered configurations. Note that,
relatively to our previous work on the influence of the charge
on the caloric properties of Au20

32, this study also shows that a
single electron default or excess is much less determinant, even
quantitatively, for size N=55, than for size N=20.
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