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INFINITE HORIZON OPTIMAL CONTROL OF
NON-CONVEX PROBLEMS UNDER STATE
CONSTRAINTS

HELENE FRANKOWSKA

ABSTRACT. We consider the undiscounted infinite horizon optimal con-
trol problem under state constraints in the absence of convexity /concavity
assumptions. Then the value function is, in general, nonsmooth. Using
the tools of set-valued and nonsmooth analysis, the necessary optimality
conditions and sensitivity relations are derived in such a framework. We
also investigate relaxation theorems and uniqueness of solutions of the
Hamilton-Jacobi-Bellman equation arising in this setting.

1. INTRODUCTION

The following infinite horizon optimal control problem is often present in
models of mathematical economics and also in some engineering problems,
(like, for instance, the general model of capital accumulation or design of
asymptotically stabilizing controls),

maximize / e MO(2(t),u(t)) di
0

over all trajectory-control pairs (x,u) of the autonomous control system

{ 2 (t) = f(x(t),u(t)), u(t)eU fora.e t>0
z(0) = o,

subject to the state constraint xz(t) = (z1(t),...,x,(t)) > 0, where e~ is
the discount factor for a given A > (0. Its history goes back to Ramsey
[39]. Note that in the engineering problems maximization is often replaced
by minimization, where results are similar after obvious adaptation of the
involved data.

The literature addressing this problem deals with traditional questions
of existence of optimal solutions, necessary and sufficient optimality con-
ditions, sensitivity analysis, regularity of the value function, uniqueness of
solutions of the associated Hamilton-Jacobi equation, ergodic theory, etc.
The above problem is well investigated under the convexity/concavity as-
sumptions implying concavity of the value function (also called the utility
function). Then the powerful duality theory of convex analysis can be ap-
plied to get both necessary and sufficient optimality conditions and to show

This material is based upon work supported by the Air Force Office of Scientific Re-
search under award number FA9550-18-1-0254.
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2 HELENE FRANKOWSKA

differentiability of the value function, see for instance [13, 42]. Indeed, when
data are convex/concave, necessary optimality conditions are also sufficient
and the value function is differentiable whenever optimal trajectories are
unique for every initial condition. This is, for instance, the case of strictly
concave problems. In this way a clear picture of optimal solutions can be
obtained.

In the general nonlinear case, however, typically the optimal solutions
are not unique and necessary conditions are no longer sufficient for opti-
mality. Even when state constraints are not involved, one can expect, at
most, local Lipschitz continuity of the value function. Furthermore, if the
discount factor is absent, the situation worsens, the value function being, in
general, at most upper semicontinuous possibly taking infinite values. Thus,
the classical tools can not be used any longer and have to be replaced by
notions coming from the set-valued and non-smooth analysis. For instance,
solutions of the Hamilton-Jacobi equation have to be understood in a gener-
alized sense, e.g. viscosity solutions. Sensitivity relations become also more
complex and involve generalized differentials, instead of derivatives.

Recently, while investigating necessary optimality conditions (in the ab-
sence of state constraints), a number of authors addressed more general
setting of the infinite horizon problems, not involving the discount factor.

In the present paper, we consider the nonautonomous infinite horizon
optimal control problem

(1) V(to,ao) =sup | L(t,x(t),u(t))dt

to

over all trajectory-control pairs (x,u) of the control system

@) { 2(t)= f(t,z(t),u(t)), u(t)eU(t) fora.e. t>t
x(ty) = xo,

satisfying the state constraint

(3) x(t) € K for all t > o,

where L: Ry xR?” xR™ - R, f: R4 xR" xR"™ — R" are given mappings,
Ry =[0,+00), to € Ry, 29 € R", U : Ry ~ R™ is a measurable set-valued
map with closed nonempty images and K C R" is nonempty and closed.
Selections u(t) € U(t) are supposed to be Lebesgue measurable and are called
controls. The above setting subsumes the classical infinite horizon optimal
control problem when f and U are time independent, L(t,z,u) = e {(x,u)
for some mapping £: R" x R™ — R, and A > 0, ¢y =0.

Infinite horizon problems exhibit many phenomena not arising in the con-
text of finite horizon problems and their study is still going on, even in the
absence of state constraints, see [1, 2, 3, 4, 5, 6, 33, 36, 37, 38, 40, 43, 44] and
their bibliographies. Among such phenomena let us recall that already in
70ies Halkin, see [32] and also [36], observed that in the necessary optimality
conditions for an infinite horizon problem it may happen that the co-state
of the maximum principle is different from zero at infinity and that only
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abnormal maximum principles hold true (even for problems without state
constraints). Such phenomena do not occur for the finite horizon problems.

The presence of state-constraints drastically changes the maximum prin-
ciple: as in the case of finite horizon problems, a trajectory-control pair
satisfying simultaneously the unconstrained Pontryagin maximum principle
and the state constraint may be unique and not necessarily optimal. As a
consequence, one has to work with discontinuous co-states and more complex
adjoint systems.

While the existence theories for problems with or without state constraints
are essentially the same (on the domain dom(V') of the value function), this
is no longer the case in what concerns optimality conditions and sensitivity
relations. Since 70ies many paths were exploited in the literature to de-
rive necessary optimality conditions for the infinite horizon problem when
K =R". The most immediate one consists in replacing the infinite horizon
problem by a family of (finite horizon) Bolza problems on intervals [tg, 7]
for T' > to (that is substituting oo by 7" in the definition of the cost (1)) and
using the known results for the Bolza problem. In particular, the first order
necessary condition for each Bolza problem takes the form of the maximum
principle: if (Z,u) is an optimal trajectory-control pair for the Bolza prob-
lem at the initial condition (tg,z0), then the solution pr := p of the adjoint
System

—p'(t) = fo(t,2(1), u(t))"p(t) + Lo (t, 2(t), u(t), p(T)=0

satisfies the maximality condition

(p(t), f(t,z(t),u(t))) + L(t,2(t),u(t)) = H(t,2(t),p(t)) a-e. in [to,T],
where the Hamiltonian H : Ry x R® x R® — R is defined by
H(t,z,p) == sup ((p,f(t,z,u))+L(t z,u)).
u€el(t)

We underline that the transversality condition p(T") =0 is due to the fact
that there is no additional cost term depending on the final state z(7") in
the considered Bolza problems.

Recall that if H(t,-,-) is differentiable, then the adjoint system and the
maximality condition can be equivalently written in the form of the Hamil-
tonian system: for a.e. t € [to,T]

{ P) = Ha(ta(0),p(t), p(T)=0

i'/(t) Hp(t,.’i(t),p(t)), z(to) = wo.
In general, however, H(t,-,-) is not differentiable and one writes instead a
Hamiltonian differential inclusion involving generalized gradients of H(t,-,),
see [19, 45].

Then, taking limits of co-states pp(-) when T — oo is expected to lead
to the maximum principle of the infinite horizon problem. This approach

requests however some important modifications, due to the fact that the re-
strictions of an optimal solution (z,u) of the infinite horizon problem to the
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finite intervals [tg,T] may be not optimal for the Bolza problems. To over-
come this difficulty, some authors add the end point constraint z(7") = z(T").
With such an additional constraint the restriction of (z,u) to the time in-
terval [tg,T] becomes optimal for the above Bolza problem. This leads,
however, to possibly abnormal maximum principles for finite horizon prob-
lems, and, in fine, admits necessary optimality conditions not involving the
cost function L. Also the transversality condition at time 1" does disappear,
becoming —p(T') € Nyz(7)}(Z(T)) =R" (normal cone to the singleton {z(7')}
at z(T)).

Another way to deal with this issue is to modify the very definition of
optimal solution, cf. [3, 4, 17, 32, 46]. However, the notions like overtaking
(or weakly overtaking) optimal controls do not have appropriate existence
theory. More precisely, no specific sufficient conditions were proposed to
guarantee the existence of overtaking optimal controls. This is the reason
why we prefer to stick to the classical notion of optimality, where sufficient
condition for the existence of optimal controls are well understood.

An alternative approach to the discounted infinite horizon problems con-
sists in modification of the cost function in such a way that restrictions
of (z,u) to intervals [to,T] are locally optimal for the Bolza problems, cf.
[35, 40, 47]. The presence of the discount factor allows then to pass to the
limit of the (finite horizon) maximum principles and to conclude that a co-
state satisfies the adjoint system, the maximality condition and vanishes at
infinity. We would like to underline here that such a “terminal” transversal-
ity condition at infinity is a consequence of the assumptions on data. This
differs substantially from the finite horizon settings, where the transver-
sality condition at the terminal time is an independent requirement. This
approach exploits the value function V. Actually, in [35] V' is supposed to be
C* (which is a too strong request) to get these conclusions, while in [47] it is
Lipschitz continuous. Furthermore, for the discounted problems considered
in [7, 35, 40, 47] the sensitivity relations helped to write a transversality
condition also at the initial time.

Another way to derive the maximum principle (still when there are no
state constraints) relies on the duality theory on weighted Sobolev spaces
with respect to the measure e *dt (or more general measures), cf. [7, 36,
37, 44].

In the absence of the discount factor, the question of necessary conditions
is quite challenging, because, unlike for classical finite horizon problems,
transversality conditions are not immediate. We refer to [2] for an extended
overview of the literature devoted to transversality conditions and for bibli-
ographical comments and also to [3] for a further discussion.

The major difficulties in dealing with state constrained problems are due
to the fact that for a given optimal solution (z,u) of (1) - (3), small perturba-
tions of the initial state (tp,x0) or of the control @ may result in trajectories
violating state constraints. This creates obstacles for the direct application
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of classical variational methods (as for instance needle perturbations) to de-
rive necessary optimality conditions. In addition, it may happen that the
value function V takes infinite values and is discontinuous. For this reason
the classical tools of optimal control theory like Hamilton-Jacobi equation
and its viscosity solutions are no longer adapted.

Recall that (continuous) wviscosity solutions to first-order partial differ-
ential equations were introduced in [20, 21] by Crandall, Evans, and Lions
to investigate Hamilton-Jacobi equations not admitting classical solutions.
In particular, given 7' > 0 and a continuous “terminal” function gr(-), they
proved existence and uniqueness of continuous solutions to

(4) -0V +H(t,z,-V,V)=0 on (0,7)xR", V(T,-)=gr(-),

when the Hamiltonian H is continuous. In the absence of state constraints,
under mild assumptions, the value function of the Bolza problem is the
unique viscosity solution of (4) provided it is bounded and uniformly contin-
uous. Some sufficient conditions (in the form of an inward pointing assump-
tion) for continuity of the value function for a discounted state constrained
infinite horizon problem can be found in [41], when f, £ are time independent
and K is a compact set having smooth boundary. It is shown in [41] that
the value function is the unique viscosity solution to a corresponding sta-
tionary Hamilton-Jacobi equation. However such a framework leaves aside
the conical state constraints and the time dependent case, because, as it was
shown later on, arguments of [41] no longer apply in the non-autonomous
case whenever the time dependence is merely continuous. Some extensions,
when K is a locally compact set with possibly nonsmooth boundary, can be
found in [29].

In the class of finite horizon state-constrained problems, the Mayer one
has been successfully investigated by many authors, see for instance [12, 15,
19, 26, 31, 45] and their bibliographies. Also, it is well known that the Bolza
problem can be stated, in an equivalent way, as the Mayer one (without
loosing optimality of solutions). This created a favorable background to
approach the infinite horizon problems under state constraints.

In [14], in the absence of state constraints, we proposed to use systemati-
cally the dynamic programming and to add to the integral functional of the
Bolza problem defined on [0,77] the discontinuous (in general) cost function
V(T,-). That is for gr(-) := V(T,-) we considered the Bolza problem

T
maximize (gT(J:(T))+ L(t,:v(t),u(t))dt)
to
over all trajectory-control pairs (x,u) of (2) defined on [tg,T].

The above finite horizon Bolza problem enjoys the following crucial prop-
erty: restrictions of an optimal solution (Z,u) of the infinite horizon problem
to the finite intervals [to, 7] with T > t( are optimal for the Bolza problems.
Also, for every T > tg the value function of the Bolza problem coincides with
V on [tg,T] x R™.
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Let us underline however that this new problem involves the, possibly
discontinuous, cost function V(7)) and for this reason one needs nonsmooth
maximum principles derived for finite horizon problems to express necessary
optimality conditions.

Such an approach allowed us, by passing to the limit when T'— oo, to
get the maximum principle and sensitivity relations and has lead to the
transversality condition at the initial time. In particular, this result con-
tains the maximum principle (the sensitivity relation and the initial time
transversality condition providing an additional information). Furthermore,
we have shown the validity of the relaxation theorems whenever the value
function of the relazed problem is continuous with respect to the state vari-
able. It could be interesting to extend also the second order sensitivity
relations from [16] to the case of infinite horizon problems.

The present paper discusses results of the same nature but in the presence
of state constraints. We start by proving the upper semicontinuity of the
value function under the classical assumptions guaranteeing existence of
optimal solutions. These assumptions involve convexity of sets

F(t,z) = {(f(t,x,u),L(t,xz,u)—r) :uc U(t) and r > 0}.

We would like to emphasize that this condition (of Cesari-Olech type) is
classical in the existence theory of optimal control and does not yield con-
cavity of the value function. To investigate uniqueness of solutions to the
Hamilton-Jacobi equation, we also need a sufficient condition for V' to vanish
at infinity. For this aim we shall impose the following assumption
(Hp): There exists S > 0 such that |L(¢,z,u)| < a(t) for a.e. ¢>.S and
all z € K, u e U(t), where a: [S,+00) — R, is integrable on [S,400) (see
Section 4 for more details.)
Under this assumption
lim sup |V (t,x)| =0.
t=30 pedom(V (t,-))
This “terminal” condition at infinity replaces the final condition of (4).
When sets F(t,z) are not convex, then it is usual to consider the so-called
relaxed problems and speak about generalized solutions. They can be stated
either by using the probability measures and relaxed controls or, equivalently,
by considering the convezified infinite horizon problem

Vel (0, 20) = sup / - <znj )\i(t)L(t,:r(t),ui(t))> dt
o \i=0

over all trajectory-control pairs of the relaxed constrained control system

{ ' (t) = 2o Xi(t) f (82 (t), ui(t)), ui(t) € U(t), Ai(t) 20, Yoo Xift) =1
x(to) = X0, I(t) e K Vit >t,

where u;(-), \i(-) are Lebesgue measurable on Ry for i =0,...,n. Clearly
Vel > V. Furthermore, for the relaxed problem the corresponding sets F'(t, )
are convex. When K = R", assumption (Hy) allows to prove a relaxation
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theorem whenever the sets {(f(t,z,u),L(t,z,u)) : u € U(t)} are compact
and to identify a more complex relaxed problem when they are neither
closed nor bounded, see Section 5 below for more details. In this way
we extend the relaxation theorem from [14] to the case of unbounded sets
{(F(tsz,u), L{t,z,u)) su e U ().

For the finite horizon problems, one can find in the literature some relax-
ation theorems concerned with a single relaxed solution z(-) of a differential
inclusion whose right-hand side has compact integrably bounded values on
a tubular neighborhood of z(-), cf. [19, 45]. In our finite horizon relaxation
Theorem 5.3 below we show that for control systems such assumptions can
be skipped. Even though Theorem 5.3 concerns all the relaxed trajecto-
ries, its proof can be localized to a tubular neighborhood of a fixed relaxed
trajectory. Then assumptions can be localized as well without requiring
compactness and integral boundedness imposed in [19, 45]. In this respect,
Theorem 5.3 would imply a new result also in the setting of [19, 45].

The situation changes drastically, even in the finite horizon framework,
when state constraints are present. For instance the original control system
may not have any feasible trajectories, while the relaxed system does. Then,
in order to get relaxation theorems, one needs the so called relaxed inward
pointing condition (IPC™) linking f with tangents to K at the bound-
ary points of K, that we recall in Section 6. This condition expresses the
compatibility of dynamics with state constraints. It was introduced in [26]
to derive the normal maximum principle and the sensitivity relations for a
state-constrained Mayer problem with locally Lipschitz cost function.

In Section 8 we show that it can be exploited as well to get similar results
for the state constrained infinite horizon problem, provided V'(¢,-) is locally
Lipschitz on K for all large t. (IPC™) is an alternative to the inward point-
ing condition from [41] to prove the so called Neighboring Feasible Trajectory
theorem, when dynamics depend on time. The inward pointing condition is
much simpler than (IPC"®), but, unfortunately, is not convenient to work
with data depending measurably (or even continuously) on time and state
constraints having nonsmooth boundaries. It is not difficult to realize that
under assumptions imposed in [41], the inward pointing condition is equiv-
alent to (IPC™).

Recall that for problems without state constraints the sensitivity relation
p(t) = Vi (t,z(t)) has a significant economic interpretation (see for instance
[1], [42]): the co-state p (of the maximum principle) is the shadow price
describing the contribution to the value function of a unit increase of capital
x.

When the value function is merely locally Lipschitz on R, x K, the sen-
sitivity relation is more complex and takes the form

(—H(t,z(t),q(t)),q(t)) € OV (t,2(1)),

where ¢ is the adjoint state (of bounded variation) and OV denotes the gener-
alized gradient of V' (defined in Section 8 taking into consideration the state
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constraints). In Section 8 we derive the maximum principle augmented by
the above sensitivity relation for a state constrained infinite horizon problem.
An important future of the obtained here necessary optimality condition is
its normality.

Local Lipschitz continuity of V for infinite horizon problems under state
constraints was recently investigated in [10]. On the other hand, uniqueness
of upper semicontinuous solutions of the associated Hamilton-Jacobi equa-
tion was studied in [11]. In Section 9 we show uniqueness of locally Lipschitz
solutions of the Hamilton-Jacobi equation by arguments simpler than those
in [11].

The outline of the paper is as follows. In Section 2, we recall some defini-
tions from set-valued and nonsmooth analysis. In Sections 3, we introduce
the value function V' and basic assumptions that imply in Section 4 the up-
per semicontinuity of V. In Sections 5 and 6 we discuss the relaxation results
for problems without and with state constraints, respectively, and in Section
7 we describe the link between the finite and infinite horizon problems. Sec-
tion 8 is devoted to the maximum principle and sensitivity relations, while
Section 9 deals with the uniqueness of solutions to the Hamilton-Jacobi
equation.

2. PRELIMINARIES AND NOTATIONS

Denote by L{ (R, ;R ) the set of all locally integrable function 1 : R, —

loc

R;. For any ¢ € Ll .(R4;R4) and o > 0 define

6 (o) :sup{/Jw(T)dT L JCRy, M(J) < g},

where M(J) stands for the Lebesgue measure of J. Denote by L), the sub-
set ofallyp € L] (R4;R4) such that lim,_,060y(c) = 0. Notation I/Vlicl (Ry;R™)
stands for the set of locally absolutely continuous functions on Ry. For

¥ :Ry — R and ¢ty > 0 define

00 T
“owie= gim [ v,

provided the above limit does exist.

Let X be a normed space, B(x,R) be the closed ball in X centered at
x € X with radius R > 0 and set B := B(0,1). For a nonempty subset
C C X we denote its interior by int (C), its boundary by bd (C), its convex
hull by coC, its closed convex hull by €6, and the distance from =z € X to
C by do(z) :==inf{|z —y|y : y € C}. If X =R", the negative polar cone to
C is given by C~ ={peR" : (p,c) <0 Vce C}, where (-,-) is the scalar
product in R™. The unit sphere in R™ is denoted by S"~1.

Let 7 C R* be nonempty and {A:}, o7 be a family of subsets of R”. The
upper and lower limits, in the Péano-Kuratowski sense, of A, at 79 € T are
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the closed sets defined respectively by
Limsup,_, ,Ar = {veR":liminf, 7 da, (v) =0},
Liminf, , - A, = {U €R" : limsup,_, , da, (v)= O} ,

where — stands for the convergence in 7 and dy. (v) = 400 whenever
A; = 0. See for instance [8] for properties of these set limits.

Let K C R™ and x € K. The contingent cone to K at x consists of all
v € R™ such that for some sequences h; — 04, v; — v we have x + h;v; € K.
The limiting normal cone to a closed subset K C R" at x € K is given by

NE(2) = Limsup, ., T (4)~

It is well known that if = lies on the boundary of K, then Nk(z) is not
reduced to zero. The Clarke tangent and normal cones to K at x are de-
fined by Ck(x) = (Né(a:)) and Ng(x) = Ck(z)™, respectively. Note that
N (z) =coNE(z) and set Ni () := Ng ()N S™ L.

For ¢ : R" — RU{%00} denote by dom(y) the domain of ¢, that is the set
of all x € R™ such that ¢(z) is finite and by epi(p) and hyp(p), respectively,
its epigraph and hypograph. For any = € dom(y) the upper and lower (con-
tingent) directional derivatives of ¢ at x in the direction y € R™ are defined
respectively by

i z+hz)—p(x
Dyp(x)y =limsup,_,, o+ w7
Dyo(z)y = liminf, 50+ %wm

and the Fréchet superdifferential 9% p(x) (resp. subdifferential 9~ ¢(x)) of
p at x by

pe Tt oln) = limsup LW TP = By—T)

<0
y— ly — x|

and

(y) —pl@)—{py—2)
|y —z| -
By [22], p € 0T p(x) if and only if (—p,+1) € Thyp(z,¢(x))” and p €

0~ p(x) if and only if (p,—1) € Tppi(p (7,(x)) . Furthermore,

O p(z)={p : (p,y) = Dyp(a)y Yy eR"},
0" p(x)={p : (p,y) < Drp(z)y Yy eR"}.
To compare with sub and superdifferentials used in the theory of viscosity

solutions, let us emphasize that the very same arguments as those of [21,
Proof of Proposition 1.1] imply the following result.

_ S
peI p(xr) <~ hgl}gf

Proposition 2.1. Let ¢ : R" — RU{—o0c} be Lebesgue measurable. For any
x € dom(p), a vector p € O () if and only if there exists a continuous

mapping 1 : R™ — R such that ¥(x) = p(x), ¥(y) > ¢(y) for all y # z and
the Fréchet derivative of ¢ at x exists and is equal to p.
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Actually, in [21] ¢ is continuous and 1 € C'. However for discontinuous
mappings, in general, 1) constructed in [21] is not continuously differentiable.
A similar result can be also stated for the subdifferential 9~ ¢(x).

Clearly, for all p € R" and ¢ € R satisfying (p,q) € NeLpi(w) (x,p(x)) we

have ¢ <0. Furthermore, if ¢ <0, then (p,q) € NeI;ﬂ

(p/lal,—1) € Ny (@, 0(x)). Any p € R" satisfying (p,—1) € N2, (2, ¢(z))
is called a limiting subgradient of ¢ at x. The set of all limiting subgradients
of ¢ at = is denoted by 0%~ ¢(x).

Consider ¢ : R® — R, Lipschitz around a given x € R", and denote by
V() its gradient, which, by the Rademacher theorem, exists a.e. in a
neighborhood of x. The Clarke generalized gradient of ¢(-) at x is defined
by

@) (x,p(x)) if and only if

d¢(x) := coLimsup,_,,.{Vp(y)}.
It is well known that dp(z) = cod ¢ (x), see [19].

3. VALUE FUNCTION OF THE INFINITE HORIZON PROBLEM

Consider the non-autonomous infinite horizon optimal control problem
(1), (2), (3) with data as described in the introduction. In particular, U(-)
is Lebesgue measurable and has closed nonempty images. Every Lebesgue
measurable u: Ry — R satisfying u(t) € U(t) a.e. is called a control and the
set of all controls is denoted by U. Note that to state (2) we need controls
to be defined only on [ty,+00). However, since throughout the paper the
time interval varies, to avoid additional notations and without any loss of
generality, we consider controls defined on [0,+00). We underline that, by
the measurable selection theorem, for any measurable selection wu(t) € U(t)
for t € [tp,00) we can find @ € U such that @ =w on [tg,00).

Assumptions (H1):
i) There exists ¢ € LL (R4;Ry) such that for a.e. ¢ >0,
2(f(t,x,u),z) < c(t) 14|z, [£(t,0,u)| <c(t) Vo eR", ucU(t);

ii) For every R > 0, there exist cg € L (R;;R;) and a modulus of
continuity wg : Ry x Ry — R4 such that for a.e. ¢t € Ry, wr(t,-) is
increasing, lim, .o+ wr(t,r) =0 and for every u € U(t) and z,y €
B(0,R),

‘f(t,l’,U) - f(t,y,U)’ < CR(t)|:E - y’v |L(t7$7u) - L(tvyvu)| < CUR(t, |ZE _y|)7

iii) The mappings f, L are Carathéodory, that is measurable in ¢ and
continuous in x,u ;

iv) There exists 8 € L{.(R+;R;) and an increasing function ¢ : Ry —
R, such that for a.e. t € Ry,

|L(t,x,u)| < B(t)o(lz|), VzeK,uecU(t);

v) There exists S > 0 such that L(t,z,u) < a(t) for a.e. t > S and all
x € K,ueU(t), where a : [S,+00) — R is integrable on [S,400).



INFINITE HORIZON OPTIMAL CONTROL 11

vi) For a.e. t € Ry and for all z € R" the set
F(t,x):={(f(t,z,u),L(t,z,u)—7r) :u € U(t) and r >0}
is closed and convex.

Remark 3.1.

a) In some results below (H1) i) or (vi) will be skipped.

b) Assumptions (H1) i), ii) and iii) imply that for every (¢, z¢) € Ry x R"
and u € U there exists a unique solution defined on [tg,00) of the system

(5) o' = f(t,z,u(t))
satisfying x(tg) = zo.
c¢) Note that assumption (H1) i) holds true whenever

(6) 36€ L (RyiRy), |f(ta,u)| <O(1)(|a| +1), V¢ € Ry, x €R™, ue U (t).

d) Note that iv) and v) imply that for every feasible trajectory control
pair of (5) defined on [tg,00) the limit limz_, o fth(t,x(t),u(t)) dt does exist
and belongs to [—00,00).

e) Even though it may seem, at first glance, that conditions like i), ii),
iv), vi) yield compactness of sets U(t), since f(t,x,-) is genuinely nonlinear
and merely continuous, (H1) does not imply boundedness of sets U (t).

Consider 0 < a <b and u € Y. An absolutely continuous function z :
[a,b] — R™ satisfying 2/(t) = f(¢,2(t),u(t)) a.e. in [a,b] is called a solution
of (5) corresponding to the control u(-) and (x,u) is called a trajectory-
control pair of (5) on [a,b]. If moreover z(t) € K for all ¢ € [a,b], then such a
solution z is called feasible and (x,u) is called a feasible trajectory-control
pair on [a,b]. It may happen that for some control u(-) and (tg,z9) € Ry x K
the system (5) does not have any feasible solution satisfying z(tg) = x¢. If
(z,u) : [a,00) = R™ x R™ is so that for every b > a, the restriction of (x,u)
to [a,b] is a trajectory-control pair of (5) on [a,b], then (x,u) is called a
trajectory-control pair on [a,00). It is feasible, if (t) € K for every t > a.

The function V : R4y x K — R4 defined by (1), (2), (3) is called the value
function of the infinite horizon problem. If for a given (¢p,x0) € Ry x K
no trajectory of (2), (3) does exist, we set V(tg,x9) = —oo. This choice
is dictated by the fact that, in general, V is discontinuous and, under the
(classical) assumptions (H1), it is upper semicontinuous on dom(V') C Ry x
K, see the next section. To preserve its upper semicontinuity on R, x R"
we set V' = —o0 on (Ry x R™)\dom(V'). Clearly, under assumption (H1) iv),
if for some T > 0 the set dom(V (T,-)) # 0, then dom(V (t,-)) # 0 for every
t>1T.

Denote by x(-;to,zo,u) the trajectory of (5) corresponding to the control
and satisfying z(tg) = xo. By Gronwall’s lemma and (H1) i), for all (¢o,x0) €
R, x R,

t t
o(tsto,a0,0) < (oo + [ els)ds) o™ wiz gy

to
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Moreover, setting
T T d
M (T,r)? = (r2+/ c(s)ds)eft “@ds yr>t>0,r>0,
t

the following holds true: for all > 0 and v € U
(7) |zo| <r = |z(t;to,zo,u)| < My, (t,r) V> 1.

The above bound, together with the assumption (H1) ii) and the Gronwall
lemma, yield the local Lipschitz dependence of trajectories on the initial
conditions: for all r, T'> 0, for every to € [0,T] and zg, z1 € B(0,7),

t
|z (t;to, z1,u) — z(t;t0, To,u)| < |71 f:c0|effoth0(T’r>(S)dS Yt € [to,T].

Given a feasible trajectory-control pair (x,u), define

e8] t
L(s,z(s),u(s))ds= lim [ L(s,z(s),u(s))ds.
to t—o0 to
We claim that (H1) iv), v) imply that the above limit does exist and belongs
to [—00,00). Indeed, since L(s,z,u) < a(s) for a.e. s> S and all x € K,
u € U(s), the mapping ¢ — [&(L(s,2(s),u(s)) — a(s))ds is nonincreasing on
[S,00) (with respect to t) and so it has a limit when ¢t — oo (possibly equal
to —oo). Since

/S(L(s,x(s),u(s))—a(s))ds:/sL(s,x(s),u(s))ds—/ a(s)ds <0

S
and limy_yoo féa(s)ds does exist and is finite, it follows that also the limit
limy—so0 [& L(s,2(s),u(s))ds does exist and is different from +oo. On the
other hand, by (H1) iv) the integral j}/‘gL(s,m(s),u(s))ds is finite, proving
our claim.

For any (tp,x9) € Ry x K, a feasible trajectory-control pair (Z,u) on
[to,00) is called optimal for the infinite horizon problem at (to,x¢) if Z(ty) =
xo and for every feasible trajectory-control pair (x,u) on [tg,00) satisfying
x(ty) = ¢ we have

o0 o0
L(t,z(t),u(t))dt > L(t,x(t),u(t))dt.
to to
It is not difficult to realize that if (H1) i), iv), v) are satisfied, then V/
is locally bounded from the above on dom(V') and that V takes values in
[—00,00).

4. UPPER SEMICONTINUITY OF THE VALUE FUNCTION

The question of existence of optimal controls is pretty well understood.
The standard proofs rely on taking limits of maximizing subsequences of
trajectories and weak limits of their derivatives. Cesari-Olech type convexity
and upper semicontinuity assumptions are needed to justify that the limiting
trajectory is optimal. The very same arguments can be applied as well to
study the upper semicontinuity of the value function.
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Theorem 4.1. Assume (H1). ThenV is upper semicontinuous, takes values
in [—00,00) and for every (ty,xo) € dom(V'), there exists a feasible trajectory-
control pair (z,u) satisfying V (to,xo) = ftzo L(t,z(t),u(t))dt.

Moreover, if

(8) 3.5 > 0and an integrable § : [5:, o0) — Ry such that
L(t,x,u) > —i(t) for a.e. t>S, Ve K, uelU(t),
then

lim su t,x)| =0.
®) Hooxedom(g(t,.)) Vit)=0
Proof. Assumptions (H1) iv), v) and (7) yield that V never takes value
+00. The arguments for proving the existence of optimal solutions are well
known. We recall them because similar ones will be also exploited in the
other results of this paper.

Let (tg,z0) € dom(V'). Consider a maximizing sequence of feasible trajectory-
control pairs (x;,u;) satisfying z;(tg) = xo. That is

oo
hm L(t,l‘i(t),ui(t))dt == V(to,xo).
1— 00 to

In particular, z;(t) € K for all ¢t > tg and i > 1. By (7), for every T > t,
the restrictions of x; to [tg,T] are equibounded.

We construct the optimal trajectory control pair (Z,u) of the infinite
horizon problem using the induction argument. Let R > 0 be such that for
every 1,

sup |zi(t)| < R.
te(to,to+1]
Then
(1) HEE@u@)] <1 E0,w @)+ £ 2:(0),wi(®) = f(£,0,w:(0)]
<c(t)+cr(t)R

Thus, (H1) iv) and the Dunford-Pettis theorem, imply that, taking a subse-
quence and keeping the same notation, we may assume that for some inte-
grable functions y : [to,to + 1] — R"™, ~v: [to,to + 1] — Ry, the restrictions of
(25(), L(-,2:(+),ui(+))) to [to,to + 1] converge weakly in L*([to,to+1];R" x R)

o (y,7). Define

Zl'(t) = tL(t,a:i(t),ui(t))dt, Vit e [to,t0+1].

Since ,
:Ul(t) =0+ f(t7xl(t)7u2(t))dta Vte [t0>t0+1]7
to
we deduce that functions (z;, z;) converge pointwise on [tg,to+ 1] when i — 0o
to the function (z,2) : [tg,to+ 1] = R™ X R defined by

5 =0+ [ y()dt, z(t):/ty(t)dt, Vit € [to, o+ 1].

to to
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Hence (z,z) is absolutely continuous on [tg,to+ 1]. Furthermore, (7), (10),
(H1) iv) and the Ascoli-Arzela theorem imply that (x;,z;) converge uni-
formly to (Z,z). Moreover, at every Lebesgue point ¢ of y(-) we have
z'(t) = y(t).

Observe next that, by (H1) ii), for a.e. t € [tg,to+ 1],

(@3(2), Lt, 2i(t),ui(t))) € F(t,2i(t)) C F(¢,2(t))+

(cr(®)|wi(t) —2(t)| +wr(t,|2:(t) — Z(t)])) B-
Let € > 0 and ig > 1 be such that supycp, 441 [7i(t) — Z(t)| < € for all i > .
The set
F.(t,z(t)) :== F(t,z(t)) + (cr(t)e +wr(t,e))B

being convex and closed, also the set

Feo:={(v,w) € L ([to,to + 1];R™ x R) | (v(t),w(t)) € F.(t,Z(t)) for a.e. t}

is convex and closed. Thus, by the Mazur theorem, it is weakly closed and
therefore (z/,v) € F.. So

(@' (t),7(t)) € F(t,z(t)) + (cr(t)e + wr(t,e))B for a.e. t € [to,to+1].

By the arbitrariness of € > 0, (Z/(¢),7(t)) € F(t,z(t)) for a.e. t € [to,to+1].

From the measurable selection theorem [8, Theorem 8.2.10] we deduce
that there exist a control u(-) and a measurable function r : [tg,to+ 1] — Ry
such that for a.e. ¢ € [to,to+ 1],

7'(t) = f(t,z(t),u(t), ~(t)=L(t2(t),ut))—r().
Since z;(t) € K for all t >ty and K is closed we know that z([to,t0+1]) C K.
Furthermore,

lim;_yoo ft fot+1 L(t,x;(t),u;(t)

Jid L2 (L), alt)) — () dt
S H ( @), u(t))) di.

We extend next (Z,%) on [tg,o0). Set (z!(t),ul(t)) := (z(t),u(t)) for t €
[to, o+ 1]. Let us assume that for some k& > 1 we have constructed a sub-
sequence {(zF Ty s ZJ)}] of {(zi,u;)}i, a trajectory control pair (z*,u*) on

[to,to + k] and an absolutely continuous function z* € Wh1([tg,to + k];R)
such that z*([to, o —|—k]) C K and for

IA

zf; (t) := L(S x; (s),ufj (s))ds, VtEel[to,to+k]
to
the following holds true :
(xfj,zzkj) converge uniformly on [tg,to + k] to (z¥,2F), ((a:f])’,(zlk])’) con-

verge weakly in L!([to,to+ k];R™ x R) to ((z*), (2 ) ) and if k > 2
(Z* (), a* (), 25 (1) = (1), a* L (t), 257 (b)) Vit € [to,to+k—1].
Consider the interval [to,to+k+ 1]. By the same arguments, we find a

subsequence {(z¥ ; ,usz, ) )}e of {(xz ,ufj, z])}J7 a trajectory—control pair

(zF1 a*+1) on [to,to +k+1] and an absolutely continuous zF*1!: [tg,to +
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k+1] — R, such that (zF zke) converge uniformly on [tg,tg+ &k + 1] to

ijZ’ ij
(zhF1, R4, ((a:fje)’, (ZZZ )') converge weakly in L!([t,to+k+1];R™ x R) to
(@1, (),
to+k+1 to+k+1
lim Ltk (1).uf, (1)dt < / Lt 25 (8), @ () dt

L—00 Jt, e to
and ¥ ([to,to+k+1]) C K,
(jk+1(t),ﬁk+1(t),Zk—H(t)) _ (jk(t)ﬂjk(t),zk(t)) YVt e [to,to +k‘].

Rename (xsz,ufj[) by (xZH,uZH) and set (Z(t),u(t)) = (ZFH1(t), u 1 (t))
for t € [to,to +k+ 1]. Applying the induction argument with respect to k we
obtain a trajectory-control pair (Z,u) defined on [ty,00).

To show that it is optimal, fix ¢ > 0. By H1) v) for all large T" and for

every feasible trajectory-control pair (z,u) on [tg,o0),

/mL(s,x(s),u(s))ds <e.
T

Consequently for any fixed sufficiently large k, using the same notation as
before, we get

L[ k k L [loth k k
lim L(t, 27 (t),ug, (¢)) dt < lim L(t, g, (t),u;, (t)) dt +e

Jj—o0 St Jj—o0 Jt, J

< / O L2, at))dt + e

to
We proved that for every € > 0 and all large k,
to+k
V(to,20) < / Lt 2 (1), a(t))dt +=
to
Taking the limit when k£ — co we obtain
V(to,mo)g/ L(t,2(t), a(t))dt +e.
to

Since € > 0 is arbitrary, this inequality implies that (z,u) is optimal.

To prove the upper semicontinuity of V', consider a sequence (t%,x%) €
R4+ x K converging to some (fp,z¢) when i — co. We have to show that
limsup;_, ., V (t,24) < V(to,x0). If for all large i, V (t}),x}) = —oo, then we
are done. So it is enough to consider the case when (t,z}) € dom (V) for all
i.

Let (z;,u;) be an optimal trajectory-control pair corresponding to the
initial condition (tf,xf). If t) > to, then we extend x; on [to,ty] by setting
xi(s) = zfy for s € [to,t]. Using exactly the same arguments as before we
construct a trajectory-control pair (z,u) such that Z(tg) = xo and for every
€ > 0 and all large k,

0o to+k
limsup [ L(t,x;(t),u;(t))dt §/ L(t,z(t),u(t))dt+e.

71— 00 t; 0
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Taking the limit when k — oo and using that ¢ is arbitrary, the upper semi-
continuity of V' at (o, z¢) follows.

Suppose next that (8) is satisfied. Thus, if ¢ is sufficiently large and
zy € dom(V(t,-)), then |V(t,21))| < [°(a(s)+d(s))ds. Then (9) follows
from the equality lim;_,o [ (a(s) +d(s))ds = 0.

[l

In the above proof we needed assumption (H1) i) to deduce (7). A dif-
ferent assumption involving bounds on the growth of |f| with respect to L
is convenient as well. Its advantage lies in the fact that we do not request
anymore the sets f(¢,z,U(t)) to be bounded.

Theorem 4.2. Assume (H1) ii)-vi) and (8). If there exist ¢ > 0,7 >0 and
0Ll . (Ry;Ry) such that for a.e. t>0,

(11) \f(t,x,u)|1+r <O(t)+cL(t,z,u) Ve e R", ueU(t),

then (9) holds true and for every (to,xo) € dom(V'), there exists a feasible
trajectory-control pair (T,u) satisfying V (to,z0) = [ L(t,Z(t),u(t)) dt.

Furthermore, if V s locally bounded from the above, then it is upper
semicontinuous.

Proof. Conclusion (9) follows as in the proof of Theorem 4.1. Let (to, o) €
dom(V'). Consider a maximizing sequence of feasible trajectory-control pairs
(z4,u;) satisfying z;(tp) = xo. By our assumptions, for a.e. t >ty and all
i>1,

|f(tai(),us(0)] 7 < O(t) + eL(t @i (1), uilt)).

Hence for every t > tg,

sup t |f(s,24(s),ui(s))| T"ds < sup/t (0(s)+cL(s,xi(s),u;(s)))ds.

i>1 Jto i>1 Jto
Observe next that there exists M > 0 such that for all large ¢ > ¢y and every
2
t 00 o]
L(s,zi(s),ui(s))ds < L(s,mi(s),ui(s))ds—{—/ d(s)ds < M.
to to t
Consequently {f(-,z;(-),ui(-))}; is bounded in L'**"([t,#];R"™) and therefore
it is also bounded in L'*7([tg,to + 1];R™). Since L'*"([to,to+ 1];R™) is re-
flexive, taking a subsequence and keeping the same notation, we may assume
that for some integrable function y : [tg,to + 1] — R™, the restrictions of z/(-)
to [to,to + 1] converge weakly in L't ([to,to + 1];R™) to .
Set p=(1+7)/r. By the Holder inequality, for any i and for all tg <a <
b S 7‘;O + 17

L T
|zi(b) —zi(a)| < (b—a)r (/a !f(&fﬂi(S),uv:(S))!l“dS) :

Therefore {z;}; are equicontinuous on [tg,fo+ 1]. Starting at this point
the same arguments as those in the proof of Theorem 4.1 can be applied to



INFINITE HORIZON OPTIMAL CONTROL 17

get the existence of an optimal solution at the initial condition (tg,xg). The
upper semicontinuity of V' can be proved in a similar way using that V is
locally bounded from the above.

O

5. RELAXATION IN THE ABSENCE OF STATE CONSTRAINTS

In the previous section we have shown that the value function is upper
semicontinuous and that the optimal trajectories do exist assuming that the
sets F'(t,x) are closed and convex. If the convexity assumption (H1) vi)
is not imposed, then, in the literature, one usually considers the so-called
relaxed problems.

In this section we restrict our attention to the case when K = R", that is
without state constraints. Consider the relaxed infinite horizon problem

(12) W%mmﬁw/<ZA ﬁwﬁ

over all trajectory-control pairs of
(13)
{ a'(t) = o (@) f(t,2(1),ui(t)), ui(t) € U(F), Mi(t) =0, g Ni(t) =1
.'L'(t(]) = X0,
where w;(-), Ai(-) are Lebesgue measurable on Ry for ¢ =0,...,n. Then
Vel > V. For v = (g, ..., un), A= (Ao, ..., \) define
ta:vA Z)\ftxuz f/(t,x,v,A):Z)\iL(t,x,ui)
i=0
and

U#) :=U(t) % ... x U#) x{(A0s - An) | X =0 Vi, B2 A =1}
N——

Thus the relaxed problem is of type (1) - (2) with f, L replaced by f, L and
U(t) replaced by U(t).

Our first relaxation result addresses a case where the celebrated Filippov-
Wazewski theorem can be applied.

Theorem 5.1. Assume (H1) i) —v) with wr(t,r) = ¢r(t)r, where for all
R >0, cg: Ry — Ry is locally integrable, and that for a.e. t € Ry and all
x € R™, the set

G(t,z) = {(f(t,z,u),L(t,z,u)) :uecU(t)}

is compact. Further assume that (8) is satisfied.
Then V' =V on Ry xR and for every (tg,x9) € Ry x R", there exists

(Z(),0(-) = (@0 (-), -, Un (), A() = (Ao (+), -, An(+))) satisfying (13) such that
VM%@@5[ﬁ@ammmMmm
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Furthermore, (9) holds true.
In particular, if a trajectory-control pair (z,u) is optimal for (1), (2),
then it is also optimal for the relaxed problem (12), (13).

Remark 5.2.

a) If the set U(t) is compact, then so is G(t,x).

b) In [14] a similar relaxation result was proved under slightly different
assumptions. It can be shown that (8) and (H1) i) —v) imply that V"¢ (¢,)
is continuous and so the proof could be done using the same scheme as in
[14]. However, as we show below, under our assumptions it can be simplified
avoiding the use of V"¢,

Proof. Tt is not difficult to realize that f, L, U satisfy (H1). Let (to,a0) €
R4 xR"™ Since K =R", Theorem 4.1 and (8) imply that Vel £ +00. By
Theorem 4.1 applied to f, L, U, there exists (Z(-),0(-),A(-)) satisfying (13)
such that
Vrel(to, o) = [ L(t,2(t),0(t),A(t))dt.
to
Fix € > 0 and let k > max{to, S, S} be so that [>°(a(t)+4(t))dt < e/3.
Then

Vrel(to,mo) = [ L(6,(8), 0(8), A(0)dt + [ L(t, 2 (1), 5(t), A(t))dt
§§+ft0 ( z(t),o(t), A(t))dt.

By the Filippov-Wazewski relaxation theorem and the measurable selection
theorem, see for instance [24], there exists u. € U such that the solution z.
of the system

satisfies

C L2, 50, A0t — [ Lt 2 (), uc(t))dt

to to

<&
3"

Consider any trajectory-control pair (x,u) of (5) on [k, 00) with (k) = z-(k).
Thus

/ L(t,a(t ))dt>/:o(—5(t))dt

We extend the trajectory-control pair (z¢,u.) on the time interval [k, c0) by
setting (xc(s),us(s)) = (x(s),u(s)) for s > k. Hence

VTel(t(]va) < % +ft]; L(t,ze(t), us(t))dt
< Z 4 [OL(t o (t),ue(t))dt+ [°6(t)dt < e+ V (to,x0).

This yields V" (tg,20) <V (to,20) +¢. Since € > 0 and (tg, 7o) are arbitrary,
we get V' =V, (]
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The above result has a restrictive assumption of compactness of sets
G(t,z) because in the proof we used the Filippov-Wazewski relaxation the-
orem dealing with compact valued maps. In the case of control systems this
theorem can be stated without such compactness assumption.

Theorem 5.3 (Finite horizon relaxation theorem). Let T >0, U : [0,T] ~
R™ be measurable, with closed nonempty images, g : [0,T] x R™ x R™ — R"
be a Carathéodory function such that for every R > 0, there exists cr €
LY([0,T);Ry) satisfying for a.e. t € [0,T],
‘g(t,l‘,’d) —g(t,y,U)’ < CR(t)‘iC—y’ V:C,y € B(OvR)a u € U(t)

Further assume that (t) := inf,err ) [g(¢,0,u)| is integrable on [0,T7.

Then for any e >0 and any absolutely continuous x : [0,T] — R"™ satisfying
(14) 2'(t) ecog(t,x(t),U(t)) a.e. in [0,T],
there exists a measurable selection u(t) € U(t) fort € [0,T] and an absolutely
continuous function x. : [0,T] — R™ such that

ol (t) = g(t,z(t),u(t)) a.e. in [0,T], x-(0)=x(0)

and maxc(o 1 |z (t) —x(t)| <e.

Remark 5.4. We would like to underline that in the above theorem the
sets g(t,x,U(t)) are neither closed nor bounded.

Proof. We first observe that g(¢,0,U(t)) N B(0,%(t) +¢) # 0 for every € >0
and every t € [0,7]. By the inverse image theorem [8, Theorem 8.2.9],
there exists a measurable selection ug(t) € U(t) for ¢t € [0,7] such that
lg(t,0,u0(t))| < (t)+¢ a.e. Thus the function £ : [0,7] — R defined by
k(t) :==1g(t,0,uo(t))| is integrable. By the Castaing representation theorem,
see for instance [§8], there exist measurable selections u;(t) € U(t), i > 1 for
t € [0,T] such that U(t) = U;>1{wi(t)} for every t € [0,T]. Fix an integer
j >1 and define -
= { WO 00 <5k
’ uo(t) otherwise,

U;(t) = {uo(®)}u J {ui(®)}-
1<i<;

Observe that for every ¢, the family of finite sets U;(t) is increasing (with
respect to j) and U(t) = U;>1 U;(t). By the continuity of g(t,z,-), for a.e.
t€[0,7] and all z € R",

U cog(t2,U;(1)) = 2og(t,2,U(1)).

Jj=1

Notice that for every t, the set g(t,z,U;(t)) is compact. Let z(-) €
Whi([0,T);R") satisfy (14). Then
V() = deogiew),u;w) (@' (1) < [27(8) = g(t,0,u0(8)) | + ¢ (8)[2(2)]
< [2'(8)]+19(,0,u0(t)) |+ cr ()] (2)],
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where r > 0 is so that max,c(o7]|7(t)| <r. Hence {7;};>1 are bounded by
an integrable function. Moreover lim;_,,7;(t) =0 for a.e. ¢t € [0,7]. Let

T ¢
t; = max {t €1[0,7] : elo cQT(S)dS/ vi(s)ds < r}.
0

Since f(;f 7;(s)ds converge to zero when j — oo, we deduce that t; =T for all j
larger than some jo. By the Filippov theorem, see for instance [24, Theorem
1.2] and the remark following it, for every j > jo, there exists an absolutely
continuous function z; : [0, 7] — R™ such that 2’(t) € cog(t,z;(t),U;(t)) a-e.
in 0,77, 2;(0) = 2(0) and

T d T
sup fo (1) —a(t)] < eh =" [T (5)d
te[0,7) 0

T
Let € > 0 and consider j > jo such that elo cor()ds f(;[ 7vj(s)ds < 5. By the
Filippov-Wazewski relaxation theorem there exists an absolutely continuous
function z. : [0,7] — R™ such that

zL(t) € g(t,x(t),U;(t)) a.e. in [0,T], z-(0) = z(0)

and supyejo 17 7 (t) — 2;(t)| < /2. By the measurable selection theorem we
can find a measurable selection wu.(t) € U;(t) such that for a.e. t € [0,T] we
have z.(t) = g(t,z-(t),u-(t)). Since

sup |zz(t) —x(t)| < sup (Jo;(t) — ()] +|z(t) —x;(1)]) <€,
t€[0,7) t€[0,7]

the proof is complete.

O

We next apply the above result to the infinite horizon relaxation prob-
lem with possibly unbounded and not necessarily closed sets f(t,x,U(t)).
Theorems 5.5 and 5.7 below are new.

Theorem 5.5. Assume (H1) ii) —v) with wg(t,r) = cr(t)r, where for all
R >0, cr: Ry — Ry is locally integrable, and that for some Ty > 0 and all
to > To, o € R™ there exists a trajectory of (2) defined on [ty,00). Further
assume that (8) holds true and that the function

Y(t) :=1inf {|f(t,0,u)| 4+ |L(t,0,u)| : we U(t)}
is locally integrable on Ry. Then (9) is satisfied and V™ =V .

Remark 5.6. The assumption that for some Ty > 0 and all ty > Ty, g € R”
there exists a trajectory of (2) defined on [tg,00) holds true, for instance,
whenever the function 1 (-) is locally integrable on R and there exists Tp > 0
such that cg(t) do not depend on R for all t > Tj. Indeed, by the proof of
Theorem 5.3, we know that there exists a measurable selection ug(t) € U(t)
such that |f(¢,0,uo(t))| < ¥(t)+1 for every t € Ry. Furthermore, setting
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c(t) = cr(t) for t > Ty we obtain |f(t,z,up(t))| < ¥(t)+1+4c(t)|x|. Given
to > Ty, xo € R™, it is enough to consider the solution of

' = f(t,z,uo(t)), z(to) = xo.

Proof. (of Theorem 5.5). Clearly V < V7. Therefore, if V" (tg,20) = —o0,
then V (tg,20) = —oo. We first show that for every (tg,x0) € dom (V") we
have V" (tg,x0) < V(to,20). Fix (to,x0) € dom(V"), e > 0 and consider a
trajectory-control pair (z,v,A) of the relaxed system satisfying V"¢ (tg,zq) <
J2e L(t,a(t),v(t), A(t))dt + 5.

By our assumptions, for every sufficiently large k > 0 and any trajectory-
control pair (Z,4) defined on [k,00), we have

| i@ amlde < S [T 1L a0,00. A0 < 5.
k k
By Theorem 5.3 applied to the function g¢(t,z,u) = (f(t,z,u), L(t,z,u))

and the time interval [¢o, k] with k > ¢, there exists a trajectory-control pair
(xe,ue) of the control system (2) defined on [tg, k] such that

C L) 0 A — [ Lt 2 (t), ()| < &

to to 4
Consider k£ > 0 sufficiently large and a trajectory-control pair (z,u) of (5)
defined on [k, 00) and satisfying x(k) = xc(k). Set (x:(t),us(t)) = (z(t),u(t))

for t > k. Then
Ve (to,z0) < fo L(t,a(t),0(t),A(t))dt+ § < ftlz L(t,a(t),o(t),A(t))dt + §
< fto (t, e (t), uc(t))dt + 3 < [ L(t,22(t),ue(t))dt +& < V(to, zo) +e.
Hence V" (tq,z0) < V (tg,70), by the arbitrariness of £ > 0.

It remains to consider the case V7l (ty,x9) = +0o. Then there exist
trajectory-control pairs (z',v",A") of the relaxed problem such that

o0
lim L(t z'(t),v"(t), A'(t))dt = +oo0.
1— 00 to
Applying the same arguments as before, for every k >0 and € > 0, we

can find trajectory-control pairs (z%,ut) of (5 ( ) defined on [tp,00), satisfying
7l (tg) = 20 and

[ L0 N0 [ L) o)

to to

<&
3"

Moreover, for k > 0 large enough and every ¢ we have
oo . . . I &) . . £
A R O RN O N A AR ORI O [
k k
Combining the above inequalities we get

T E 2 (1), 0 (0, N ()t < [ L(t @ (6),ul (1)) dE +e.

to to
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Hence o
lim [ L(t,z'(t),u(t))dt = +oo
1— 00 to
and therefore V (tg,x0) = +00. O

Finally we would like to observe that, in general, when the sets G(¢,z) are
not compact, the sets coG(t,z) may be not closed. For this reason optimal
solutions of the relaxed problem (12), (13) may not exist. To get the exis-
tence, without changing the value function, the correct relaxed problem in
the case of unbounded, not necessarily closed sets G(t,z), takes the following
less familiar form. Define

el o
V' " (to, o) = sup/ 0(t)dt
to

over all z € WI})’CI([tO,oo);R") and £ € L] ([to,o0); R) satisfying

(2'(t),£(t)) € c0G(t,x(t)) a.e. in [tg,00)
(15) ~

x(to) = xo.
Such a pair (x,¢) will be called below a solution of (15). In the above we set
v (to, o) = —o0 if (15) does not have solutions defined on [tg,0).

Theorem 5.7. Under all the assumptions of Theorem 5.5 suppose that there
existc>0,7>0 and 6 € L .([0,00);R ) such that (11) holds true. Then for

every (to, o) € dom(VTel), there exists a solution (Z(-),4(+)) of (15) satisfying

— o) —
(16) 7" (t0,x0) = / o) dt.
to
Furthermore, V=V and (9) holds true. Moreover, if V is locally bounded
from the above, then it is upper semicontinuous.

Remark 5.8. Theorem 5.7 allows to avoid assumption (H1) vi) to claim
that V' is upper semicontinuous and satisfies (9).

Proof. By our assumptions, ( f,f),ﬁ) satisfy (11). Thus for every (y,¢) €
coG(t,z) we have |y|'™" < 0(t) +cf. Then the same inequality holds true
also for any (y,¢) € coG(t,x).

The same arguments as those in the proof of Theorem 4.2 imply (9)

and that for every (tg,z0) € dom(Vm), there exists a solution (z(-),#(-)) of
(15) satisfying (16). Also, as before, if 7 s locally bounded from the

above, then it is upper semicontinuous. It remains to show that Vrel =V.

By Theorem 5.5 it is sufficient to verify that V' = yrel Pix (to,xo) €
Ry x R™. If VTEl(to,a:O) = —o0, then also V" (ty,29) = —oco. Assume next
that (to,z0) € dom(Vrel) and consider (Z(-),£(-)) solving the inclusion (15)
and satisfying (16). By the Castaing representation theorem there exist
measurable selections w;(t) € U(t), i > 1 defined on R such that U(t) =
Ui>1{ui(t)} for every t > 0. Consider uy € U such that the function defined
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by k(t) :=|f(t,0,uo(t))| 4+ |L(t,0,up(t))] is locally integrable on Ry. Let the
sets Uj(t) be defined in the same way as in the proof of Theorem 5.3 for
9= (fL).

Then for a.e. t >t

(@ (), 0(t)) € | co{(f(t,2(t), ), L(t,Z(t),u)) : u € U;(t)}.

Jj=z1

Define
Vi) = deof (£(t,20)u),L(t,5(0) ) suct, (1)) (' (£), £(1))

and observe that for a.e. t >ty we have lim;_,o v;(t) = 0.
Fix € > 0. By our assumptions there exists 7 > Ty such that for every j
and any solution (z,¢) of the inclusion

(A7) (2'(t),£(t)) € co{(f(t,x(t),u), L(t,z(t),u)) : u e U;(t)} for a.e. t >ty

we have [*°[0(t)|dt < e/3 and [*°|€(t)|dt < /3.

Then, as in the proof of Theorem 5.3 applied with T'= 7 and the initial
time tg instead of zero, it follows that for every sufficiently large j there
exist an absolutely continuous x; : [to,7] — R™ and ¢; € L([ty,7];R) solving
(17) on [to, 7] and satisfying

T@@ﬁ—f(mﬂ<§

to to

Consider any trajectory-control pair (x,u) of (2) with ¢y replaced by 7 and x¢
by x;(7). We extend the trajectory-control pair (z;,u;) on the time interval
(1,00) by the pair (z,u) and set £;(t) = L(t,2(t),u(t)) for all ¢ > 7. Hence

— T _ T 2 [e%¢]
7" (t0,0) < z@ﬁ+5§/@@ﬁ+£</‘@@ﬁ+a
to 3 to 3 to

By the measurable selection theorem, any solution of (17) satisfies the re-
laxed system (13) for some measurable {(u;, A;)}I_,. Therefore

Vrel(to,a}o) < Vrel(to,ﬂU()) +e.

Hence, by the arbitrariness of £ > 0, we get V' (to,z0) < V" (o, 7).

It remains to consider the case Vrel(to, o) = +00. Then there exist (z°,£°)
solving (15) such that lims e f; 05(t)dt = +o0. By the same arguments as
above we can find (2% 0%, A®) satisfying (13) such that

§—00

Hm [ Y A ()L(t,a®(t),uf (1)) dt = +o0.
to =0

Hence V (tg,x0) = +00. This completes the proof. O
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6. RELAXATION IN THE PRESENCE OF STATE CONSTRAINTS

In this section we consider the problem (12), (13), (3).

When K # R", in general, it may happen that dom(V) is strictly con-
tained in dom(V"®) even under all the assumptions of the previous section.
In fact one needs to impose some geometric restrictions on f on the bound-
ary of K, the so called Relazed Inward Pointing Condition, to obtain the
relaxation theorem.

We denote by (IPC™) the following assumption:

Vte]0,00),Yzebd(K),
Vv € Limsup, ,y . ¢,.2) [ (5,9, U(s)) with MaX,e N1 (z) (n,v) >0,
Jw € Liminf g ), 2 co f(s,y,U(s)) with Max,c N1 (x) (n,w—v) <0.

Remark 6.1. If f is continuous and the set-valued map U(-) is continuous
and has compact nonempty images, then the above condition takes a simpler
form:

{ Vit € [0,00),Va € bd (K), Vu € U(t) with max,en1 (o) (n, f (t,2,u)) >0,

Jw € co f(t,x,U(t))with MaX,e N (z) (n,w— f(t,z,u)) <0.

Theorem 6.2. Under all the assumptions of Theorem 5.1 with (H1) i)
replaced by (6), suppose (IPC™) and that f, L are locally bounded on R x
bd(K).

Then dom(V™®) =R, x K, V" =V and for every (tg, ) € Ry x K, there
exists (Z(+),0(-) = (o (+), ..oy Un(+)),A(:) = (Mo (+)y ey An(+))) satisfying (13) such
that z(t) € K for every t >ty and

Ve (to, o) = | L(t,z(t),0(t),A(t))dt.
to
Remark 6.3. We replaced (H1) i) by (6) just to fit the assumptions of
[26]. However in [26] assumption (6) is needed only to get uniform bounds
on trajectories of a differential inclusion on a finite time interval. By what
precedes we know that such bounds follow also from (H1) i). Hence the
above result is valid as well with assumption (H1) i) instead of (6).

Proof. From [26, Theorem 3.3] applied with o =0, =0 and finite time
intervals [to+ k,to + k + 1] instead of [0,1], we deduce, using the induction
argument, that for every (tp,z¢) € Ry x K, there exists a feasible solution
of (13) defined on [tg,00). Hence, in the same way as before, dom (V") =
Ry x K. Since f, L, U satisfy (H1) the third statement follows from Theorem
4.1. To prove the second one, observe that V"¢ > V. Let (tg,70) € Ry x K
and (Z(-),9(-),A(-)) be optimal for the relaxed problem. Fix any > 0 and
T >ty such that [;°(a(s)+6(s))ds < e/2. Then
T
Vil(to,a0) < S+ | Lit,z(t)o(), M)t

to
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From [26, Corollary 3.4] we deduce that there exists a trajectory-control
pair (ze,us) of (2), (3) defined on [to,T] such that

T | _ T c
[ Lt 2(6),0(0), M)t — | Lt (t),ue(0))d| < 5.

Applying [26, Theorem 3.3 and Corollary 3.4] and an induction argument,
we extend the feasible trajectory-control pair (z,u:) on the time interval
[T,00).
The proof ends in the same way as the one of Theorem 5.1.
O

To investigate locally Lipschitz solutions of the Hamilton-Jacobi equation
we need to recall the result below proved in [10].
Consider the infinite horizon optimal control problem By :

maximize/ e M(t,x(t),u(t))dt
to

over all feasible trajectory-control pairs (z(-),u(-)) of (2) defined on [tg,0),
where A >0, f, U, K are as in the introduction and [ : Ry x R® x R™ — R
is a given function. Let V) be the corresponding value function and VY ¢ be
the value function of the relaxed problem (12), (13) under sate constraint
(3) for L(t,z,u) = e MI(t,z,u).
We denote by (H2) the following assumptions on f and I:
(i) there exists ¢ € Ljoc such that for a.e. t € Ry,

sup (|f(t,2,u)|+[l(t,z,u)]) <q(t), Yo €bd(K);
uelU(t)

(ii) for all (¢t,z) € Ry xR™ the set {(f(¢t,z,u),l(t,z,u)) : uw e U(t)} is
compact;

(iii) 7 is bounded and there exist ¢ € LL (R;Ry) and k € Lo such that
for a.e. t € Ry and for all z,y € R™ and u € U(t),

[f (& u) = f(Ey, )|+ 1 2, u) =1y, w)| < K] —yl, [f(50,0)] < c(t);

(iv) limsup,_,. 1 fo(c(s) +k(s))ds < oo;
(v) the mappings f, [ are Carathéodory;

We also need the following (stronger than before) Inward Pointing Con-
dition linking the dynamics to the state constraints : (I PC)

3n>0,p>0,M >0such that for a.e.t € R,V y € bd(K)+nB,
Vu e U(t) with supneN&,nm,f(t,y,u)) >0,

Jwe{w eU(t) : |f(t,y,w') — f(t,y,u)| < M} such that
suppeny {(n, f(ty,w)), (n, f(t,y,w) = f(ty,u))} < —p,

where NJ, :={n € Ni(z) : z € bd (K)NB(y,n)}.
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Theorem 6.4. Assume (H2) and (IPC*). Then there exist C >1 and k>0
such that for every A > k and every t > 0 the function Vy(t,-) is Ce~ A=)
-Lipschitz continuous on K.

Furthermore, if f is also bounded, then for every A >k , V) is locally
Lipschitz on Ry x K.

Remark 6.5. In [10] the constants C' and k are obtained explicitly. They
depend solely on p, M, q, ¢, k.

Theorem 6.6. Assume (H2) and (IPC*). Then, for all large A >0, V) =
V/\“l on Ry xK.

Proof of Theorem 6.4 is lengthly and highly technical. The presence of the
discount factor plays an important role there. The main idea is to use the so
called Neighboring Feasible Trajectory (NFT) theorem from [26]. Theorem
6.6 is proved thanks to the continuity of V) (¢,-) and the technique developed
in [14].

7. RELATION TO A FINITE HORIZON BOLZA PROBLEM

Let to > 0 and T > ty. Define gp(z) =V (T,x) for all z € K, gr(x) = —oc0
for all z ¢ K and consider the Bolza problem Br

T

maximize <gT(1:(T)) + [ L(t,z(t),u(t)) dt)

to
over all trajectory-control pairs (x,u) of the system

{ 2(t) = f(ta(t),u(t),  u(t)€U(t) for ae. t € [ty,T]
$(t0) =Xy, a;(t) e K Vte [to,T].

The value function VB of the Bolza problem Br is given by : for every
(s0,90) € [to, T] x K

B B T
v (s0.00) = sup ( gr(e(T)+ [ Lit.a(t)u(t) di

over all feasible trajectory-control pairs (x,u) of (5) defined on [sg,7]| with
x(s0) = yo. Again, if there is no feasible trajectory-control pair of (5) defined
on [s,T] and satisfying z(so) = yo, then we set V5 (sq,10) = —oo.

If (H1) holds true, then, by Theorem 4.1, V(T,-) is upper semicontinuous
and, by the well known existence theorems for finite horizon problems, for
every yo € dom(V B (sp,-)), the above Bolza problem has an optimal solution.

Proposition 7.1. Assume (H1) i) - v). Then VB(so,y0) = V(s0,%0) for
every (so,y0) € [to,T] € K. Moreover, if (z,u) is optimal for the infinite
horizon problem at (to,xo), then the restriction of (z,u) to [to,T] is optimal
for Br.
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Proof. By (7) and (H1) iv), for any R > 0 there exists M > 0 such that
for any trajectory-control pair (x,u) of (5) defined on [sg,T] with T >
so > 0, satisfying x(so) = yo and T+ |yo| < R we have |z(T")] < M and
f;‘Q |L(t,z(t),u(t))|dt < M. As in the proof of Theorem 4.1 it can be shown

that VB and V take values in [—o0,0).

Let (s0,y0) € [to, T] x K. If VB(s0,y0) = —oc, then VB (s0,70) <V (s0,90)-
If it is finite, then fix € > 0 and consider a feasible trajectory-control pair
(zz,us) with z.(sp) = yo defined on [sg,T] such that

VB (s0,10) < gr((T)) —i—/SjL(s,xa(s),ug(s))ds—i— %

Since gr(z<(T)) is finite, we deduce that (T,z-(T")) € dom(V'). Consider
a feasible trajectory-control pair (z,u) of (5) on [T,00) such that z(T") =
2e(T) and V(T,2c(T)) < [77L(s,2(s),u(s))ds + /2. Set (we(s),uc(s)) =
(z(s),u(s))) for s > T. Then,

VB(so,m0) < [T L(s,22(5),uc(s))ds+ [ L(s,xe(s),us(s))ds + e
<V (s0,%0) +¢.

Since ¢ > 0 is arbitrary, VZ(sg,90) < V(s0,90). On the other hand, if
V(s0,40) = —o0, then V(so,y0) < VE(s0,0). If it is finite, then consider a
feasible trajectory-control pair (x.,u.) of (5) on [sg, 00) satisfying z-(s¢) = yo
and such that V(so,y0) < [ L(s,2c(s),uc(s))ds +e. Then

V(s0,10) < fiL(s,xe(s),ue(s))ds—I—f;OL(s,xs(s),ue(s))ds—l-s
< [ L(s,3(5),uc(s))ds + V(T,2-(T)) +e < VE(s0,50) + .

By the arbitrariness of ¢ > 0, this yields V(so,50) < VZ(s0,50). Hence
V(s0,90) = VB(s0,50). The point (sg,y0) € [to,T] x K being arbitrary, we
deduce the first statement. The second one is a simple consequence of the
dynamic programming principle. ([

8. MAXIMUM PRINCIPLE AND SENSITIVITY RELATION

When state constraints are present, then, in general, the familiar maxi-
mum principle does not hold unless the optimal trajectory takes values in
the interior of K only. Furthermore, for problems under state constraints
the adjoint state may be discontinuous, even for finite horizon problems.

In this section we prove the maximum principle using the Hamilton-
ian H defined in the introduction. Recall that H(t,x,-) is convex and if
f(t,-,u), L(t,-,u) are locally Lipschitz uniformly in u € U(t), then H(t,-,-)
is locally Lipschitz. Then we denote by 0H (t;y,q) the generalized gradient
of H(t,-,-) at (y,q). It has convex compact images and the set-valued map
(y,q) ~ 0H(t;y,q) is upper semicontinuous.
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If V' is locally Lipschitz on Ry x K, then define for (¢,2) € Ry x K,
int o .
0"V (t,x) := coLimsup (5,9) — (t,) {VV(s,y)}.
y € int(K)
Observe that the set 9™V (¢, ) is compact. It coincides with the generalized
gradient of V' at (t,z) whenever x € int(K).

Below we denote by 9L~V (tg,z0) the limiting subdifferential of V' (to,-)
at zg. Recalling the notation introduced in Section 4,

G(t.a) == {(f(ta,u), L(t.,u) s u € U},
we state the maximum principle under state constraints.
Theorem 8.1. Assume (IPC™), (H1) ii)-v) with wg(t,r) = er(t)r, where

for all R>0, ¢ € Ll .(Ry;Ry), that G(t,z) is compact for every (t,x) €
Ry x R™ and that there exists ¢ > 0 such that for a.e. t >0,

sup (|f(t,x,u)|+|L(t,xz,u)|) <c(|z|+1) Ve e R™.
ueU(t)

Then

1) if for all large j € N, the function V (j,-) is locally Lipschitz on K, then
V' is locally Lipschitz on Ry x K.

IT) if (z,u) is optimal for the infinite horizon problem at (to, o) € Ry X
int (K), then there exist p € W/ﬁ)’cl(to,oo;R”), positive Borel measure {1 on
[to,00), and a Borel measurable selection v(t) € Nk (z(t)) N B defined on
[to,00) such that for q(t) := p(t) +n(t) with

{mww@ww@>teamm>
0

t) =
n(t) =t

the following relations are satisfied:

(i) the Hamiltonian inclusion
(—p'(t),7'(t)) € OH (t;%(t),q(t)) for a.e. t € [tg,00);
(ii) the maximality condition
(a(), (1)) + L(t,3(8), (1) = H (t, 5(2), a(t)) for ave. ¢ € [to,00);
(iii) the sensitivity relation
(—H(t,z(t),q(t)),q(t)) € 0™V (t,z(t)) for a.e. t € [tg,00);

(iv) the transversality condition at the initial time
(18) p(to) € L~V (to, z0).
Furthermore, if H is continuous, then

(—H(t,2(t),q(1)),q(1)) € IV (1,2(1)) Vt € (t0,00).
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Remark 8.2.

a) Recall that Theorem 6.4 provides sufficient conditions for the local
Lipschitz continuity of V' on Ry x K. Instead one can also assume that
(H2) holds true for ¢ € [j,00) and some integer j (in place of [0,00)) to
deduce Lipschitz continuity of V on [j,00) x K.

b) It is not difficult to realize that (i) contains the maximality condition
(73). We have stated (i¢) in order to underline the link with the more familiar
maximum principle.

Proof. For every sufficiently large integer j > tg, let g; : R™ — R be a locally
Lipschitz function that coincides with V' (j,-) on K. Consider the Mayer
problem (M)
V7 (to, o, 20) = sup(g;(z(j)) +2(j))
over all the trajectory-control pairs of the control system
() = f(t,z(t),u(t)) a.e. teto,]]
2/(t) = L(t,z(t),u(t)) a.e.t€ [tg,]]
.%'(to) =Xy, Z(to) =20
u(t) e U(t) a.e. t € [to,]]
z(t) e K YVt € [to,]].

From [26, Theorem 5.1] (after rewriting the above Mayer problem as a
minimization problem), we deduce that V7 is locally Lipschitz on [0,]] x
K xR whenever j is sufficiently large. It is not difficult to realize that
Vi(to,z0,0) = VB(tg,z0) for every (tg,x0) € [0,] x K, where V' is the value
function of the Bolza problem (introduced in the previous section) for 7' = j.
Hence, by Proposition 7.1, V is locally Lipschitz continuous on Ry x K.

To prove the second statement of our theorem, consider an optimal pair
(z,u) of the infinite horizon problem at (fp,z¢) € Ry X int (K). Setting

¢
2() = [ L(s,2(s),i(s)) ds,
to
it follows that the restriction of (z,Zz,u) to [to,j] is optimal for (M;) at
(to,x0,0). By [26, Theorem 5.3] (after rewriting the above Mayer problem
as a minimization problem on the interval [to, j] instead of [0,1]), for every
integer j > tg there exist an absolutely continuous function pj;, a positive
Borel measure p; and a Borel measurable selection v;(s) € Nk (z(s)) N B
pj— a.e. defined on the time interval [t,j] such that, setting

m;(t) = {({[tmt] vj(s)dp;(s) iiiio,j]

and ¢;(t) :=p;(t) +n;(t), the following relations hold true for a.e. t € [to, j]:
(19) (=p;(),2'(t)) € OH (t;2(t), ¢());

(20) (qj (), f(t,z(t), u(t))) + L(t, 2(t),u(t)) = H(t,2(t),q;(t));
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(21) (—H (t,2(t),q;(1),4;(1)) € O™V (t,2(1));

(22) pi(to) € 95~V (to, o).

Let k > tg be a fixed integer.

Step 1: Since ¢ € int (K) and V' is locally Lipschitz, we deduce from (22)
that the sequence {p;(to)}; is bounded. The measure ;; being regular, we
know that ¢; is right continuous on (to,7). Since V is locally Lipschitz on
Ry x K from (21) we deduce that the functions {¢;},., are equibounded on
[t(]v k] .

On the other hand, if R > 0 is so that sup;cp, 41 |Z(t)| < R, then for a.e. t €
[to, k] and all (a,b) € OH (t;Z(t),q;(t)) C R™ x R™ we have |a| < cr(t)|q;(t))|+
cr(t). This and (19) imply that [p}(t)| < cr(t)|g;(t))| +cr(t) a.e. in [to,k].
Hence also the mappings {p;}; are equibounded on [to, k] and therefore so
are {n;};.

For every j > k define the positive measure fi; on Borel subsets of [t, k] by
i (A) = [, |vj(t)|du;(t) for any Borel set A C [to, k]. We claim that j1;([to, k])
are equibounded. Indeed, the inward pointing condition implies that for
every t > tg, int (Cx(2(t))) # 0. Thus the set valued map ¢ ~» Ck(z(t)) is
lower semicontinuous on [tg,00). By [18, proof of Lemma 11] we know that
there exists a continuous selection v (t) € Ck(t) defined on [tg, k| such that

sup  (n,¥(t)) < —2 Vi€ [to, k] with z(t) € bd(K).
neN(Z(t))

Consider 1) € C*([to,k];R™) such that SUPye(r, k] [¥(8) — Y(s)| < 1. Then

sup  (n,¥(t)) < —1 VtE [to,k] with Z(¢) € bd(K).
neN(Z(t))

Consequently, for every j > k,

~/[to,k]<d_](8)7yj(8)>duj(s) z/

<1z7<s> vils) >rvj<s>r i (s)

[to.k1n {512 ()0} vl
</ v (5) dag(s) == [ y(5)| diay ().
[to,k]N{s:v;(s)#0} [to.k]

Using that {n;}; are equibounded on [y, k] and have bounded total variation,
integrating by parts we deduce from the above inequality that for some
constant C' >0 and all j > k,

[ Ol < [ e = [ =)

= —nj(k)P(k) n;(s)9'(s)ds < C( sup [i(s)|+ sup [¢'(s)]).

[to,k] s€[to,k] s€[to,k]

Since v(+) does not depend on j our claim follows.

Step 2: By Step 1, the Ascoli-Arzela theorem and the Dunford-Pettis
criterion, taking a subsequence and keeping the same notation, we deduce
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that there exists an absolutely continuous function p” : [to, k] — R™ such that
pj — p& uniformly on [to, k] and Py (p*) weakly in L' ([tg,k];R™). Since the
total variations of 7); are bounded by [, 11[v;(s)| du;(s) and 7;(0) =0, from
the Helly’s selection theorem, taking a subsequence and keeping the same
notation, we conclude that there exists a function of bounded variation 7*
on [to, k] such that ; — n* pointwise on [to, k] and n*(¢¢) = 0. Furthermore,
there exists a nonnegative finite measure * on [to, k] such that, by further

extraction of a subsequence and preserving the same notation, p; —* ©F
(weakly-*) in C([to,k];R)*. Let

vi(t)
()= ) 070
0 otherwise.

Since v;(t) € Nk (z(t)) N B pj—a.e. in [to, k] is a Borel measurable selection,
applying [45, Proposition 9.2.1], we deduce that, for a subsequence {j;},
there exists a Borel measurable function v* such that v*(t) € Ng(Z(t))N B
pF-a.e. in [tg, k] and for every ¢ € C([to,k];R"™)

(23) / (B(8),75:(s)) diaj; (s) — (p(s),V7(s)) du*(s) as i — .
[to,k] [to,k]

Using that for all ¢ € (to, k],

ml)= [ i) )= [ 90(6)dis o),

[to 7t]

from (23) and the separation theorem it follows that for every t € (o, k]

0" (t) = o V¥ (s) dp(s).

Recall that OH(t;-,-) is upper semicontinuous and has convex compact
images and that 0%~V (0,z0), 0"V (t,Z(t)) are closed sets.

Define ¢* = pF 41", Passing to the limits in (20) and (21) a.e. in [to, k] for
the subsequence ¢;, when i — oo, we deduce that (i7) and (4i7) are satisfied
on [to, k] with ¢ replaced by ¢* . From (22) we obtain (18) for p*(ty). Taking
the weak limit in (19) for the subsequence p, when i — oo and using the
Mazur lemma and the upper semicontinuity of 0H (¢;-,-) we get (i) on [to, k]
with p replaced by p* and ¢ by ¢".

Step 3: Consider now the interval [tg,k+ 1]. By the same argument as in
the second step, taking suitable subsequences {p;, }, C {p;;}; and {173;.[ } i C

+

{nj.},» we deduce that there exist an absolutely continuous function p
k+1

a
function of bounded variation n**1, a Borel measurable selection v**1(t) €
Nk (Z(t))N B on [tg,k+ 1] and a positive Borel measure p**+! on [to,k + 1]
which satisfy (4), (i1), (ii4), (iv) on [tg,k+ 1] with p, g replaced by p*+1, ¢F+1
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and moreover, when £ — 0o
Pji, — p**1 uniformly on [to,k+ 1],
p;-il — (1) weakly in L'([to, k +1];R")
@js, = ¢" ! pointwise on [to, k + 1],

g, = pF L weakly-* in C([to, k + 1);R)*

k
P +1|[ +1’[t0,

k k k
to,k] =P 5 4 k=4,

and for all t € [to,k+1]

KL () duh 1 (s)  t € (to, i+ 1]

) = kL) = Jito v
77.7”( ) n ( ) {O t:to

k+1|[

Furthermore, since nk+1|[t0,k] =7nF and p to.k] = uF, we have

K= P pF-ae. on [to, k].

The mappings p**t, nF*1 and v**! extend pF, n*, and v* respectively on

the time interval [tg,k -+ 1], and the measure x**! extends the measure u*.
Applying the induction argument we get p, , v and p defined on [tg,00)
and satisfying the second claim of our theorem.
If H is continuous, then the right continuity of ¢ on (¢p,00) and the upper

semicontinuity of 9™V on R, x K imply the last statement of our theorem.
O

9. HAMILTON-JACOBI EQUATION

The Hamilton-Jacobi (HJ) equation associated to the non-autonomous
infinite horizon optimal control problem is as follows

oW+ H(t,z,0,W)=0 on (0,00) X K, (HJ)

where 0, 0, denote the partial derivatives of W with respect to t and =x.

If the value function is differentiable, then it is well known that it satisfies
(HJ). If in addition f is time independent and L(t,z,u) = e *¢(z,u) for some
(:R" xR™ = R, then V(t,z) = e MV (0,z). Setting Wi(z) := V(0,z) we
deduce from (HJ) that W7 is a solution of the following, more familiar in the
context of infinite horizon problems, stationary Hamilton-Jacobi equation

AW +H(x,0,W)=0 on K,

where H(x,p) := sup,ep ) (D, f (2, u)) +£(z,u)).

Conversely, if Wj is a smooth solution of this stationary Hamilton-Jacobi
equation, then W (t,x) := e MW (x) solves (HJ). If f and/or ¢ are time de-
pendent, then, in general, (HJ) can not be replaced by the above stationary
equation.

It is well known that (HJ) may not have differentiable solutions. Fur-
thermore, if a smooth solution does exist, it may be not uniquely defined
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because, in the difference with the finite horizon case, there is no “termi-
nal” condition involved, as in (4). In Section 4 we have shown that under
some integrable boundedness assumptions for large times, the value function
V (t,-) restricted to its domain of definition converges to zero as t — co. In
such a setting, the natural “terminal” condition should be as follows

lim sup |W(t,y)| =0.
t=00 yedom (W (t,))

The value function V being not differentiable, and even possibly discon-
tinuous, solutions of (HJ) have to be understood in a generalized sense. In
[11] we have investigated uniqueness of generalized solutions in the class of
upper semicontinuous functions satisfying the above “terminal” condition.
In this section we restrict our attention to locally Lipschitz continuous solu-
tions on Ry x K only, the case, where results are much simpler to state and
to prove. Then the above “terminal” condition becomes

(24) lim sup |W(t,y)| =0.

t—o00 yeK

Denote by (H3) the following assumptions on f, L:
(i) Jce L (Ry;R,) such that for a.e. t >0 and for all z € R, u € U(t)

|f(tz,u) [+ |L(tz,u)| < e(t)(1+]2]);
(ii) 3k € Lioe such that for a.e. t >0 and for all x, y € R™, u € U(t)

|f(t,:n,u)—f(t,y,u)|—|—\L(t,x,u) _L(tay7u)| < k(t)|l‘—y|;

1
(iii) limsup,_, n J3(e(s) +k(s))ds < oo;
(iv) 3¢ € Lioc such that for a.e. t >0

sup (|f(t,z,u)|+|L(t, z,u)|) < q(t), Yz € bd(K);
uelU(t)

(v) for a.e. t >0 and all x € R", G(t,z) is compact;
(vi) There exists S > 0 such that |L(¢,z,u)| < «a(t) for a.e. ¢t > S and all
x € K, ueU(t), where a.: [S,+00) — R is integrable on [S,+00).
The Outward Pointing Condition (OPC®) is the same as (IPC*) but
with f replaced by —f.

Theorem 9.1. Assume (H1) iii),vi) and (H3). Let W :Ry x K — R be a
locally Lipschitz function satisfying (24).

1. If (OPC®) holds true, then W =V if and only if W is a bilateral
solution of (HJ), that is for a.e. t>0

(25) pr+H(t,x,p) =0 Y(p,pe) € 0L W (t,x), Vo € int (K)
2 +H(t7$7pw) >0 v(ptapx) € (9+W(t,£€), Va € bd (K)
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2. If (IPC®) holds true, then W =V if and only if W is a viscosity
solution of (HJ), that is for a.e. t >0

pr+H(t,x,pr) <OV (pr,pz) € 0_W(t,z), Va € int (K),
{ pe+H(t,x,p) =0 Y(p,pe) € 0:W(t,z), Vz € K.

Now, let [: Ry xR" xR™ — R,, A >0, and
(27) L(t,x,u) = e M(t,z,u).

From Theorems 6.2, 9.1 and 6.4 we immediately get the following corol-

laries.

Corollary 9.2. Assume (27), (H2), (IPC), (OPC®) and that f is bounded.

Then for every A > 0 sufficiently large, the value function V) is the only lo-
cally Lipschitz function W : Ry x K — R satisfying for a.e. t >0

{ pe+H(t,z,pp) =0 V(p,pz) € 04 W(t,x), Vo € int (K),

(26)

pe+H(t,x,pg) 20 YV (pt,pz) € 0+ W (t,x), Vo € bd (K)
limy 00 SUP,e i [W (t,y)| = 0.
Corollary 9.3. Assume (27), (H2), (IPC*) and that f is bounded. Then

for every A > 0 sufficiently large, the value function Vy is the only locally
Lipschitz function W : Ry x K — R satisfying for a.e. t >0

pt+H(t7$)px) < 0 \v/(ptvpx) € a*W(tvx)v Vr € int (K)v
pe+H(t,x,pg) 20 V(pt,pz) €0+ W(t,x), Ve e K
limy 00 SUP,e i [W (t,y)| = 0.
The proof of Theorem 9.1 follows the path initiated in [23] that was
subsequently applied in many papers, see for instance [27, 29, 30, 31, 25].
We first state several auxiliary results.
Proposition 9.4. The following relations hold true:
o for any x € dom(V(0,")), imsup, o4, V(5,5) = V/(0,2);
e for a.e. t>0,Vx €dom(V(t,-)), JuecU(t) such that
Div(tax)(lvf(tawva)) > —L(t,aj‘,ﬂ);
o for a.e. t>0,Vx €int(K)Ndom(V(t,-)), Yue U(t) the following
two inequalities are satisfied
D\V(t,z)(=1,—f(t,z,u)) = L(t,z,u)

and
DV (t,z)(1, f(t,x,u)) < —L(t,z,u).

The above proposition follows easily from the dynamic programming prin-
ciple and [27, Theorems 2.9, 4.2 and Corollary 2.7]. The equivalence results
below allow to state the Hamilton-Jacobi inequalities involving sub and su-
perdifferentials in terms of directional derivatives. Such equivalence is im-
portant, because it allows to deduce dynamic programming properties of a
generalized solution which, in turn, yield uniqueness of solutions to (HJ)
with the terminal condition (24).
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Proposition 9.5. Let W : R, x K — R be locally Lipschitz. Then

(1) the following two statements are equivalent:
(a) for a.e. t>0,Vax e K, JuecU(t) such that

D W (t,z)(1, f(t,z,u)) > —L(t,x,u);

(b) pt+ H(t,z,pz) >0 for a.e. t>0,Voe K and every (p,ps) €
0+ W (t,x).
(2) the following two statements are equivalent:
(a) for a.e. t>0,Voeint(K), Yue U(t),

D W(t,x)(—1,—f(t,z,u)) > L(t,x,u);

(0) pr+H(t,z,p.) <0 fora.e. t>0,Vzeint(K) and every (pt,p) €
O W (t,x).

Proof. Note that (a) = (b) and (a)’ = (b)’ by the very definition of superdif-
ferential. From [27, Corollary 2.7 and Theorem 2.9] and [28, Corollary 3.2]
we deduce that (b) = (a) and (b)' = (a)'. O

An analogous proposition can be stated also for the epigraph of W, we
shall not dwell on it however.

Lemma 9.6. Let W : Ry x K — R be locally Lipschitz and satisfying (a)
of Proposition 9.5. Then for all 0 < 19 < 11 and any trajectory-control pair
(x(+),u(-)) of (5) on [10,71], with x([10,71]) C int (K), the function w(-) de-
fined by

w(t) = W (r,z(m)) +/tTlL(5,x(s),u(s))ds

satisfies (z(t),w(t)) € hypW(t,-) for all t € [19,71].
Consequently, W (1o,2(79)) = W (r1,2(1)) + [} L(t,2(t), u(t))dt.

Proof. Define ¢(t) = W (t,z(t)). By the Lipschitz continuity of W for a.e.
te [7’0,7’1]

—01(1) = DYW (0,2(0)) (1, — (1 2(0) (1)) = L (1 2(0), 1)),
Integrating on [t,71] implies
o(t) —W(r,z(m)) > /tT1 L(s,z(s),u(s))ds = w(t) — W (r,z(m1)).
Hence W (t,z(t)) > w(t). O

Similarly, we have the following lemma (after stating an analogue of
Proposition 9.5 for the lower directional derivatives).

Lemma 9.7. Let W : R, x K — R be locally Lipschitz. If for a.e. t >0 and
all x € int (K),

pt_"H(t’x?px) < 0 V(ptvpx) € 87W(t,llf),
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then for all 0 < 19 < 11 and any trajectory-control pair (x(-),u(-)) of (5) on
[10,71] with x([T0,71]) Cint (K), the function w(-) defined by

w(t) = W (o, 2(r0)) —/T;L(s,x(s),u(s))ds

satisfies (z(t),w(t)) € epiW (t,-) for all t € [10,71].
Consequently, W (7o,2(70)) > W (r1,2(1)) + [} L(t,2(t), u(t))dt.

Proof. (of Theorem 9.1). To show that the locally Lipschitz value function
satisfies (25) and (26) it is sufficient to apply Proposition 9.4 and defini-
tions of super and subdifferentials. Let (tp,z¢) € Ry x K. To show that
W (to,x0) > V (to,x0), it is enough to consider the case when V (tg,z¢) >
—oo. Let (z(-),u(-)) be optimal at (t9,z¢). We apply (NFT) theorem
from [10] under either the assumption (OPC*) or (IPC*) and associate
with any € > 0, the time interval [t., 7] C R4 and a trajectory-control pair
(z:(+),us(+)) defined on [t.,T;] satisfying x.([tc,T:]) C int (K), lime_o4 1% =
00, lime_04 (te,x:(te)) = (to,zo) and

Te T:
L(t,xc(t),us(t))dt — L(t,z(t),u(t))dt

te te

Then Lemmas 9.6 and 9.7 yield
W(re,ze(2)) > W (T, 2(T2)) "‘fT::s L(t,xc(t),uc(t))dt
> W(T:, o (T2)) + [0 L(t,2(t),u(t))dt —e.

Hence, whenever T, > S we get

<e.

o0 oo
Wite,(7e)) 2 W(Te, 2e(T2)) + | L(t,f(t),ﬁ(t))dt—/ a(t)dt—e.
Taking the limit when £ — 0+, using (24) and the integrability of o on Ry
we obtain W (tg,z9) > V (tg,x0). Hence W > V.

Finally, Proposition 9.5 (a) and a measurable viability theorem [28, Corol-
lary 3.2] imply that for every (to,z09) € Ry x K and T > to there exists a
trajectory-control pair (z(-),u(-)) such that

T
Wito,z0)— | L(t,z(t),u(t))dt < W(T,z(T)).
to
Hence for any T'> S, W (to,z0) < W(T,z(T)) + V (to,z0) + [~ a(t)dt. This,
(24) and the integrability of o on [S,00) imply that for every € > 0 we have
W (to,z0) < V(to,xz0) +e. Consequently W <V and we deduce that (25)
yields W = V. Similarly, (26) implies W = V. O

REFERENCES

[1] Aseev, S.M.: On some properties of the adjoint variable in the relations of the Pon-
tryagin maximum principle for optimal economic growth problems. Tr. Inst. Mat.
Mekh. 19, 15-24, (2013)



2]

3]

(4]

(6]
(7]

(8]

[10]

(11]

(12]
(13]

(14]

(15]

(16]

(17]

INFINITE HORIZON OPTIMAL CONTROL 37

Aseev, S.M., Kryazhimskiy, A.V.: The Pontryagin maximum principle and transver-
sality conditions for a class of optimal control problems with infinite time horizons.
SIAM J. Control Optim. 43, 1094-1119, (2004)

Aseev, S.M., Veliov, V.M.: Maximum principle for infinite-horizon optimal control
problems with dominating discount. Dynamics of Continuous, Discrete and Impulsive
Systems, Series B: Applications & Algorithms 19, 43-63, (2012)

Aseev, S.M., Veliov, V.M., Maximum principle for infinite-horizon optimal control
problems under weak regularity assumptions. In: Proceedings of the Steklov Institute
of Mathematics 291, S22-S39, (2015)

Aseev, S.M., Veliov, V.M.: Another view of the maximum principle for infinite-
horizon optimal control problems in economics. Technical Report, ITASA, (2017)
Aseev, S.M., Krastanov, M., Veliov, V.M.: Optimality conditions for discrete-time
optimal control on infinite horizon. Pure Appl. Funct. Anal. 2, 395-409, (2017)
Aubin, J.-P., Clarke, F.: Shadow prices and duality for a class of optimal control
problems. STAM J. Control Optim. 17, 567-586, (1979)

Aubin, J.-P., Frankowska, H.: Set-Valued Analysis. Birkhauser, Boston, Basel, Berlin,
(1990)

Basco, V., Cannarsa, P., Frankowska, H.: Necessary conditions for infinite horizon
optimal control problems with state constraints. Mathematical Control and Related
Fields (MCRF) 8, 535-555, (2018)

Basco, V., Frankowska, H.: Lipschitz continuity of the value function for the infinite
horizon optimal control problem under state constraints. In “Trends in Control The-
ory and Partial Differential Equations”, Eds. Alabau, F., and al., Springer INdAM
Series 32, (2019)

Basco, V., Frankowska, H.: Hamilton-Jacobi-Bellman equations with time-
measurable data and infinite horizon. Nonlinear Differ. Equ. Appl. 26,
https://doi.org/10.1007/s00030-019-0553-y (2019)

Bettiol, P., Frankowska, H., Vinter, R.: Improved sensitivity relations in state con-
strained optimal control. Appl. Math. Optim. 71, 353-377, (2015)

Benveniste, .M., Scheinkman, J.A.: Duality theory for dynamic optimization models
of economics: The continuous time case. J. Econom. Theory 27, 1-19, (1982)
Cannarsa, P., Frankowska, H.: Value function, relaxation, and transversality con-
ditions in infinite horizon optimal control. J. Math. Anal. Appl. 457, 1188-1217,
(2018)

Cannarsa, P., Sinestrari, C.: Semiconcave functions, Hamilton-Jacobi equations, and
optimal control. Birkhduser, Boston, MA, (2004)

Cannarsa, P., Frankowska, H., Scarinci T.: Second-order sensitivity relations and
regularity of the value function for Mayer’s problem in optimal control. STAM Journal
on Control and Optimization 53, 3642-3672, (2015)

Carlson, D.A., Haurie, A.: Infinite Horizon Optimal Control. Theory and Appli-
cations. Lecture Notes in Economics and Mathematical Systems, Springer-Verlag,
Berlin, Heidelberg, (1987)

Cernea, A., Frankowska, H.: A connection between the maximum principle and dy-
namic programming for constrained control problems. STAM J. Control Optim. 44,
673-703, (2006)

Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley, New York, (1983)
Crandall, M.G., Lions, P.-L.: Viscosity solutions of Hamilton-Jacobi equations. Trans.
Amer. Math. Soc. 277, 1-42, (1983)

Crandall, M.G., Evans, L.C., Lions, P.-L.: Some properties of viscosity solutions of
Hamilton-Jacobi equation. Trans. Amer. Math. Soc. 282, 487-502, (1984)
Frankowska, H.: Optimal trajectories associated to a solution of contingent Hamilton-
Jacobi equations. Appl. Math. Optim. 19, 291-311, (1989)



38
(23]
24]
[25]

[26]

27]
28]

29]

(30]

31]

(32]
(33]

34]

(35]

(36]

37]
(38]
39]
(40]
[41]
[42]
(43]
[44]

(45]

HELENE FRANKOWSKA

Frankowska, H.: Lower semicontinuous solutions of Hamilton-Jacobi-Bellman equa-
tion. STAM J. Control Optim. 31, 257-272, (1993)

Frankowska, H.: A priori estimates for operational differential inclusions. J. Diff. Egs.
84, 100-128, (1990)

Frankowska, H., Mazzola, M.: Discontinuous solutions of Hamilton-Jacobi-Bellman
equation under state constraints. Calc. Var. and PDEs 46, 725-747, (2013)
Frankowska, H., Mazzola, M.: On relations of the co-state to the value function for
optimal control problems with state constraints. Nonlinear Differ. Equ. Appl. 20,
361-383, (2013)

Frankowska, H., Plaskacz, S., Rzezuchowski, T.: Measurable viability theorems and
Hamilton-Jacobi-Bellman equations. J. Diff. Egs. 116, 265-305, (1995)

Frankowska, H., Plaskacz, S.: A measurable upper semicontinuous viability theorem
for tubes. J. of Nonlinear Analysis, TMA 26, 565-582, (1996)

Frankowska, H., Plaskacz, S.: Hamilton-Jacobi equations for infinite horizon control
problems with state constraints. In: Proceedings of International Conference ”Calcu-
lus of Variations and related topics”, Haifa, 1998, Chapman and Hall/CRC Research
Notes in Mathematics Series 411, 97-116, (2000)

Frankowska, H., Plaskacz, S.: Semicontinuous solutions of Hamilton-Jacobi-Bellman
equations with degenerate state constraints. J. Math. Anal. Appl. 251, 818-838,
(2000)

Frankowska, H., Vinter, R.B.: Existence of neighbouring feasible trajectories: appli-
cations to dynamic programming for state constrained optimal control problems. J.
Optim. Theory Appl. 104, 21-40, (2000)

Halkin, H.: Necessary conditions for optimal control problems with infinite horizons.
Econometrica 42, 267-272, (1974)

Khlopin, D.V.: Necessity of vanishing shadow price in infinite horizon control prob-
lems. J. Dyn. Con. Sys. 19, 519-552, (2013)

Lykina, V., Pickenhain, S.: Weighted functional spaces approach in infinite horizon
optimal control problems: A systematic analysis of hidden opportunities and advan-
tages. J. Math. Anal. Appl. 454, 195-218, (2017)

Michel, P.: On the transversality condition in infinite horizon optimal problems.
Econometrica 50, 975-984, (1982)

Pickenhain, S.: On adequate transversality conditions for infinite horizon optimal
control problems - a famous example of Halkin. In : Dynamic Systems, Economic
Growth, and the Environment, Springer, Berlin, 3-12, (2010)

Pickenhain, S.: Infinite horizon optimal control problems in the light of convex anal-
ysis in Hilbert spaces. Set-Valued Var. Anal. 23, 169-189, (2015)

Pickenhain, S.: Infinite horizon problems in the calculus of variations. Set-Valued
Var. Anal. 2, 331-354, (2019)

Ramsey, F.P.: A mathematical theory of saving. Economic Journal 38, 543-559,
(1928)

Sagara, N.: Value functions and transversality conditions for infinite-horizon optimal
control problems. Set-Valued Var. Anal. 18, 1-28, (2010)

Soner, H.M.: Optimal control with state-space constraints. SIAM J. Control Optim.
24, 552-561, (1986)

Seierstad, A., Sydsaeter, K.: Optimal Control Theory with Economic Applications.
North-Holland Publishing Co., Amsterdam, (1987)

Seierstad, A., Sydsaeter, K.: Conditions implying the vanishing of the Hamiltonian
at infinity in optimal control problems. Optim Lett. 3, 507-512, (2009)

Tauchnitz, N.: The Pontryagin maximum principle for nonlinear optimal control
problems with infinite horizon. J. Optim. Theory Appl. 167, 27-48, (2015)

Vinter, R.B.: Optimal Control, Birkh&user, Boston, (2000)



INFINITE HORIZON OPTIMAL CONTROL 39

[46] Von Weizsacker, C.C.: Existence of optimal programs of accumulation for an infinite
time horizon. Review of Economic Studies 32, 85-92, (1965)

[47] Ye, J.: Nonsmooth maximum principle for infinite-horizon problems. J. Optim. The-
ory Appl. 76, 485-500, (1993)

CNRS, INSTITUT DE MATHEMATIQUES DE JUSSIEU - PARIS RIVE GAUCHE, SORBONNE
UNIVERSITE, CASE 247, 4 PLACE JUSSIEU, 75252 PARIS, FRANCE
E-mail address: helene.frankowska@imj-prg.fr



