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The confinement of energetic particles (EP) in nuclear fusion devices is studied in the presence of an oscillating electrostatic potential and an axi-symmetric magnetic equilibrium. Despite the poloidal and toroidal symmetries, radial transport is observed. The transport leads to an algebraic decaying loss time, which is at odds with diffusive transport that predicts a faster exponential decay. A dynamical explanation of the observed anomalous loss time decay is presented. It is shown that transport is characterized by Lévy flights that lead to super-diffusive poloidal transport and asymmetric non-Gaussian (Lévy) probability distribution functions of displacements. The anomalous scaling exponents are shown to be consistent with the Continuous Time Random Walk (CTRW) theory. The results imply that EP might efficiently slowed down by the thermal population before leaving the system. Also, the asymmetric transport can potentially lead to a net torque.

Energetic particles (EP) are ubiquitous in both laboratory and astrophysical plasmas. They exhibit energies much larger than the thermal energy of the bulk plasma. In laboratory devices, the confinement can be ensured by the superposition of toroidal and poloidal magnetic fields forming nested toroidal flux surfaces where particles are supposed to remain, which is the principle of the tokamak. However, due to the curvature of the magnetic field lines, the trajectories of particles depart from the magnetic flux surfaces. This departure (called magnetic drift) is more pronounced when the energy of particles increases. Therefore, the magnetic drift of EP can be intense enough so that their trajectories intercept the wall even with circular concentric magnetic surfaces, leading to losses and limiting the performance of the machine. In addition, the presence of a substantial population of EP leads to gradients of the distribution function in phase space, which may result in instabilities called energetic particle modes (EPM) (see e.g. [1][2][3][4] and Refs. therein). EPM tend to increase the transport of EP, reducing inevitably the tokamak performance. It is well-established that EP, such as α particles, must be sufficiently well confined in order to transfer their energy to the bulk plasma and achieve the steady-state production of nuclear reactions or to ensure the current drive efficiency [5][6][START_REF] Pinches | Plasma physics and controlled fusion[END_REF]. Therefore, determining whether EP will remain enough time confined in the presence of EPM to be slowed-down by the thermal population is of prime importance for future fusion devices like ITER. In the presence of perturbations driven by EP, phase-space zonal flow structures can be generated, similarly to those driven by drift-wave turbulence [8]. Because of the importance that zonal structures play in the performance of tokamaks, it is essential to determine their impact on the EP transport. For this purpose, we focus our analysis on a special class of EPM called energetic geodesic acoustic modes (EGAMs), dominated by a zonal structure oscillating at the acoustic frequency [9][10][11][12][13]. This case exhibits additional interest because EGAMs are axisymmetric and therefore were initially believed not to play a significant role in the radial transport of particles. Nonetheless, there is experimental and numerical evidence that losses can occur in the presence of these axi-symmetric large scale modes [10,14]. It was in particular shown that most of these losses are due to chaotic transport in phase-space [15]. So far, no systematic studies of the confinement time of EP and the nature of the transport in the presence of such zonal structures have been conducted. For this purpose, statistical analyses can be performed to uncover the underlying physics of the induced EP losses. Although we focus on EGAMs, the analysis and results can be extended without any loss of generality to situations where zonal structures are generated by small amplitude perturbations.

To have meaningful statistics, a very large number of test particles during sufficiently long simulations is required. Due to computational restrictions, we replace the EGAM potential obtained from expensive direct simulations by an analytical model containing the main physics. This strategy is the most favorable in terms of CPU time, since no interpolation of the field is required. In addition, it allows us to simulate trajectories on time scales comparable with the experimental measurements. A zonal structure can be modeled as φ (r, t) ≈ φ 00 (r) cos (ωt), and based on previous simulations [16], the radial dependence is approximated as φ 00 (r) = φ 00 1 -tanh r-r0 δr , where φ 00 is the value of the potential at r = r 0 and δr controls the width of the mode. We solve the equations of motion of guidingcentres in toroidal geometry [17] 

dx i dt = v b * s • ∇x i + v E • ∇x i + v D • ∇x i (1a) m s dv dt = -µb * s •∇B-eZ s b * s •∇J 0 φ+ m s v B v E •∇B (1b)
where x i is the i th contravariant component of the coordinate x (x 1 ≡ r in the radial direction, x 2 ≡ θ in the poloidal direction and x 3 ≡ ϕ in the toroidal direction), v is the parallel component of the velocity along the magnetic field lines, v E is the E × B drift, v D is the magnetic drift, µ is the magnetic moment, which is an invariant within the present model, m s is the mass of particles, e is the elementary charge, Z s is the atomic number, B is the magnitude of the magnetic field, J 0 is the gyro-average operator and b

* s = B B * ,s + msv eZsB * ,s B ∇×B with B * ,s = B + ms eZs v b•∇×b
, where b is the unit vector along the magnetic field. We use a simplified magnetic equilibrium characterised by circular concentric flux surfaces. To further reduce the computational time, due to the axisymmetry of the electrostatic potential, the equation for the toroidal angle does not need to be integrated to determine the radial transport. Axysimmetry also implies the conservation of the toroidal canonical angular momentum P ϕ = -eZ s ψ + m s Rv ϕ = constant, where v ϕ is the toroidal velocity, R is the major radius and ψ is the poloidal flux, which is written for circular flux surfaces in terms of the safety factor q, the amplitude of the magnetic field at the magnetic axis B 0 and the radial position r as ψ = B 0 r 0 r q(r ) dr . The conservation of P ϕ allows us to obtain the parallel velocity v without integrating equation (1b). Finally, for a large scale zonal structure the gyro-average is not expected to play a major role. Therefore, we make the simplification J 0 • φ = φ. This numerical scheme reduces the number of differential equations to integrate and ensures the conservation of the toroidal canonical momentum within machine precision.

We assume that the minor radius of the tokamak (a) and the thermal ion Larmor radius (ρ th ) are such that ρ = 1/150, with ρ = ρ th /a. This reduced model is applied to calculate the exit time of an ensemble of counter-passing EP, characteristic of NBI heating. For this purpose, we follow ∼ 4 • 10 5 deuterium tracers initialised at the position r = 0.4a, θ = 0, ϕ = 0, with energy E ≈ 20E th and magnetic moment such that µB 0 /T i = 14. These particles are confined in the absence of any perturbation. We use Gysela normalizations [17], but one can recover the units by choosing parameters for standard tokamaks. For instance, with T i ≈ 4 keV and B 0 ≈ 2 T, one gets a ≈ 0.67 m. Using the amplitude of the EGAM in nonlinear Gysela simulations, and using the electron temperature T e ≈ 3 keV, the amplitude of the radial electric field is E r,0 ≈ 14 kV • m -1 . Despite the simple structure of φ, its time dependence leads to radial transport and losses. The probability distribution function (PDF) of the exit time, P exit , is plotted in Fig. 1 in log -log scale, showing an algebraic decay P exit ∼ t -µe , in contrast with the exponential decay one would expect from a diffusive transport [START_REF] Gardiner | Handbook of stochastic methods[END_REF]. For the parameters chosen here, the tail of the PDF is developed from 1 -100 ms, which is of the order of, or greater than, the slowing-down time. In other words, these EP will remain sufficiently well confined to transfer their energy to the thermal population.

To understand why this algebraic decay occurs, we focus on the region responsible for the chaotic transport of particles, i.e. the stochastic layer separating the passing and trapped particles. The black dots in Fig. 2 represent the Poincaré map of the unperturbed trajectories for passing and trapped particles. The dashed blue lines with arrows indicate the direction of the trajectories of the particles contained in each region. Therefore, injected counter-passing particles rotate in the clockwise direction. When they become trapped and eventually copassing, they rotate in the anti-clockwise direction. This occurs in the outer region of the tokamak, where particles can intercept the wall and be lost. The red region represents the Poincaré map of particles located on the separatrix in the presence of an oscillating radial electric field. It is clearly observed that the separatrix is transformed into a chaotic area connecting the inner and outer parts of the tokamak. This separation between inner and outer regions is done strictly speaking in the radial direction. Since the radial region that the particle explores when going from one region to another is necessarily bounded by the minor radius of the tokamak, the statistics might be meaningless when focusing on the radial excursion of particles. However, due to the conservation of P ϕ , the radial position is intrinsically linked to the parallel velocity, which is in turn linked to the time derivative of the poloidal angle. In other words, when the counterpassing particle is confined in the core of the tokamak the poloidal angle decreases, and when the particle becomes co-passing in the outer region the poloidal angle increases. Contrary to the behaviour of the radial position, the poloidal angle that the particle explores can be arbitrarily large. Therefore, the statistical analysis of the FIG. 2: Poincaré map of unperturbed trajectories (black lines) and particles initialised on the separatrix in the presence of an EGAM (red dots). The direction of rotation of particles is represented by dashed blue lines. poloidal excursion can be easily done with the possibility to be connected to the radial excursion.

For this purpose, we follow during 10 7 cyclotron periods an ensemble of 10 5 EP initialised with E ≈ 20E th in the chaotic region. The nature of the transport can be analysed using the variance of the poloidal displacement, defined as σ 2 θ (t) = (∆θ (t) -∆θ (t) ) 2 , where ∆θ (t) = θ (t) -θ (0) is the poloidal displacement and the brackets • • • represent ensemble average. When the variance exhibits algebraic growth in time, i.e. σ 2 θ (t) ∼ t γ , the transport can be classified as: (i) sub-diffusive, if γ < 1, (ii) diffusive, if γ = 1, (iii) super-diffusive, if 1 < γ < 2, and (iv) ballistic, if γ = 2. The super-and sub-diffusive regimes correspond to anomalous diffusion. In Fig. 3 we represent by open red symbols the time trace (in log -log scale) of the variance of the poloidal displacement as measured from our simulations. The solid red line represents the linear fit in log -log scale. For comparison, we also show the ballistic (dotted-dashed black line) and diffusive (dotted blue line) scalings. Our simulation is bounded by both processes, with γ ≈ 1.64, meaning that transport is super-diffusive.

We interpret the observed super-diffusive transport in the framework of the Continuous Time Random Walk (CTRW) model. The CTRW extends the standard Brownian random walk (which underlies diffusive transport) by allowing non-Gaussian jump distributions and/or non-Markovian waiting time distributions [START_REF] Montroll | [END_REF]. Of particular interest to this work is the case of Lévy flights which are jumps with diverging second moments. The existence of flights in the transport of EP is evident in Fig. 4 that shows the poloidal displacement of two tracers. It is observed that the particles stochastically alternate between being trapped in the magnetic well (with no net poloidal displacement) and passing in the co-rotating or counter-rotating directions. It is interesting to point out the close conceptual analogy of this problem with the study of passive tracers in fluids in the presence of vortices (responsible for the trapping) and zonal shear flows (responsible for the flights) [20].

Coming back to Fig. 2, when an EP becomes trapped it is lost if the wall of the tokamak intercepts the chaotic region, which is the case here since a = 150ρ th . The exit time of a counter-passing particle is related to the time a particle spends moving towards negative poloidal angles, since the particle remains in the inner region of the tokamak. Accordingly, the probability distribution function (PDF) of the exit time, P exit , corresponds to the PDF of the negative flights of duration t, P - flight . To verify this connection, Fig. 5 shows the PDF of negative (top) and positive (bottom) flights of duration t. As expected, the PDF of negative flights exhibits an algebraic decay, P - flight ∼ t -µ f , with µ f ≈ µ e , where as shown in Fig. 1 P exit ∼ t -µe . The PDF of positive flights decays faster, following an exponential scaling (P - flight ∼ e -λt ). This finding has a physical impact in terms of radial transport: a counter-passing particle spends, probabilistically speaking, more time in the inner region than a co-passing particle in the outer region. This leads to an asymmetrically poloidal (and therefore radial) transport in the presence of the chaotic separatrix. Note that, because µ f < 3, the second moment of the PDF of negative flights diverges,

∞ 0 t 2 P - flight dt → ∞.
That is, the negative flights are Lévy flights which invalidates the use of the central limit theorem as it is customary done in the Brownian random walk model of diffusive transport. On the other hand, within the CTRW, superdiffusive behavior, γ > 1, is a natural consequence of the existence of Lévy flights, µ f < 3. In particular, according to CTRW theory γ = 2/(µ f -1) which for the numerically determined exponent µ f ≈ 2.2 predicts γ = 1.66, a value very close to the numerically observed γ ≈ 1.64.

Figure 6 shows the PDF of the total (summed) poloidal displacements at different times as function of the similarity variable χ = (∆θ -∆θ ) /t γ/2 . The collapse of the rescaled PDFs at different times provides numerical evidence that poloidal transport exhibits self-similar dynamics with anomalous exponent γ which, consistent with the CTRW model, is equal to the numerically deter- mined super-diffusive exponent γ ≈ 1.64. Formally, the observed self-similar evolution implies P ∆θ = t -γ/2 F (χ) where F is an asymmetric scaling function which, according to the CTRW, should exhibit an algebraic decay of the χ < 0 tail of form F ∼ χ -(α -+1) with α -= µ f -1, a results fully consistent with the numerically obtained values µ f ≈ 2.2 and α -≈ 1.2. For the χ > 0 tail, within the CTRW, the exponential decay of P + f light implies, consistent with the numerical results, α + > 2.

To conclude, we have provided numerical evidence of anomalous exit times statistics of EP in the presence of an oscillating radial electric field in axi-symmetric tokamak magnetic equilibria. The observed algebraic decay is in sharp contrast with the expected exponential exit time in the case of radial diffusive transport. We have shown that the anomalous loss time decay is the result of Lévy flights that lead to super-diffusive poloidal transport and an asymmetric non-Gaussian (Lévy) PDF of displacements. These results can have an important impact on the confinement time of EP needed to achieve sustained fusion in burning plasmas, in addition to the potential generation of a toroidal net torque resulting from the poloidal asymmetry of the particle displacements. Fractional diffusion results from the continuum (fluid) limit of the (kinetic) CTRW model, see e.g. [21,22]. Accordingly, the observed self-similar dynamics of the PDF of poloidal displacements, along with the consistency of the numerically determined anomalous exponents µ e , γ, µ f , α -and α + with the CTRW predictions, opens the possibility to describe EP transport using non-local transport models based on fractional derivatives [23]. This is a problem that will be addressed in a forthcoming publication.
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 41 FIG.1: Probability distribution function (PDF) of the exit time for counter-passing EP initialised at r = 0.4a, θ = 0, ϕ = 0, with E = 20E th and µB 0 /T i = 14. The dashed line shows a linear fit, with µ e = 2.5.
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 34 FIG. 3: Time dependence of the variance of the poloidal displacement.
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 5 FIG. 5: PDF of negative (top) and positive (bottom)flight events of duration t.
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 6 FIG.6: Rescaled PDF of poloidal displacements at different times: ω c t = 9 • 10 6 (dashed magenta), ω c t = 9.5 • 10 6 (dotted red) and ω c t = 10 7 (solid black). The dotted-dashed grey line corresponds to a Gaussian PDF. The insets represent the log-log plots of the tails, showing the asymmetric algebraic decays.