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Abstract

Land seismic multi-parameter full waveform inversion in anisotropic media is challenging be-
cause of high medium contrasts and because of surface waves. With a data-residual least-squares
misfit function, the surface wave energy usually masks the body waves and the gradient of the misfit
function exhibits high values in the very shallow depths preventing from recovering the deeper part
of the earth model parameters. An optimal transport objective function, coupled with a Gaussian
time-windowing strategy, allows to overcome this issue by more focusing on phase shifts and by
balancing the contributions of the different events in the adjoint-source and the gradients. First, we
show how OT function balances events. We then discuss a vertical transverse isotropic (VTI) ex-
ample starting from a quasi 1D isotropic initial model. Despite some cycle-skipping issues in the
initial model, the inversion based on the windowed optimal transport approach converges. Both the
near-surface complexities and the variations at depth are satisfactorily recovered.



Introduction

Land seismic records contain both deep propagating body waves and shallow-penetrating but strongly
energetic surface waves. When the latter are included in full waveform inversion (FWI), conventional
misfit function (and inversion) is driven to update mainly the very shallow part (mostly for S-wave
velocity), while the deeper subsurface structures of interest are weakly updated. In order to highlight the
contribution from the deep-penetrating body waves, surface waves should be removed from the data by
processing or specific treatment (Plessix and Pérez Solano, 2015).
Recently, an optimal-transport-based (OT) objective function has been proposed in the frame of acoustic
FWI. The original motivation for OT in FWI is the convexity of the objective function with respect to
shifted patterns, seen as a proxy of convexity with respect to velocity changes, in order to mitigate the
cycle-skipping issue (Métivier et al., 2018; Yang et al., 2018). In this study, we exploit the interesting
property of the Kantorovich-Rubinstein OT (Métivier et al., 2016; Poncet et al., 2018) to balance the
amplitudes of various arrivals. The amplitude distribution of the OT adjoint source is more uniform
than that of the least-squares function, suggesting that the high amplitudes of surface waves will have
less impact into the misfit function and the gradient build-up. Besides, the OT adjoint source is less
oscillating than the synthetics or observed data. For this reason, we investigate the behaviour of OT for
this problem of imaging complex near-surface anisotropic targets.
In this study, the combined interpretation of surface waves and body waves from a synthetic land data-
set is investigated, using a multi-parameter anisotropic FWI scheme based on an optimal transport (OT)
misfit function. We show that this approach combined with a Gaussian time window to damp far-offset
surface waves allows the reconstruction of meaningful information on P and S-wave velocities as well
as on the anisotropy parameters.

Method

Theory

Following Métivier et al. (2016), the OT objective function with the Kantorovich-Rubinstein approach
is based on the dual of the 1-Wasserstein distance. For a shot indexed by s, the corresponding misfit is

hs(d
syn

,dobs) = max
ϕs∈BLip1

∑
r

∫ T

0
ϕs(xr, t)Wsr(t)[d

syn
sr (t)−dobs

sr (t)]dt∆xr, (1)

where ∆xr is the inter-receiver distance, Wsr(t) is a weighting function introduced to represent the time-
windowing technique, and the signed residuals δdsr = d

syn
sr −dobs

sr are the differences between synthetic
and observed data traces. BLip1 is the space of Bounded 1-Lipschitz functions defined in the (xr, t)
shot-gather space by

|ϕs|< λ , |∇xϕs|< 1, |∇tϕs|< 1, (2)

where λ is a pre-defined constant to ensure that ϕs does not go to infinity, while ∇x is the first order
derivative operator in x direction, and the same for ∇t in t direction. The first inequality ensures the
amplitudes of ϕs are bounded; the last two inequalities prevent abrupt variations of the solution ϕs. It
is these inequalities that ensure the solution ϕs is uniform. The maximization problem (Equation 1) can
be solved efficiently through proximal splitting techniques (Métivier et al., 2016). Once the optimal
ϕs(xr, t) is determined, the corresponding adjoint source is simply

Dhs = ϕs(xr, t)Wsr(t). (3)

Role of the bound constraints

The shape of the OT adjoint source depends on whether the bound constraint λ is bigger or smaller than
the smoothing constraint 1 in Equation 2. We use a 3 Hz Ricker wavelet to illustrate this. The calculated
trace is normalized to 1, while the observed trace is intended to be smaller with a maximum amplitude
of 0.2 (Figure 1 (a)). When the bound constraint λ is smaller than 1, the OT adjoint source mimics a
least-squares adjoint source (Figure 1 (b)). For values of λ larger than 1, the OT adjoint sources are
similar to each other and display balanced amplitudes of the different events (Figure 1 (b)). In realistic
situations, we could have missing events and/or misaligned events. Figure 1 (c) and (d) show that in
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Figure 1 (a) and (b) illustrate the effects of bound constraints λ on the OT adjoint source. (c) and (d)

show the case of multiple events.

such a more complex situation, the OT function still balances the amplitudes of the events in the adjoint
source, where small signals are enhanced and the large events are decreased.

Inversion of a challenging VTI example

A realistic representation of the Earth is to consider elasticity and anisotropy. To this purpose, a VTI sub-
surface structure has been created from the SEAM II Foothill model. The original varying topography is
flattened but the near-surface complexity is kept. Five parameters vn, vs, ρ , η and δ are shown in Figure
2. The initial model is quasi-1D isotropic (Figure 2). We show the observed and synthetic seismograms
in Figure 3. The observed data contain numerous scattered events. The effects of low-velocity zones on
the early body waves can be identified around X=6 km and X=9 km in Figure 3 (a). The surface waves
are strongly affected by the near-surface complexity, and they are strongly scattered around X=10 km.
In comparison, the initial synthetics display much simpler waveforms.

Four parameters (vn, η , δ , vs) are simultaneously updated while density is calculated from vn at each
iteration. First, we present the inversion obtained by applying the least-squares function and Gaussian
time windows with standard deviation σ = 1.6s. Even though the model is mainly updated in the shallow
part, the structures could be recognized.

We apply the OT function using the same Gaussian window with σ=1.6 s, and get a subsurface structure
shown in Figure 5. The velocity parameters vn and vs are well recovered. We can see the low-velocity
zone, near-surface complexity, interior low-velocity channels. The final synthetics capture most of the
features of the true seismogram. Figure 6 shows the trace comparison at X=8 km and X=11 km. Even
when there is significant cycle-skipping for both body waves and surface waves in the initial model, we
are able to fit them at the end of the inversion.

Discussion and conclusions

The OT strategy is very attractive for elastic FWI mainly because this misfit function is able to balance
energy among various events. In the gradient build-up, the contribution from surface waves and body
waves is balanced. Therefore, a conventional two-stage strategy, where body waves are fitted first be-
fore including surface waves, is not required with the OT function. With a Gaussian window, the OT
function performs quite robustly. It is nevertheless important to consider a smooth window for three
reasons. First, an OT algorithm compares patterns. With smooth windows, the shape of events are pre-
served. Second, damping the long-offset surface waves reduces the risk of cycle-skipping. Third, most
importantly, keeping the near-offset events (shear waves and surface waves) helps to keep a balanced
contribution between body waves and surface waves. For the anisotropic SEAM II Foothill model, the
velocity parameters are well recovered. The anisotropy parameters are not recovered with same quality
for the velocity parameters. The anisotropy parameters are over-estimated, but the structures are re-
vealed. We also tested the OT function without applying a Gaussian time window. The surface waves
are so dominant that only vs is mainly updated, and its resolution is much lower compared to vs in Figure
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Figure 2 True 2D VTI SEAM II Foothill model and initial smooth isotropic model. (a-1) True vn, (a-2)

Initial vn, (b) True vs, (c) True ρ , (d) True η , (e) True δ . Initial ρ = ρ(vn) is calculated from initial vn,

initial η and δ are 0.

Figure 3 An observed and initial shot gather with the anisotropic SEAM II Foothill model shown in

Figure 2. (a) Observed data and (b) Initial synthetics. Cycle-skipping ocurrs for both body waves and

surface waves.

Figure 4 Inversion results of the anisotropic SEAM II Foothill example with a least-squares function and

a Gaussian window with σ=1.6 s. (a) vn, (b) vs.
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Figure 5 Inversion results of the anisotropic SEAM II Foothill example with the OT function and a

Gaussian window with σ=1.6 s. (a) vn, (b) vs.
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Figure 6 Data trace comparisons (a) at X=8 km and (b) at X=11 km. Initially cycle-skipped surface

waves and body waves are fit after inversion.

5 (b).
The design of the smoothing window is similar to the strategy of Brossier et al. (2009). Although in prin-
ciple we could also design a second level loop over the Gaussian windows besides the frequency con-
tinuation strategy, we choose not to do so in this study. We aim to demonstrate that a multi-parameter
inversion is possible when the surface waves and body waves are suitably balanced. To illustrate the
relevance of our inversion strategy, we carried out some inversions with the Middle East model (He
et al., 2018), which is a different geologic complexity than the elastic SEAM II Foothill model. While
SEAM II Foothill model produces significant reflections and diffractions without deep-penetrating div-
ing waves, the Middle East model produces abundant diving waves and near surface reflections. With
our OT based strategy, the model is also well retrieved.
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