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High-energy tail formation in an ion energy distribution function (IEDF) is explained in a 
Hall thruster plasma with the stationary crossed electric and magnetic fields whose discharge 
current is oscillated at the ion transit-time scale with a frequency of 360 kHz. Among ions in 
different charge states, singly charged Xe ions (Xe+) have an IEDF that is significantly 
broadened and shifted toward the high-energy side, which contributes to tail formation in the 
entire IEDF. Analytical and numerical investigations confirm that the IEDF tail is due to 
nonlinear ion dynamics in the ion transit-time oscillation.  
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The formation of a high-energy tail in an ion energy distribution function (IEDF) has been 
observed during wave heating in magnetized fusion plasma soruces, which is explained by 
nonlinear or stochastic ion acceleration [1-4]. High-energy ion tail formation has also been 
observed in Hall thruster plasmas in which crossed stationary axial electric and radial magnetic 
fields are provided to produce plasmas with azimuthal Hall drift electrons and unmagnetized 
ions due to their large Larmor radii [5-8]. A Hall thruster plasma soruce has various oscillation 
modes in a wide frequency spectrum, from a few kilohertz to tens of megahertz, and each 
oscillation mode is enhanced by the plasma instability that is closely dependent upon operating 
conditions such as the mass flow rate of the gas, anode voltage, and magnetic field. Ion transit-
time instability in Hall thruster plasma was reported as being triggered by a longitudinal 
acoustic wave in the 100–500 kHz frequency range [9-12]. Electric field oscillation at the ion 
transit-time scale was observed to have a relationship with the tail ion formation, which can be 
explained by a proposed wave-riding mechanism that suggests the existence of a relationship 
between the fast ion generation and electric field oscillation [5,6]. Despite many experiments 
and numerical simulations showing the existence of the high-energy tail and ion transit-time 
instability, the exact nature of the tail formation is still elusive. 

The Hall thruster plasma studied in this work was produced by a cylindrical type Hall 
thruster that has an open-ended discharge chamber consisting of a dielectric channel of 24 mm 
in length and 50 mm in diameter. The magnetic field is provided by a pair of electromagnets 
and a magnetic circuit. In the cylindrical type Hall thruster, the central magnetic core of the 
conventional annular type thruster is removed to increase the volume-to-surface ratio of the 
plasma [13]. It is noted that many interesting physical processes that are not shown in 
conventional annular thrusters take place in cylindrical thruster plasmas, including a high 
fraction of multiply charged ions [14,15]. The detailed description of the experimental set-up 
is found in Refs. [14-18]. Throughout the experiment, an electric potential of 300 V was applied 
to the anode and the mass flow rate of Xe gas supplied through the anode was either 4.0 or 10.0 
sccm. 

The plasma oscillation was experimentally characterized by analyzing the discharge 
current and it was Fourier-transformed to obtain spectral distributions as plotted in Figs. 1(a) 
and (c). The plasma oscillations occurring at low frequencies (< 50 kHz) are the breathing 
mode or ionization oscillation caused by periodic depletion of neutral particles due to ionization. 
The period of this oscillation is on the order of the transit-time of the neutrals supplied to the 
discharge region [7]. On the contrary, a separate large peak at 360 kHz appears at 10.0 sccm as 
shown in Fig. 1(b). Its oscillation period is on the order of the transit-time of the ions passing 
through the acceleration region; hence, it is referred to as the ion transit-time oscillation [9,10]. 
The oscillation was also observed in the kilowatt class conventional annular type Hall thruster 
plasmas in the 150–600 kHz range [5,6]. Although numerical simulations predicted oscillations 
at a few 100 kHz [9-11], the origin of this oscillation is still unclear. It is noteworthy that the 
transit-time oscillation has neither been previously observed nor reported in cylindrical Hall 
thruster plasmas.  

The energy distribution functions of the ions with different charge states were obtained 
using an ExB probe. Since the energy resolution of the probe depends on the energy and charge 
state of the incoming ion, the analysis of the measured probe spectra becomes complicated, 
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and we developed a mathematical method to reconstruct IEDFs from the measured probe 
spectra. Both the detailed probe configuration and IEDF reconstruction method are described 
in our previous study [8]. Figures 1(c) and (d) show the IEDFs for the plasmas whose 
oscillation frequency spectra of the discharge current are depicted in Fig. 1(a) and (b), 
respectively. The red curves indicate the IEDF for Xe+ ions, and the black curves are for Xe2+ 
and Xe3+ ions. The entire IEDFs, obtained by adding the IEDFs for Xe+, Xe2+, and Xe3+ ions, 
are denoted by the blue curves. From the figure, a few findings are made: first, at 4.0 sccm, 
both the Xe+ IEDF and the entire IEDF are roughly symmetric with respect to their peaks; 
second, at 10 sccm, the peak energy of the Xe+ IEDF is higher than that of the entire IEDF, 
which significantly distorts the entire IEDF to form a high-energy tail. It is important to 
emphasize that the tail formation beyond the anode voltage is mainly due to Xe+ ions. Moreover, 
Fig. 1 demonstrates that the formation of a high-energy tail in the entire IEDF is closely related 
to the appearance of the oscillation at 360 kHz, which was also confirmed under other discharge 
conditions in our experiment.  

The correlation between the IEDF tail formation and plasma oscillation was analytically 
investigated by considering the dynamics of an ion in the presence of the oscillating plasma 
potential. Here, the plasma oscillation is taken into account by defining a time-dependent one-
dimensional plasma potential and its corresponding electric field which oscillates with a 
frequency ߱, as depicted in Figs. 2(a) and (b), respectively. The ions are assumed to have a 
zero initial velocity and to be collisionless because the acceleration region is shorter than the 
ion-neutral collisional mean free path. In order to investigate the frequency dependence of the 
ion dynamics, the electric field is assumed to oscillate harmonically as  

 
,ݖሺܧ ሻݐ ൌ ݖሺܧ െ  ሻሻ,    (1)ݐ௖ሺݖ

ሻݐ௖ሺݖ                               ൌ ߜ cosሺ߱ݐ ൅ ߮ሻ,         (2) 
 

where ݐ is the time, ݖ is the spatial coordinate along the thruster axis with ݖ ൌ 0 at the 
anode, ߜ is the oscillation amplitude that is much smaller than the characteristic length of the 
acceleration zone ܮ, and the phase ߮ is the initial phase of a test ion to be accelerated by the 
electric field. The spatial profile of the electric field can be arbitrarily given but it vanishes 
outside the acceleration zone. As described in Eq. (1), the electric field is set to oscillate in the 
 direction, and the electric potential and field profiles in Fig. 2 are not restricted to the curves ݖ
depicted in the figure (which is Gaussian), which are presented for the sake of better 
understanding.  

Since ߜ ≪  the equation of motion of an ion is approximated as ,ܮ
 

                 

௠

௤

ௗ௩

ௗ௧
ൌ ,ݖሺܧ ሻݐ ≃ ሻݖොሺܧ െ

ௗா෠ሺ௭ሻ

ௗ௭
 ሻ,         (3)ݐሺܿݖ

 

where ܧ෠ሺݖሻ is the time-independent spatial function of the electric field which satisfies 

a Dirichlet boundary condition of ܧ෠ሺݖ ൑ 0ሻ ൌ ݖ෠ሺܧ ൒ ሻܮ ൌ 0, and ݉, ݍ, and ݒ are the 
mass, charge, and speed of the ion, respectively. If the speed of the ion is set as ࢜ ≃ ૙࢜ ൅
 ૚ are the unperturbed and the first order perturbed solution࢜ ૙ and࢜ ૚ where࢜ࣕ
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with the expansion parameter of ࣕ ൌ ࡸ/ࢾ ≪ ૚, respectively, then Eq. (3) becomes 
 

࢓

ࢗ

૙࢜ࢊ
࢚ࢊ

൅ 	ࣕ
࢓

ࢗ

૚࢜ࢊ
࢚ࢊ

ൌ ሻࢠොሺࡱ െ ሻࢠො′ሺࡱ	
ࢾ
ࡸ
࢚ሺ࣓ܛܗ܋	ࡸ	 ൅  ሻ,     (4)࣐

 

where ܧ෠ᇱሺݖሻ ൌ ݖ݀/ሻݖ෠ሺܧ݀ . The unperturbed part of Eq. (4) corresponding to the time-
independent electric field and its solution are then given as 
 

    
௠

௤

ௗ௩బ
ௗ௧

ൌ  ሻ,            (5)ݖොሺܧ

ሻݖ଴ሺݒ                  ൌ ቄ2ݍ
݉ ׬ ′ݖሻ݀′ݖ෠ሺܧ

௭
଴ ቅ

ଵ/ଶ
,       (6) 

 

where ݀ݖ଴/݀ݐ ൌ  ሻ is depicted in Fig. 2(b) as theݖ෠ሺܧ ሻ for an arbitrarily givenݖ଴ሺݒ ଴, andݒ
blue curve. On the other hand, the equation for ݒଵ from Eq. (4) becomes 
 

           
௠

௤

ௗ௩భ
ௗ௧

ൌ െܧො′ሺݖሻܮ	cos	ሺ߱ݐ ൅ ߮ሻ ≃ െܧො′൫0ݖሺݐሻ൯ܮ	cos	ሺ߱ݐ ൅ ߮ሻ,       (7) 

 
The right-hand side of Eq. (7) is defined on the ݖ coordinate, and now it is transformed into 
the time coordinate by using the unperturbed solution ݖ଴ሺݐሻ. Let us define 
 

ሻݐሺߙ                       ൌ െܮݍ
݉  ሻ൯,    (8)ݐ଴ሺݖ෠′൫ܧ

 
then, ߙሺݐሻ can be considered as the effective ion acceleration that mainly results from the 
spatial derivative of the electric field and the unperturbed solution. The perturbed solution ݒଵ 
is solved as  
 

ሻݐଵሺݒ           ൌ ׬ ′ݐሺ߱	ሻcos′ݐሺߙ ൅ ߮ሻ	݀ݐ′ ൌ Re ቂ݁௜ఝ ׬ ݁௜ఠ௧ᇱߙሺݐ′ሻ݀ݐ′
௧
଴ ቃ

௧
଴ .       (9) 

  
Since ݖ଴ሺݐሻ is a monotonically increasing function with respect to time, ߙሺݐሻ satisfies the 
same Dirichlet boundary conditions as the electric field, i.e., ߙሺݐ ൑ 0ሻ ൌ ݐሺߙ ൒ ߬ሻ ൌ 0, where 
߬  is the ion transit-time or the time for the ion traversing the acceleration zone. So, the 
integration limit can be extended to infinity, with which we have  
 

ଵሺ߬ሻݒ               ൌ Reൣ݁௜ఝAሺ߱ሻ൧,                     (10a) 

           Aሺ߱ሻ ൌ ׬ ݁௜ఠ௧ߙሺݐሻ݀ݐ
ஶ
ିஶ .          (10b) 

 
Equation (10) indicates that the perturbed solution ݒଵ is the Fourier transform of ߙሺݐሻ, 

which becomes significant with respect to ݒ଴ when the oscillation time scale of the electric 
field 2ߨ/߱ is comparable with ߬. In the case depicted in Fig. 2(c), ݒଵሺ߬ሻ	~	0.5	ݒ଴ሺ߬ሻ. As 
presented in Eq. (6), ݒ଴ሺ߬ሻ is uniquely given by the anode voltage since the ion is assumed to 
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be initially positioned at the anode, but ݒଵ is determined not only by ߙ but also by the initial 
phase ߮, so that ݒଵ can be positive or negative depending on ߮. On the other hand, at very 
high ߱  where ߱߬ ≫ 1 ଵݒ ,  decays significantly as time approaches ߬  or as the ion is 
accelerated through the acceleration zone, i.e. ݒଵሺ߬ሻ ≪  ଴ሺ߬ሻ. In the case of Fig. 2(d) whereݒ
߱߬ ≫ ߬߱ ଴ሺ߬ሻ. On the other hand, forݒ	0.01	~	ଵሺ߬ሻݒ ,1 ≪ 1, the oscillating electric field may 
be regarded as a static field to the ions, which makes ݒଵሺ߬ሻ negligible. The aforementioned 
results can be summarized as follows: i) ݒଵ is determined by the spatial derivative of the 
electric field; ii) ݒଵሺ߬ሻ may become large when the oscillation time scale is comparable with 
the ion transit-time (߱߬ ∼ 1); and iii) the large ݒଵሺ߬ሻ due to the acceleration further by the 
oscillating electric field can lead to an ion energy higher than ݍ ௔ܸ (ݍ and ௔ܸ being the ion 
charge and anode voltage, respectively) and IEDF broadening. 

In order to quantitatively examine the ion dynamics, the equation of motion given in Eq. (3) 
was numerically solved for each singly, doubly, and triply charged Xe ion under the electric 
field shown in Fig. 2 oscillating with ߱/2ߨ  varied from 10 kHz to 10 MHz. The same 
procedure was repeated for one thousand independent ions with a randomly given initial phase 
߮. Whether an ion gains or loses energy by the oscillating electric field is determined by 
the initial phase ࣐ , however the amount of energy gained or lost depends on the 
frequency of the oscillating field ࣓ for a given ion energy (i.e. speed). Therefore, the ion 
energy spread depends strongly on the oscillation frequency and the ion charge.  

Shown in Fig. 3 are the time-averaged energy distributions for the Xe+, Xe2+, and Xe3+ 
ions where the abscissa and ordinate are ߱ and the ion energy per charge, respectively. The 
figure shows that the distributions broaden from approximately 100 kHz and the broadening 
width becomes significantly increased in the 100 kHz – 5 MHz range. It is noted that this 
energy broadening results from the perturbed solution ݒଵሺ߬ሻ due to the oscillating electric 
field since the unperturbed solution ݒ଴ሺ߬ሻ is determined uniquely by the anode voltage. In the 
presence of the electric field oscillating at either lower than 100 kHz or higher than 5 MHz, the 
calculated ion energy per charge ܹ/ݍ for all Xe+, Xe2+, and Xe3+ ions are approximately 
equal to ௔ܸ ( ௔ܸ ൌ 300 V in this case) where	ܹ is the ion energy and ݍ is the ion charge. It 
implies that ݒଵ is negligible so that ݒ ≃  ଴ at these frequencies, i.e., the oscillating electricݒ
field gives negligible alterations to the ion dynamics. With the electric field oscillating at 100 
kHz – 5 MHz, however, the ion energy becomes remarkably broadened due to the large ݒଵ. 
The presence of ions with ܹ/ݍ higher than ௔ܸ is due to the fact that the acceleration motion 
is positively synchronized with the oscillating electric field owing to the initial phase condition 
of the ions. At the measured oscillation frequency of 360 kHz, the peak ܹ/ݍ values (denoted 
as the blackish curve in each energy band) correspond to 380, 320, and 300 V for Xe+, Xe2+, 
and Xe3+ ions, respectively. The average ܹ/ݍ values of each ion are 347, 319, and 306 V, 
respectively, which are higher than ௔ܸ. These values indicate that the largest contribution to 
the high-energy ion tail formation is expected from Xe+ ions under the same oscillating electric 
field, and this result is consistent with the measurement shown in Fig. 1. The reason why the 
largest contribution is from Xe+ ions is that ions with higher charge states spend less time inside 
the discharge channel, i.e. shorter transit-time, which requires higher oscillation frequency for 
the ions to be synchronized. It is emphasized that the ions gain kinetic energy higher than the 
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applied anode voltage, and this nonlinear behavior results from the resonance phenomenon 
whereby the ions see the static electric field under the condition, ߱/݇ ൎ  The resonant ion .ݒ
velocity ݒ and its kinetic energy ܹ ൌ  ଶ/2 are determined not only by the anode voltageݒ݉
but also by ߱ of the oscillating electric field via the wave riding mechanism, as demonstrated 
in Ref. [5]. The average ܹ/ݍ can be higher than ௔ܸ if ߱ is produced in such a way that 

ܹ ൌ ଶ/2ݒ݉ ൌ ݉ሺ߱/݇ሻଶ/2	 ൐ ݍ ௔ܸ , or ߱ ൐ ሺ2ݍ ௔ܸ/݉௜ሻଵ/ଶ݇ . it is noteworthy that the 
existence of ions with energy higher than the anode voltage was experimentally observed in 
previous works [8,16-20].  

In the following, understanding of the implication of the electric field oscillation in the 
time domain is attempted from the same calculation. Shown in Fig. 4 are the ion currents for 
different charge species obtained by calculating an ion motion and counting the number 
of ions that arrive at an imaginary ion collector located at the same location as the 
Faraday probe in the experiment, which is 0.5 m away from the thruster exit. While Fig. 
3 presents the time-averaged ion energy broadening, Fig. 4 plots the temporal values of ion 
current and ܹ/ݍ of each charge state ion under the electric field oscillating at 360 kHz. This 
figure shows that the peak current of the higher charge state ion appears earlier in time than the 
lower charge state ions due to their shorter transit-time inside the discharge channel. Supposed 
that there is a charge collector located next to the acceleration zone, the ratio of the collected 
currents will depend on time. For instance, at half a period of the oscillation, the order of the 
current values at the collector is Xe+, Xe3+, and Xe2+ ions. In addition, the ion energy per charge 
also depends on time due to the oscillating electric field as shown in Fig. 4(b). At 1/10 period, 
the Xe3+ ions with ܹ/ݍ of 305 V and 345 V reach the collector. However, at 1/2 period, all 
three different charge state ions with different energies are collected, i.e., 337, 384 V Xe+ ions, 
261, 313 V Xe2+ ions, and 252, 285 V Xe3+ ions. These different constituents with different 
population and energy per charge bring about the broadening and shift of the energy 
distributions, ultimately leading to the formation of tail ions in the IEDF. We believe that the 
ion current oscillation presented in Fig. 4(a) gives significant feedback to the discharge current, 
which enhances the ion transit-time plasma oscillation. Since the population of singly charged 
ions is dominant in the thruster plasma [14,15], the plasma oscillation synchronized with Xe+ 

ions is dominantly enhanced. 
In conclusion, the high-energy tail in an IEDF was observed only when the ion transit-

time instability was enhanced in the thruster plasma, which gives rise to a shift of the Xe+ peak 
toward the high-energy side and tail formation in the entire IEDF. The nonlinear ion dynamics 
was analytically and numerically investigated to confirm the strong correlation between the tail 
formation and ion transit-time plasma oscillation. The results show that the ion velocity is 
determined not only by the charge and electric field profile but also by the variation of the 
electric field with time. The ion velocity ݒଵ , strongly correlated to the field oscillation, 
becomes extremely important when the oscillation time scale is comparable with the ion transit-
time (߱߬ ∼ 1), and ݒଵ is responsible for the tail formation in an IEDF.  
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FIGURE CAPTIONS 
 
FIGURE 1. (a) Spectral distribution of the discharge current oscillations and (c) the 
corresponding IEDFs of Xe+ (red), Xe2+ (black), and Xe3+ ions (black dashed), and the entire 
IEDF (blue) at 4.0 sccm Xe flow rate. (b) and (d) are those for 10.0 sccm. Measurements were 
performed at 600 mm from the thruster exit. 
 
FIGURE 2. (a) Oscillating plasma potential, (b) oscillating electric field profile (black curves) 
and the unperturbed solution ݒ଴  (blue curve), (c) the effective ion acceleration ߙ  (black 
curve) and the perturbed solution ݒଵ  (blue curve) when ߱߬/2ߨ ൌ 	2.5 , and (d) when 
ߨ2/߬߱ ൌ 24. 
 
FIGURE 3. Ion energy distributions numerically calculated with ߱/2ߨ ൌ 10 kHz – 10 MHz 
for (a) Xe+, (b) Xe2+, and (c) Xe3+ ions. The anode voltage was set to be 300 V, as in the 
experimental conditions. 
 
FIGURE 4. (a) Normalized ion current, (b) ion energy per charge calculated for Xe+ (red), Xe2+ 
(blue), and Xe3+ (black) as a function of time in one oscillation period. These plots are for 
the oscillation frequency of 360 kHz. 
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