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CLASSICAL AND QUANTUM RESONANCES FOR HYPERBOLIC
SURFACES

COLIN GUILLARMOU, JOACHIM HILGERT, AND TOBIAS WEICH

ABSTRACT. For compact and for convex co-compact oriented hyperbolic surfaces, we
prove an explicit correspondence between classical Ruelle resonant states and quan-
tum resonant states, except at negative integers where the correspondence involves
holomorphic sections of line bundles.

1. INTRODUCTION

It is a classical result that on compact surfaces with constant negative curvature,
Selberg’s trace formula allows to identify the eigenvalues of the Laplace operator A
and certain zeros of the Selberg zeta function [Se], which can be entirely expressed
in terms of closed geodesics. Later the same result has been established for convex-
co-compact hyperbolic surfaces by Patterson-Perry [PaPe] (see also [BJP, GuZw3]),
where the correspondence is between certain zeros of the Selberg zeta function and
the resonances of the Laplacian (recall that convex co-compact hyperbolic surfaces are
complete non-compact smooth Riemannian surfaces of constant negative curvature
with infinite volume). Both results show that on hyperbolic surfaces there is a deep
connection between the spectral properties of the Laplacian (quantum mechanics)
and the properties of the geodesic flow (classical mechanics). However, the above
results do not establish a link between the spectra of the Laplacian and a transfer
operator associated to the geodesic flow, nor do they establish a relation between
the associated resonant states. The aim of this article is to prove such an explicit
correspondence. The previously known relation to the zeta zeros is a direct consequence
of this correspondence.

Let us now introduce the concept of Ruelle resonances for the transfer operator
associated to the geodesic flow on M. Let M be a compact or convex co-compact
hyperbolic surface and let X be the vector field generating the geodesic flow ¢; on the
unit tangent bundle SM of M. The linear operator

r { CX(SM) — CX(SM)
e / = fopy

is called the transfer operator of the geodesic flow and the vector field —X is its

generator. The geodesic flow has the Anosov property, i.e. the tangent bundle of SM
1
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splits into a direct sum

T(SM)=RX ® E,® E,
where dp, is exponentially contracting in forward time (resp. backward time) on
Es (resp. on E,), and this decomposition is g -invariant. The bundles F, and Fj
are smooth and there are two smooth non-vanishing vector fields Uy on SM so that
E, = RU,, E, = RU_, and [X,Uy] = £U1. The fields Uy generate the horocyclic
flows.

For fi, fo € C°(SM) we can define the correlation functions

Ct: fr, fo) = / Coffadns

SM
where g is the Liouville measure (invariant by ;). By [Buli, FaSj, DyZw] in the
compact case and [DyGu] in the convex co-compact case, the Laplace transform

Ry (X fuo o) = — /0 eNOx (L fu, fo)dt

extends meromorphically from Re(\) > 0 to C'. Notice that for Re(\) > 0 we have
Rx(X; f1, f2) = (=X = XN)7Lf1, fo) and Rx(\) gives a meromorphic extension of the
Schwartz kernel of the resolvent of —X. The poles are called Ruelle resonances and
the residue operator I : C°(SM) — D'(SM) defined by

(I3, fis fo) = Resy, Rx(X; fu, fa), Vi, fo € CZ(SM)

has finite rank, commutes with X, and (=X — )¢) is nilpotent on its range. The
elements in the range of Hffo are called generalized Ruelle resonant states. Note that by
the results in [Buli, FaSj, DyZw, DyGu] the poles can be identified with the discrete
spectrum of X in certain Hilbert spaces and the generalized resonant states with
generalized eigenfunctions.

The quantum resonances on M can be introduced in a quite similar fashion, except
that we have to work with the wave flow. Let A,; be the non-negative Laplacian and
U(t) := cos(t\/Ap — 1/4) the wave operator on M. For fi, fo € C°(M), we define
the correlation function

Calt; f1, f2) 3:/ U(t) f1.fo dvol.
M

Then, by standard spectral theory in the compact case, and by [MaMe, GuZwl] in the
convex co-compact case, the Laplace transform

1 o0
Ra(); = (FAHUDEOL (1 dt
a(X; fi, f2) 1/2_)\/0 € alt; f1, f2)
extends meromorphically from Re(A) > 1 to A € C. Notice that Ra(\; f1, f2) =
((Apr = A1 = X))t f1, fo) for Re(\) > 1 and Ra(\) is a meromorphic extension of the

!The extension in a strip has been proved in [Po, Ru] before
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resolvent of Aj;. The poles are called quantum resonances and the residue operator
I - C°(M) — C(M) defined by

<H,\Aof1,f2> = Resy,Ra(A; f1, f2),  Vfi, fa € CZ(M)

has finite rank, commutes with Ay, and (Ay — Ao(1 — Ag)) is nilpotent on its range.
The elements in the range of Hfo are called generalized quantum resonant states.

Note that the Ruelle generalized resonant states are distributions on SM while
the quantum resonant states are functions on M. In order to formulate the explicit
correspondence between them, we consider the projection 7wy : SM — M on the base
and m, @ D'(SM) — D'(M) the operator dual to the pull-back 7§ : C*(M) —
C>®(SM) (note that m, corresponds to integration in the fibers of SM). In order to
state the theorems, we also need to introduce the canonical line bundle K := (T*M)!°
and its dual K~! := (T*M)%!, and we denote their tensor powers by K" := K®" and
K= := (K71)®". Here the Riemann surface is oriented and thus inherits a complex

structure. Then there is a natural map
T, CE(MK") = CE(SM),  m, f(x,v) == f(z)(®"v)

and we consider its dual operator m,, : D'(SM) — D'(M; K™) which can be viewed as
the n-th Fourier component in the fibers of SM (SM is equipped with the Liouville
measure and M with the Riemannian volume form to define the pairings).

Let us formulate the first main result:

Theorem 1.1. Let M = I'\H? be a smooth oriented compact hyperbolic surface and
let SM be its unit tangent bundle. Then

1) for each \g € C\ (—% U —N) the pushforward map my, restricts to a linear isomor-
phism of complex vector spaces

To. : Ran(II3 ) Nker U_ — Ran HfOH = ker(Ap + Xo(1+ Ao))
2) for Ao = —%, the map
To. : Ran(IIy ) Nker U_ — ker(Ay — 1)

is surjective and has a kernel of complex dimension dimker(Ay; — %) In other words,
the multiplicity of —1/2 as a Ruelle resonances is equal to twice the multiplicity of 1/4
as etgenvalue of Ayy.

3) For A\g = —n € =N, the following map is an isomorphism of complex vector spaces

Ty @ T, : Ran(II*,)) NkerU_ — H, (M) & H_,(M)

with H,(M) := {u € C®°(M;K");0u = 0}, H_,(M) := {u € O°(M;K™");0u = 0}.
Consequently, the complex dimension of Ran(IIX ) Nker U_ is (2n —1)|x(M)| if n > 1
and |x(M)| + 2 if n =1, where x(M) is the Euler characteristic.
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Theorem 1.1 gives a full characterization of the Ruelle resonant states, that are
invariant under the horocyclic flow. We call these resonances the first band of Ruelle
resonances. Part 1) of Theorem 1.1 has been proved in [DFG] in any dimension. We
slightly simplify the argument and characterize all first band resonant states including
the particular points A\g € —1/2 — Ny /2 which were left out in [DFG]. Theorem 1.1 is
also related to the classification of horocyclic invariant distributions by [F1Fo] but we
use a different approach avoiding the Plancherel decomposition into unitary irreducible
representations. This has the advantage that our approach gives a more geometric
description of the resonant states and that it extends to the convex co-compact setting.
In Theorem 3.3 we give slightly more precise statements including the description of
possible Jordan blocks in the Ruelle spectrum.

To state our result in the convex co-compact setting, let us first recall some geometric
definitions. A convex co-compact hyperbolic surface M can be realized as a quotient
M = T'\H? of the hyperbolic plane where I' C PSLy(R) a discrete subgroup whose non-
trivial elements are hyperbolic transformations. Viewing I' as a subgroup of PSLy(C),
it also acts by conformal transformations on the Riemann sphere C ~ S?, and the action
is free and properly discontinuous on the complement of the limit set Ar C R, which
can be defined as the closure of the set of fixed points of non-trivial elements v € I'. The
quotient My := I'\(C\ Ar) is a compact Riemann surface containing two copies M. of
M corresponding to My := I'\{#Im(z) > 0}, and M := ['\({Im(z) > 0}\ Ar) provides
a smooth conformal compactification to M in which OM represents the geometric
infinity of M. The surface M, has an involution Z induced by z + Z and fixing OM.

Theorem 1.2. Let M = T\H? be a smooth oriented convexr co-compact hyperbolic
surface and let SM be its unit tangent bundle. Then

1) for each \g € C\ —N the pushforward map mo, restricts to a linear isomorphism of
complex vector spaces

7o : Ran(II3 ) Nker U_ — Ran(TI§ , ).
If o € =1/2 =N, Ran(II} ) Nker U_ = 0 and Ran(II} ;) = 0.

2) For \g = —n € =N, the following map is an isomorphism of real vector spaces if T
15 not cyclic:

Tne - Ran(ITIX ) Nker U_ — H,(M).
Here H,(M) := {fls5; [ € C°(My;K"),0f = 0,Z"f = f} and T : My — M, is the
natural involution fizing OM in My. Consequently the real dimension of Ran(ITX)) N
kerU_ is (2n — 1)|x(M)| ifn > 1 and |x(M)|+ 1 if n=1.

As in the compact case we provide more precise information on the correspondence
between Jordan blocks, see Theorem 4.5. In 2), we note that m, (Ran(I1%,)) = 0 for
non-cyclic groups, Ran(I12, ;) = 0 for n > 1 and Ran(II") is the space of constant
functions (see the comments after Corollary 5.2). In the case of a cyclic group, the
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classical resonances at —n have dimension 2 and no Jordan blocks, and we get that
mo. : Ran(II¥,) — Ran(I12, ) has a kernel of dimension 1 and image of dimension
1, while Ran(II2,,,) has dimension 2 and there is a Jordan block for the quantum
resonance. The map 7, : Ran(IT1¥, ) Nker U_ Nker 7y, — H, (M) is one-to-one in that
case.

Beyond the description of the first band of Ruelle resonances we obtain a description
of the full spectrum of Ruelle resonances by applying the vector fields U, iteratively.

Proposition 1.3. Let M be a compact or convex co-compact hyperbolic surface, then

Ran(IY) = @D Uﬁ(Ran(Hif)H)mkerU_>
0<{<[Re(Xo)|

and the map UL : Ran(IT3) ,,) Nker U — Ran(II ) is injective unless Ao + ¢ = 0.

The case \g + ¢ = 0 can only occur if M is compact, in which case Ran(II§) is the
space of constant functions, killed by the differential operator U, .

As a consequence, in Section 5, we obtain an alternative proof of the results [PaPe,
BJP] on the zeros of the Selberg zeta function in our situation.

We end the introduction by a rough outline of the proofs of Theorem 1.1 and 1.2:
a central ingredient is the microlocal characterization of Ruelle resonant states in
[FaSj, DyGu]. In these references it has been shown that a distribution u € D'(SM)
is a generalized Ruelle resonant state for a Ruelle resonance Ay € C (i.e. u € RanTI} )
if and only if there exists j > 1 such that (—X — A\g)?u = 0 and

WF(u) C E if M is compact
WF(u) C EX, supp(u) C Ay if M is convex co-compact,

Here WF(u) C T*(SM) denotes the wave-front set of w and Ef C T*(SM) is the
subbundle defined by E(RX & E,) = 0. Furthermore, on convex co-compact surfaces
we use the notation

Ay = {y € SM;d(mo(ee(y)), z0) /> 00 as t — Foo}

where d denotes the Riemannian distance and zy € M is any fixed point. Note that the
set Ay (resp. A_) has a clear dynamical interpretation as it corresponds to trajectories
that do not escape to infinity in the past (resp. in the future).

Using this characterization we follow the general strategy of [DF'G]. We consider the
hyperbolic surface as a quotient M = T'\H? of its universal cover H? by a co-compact,
respectively convex co-compact, discrete subgroup I' C PSLy(R). If we lift the horo-
cyclic invariant Ruelle resonant states to H?, we can relate them to distributions on
St = 8@2, conformally covariant by the group I' and supported in Ar. We then show
that such distributions are in correspondence with quantum resonant states using the
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bijectivity of the Poisson-Helgason transform at the noninteger points. While this step
is straightforward for compact surfaces, the convex co-compact setting is more compli-
cated. A central ingredient is a characterization of generalized quantum resonant states
using their asymptotic behavior towards the boundary. One can show (see Proposition
4.3) that v € RanTI§ if and only if there exists j > 1 such that (A —XAg(1—Xo))/u =0
and

u€ C®(M) if M is compact,

(1.1)

j—1
u € @ p™ log(p)*C(M) if M is convex co-compact,
k=0

where C2°(M) denotes the space of smooth functions on M which extend smoothly to
M as even functions with respect to the involution Z, and p € C2°(M) is a boundary
defining function of M in M. We prove that the asymptotic condition (1.1) corre-
sponds to the fact that the associated distribution w € D'(S') via the Poisson-Helgason
transform is supported in the limit set Ar C S'. Analogously, the condition that a
horocyclic invariant Ruelle resonant state is supported in A, is equivalent to the fact
that its associated distribution w € D'(S!) is again supported on the limit set.

For the negative integer points, the Poisson-Helgason transform fails to be bijective,
thus there are possibly equivariant boundary distributions w € D'(S!) and consequently
Ruelle resonances that are not related to Laplace eigenfunctions, but that lie in the
kernel of the Poisson-Helgason transform. In order to characterize these distributions
we consider a vector valued Poisson-Helgason transformation, mapping to sections in
the complex line bundles K£". Roughly speaking we prove, that a combination of these
vector valued Poisson transformation yields an equivariant bijection between the kernel
of the Poisson-Helgason transform at the negative integer points and the holomorphic
respectively antiholomorphic sections in K" and K~". Again the convex co-compact
part is more complicated, as we also have to take care about the asymptotics towards,
the boundary.

Note that the invariant distributions supported on the limit set which appear as
an intermediate step in our proof were also studied in [BuOll, BuOI2], and our result
somehow completes the picture.

Acknowledgements. C.G. is partially supported by ANR-13-BS01-0007-01 and
ANR-13-JS01-0006. J.H. and T.W. acknowledge financial support by the DFG grant
DFG HI-412-12/1. We thank S. Dyatlov, F.Faure and M. Zworski for useful discus-
sions, and Viet for suggesting the title.
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2. (GEODESIC FLOW ON HYPERBOLIC MANIFOLDS

In this Section, we recall a few facts about the geodesic flow, horocyclic derivatives
and the Poisson operator on the real hyperbolic plane that are needed for the next
sections. We refer to the paper [DFG] where all the material is described in full detail.

2.1. Hyperbolic space. Let H? be the real hyperbolic space of dimension 2, which
we view as the open unit ball in R? equipped with the metric gy := %. The unit
tangent bundle is denoted by SH? and the projection is denoted by m, : SH? — H? on
the base. The hyperbolic space H? is compactified smoothly into the closed unit ball

of R?, denoted by A and its boundary is the unit sphere S*.

Let X be the geodesic vector field on SH? and ¢, : SH? — SH? be the geodesic flow
at time ¢t € R. We denote by By : SH? — S! the endpoint maps assigning to a vector
(z,v) € SH? the endpoint on S! of the geodesic passing through (z,v) in positive time
(+) and negative time (-). These maps are submersions and allow to identify SH? with
H? x S' by the map (x,v) — (z, B+(x,v)). It is easy to compute By explicitly: using
the complex coordinate z = x + izy € C for the point x = (x1,x2) (with || < 1) and
identifying v € S.H? with ¢ through 2v/(1 — |2|?) = cos(#)d,, + sin(#)d,,, we get

: —e + 2 : e + 2
Bf Z9 - B 740 - = 2.1
(2,6 ) —62024-17 Jr(zae ) 62924-1 ( )
For each z, the map B, : ¢ — B_(z,¢") is a diffeomorphism of S! and its inverse is
given by
- zeTt e — 1
B () = =" —-. 2.2
Sy = e P (2:2)
There exists two positive functions &, € C°°(SH?) satisfying X &, = &, given by
¢, (z,v) := P(z, Bi(z,v)) (2.3)
where P(x,v) is the Poisson kernel given by
1—|zf? 2 1
P = , ceHveS. 2.4
(@)= T s e B (2.4)

The group of orientation preserving isometries of H? is the group
G :=PSU(1,1) ~ PSLy(R)

An element v € G C PSLy(C) acts on C by Mobius transformations and preserves the
unit ball H2, and this action preserves also the closure H°. Furthermore the G action
on H? lifts linearly to an action on TH? and as the action on the base space H? is
isometric it can be restricted to SH?. By abuse of notation, for v € G, we also denote
the action of v on SH? or S! by the same letter 7. By |dy| : S' — R we denote the
norm of the differential dy on the boundary S! = OH" of the unit ball with respect
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to the Euclidean norm. Note that the above defined functions ;. and maps B4 are
compatible with respect to these G actions in the sense that one has the relations

V' Os(z,0) = Pi(z,0)Ny(Bs(2,0)),  Bi(y(x,v)) = y(Bs(x,v)) (2.5)
where N, (v) := |dy(v)| "
As the G action on SH? is free and transitive, we can identify G ~ SH? via the

natural isomorphism

G — SH?, ~+ (v(0),1dv(0).0,). (2.6)

2

The Lie algebra g = sl3(R) of G is spanned by

(0 () () e

These elements can also be viewed as left invariant smooth vector fields on G ~ SH?Z,
which form at any point (z,v) € SH? a basis of T'(SH?), and the following commutation
relations hold

(X, Uy] =+Us, [Up,U-] =2X. (2.8)
The geodesic vector field is represented by X and we call U, the stable derivative and
U_ the unstable derivative. The vector fields X, U, can be viewed as first order linear
differential operators on SH?, thus acting on distributions, and by (2.8), X preserves
ker Uy. Another decomposition that is quite natural for T'(SH?) is

10 1 0o 1
X =12 X, = 2 = 2 ).
G %) =) v=(40)
which satisfy UL = X 4+ X and
XV)=Xi XX =V, VX=X 29)

)

The vector field V' generates the SO(2) action on G and geometrically, it generates the
rotation in the fibers of SH? (that are circles); it is called the vertical vector field since
dmo(V') = 0. For what follows, we will always view X, V, X, U, ,U_ as vector fields on
SH?.
There is a smooth splitting of T'(SH?) into flow, stable and unstable bundles,
T(SH*) =RX @ E,® E,
with the property that there is C' > 0 uniform such that
||dey(y).w|| < Ce M|jw]|, Vt>0,Yw € Ey(y) or ¥t < 0,Yw € E,(y). (2.10)

Here the norm on SH? is with respect to the Sasaki metric. The space E, is generated
by the vector field U, and FE, by the vector field U_ where U, are the images by the
map (2.6) of the left invariant vector fields in (2.7).
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There are two important properties of @, with respect to stable/unstable derivatives:
Uiq)i = 0, and dBi.Ui =0. (211)

Let Q4 : D'(S') — D/(SH?) be the pull-back by By acting on distributions which is
well defined since By are submersions. It is a linear isomorphism between the following
spaces (see [DFG, Lemma 4.7])

Q. : D'(S') — D'(SH?) Nker Ux Nker X. (2.12)

2.2. Poisson-Helgason transform. We say that a smooth function f on H? is tem-
pered if there exists C' > 0 such that |f(x)] < CeC%2(®0) if 0 is the center of H?
(viewed as the unit disk) and dg=(-, -) denotes the hyperbolic distance. Below, we view
the space of distributions D’'(S') on S! as the topological dual of C*°(S') and we embed
C>=(S') Cc D'(S") by the pairing

w08 = | wOW)ASE)

where the measure dS is the standard measure on S' (viewed as a the unit circle in
R?). Then the following result was proved” in [VBSc, Corollary 11.3 and Theorem
12.2] and [OsSe, Theorem 3.15] but we follow the presentation given in [DFG, Section
6.3]:

Lemma 2.1. For A € C, let Py : D'(S') — C>(H?) be the Poisson-Helgason transform
Paw) () = m0.(22 Q_(w))(2) = (w, P (z,))sr

where P(x,v) is the Poisson kernel of (2.4) and g, is the adjoint of the pull-back
w5 o C°(H?) — C°(SH?). Then Py maps D'(S') onto the space of tempered functions
in the kernel of (Agz + A(1 + X)), where Aygz = d*d is the positive Laplacian acting
on functions on H? and if X ¢ —N, Py is an isomorphism. Finally, if v € G is an
isometry of H?, we have the relation v*Py(w) = Pr(|dy| *y*w) for each w € D'(S).

It is useful to describe the inverse of Py when A\ ¢ —N. For this purpose we can use
for instance [DFG, Lemma 6.8]. First, if A ¢ —N and w € D'(S!), for each x € C*(S')
and t € (0,1) one has®

AR (8) + MRS () ifAg —1/2+7Z
/ Prw)Gv)x(1)dS(v) = § tAFy (t) + M log(t) Fi (1) if A e —1/2+ Ny
st t=log(t)Fy (t) + " FF(t) if A e —1/2 - N
(2.13)

ZNote that this was proved in the setting of hyperfunctions by Helgason [He]

3The case A = —1 /2 is not really studied in [DFG, Lemma 6.8] but the analysis done there for
A € —1/2 + N applies as well for A = —1/2 by using the explicit expression of the modified Bessel
function Ko(z) as a converging series.
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where Fi¥ € C2([0,1)), and C°([0,1)) is the subset of C*°([0,1)) consisting of func-
tions with an even Taylor expansion at 0’. The exact expressions of F;~(0) can be
obtained directly from the study of the Poisson operator in [GrZw] and the compu-
tation of the scattering operator S(s) of H? in [GuZwl, Appendix]. The scattering
operator is defined as the operator acting on C°°(S') given by the explicit function of
the Laplacian on S*

r <\/ Agl + S)
S(s) = )
F(\/Agl +1-— S)
with Schwartz kernel on S! given for Re(s) < 1/2 by

2°T'(s)
(=s+3)

(2.14)

1
S(s;v, V) =7 2 v —|7%.

It is a holomorphic family of operators in s ¢ —Nj with poles of order 1 at —N, which
is an isomorphism on D'(S!') outside the poles and satisfies the following functional
equations

['(=\)

F'(A+1)
The operator S(s) is an elliptic pseudo-differential operator of (complex) order 2s — 1
on S!, with principal symbol that of Aé‘f‘l. This follows from the formula above but

S '=81-35), P\= PoaaSA+1). (2.15)

also in a more general setting by the works [JoSa, GrZw]. We remark that for k& € N,
the operator S(1/2+k) is a differential operator of order 2k (matching with the analysis
of [GrZw]), and it is invertible from the expression (2.14).

We get for A ¢ (—3 —Z) U —N

I'(A+3)
T(A+1)

_ sl (=A=3)
F)\ (O):ﬂ'l/22)\ <w,X>Sl, F;F(O):T(UQQ A 1W

~— DO

(SA+ 1w, x)st-
(2.16)

At A = —1/2+ k with k € N there is a pole of order 1 in the expression of Fy(0) and
it follows from [GrZw] that, with the notation of (2.13),

7T1/22—1/2+kr(k)

F:1/2+k(0> - F(k) I 1/2) <w7 X>Sla Fjl/g_g_k(o) = Ck<8(1/2 + k)wa X>
for some ¢, # 0. For A = —1/2, F}"(0), there is a constant ¢y € R so that
Fj1/2(0) = _\/§<w7 X)v F__l/Q(O) = \/§<a/\8(1/2)w7 X> + C()(W, X> (217)

4The evenness of the expansion at ¢ = 0 comes directly from the proof in [DFG, Lemma 6.8] when
acting on functions, since the special functions appearing in the argument are Bessel functions that
have even expansions.
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and 0,S(1/2) = log(Agi) + A for some pseudo-differential operator A of order 0 on
St. To deal with the case A € —3 — N, we use the functional equation (2.15) of the
scattering operator of H?: we deduce that for A = —1/2 — k with k € N,

Foyp 1(0) = Glws s, FT 1 (0) = (S(1/2 = B)w, x) (2.18)

for some ¢}, # 0 and ¢ # 0. This gives the expression for the inverse of P, at those
points.

To conclude, we discuss the range and kernel of P_,, if n € N. Using the complex
coordinate z € C for the ball model of H?, this operator is

Poa@)2) =1 = B [ wlo)ler = 10V

2
=(1- |z|2)1_”/ w(e) (|2 +1 = ze™ — ze7 )" Vg,
0

From this we deduce that the range of P_,, is finite and its kernel contains the space
W, = {w € D'(S"); (w,e**) =0,Vk € ZN[-n+1,n —1]}.
In fact, from the second functional equation (2.15) and the formula (2.14), we see that

ker P_,, = ker(Res;—,S(\)) =W, (2.19)

2.3. Co-compact and convex co-compact quotients. Below, we will consider two
types of hyperbolic surfaces, the compact and the convex co-compact ones. Consider
a discrete subgroup I' C GG containing only hyperbolic transformations, i.e. transfor-
mations fixing two points in . The group I" acts properly discontinuously on H? and
the quotient M = T'\H? is a smooth oriented hyperbolic surface. We say that T is
co-compact if M is compact.

Denote by Ar C S! the limit set of the group T', i.e. the set of accumulation points
of the orbit T.0 € H? of 0 € H? on S! = 9H?. We will call Qr = S' \ Ar the set of
discontinuity of I', on which I" acts properly discontinuously.

If I' is co-compact, then Ap = S!. The subgroup I' is called convex co-compact, if it is
not co-compact and it the action of " on the convex hull CH(Ar) C H? of the limit set
Ar in T is co-compact, that is I'\CH(Ar) is compact (see e.g. [Bo, Section 2.4]). In
this case the group I acts totally discontinuously, freely, on H? and more generally on
H?UQp = I\ Ap. The manifold M = T'\H? is complete with infinite volume, and it
is the interior of a smooth compact manifold with boundary M := T'\(H2 U Qr). Here
we notice that H2 Uy is also a smooth manifold with boundary but it is non-compact.
The boundary OM := I'\Qp of M is compact.

We now consider M = I'\H? which is either compact or convex co-compact (here
M could be as well the whole H?). The unit tangent bundle bundle of M is SM =
I\SH? ~ I'\G, and we let 7p : SH?> — SM be the induced covering map. The
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geodesic flow ¢, : SM — SM on SM lifts to the geodesic flow on SH?, the left
invariant vector fields X, Us, X,V on T(SH?) ~ TG descend to SM via drr; we will
keep the notation X instead of dnr.X, and similarly for the vector fields Uy, X, V.
The flow ¢, is generated by the vector field X and there is an Anosov flow-invariant
smooth splitting

T(SM)=RX & E; & E, (2.20)
where F, = RU_, E;, = RU, are the stable and unstable bundles satisfying the

condition (2.10). Using the Anosov splitting (2.20), we define the subbundles Ef, E?
and EF of T*(SM) by

EXE,®RX)=0, E*E,®RX)=0, FE(E,®E,)=0. (2.21)

2.4. Complex line bundles. Note that M = I'\H? carries a complex structure so
that 7 : H? — M is holomorphic and that we can thus consider the complex line
bundles K := (T*M)'Y and K~ := (T*M)%!. Let us consider their tensor powers: for
cach k € Z, set ICF := @/*Iisen®)  The bundles ¥ are holomorphic line bundles over
M, which in addition are trivial when M is convex co-compact (see [Fo, Theorems 30.1
and Th 30.4]). A section C%°(M;KF) can be viewed as a function in C°(SM) by the
map
T C°(M; KF) = C2(SM),  miu(z,v) = u(z)(®").

We denote by ., @ D'(SM) — D'(M;K*) its transpose defined by duality. Note
that the operator 7} extends to D'(M;K*) and (27) 'm, 7} is the identity map on

D'(M;K*). Each smooth function f € C*(SM) can be decomposed into Fourier
modes in the fibers of SM by using the eigenvectors of the vector field V:

. , L,
f= fc withVfi=ikfyand fi = o_mjm.f.

keZ

It is easy to see that for each f € C*(SM), s >0, and N >0

| fellrssan < Cpns (k)N (2.22)

for some constant Cy y s independent of k. A distribution v € D'(SM) can also be
decomposed as a sum

1
u = u with Vug, = tkug, up = — 7m0
Z k k k k= o TR
keZ
which converges in the distribution sense. In order to see this recall that any distribu-
tion u € D'(SM) restricted to a precompact open set A C SM is of finite order, i.e.
there is s > 0, C' > 0 with

[{w, 9| < Cllgllasa), ¥ o e CE(A). (2.23)
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Now for f € C(SM), we can write f = >, , fr. Then (2.22) and (2.23) imply that
1 *
<U,, f> = Z<u7 fk) - % Z<7Tk7Tk*U, f>

keZ keZ

is absolutely convergent. For convenience of notations, we avoid the m,m, oper-
ators and we will view wu;, as an element in D'(M;K*) or as an element in {w €
D'(SM) with Vw = ikw} depending on which point of view is more appropriate in a
given situation. First of all V acts on D'(M, KF) by

Vi D(M,KF) = D'(M,K"), u, = Vg = ikuy.
Furthermore, if we define the complex valued vector fields
Ny = 3(X +£iX)), (2.24)
they fulfill the commutation relations

[vzni]::ini'

They are called the raising/lowering operators as they shift the vertical Fourier com-
ponents by 41 and when restricted to sections of K* through 7, they define operators

ne : D'(M; KF) — D' (M; KCH). (2.25)

If 2 = x + iy are local isothermal coordinates, the hyperbolic metric can be written as
g = *#)|dz|? and for k > 0 the operators 7+ acting on a section u € C®°(M;K*) of
the form u = f(2)dz* is given by

n_u=e2*(0:£)dz""t, myu = (20, (e f))d T (2.26)
A similar expression holds for £ < 0 and we directly deduce
VE>0, niup=0 < 0u, =0, Vk<O0, nyu,=0 <= Ju, =0. (2.27)

We notice that these operators 7., as well as the operators V, X and X, = [X, V], have
nothing to do with constant curvature and Lie groups, they are well defined for any
oriented compact Riemannnian surface, see Guillemin-Kazhdan [Gula]. The Casimir
operator is defined as the second order operator on SM by

Q=X +X? V> =X2-V24+ QU_+V)? = X>44U% +2U_V +2VU_

) (2.28)
=X2 - X +4U_ +4VU_.

It satisfies (Qu), = Quy, since Q@ commutes with V.

For later purpose, we will need a few lemmas which follow for algebraic reasons and
Fourier decomposition in the fibers.



14 COLIN GUILLARMOU, JOACHIM HILGERT, AND TOBIAS WEICH

Lemma 2.2. Let A € C and u,v € D'(SM) be two distributions, then they fulfill the
set of differential equations

(X+MNu=vandU_u=0
if and only if their Fourier modes fulfill the recursion relations

277iuk¥1 = (—)\ F k)uk + vg. (229)

Proof. Recall that X = n, +n_ and and assume (X + \)u = v then, taking the Fourier
components of this equation and using (2.25) we get for any k € Z

NiUk—1 + N-_Uk+1 + Auk = V. (230)
Similarly we can express U_ = —i(ny —n_) — V and the condition U_u = 0 becomes
—i(nyup_1 — N_uUpy1) — tkug, = 0 Vk € Z. (2.31)

Now inserting one equation into the other, one deduces that (2.30) and (2.31) are
equivalent to (2.29) and this completes the proof. |

Lemma 2.3. Let A € C and v € D'(SM) satisfies U_u =0, (X + X\)/u = 0 for some
j>1. Set u® := (X + N u for each ¢ < j and assume that uU=" # 0. Then for each
(<j—2

(An + AN+ 1D)uf ™ =0, (Ap + A+ 1)) ) = @0 + 177§ Y.

Proof. Denote by u¥ := (X + M), then U_u®) = 0 for all £ by the fact that X
preserves ker U_. Using (2.28) we get for each ¢ < j

AMU(()Z) = —Qu((f) = (X — XZ)U(Z))O = ((X — 1)()\u(€) . u(z+1)))0
= -+ 1)u((f) + (21 + 1)u((f+1) _ ué€+2)
The result then follows from an easy induction. O

Proposition 2.4. Let n € N, assume that u € D'(SM) satisfies U_u =0, ug = 0 and
(X —n)u=0 for some j €N, then (X —n)u = 0.

Proof. Let u®) := (X — n)‘u. By Lemma 2.3, we have u§ = 0 forall £ =10,...,5 — 1.
Assume that (X —n)u # 0, then without loss of generality we can assume that u(~1 #
0. Then using that (X — n) preserves ker U_, we get that w := u—2
are non-zero distributions such that U_w =U_v =0, (X —n)w =v, (X —n)v =0 as
well as wy = vg. Let us next use the knowledge that wg = vg = 0 in order to obtain a
contradiction. Lemma 2.2 applied to (X —n)w = v and (X — n)v = 0 implies, that

) and v := U

2w = (M F k)wg + vk, 201U = (0 F k)vg (2.32)

From vy = 0 and the second equation of (2.32) we obtain that v, = 0 for all |k| < n.
Now this knowledge together with wy = 0 and the first recursion relation in (2.32)
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leads to wy, = 0 for all |k| < n. Now let us consider the first equation of (2.32) with
kE=n

0=2n,w,_1 = vy,.
Using once more the second recursion relations (2.32) this implies v, = 0 for all k£ > n.

Analogously we obtain v_,, = 0 and using the recursion we see that v, = 0 for all
k # 0. Thus v = 0 which is the desired contradiction. U

3. RUELLE RESONANCES FOR CO-COMPACT QUOTIENTS

In this section, we consider a co-compact discrete subgroup I' C G acting freely
on H?, so that M := I'\H? is a smooth oriented compact hyperbolic surface, and we
describe the Ruelle resonance spectrum and eigenfunctions. The characterization of the
spectrum and eigenfunctions was done in [DFG] except for some special points localized
at negative half-integers. Here we analyze those points as well, and we simplify the
proof of the fact that the algebraic multiplicities and geometric multiplicities agree.

First we recall the result [FaSj, Theorems 1.4 and 1.7] in the case of geodesic flows(see
also [BuLi, Theorem 1] or [DyZw, Propositions 3.1 and 3.3]):

Proposition 3.1. Let (M, g) be a Riemannian manifold with Anosov geodesic flow.
For each N > 0, the vector field X generating the flow is such that A\ — —X — X is a
holomorphic family of Fredholm operators of index 0

—X — X :Dom(X)NHY - HN

for {Re(\) > =N}, where HY is a Hilbert space such that C*°(SM) Cc HY c D'(SM).
The spectrum of —X on HY in {Re(\) > —N} is discrete, contained in {Re()\) <0},
and minus the residue

II{ := —Res),(—X —A)™", Re(\g) > —N
s a projector onto the finite dimensional space

Resy(Ao) = {u € HY;3j € N, (=X — \)lu =0}

of generalized eigenstates, satisfying XHf\(O = Hf\(o X. The eigenvalues, generalized
eigenstates and the Schwartz kernel of Hf\(o are independent of N and one has
Resx(\) = {u € D'(SM); WF(u) C Ef, 37 € N, (=X — Xo)’u = 0}. (3.1)

Notice that the description (3.1) of resonant states is not explicit in [FaSj] but if
follows easily from that paper [FaSj] - a proof is given in Lemma 5.1 of [DFG]. The
eigenvalues, eigenstates and generalized eigenstates are respectively called Ruelle res-
onances, Ruelle resonant states and Ruelle generalized resonant states. The existence
of generalized resonant states which are not resonant states means that the algebraic
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multiplicity of the eigenvalue is larger than the geometric multiplicity, in which case
there are Jordan blocks in the matrix representing (—X — Ag) on Im(II5 ).

A direct corollary of Proposition 3.1 is that the L2-resolvent
A= Rx(\) = (=X =)

of X extends from Re(A\) > 0 to C as a meromorphic family of bounded operators
C*(SM) — D'(SM), with poles the Ruelle resonances of —X. Indeed, Proposition
3.2 in [DyZw]| shows that in the region Re(\) > C for some C > 0, the L-resolvent
Rx()) is also bounded as a map HY — HY, thus Rx(\) is the inverse of —X —\ on HY
in that half-space. By Proposition 3.1, Ry ()\) : HY — HY extends as a meromorphic
family of bounded operators in Re(\) > —N and thus is meromorphic as a bounded
map C®(SM) — D'(SM). Density of C*°(SM) in HY and unique continuation in \
shows that Rx(\) is actually independent of N as a map C*(SM) — D'(SM).

We define the following spaces for j > 1
Res’ (\) = {u € D'(SM); WF(u) C E*, (=X — X\o)’u = 0}, (3.2)

The operator (—X — \g) is nilpotent on the finite dimensional space Resx()\g) and
Ao is a Ruelle resonance if and only if Res (\g) # 0. The presence of Jordan blocks
for Ao is equivalent to having Res’ (o) # Resk (\) for some j > 1. Let us define for
J > 1,m > 0 the subspace

VI (o) := {u € Res’ (N\o); U u = 0}. (3.3)

Obviously V7 (Xo) C Vi,1(Ao) for each m > 0,5 > 1. The spaces V(o) are spanned
by the generalized resonant states which are invariant under the unstable horocycle
flow. First, following [DFG], we have the

Lemma 3.2. For each Ay € C, there exists m > 0 such that Resk(A\o) = V.1(\o).

Proof. By the commutation relation (2.8), for u € Res’ (\o) we have for each m > 0
(=X = Ao —m)U™u =0

thus for m > —Re(\g), we get U™u = 0 since we know there is no Ruelle resonance in
Re(A) > 0 by Proposition 3.1 and WF(U™u) C WF(u) C E. O

Next we analyze the generalized resonant states that are in ker U_, i.e. the spaces
V{/(Xo) for j > 1. This part is essentially contained in [F1Fo] (even though they do
not consider the problem from the point of view of Ruelle resonances) but we provide
a more geometric method by using the Poisson operator, with the advantage that
this approach extends to the convex co-compact setting. Our proof does not use the
representation theory of SLo(R) at all.
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Theorem 3.3. Let M = I'\H? be a smooth oriented compact hyperbolic surface and
let SM be its unit tangent bundle.
1) For each Ay € C\ (—3 U—N) the pushforward map mo, : D'(SM) — D'(M) restricts
to a linear isomorphism of complex vector spaces

TOox - ‘/E)l(/\o) — ker(AM + /\0(1 + )\0)) (34)
where ,AM 1s the Laplacian on M acting on functions, and there are no Jordan blocks,
i.e. Vi(No) = Vi (Ao) forj > 1. A
2) For \g = —1, the Jordan blocks are of order 1, i.e. Vi (=1) = Vi}(=1) for j > 2,
the map

Tow : Vo (—3) = ker(Ay — 1) (3.5)
s a linear isomorphism of complex vector spaces and

Tow : Vo (—3) = ker(Ay — 1) (3.6)
has a kernel of dimension dimker(Ay — 1).

3) For \y = —n € —N, there are no Jordan blocks, i.e. V{(—n) = V) {(—n) if j > 1.
The following map is an isomorphism of complex vector spaces

Tne BT _p, 2 Vo (=n) — H,(M) ® H_,(M) (3.7)
with H,(M) == {u € C°(M;K");0u =0}, H_,(M) := {u € C®°(M;K™™); 0u = 0}.

Proof. Case \g € —1/2 U —N, injectivity. Since X + ), is nilpotent on VZ(\g), we
can decompose this space into Jordan blocks and there is a non-trivial Jordan block
if and only if X 4 )¢ is not identically 0 on VZ()\g). Assume )\ is a Ruelle resonance
and let u® € Vi}(\) \ {0} be a resonant state. If there is a Jordan block associated
to u(® there is u") € VZ(\g) so that
(X +20)u® =0, (X4 X)u® =1,
We will show that in fact this is not possible. The wave front set of u) is contained in
E¥. We lift v® and «®) on SH? by 7p : SH? — SM to u®,u® so that y*al) = 7)
for all v € T, j = 0,1. Take the distribution v(© := &7 on SH? where ®_ is
defined by (2.3). It satisfies Xv(® = 0 as X®_ = —®_. Then by (2.12) there exists
w® € D'(SY) so that @_w® = v, Using v*a® = @(® together with (2.5), we have
that for any vy € I’
7w = N;Aow(o) with N, = |dy| ™",
Next we compute, using (2.11), that for () := @2 (7MW 4 log(®_)u®),
Xo =0, U_oM =0

and thus by (2.12) there is w® € D'(S!) such that Q_w® = vV, Since y*aV) = a
for all v € I', we get

ol — N;’\Ov(l) = N;AO log(N,)v @, ~*w® — N;Aow(l) = NA/_)‘O log(N,)w®. (3.8)
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We apply the Poisson operator Py, to w® and w®, where Py is defined in Lemma
2.1. Using the same lemma, we get that @y := Py, (w®) = 7, u® # 0 is T-invariant
and satisfies

(A]Hp + )\0(1 + )\0))&0 =0
on H?, and thus descend to ¢y := 70,u® on M as a non-zero eigenfunction of Ay
with eigenvalue A\g(1 + Ag) and this has to be a smooth function by ellipticity. Since
Ay is self-adjoint on L?(M) this implies A\g(1 + Ag) € R.

Now set ¢ := Py, (w) € C=(H?), we also get from (2.5), (3.8)

Y =1 = Py (log(N)w ™), (A + (1 + X))t = 0.

Now, for arbitrary w € D'(S'), we make the observation, by Taylor expanding the
equation (Ag2 + A(1+ X))Pyr(w) = 0 with respect to A at Ao that for k > 1
8];73)\0(("}) a];_lp)\()(w) 81;_273% (w> _

k! (k—1)! (k —2)! T (3.9)

OPA(w)(x) = mo. (@ (log )" Q- (w)) ,

and for each v € T, 7*(0\Ps, (W) = 0Py, (W) + Py, (log(N,)w®). Thus, since
Ao # —=, we can set

(Amz + Ao(1 4 Ao)) +(2X0 +1)

G1 = —(1+229) 1 (OaPy, (W) — 1)
and we get on H?
(Agz + Xo(1+ Xo))p1 = @0, and Vy €T, v*¢1 = ¢.
This means that ¢, descends to a smooth function 1 on M, which satisfies the equation

(Anr + Ao(1+ Ao))p1 = o. (3.10)

In fact, since
P = 7r0*(<I)’l° Q_(w(l))) = WO*(ﬂ(I) + log(q)_)ﬂ(o)) = WO*(ﬂ(l)) + O\P», (w(o)),

we notice that ¢, = (142Xg) 'm,uM. If M is compact (3.10) can only hold if ¢y = 0,
since A\g(1 — Ag) € R and thus

10l Z2ar) = {(Bar + Ao(1 + X)), o) = 0.

But ¢y = 0 implies w©® = () by injectivity of P,,, and thus u© = 0, which leads to a
contradiction and thus u ) does not exist. We have thus proved the non-existence of
Jordan blocks if \y # —5. It is also clear that, assuming now that there is no Jordan
block, we can take the argument above and ignore the u™™, v, W™ &, terms, it shows
that @y = 7o, u'® is in ker(Ap + Xo(1 + Ag)) and is nonzero if u(® # 0, and the map
(3.4) is then injective.

Case \g ¢ —1/2U —N, surjectivity. To construct the reciprocal map, we proceed
as follows: if (Apr 4+ Ao(1 4+ Ao))po = 0 with ¢y # 0, then by the surjectivity of Py, in
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Lemma 2.1, there is w(® € D'(S') such that Py, (w®) = &y where @, is the lift of g
to H2. Using injectivity of Py, and 7*@y = @ for all v € T, we get y*w® = N 20u,(©),
This implies that 7(® := ®*Q_(w®) is T invariant by (2.5) and that (X + /\0) © =0
and U_u° = 0 by (2.12). Then @° descends to and element u® € D'(SM) satisfying
(X +X)u® =0 and U_u® = 0. Now the differential operator U_ is elliptic outside
Er @ E; and (X + )\g) is elliptic outside E* @ E¥, thus WF(u®) C E’. Using the
characterizaion (3.1) this implies that u(?) is a Ruelle resonant state.

Case )\ = —%, Jordan block and kernel. We will show that there can be a
Jordan block of order 1 but no Jordan blocks of order 2. Assume there is a Jordan
block of order 2, i.e.

(X +20)u® =0, (X +x)uD =u® (X + X)u® =,

for some u') € Vit (\g). Define u) = wiul?) their lifts to SH?, let v(® := $-07(0)
and v® 1= &~ (7™ 4 log(®_)u?) as before, and

v® = &7 (G® + log(d_)al + L(log @_)*a").

Then XvW) =0, U_v"¥) =0, and y*v¥ = N;2 37 logN” ) thus v = Q_(wh))

for some w¥) € D'(S') satisfying y*wV) = NS Ao %:0 —(logé\w . Set

Bo = P (W) =m0, Gy 1= Py, (W) — P (w?) = mo,ul?,
~2 - 7))\0 (w(2)) — 8>\P)\O (w(l)) + %8§PAO (w(o)) = Wo*ﬂ@),

then using (3.9) we get (Agz—1)@; = 0 for j = 0,1 and v*@; = @; for all y € I'. As for
the case A\g # —%, ¢; descend to smooth functions ¢, on M and, since (AM—i)% = ©o,
we see that [|¢ol|r2ry = 0 if ¢y is non-zero, leading to a contradiction. This shows
that the Jordan block for X at Ay = —% can be only of order 1, and from the injectivity
of the Poisson-Helgason transformation we know that ¢g # 0 is a non-zero element
of ker(Ay — ). Thus the map (3.5) is injective and the map (3.6) has a kernel of
dimension less or equal to dim(ker(Ay — 1)).

Case g = —1, surjectivity. Assume ¢® € ker(Ay — 1) is non zero, then by
Lemma 2.1 there is w® € D'(SM) such that P_;,5(w®) = @ where @y is the lift of

o on H?. We use (2.17) and have the expansion as t — 0 for each x € C*(S!)
/S1 Po1a (@) GHr)x(v)dS (v) = VI(—V21og(t) (W, x)er + (WO, x)st + O(tlogt))

for some non-zero w® € D'(SY). Notice that if t(z) := 21;}2} on H?, we have

vt(lz|v) = |dy(v)|t(z) + O(t(z)?) as |z| — 1 for each isometry v € G and v € S'.
Then since v*@o = g for each v € I', we get

vw® = NPwO = N2 — V2N 2 (log N, )w®
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for each y € T. Define 7 := & ?Q_(w®) and 7™ := &~?Q_(w®)+/2(log ®_)u®
which are I'-invariant and satisfy

(X -Da” =0, (X-LHuW=u" vw?=va"=o.

These distributions thus descend to SM and are non-zero resonant and generalized
resonant states since they also have wave-front sets in £ by the same argument as for
A # —1/2. In particular any element in ker(A,; — 1) this produces a Jordan block of

order 1 and consequently the map (3.6) has a kernal of dimension dim ker(Ay; — 1).

Case )y € —N, injectivity. Let A\ = —n with n € N. First, if u € VF(—n), we
have uy € ker(Ay + n(n — 1)). From the positivity of the Laplacian we get uy = 0
except possibly if n = —1 where ug must be constant. Let us show that in fact ug = 0
if n =—1: if u € Vj'(—1) satisfies ug = 1, we have 2n_u; = 1 by (2.29), but then

0< ||U0||%2 = 2<77—U1,U0>L2 = —2<U1,77+U0>L2 =0

leading to a contradiction. Thus ug = 0 for all n if u € Vj'(—n). Thus Proposition
2.4 implies that there are no Jordan Blocks for the Ruelle resonances. By the proof of
Proposition 2.4, the Fourier components uy, of u in the fibers satisfy uj, = 0 for |k| < n.
By (2.29) we have n_u,, = 0 and nyu_, = 0, and thus by (2.27) we get u,, € H, (M)
and u_,, € H_,(M). Furthermore note that u,, = 0 implies after iteratively applying
(2.29), that u, = 0 for all & > n, and similarly if u_,, = 0. The map (3.7) is thus
injective.

Case )\ € —N, surjecivity. Conversely, we want to prove that for each w, €
H, (M), there is au € D'(SM) so that (X —n)u =0 and U_u = 0. We construct u as
a formal sum u = Y, wu; where uy, are in 75(C°(M; K*)), that we will thus freely
identify with sections of K¥. We set uy, = 0 for all k < n and we define recursively for

k>n

2
Uk 1= N U (3.11)

and set u_j = u. Clearly u; are smooth and in fact analytic since u,, is. First let us
show that the formal series u = ), _, u, fulfills (X —n)u = 0 and U_u = 0. According
to Lemma 2.2 these conditions are equivalent to the fact that

2niup—1 = (n — k)uyg (3.12)
2-tpyr = (n+ k) (3.13)

holds for all k& € Z. We see, that (3.12) is already fulfilled for all £ € Z by our
recursive definition of the Fourier modes via (3.11). For k& < n — 1 also the condition
(3.13) is fulfilled, as we have set all Fourier modes to be identically zero. For k =
n — 1 (3.13) is true because we identified u,, with a holomorphic section in K" and
the case k > n follows by induction from the following fact: for each ¢ € Ny, if
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2n_Upye = (2n 4+ € — 1)uy, o1 holds, then 29 u, o1 = (2n + €)u,4. This fact is a
direct consequence of the commutation relation

1
(e 0-] = =5V (3.14)
since
2 = i = ( + Z'V)
N—-Untr+1 (3]) 71 177—77+Un+£ iy O+ 1 N+7- 5 Up+¢
4 —2n+0—-1) (n+Y)
— — = (2 .
(+1 ( 4 g ) tnre = (@ Ounie

Next we need to show that the formal sum w = ), u defines a distribution, and
it suffices to check that [|ug||zz = O(]k|Y) for some N as |k| — oco. Let us give
an argument which is close to the approach of Flaminio-Forni [FlFo]: let k& > n and
consider

2 2
||Uk||%2(SM) =(uy, up)z = (m> (U, My ug—1)p2 = — (n — k) (-t ug—1) 12

E4+n—1 k+n—1 2
— W <uk,1,uk,1>L2 - W ”Uk71HL2-

Thus recursively we obtain for ¢ > 0 (here I' is the Euler Gamma function)

I'2n+10) _ﬁQn—1+r
) ro

T(0+ 1)T(2n

||un+f||%2(SM) = HZ,nH“n”%z’(SM) where I, =
r=1

Now it is direct to check that IT,,, = O(¢") for some N. The same argument works
with v_,,. O

Here notice that by Riemann-Roch theorem, the spaces H, (M) have complex di-
mension

dimHn:{ Lon = Dx(M)| ifn>1 (3.15)

sIx(M)| +1 ifn=1
where x (M) is the Euler characteristic of M.

To conclude this section, we describe the full Ruelle resonance spectrum of X by
using Theorem 3.3.

Corollary 3.4. Let M = T'\H? be a smooth oriented compact hyperbolic surface and
let SM be its unit tangent bundle. Then for each Ay with Re(Ng) <0, k € N, and
j €N, the operator UF is injective on Vi (Ao + k) if Ao + k # 0 and

Vi (Xo) = UE(VE (Ao + k) ® Vi1 (M)
In other words, we get V(o) = @_o UL(V{ (o + £)).
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Proof. First, we have U* (Vi (Ao + k)) € V{ ()\o) since
(X + M) UF =U (X + X+ 1)U = = UR(X + X + k) (3.16)

and similarly U* maps V/(\o) to V§ (Ao + k) with kernel V| (\), so that it remains
to show that the map

URUY - Vi (Mo + k) — Vi (N0 + k)

is one-to-one. Of course, since V{ (A + k) = 0 if Re(\g) + &k > 0, it suffices to assume
that Re()\g) < —k. But a direct computation using [U,, U_] = 2X gives

k
URUE = KT [(—2X = k+€) on Vi (Ao + k).
=1
When j =1, X = —(\o + k)Id on V' (\o + k), thus
k k
[[(—2X =k +0) =[]2X + &+ 0)1d on Vi (Ao + k).
=1 =1
This is invertible if A\g # —Fk since we know that Re()\g) + £ < 0. Now we can
do an induction for j > 1: assume that ker UFU* N V{ ™' (\g + k) = 0, then using
(X +Xo)UFUY = UFUR (X +Xg), we see that if u € VJ(AO—{—k:)ﬂker UEUY, (X +Xo)u €
Vi~ (X0 + k) Nker UFU* = 0 and this completes the argument when Ao +k #0. [

This Theorem describes the full Ruelle resonance spectrum in terms of the resonances
associated to resonant states in ker U_. Indeed the only case which is not obvious
is when Ay = —n € —N, and when we want to compute V73+k(—n) for £ > 0. If
u € VI(—n), then w := U™u is in V{(0) which is non trivial only if j = 1, in which
case w = constant. But then ||w||7, = (=1)"(U?"w,u) = 0 and we deduce that

Vi(=n) =V (—n) and Vn+k( n) =V?_(=n) for all k > 0.

4. RUELLE RESONANCES FOR CONVEX CO-COMPACT QUOTIENTS

In this section, we consider the case of a convex co-compact subgroup I' C G of
isometries of H?2.

4.1. Geometry and dynamics of convex co-compact surfaces. The manifold
M = T'\H? is a non-compact complete smooth hyperbolic manifold with infinite volume
but finitely many topological ends. Moreover, M can be compactified to the smooth
manifold M = I'\(H? U Qr), if Qr C S! is the set of discontinuity of I'. As in Section
2.3, we will denote by Ar C S! the limit set of I'. In fact, M is conformally compact
in the sense of Mazzeo-Melrose [Malle]: there is a smooth boundary defining function
p such that g := p%g extends as a smooth metric on M.
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The group I is a subgroup of PSLy(C) and acts on the Riemann sphere C := CU{cc}
as conformal transformations, it preserves the unit disk H? and its complement C\ H?.
Equivalently, by conjugating by (z —i)/(z + i), I' acts by conformal transformations
on C as a subgroup of PSLy(R) C PSLy(C) and it preserves the half-planes H2 :=
{z € C;£Im(z) > 0}. The half-planes are conformally equivalent through z +— z if
we put the opposite orientation on H? and H?. In this model the boundary is the
compactified real line 9H. = R := R U {oo} and the limit set is a closed subset Ap
of R, and its complement in R is still denoted by Qp. Since ﬁ = 7(z) for each
v €T, the quotients M, :=I'\(H2 UQr) and M_ :=I'\(H2 UQr) are smooth surface
with boundaries, equipped with a natural conformal structure and M, is conformally
equivalent to M_. The surface I'\(C \ Ar) is a compact surface diffeomorphic to the
gluing My := M, UM_ of M, and M_ along their boundaries, moreover it is equipped
with a smooth conformal structure which restricts to that of M.

We denote by Z : My — M, the involution fixing 9M and derived from z — Z when
viewing I' as acting in C \ Ar. The interior of M, and M_ are isometric if we put
the hyperbolic metric |dz|?/(Im(z))? on H%, and they are isometric to the hyperbolic
surface we called M above. The conformal class of M. corresponds to the conformal
class of g on M as defined above. We identify M, with M and define H, (M) as the
finite dimensional real vector spaces

Hy(M) = {fla,; f € CF(My;K"), 0f =0, " f = f},

i 4.1
H_p(M) :={fla,; f € CF(Mx; K77), 0f =0, T°f = f}. -y

Note that f € H,(M) is equivalent to say that df = 0 with L) real-valued, if
LoTT - OM — M is the inclusion map and Ligp) 18 the symmetric tensor on OM defined
by

V(w,v) € TOM, vy f(2)(@™0) = f(to37(2)) (@ dgz7.0)
where TOM is the real tangent space of M.

The dimension of Hy, can be computed as follows: let
H,(M,) := {f € C®(My;K"), Of = 0}

which can be viewed as complex and real vector space, with complex dimension that can
be calculated by the Riemann-Roch theorem (3.15) and the fact that x(M;) = 2x(M).
Now let A : H,(My) — H,(M;) be the map Af = Z*f satisfying A*> = Id. We have
H, (M) = ker(A — 1d) as real vector spaces. The map f + if is an isomorphism of
real vector spaces from H, (M) to ker(A+1d) C H,(M,) and thus we deduce that the
real dimension of H, (M) equals the complex dimension of H,(M;) and we get

(2n —1)|x(M)] ifn>1,

IX(M)|+1 if n=1 (42)

dimg H, (M) = {
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for a non-elementary group. For an elementary group, x(M) = 0 and H, (M) has real
dimension equal to 1 (M, is a flat torus).

By [C1], there exists a collar near M and a diffeomorphism v : [0,€), x M —
¥([0,€) x OM) C M such that 1*g = % where 7 +— h(r) is a smooth family of
metrics on M. We can choose p = 01~ as boundary defining function. It is then
clear that the hypersurfaces p = py are strictly convex if 0 < py < € is small enough,
and therefore there exists a geodesically convex compact domain () C M with smooth
boundary 9Q = ¢({po} x OM). Each geodesic (z(t))ic(o] in @ with z(ty) € IQ can be
extended to a geodesic (z(t))ic[,00) S0 that z(t) € M\ Q for all t > t and x(t) — OM
as t — +00. The surface M is of the form M = N U (U;Z, F}) where N is a compact

hyperbolic surface with geodesic boundary, called the convex core, and Fy, ..., F,, are
ns ends isometric to funnels (se e.g. [Bo, Section 2.4])
(Fi, g) ~ [0,00); x (R/{;Z)g with metric dt? + cosh(t)*d6? (4.3)

for some ¢; > 0 corresponding to the length of the geodesic of N where F; is attached.
The boundary of the compactification is OM = U, S; where S; := R/(;Z. We will
now choose the function p to be equal to p = 2¢* in F} so that g|s, = df*. In the
(p,0) coordinates, the metric in Fj is given by g = p~2(dp® + (1 + p*/4)*d6?). Using
the (p, #) coordinates, we say that a function f € C*(M) is even if in each Fj,

0

Vk € No, 8§k+1f|p:0 =
and we denote by C%°(M) the space of even functions. Note that
ng(M) = {f|M+7 f € COO(M2)7I*f = f} (44>

after identifying M and M, , and if Z is the involution on M, defined above. We refer
to [Gul] for detailed discussions about even metrics and functions on asymptotically
hyperbolic manifolds.

The incoming (-) and outgoing (+) tails Ax C SM of the flow are the sets
Ay = {(z,v) € SM;3ty > 0, px(x,v) € Q,Vt € [ty,0)}.

In view of the property of @, the set AL is also the set of points (z,v) such that
7o(px¢(z,v)) does not tend to M in M as t — +oo. The trapped set K C Q is the
closed flow-invariant set

K:=A NA_.
It is a direct observation that, if By : SH? — S' are the endpoint maps defined in
Section 2.1 and 7 : SH? — SM the covering map defined in Section 2.3, then

Ay = mpr(Ay), where Ay = B (Ar). (4.5)

Indeed, a point (z,v) € SM is in I'_ if and ony if it is trapped in the future, meaning
that o;(z,v) A OM as t — +oo. By lifting to the covering SH? and taking (¥, 7) €
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SH? so that 7p(#,0) = (z,v), this means that the semi-geodesic starting at & tangent
to ¥ does not have endpoint in Qr, i.e, By(Z,0) € Ap. The bundle T'(SM) has
a continuous (in fact smooth in our case) flow-invariant splitting (2.20) and we set
E§, B, E* the dual splitting defined by (2.21). We define their restriction to the
incoming/outgoing tails by

E: = Elr, E':=FE,.. (4.6)

4.2. Ruelle resonances and generalized resonant states. To define Ruelle reso-
nances and resonant states, we first need to recall the following result from [DyGul].

Theorem 4.1. If M = T\H? is a conver co-compact hyperbolic surface, then the
generator X of the geodesic flow on SM has a resolvent Rx(\) := (=X — \)™! that
admits a meromorphic extension from {\ € C;Re(\) > 0} to C as a family of bounded
operators C°(SM) — D'(SM). The resolvent Rx(\) has finite rank polar part at each
pole \og and the polar part is of the form

Z —X = AP, J(Xo) €N
)\ )\0 ) 0

for some finite rank projector T commutmg with X. Moreover u € D'(SM) is in the
range ofHX if and only if (X—i—/\o) Oy = 0 with u supported in Ay and WF(u) C E%.

We define Ruelle resonance, generalized Ruelle resonant state and Ruelle resonant
state as respectively a pole \g of Rx(\), an element in Im(l'[f\(O ) and an element in
Im(IT5 ) Nker(—X — Ag). Define like in (3.2) and (3.3) the spaces

Res’ (\o) := {u € D'(SM);supp(u) C A, WF(u) C EX, (=X — Xo)’u =0}, (4.7)

VI (No) == {u € Resh (\o); U™ u = 0} (4.8)
As in the compact case, the operator (—X — Ag) is nilpotent on the finite dimensional
space Resx (A\g) := Uj>1Resk (A\g) and Ao is a Ruelle resonance if and only if Res (\g) #
0. The presence of Jordan blocks for )\ is equivalent to having Res (\g) # Resk (o)
for some k > 1.

We make the important remark for what follows that when Ay € R, V7 ()\g) can
be considered both as a real and as a complex vector space which admits a basis of
real-valued distributions, and its dimension is the number of elements of the basis.

4.3. Quantum resonances and scattering operator. Scattering theory on these
surfaces has been largely developped by Guillopé-Zworski [GuZwl, GuZw?2] and a
comprehensive description is given in the book of Borthwick [Bo]. Quantum resonances
are resonances of the Laplacian Ay, = d*d on M = I'\H?, and these are defined as
poles of the meromorphic extension of the resolvent of A,;. The essential spectrum for
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Ay is [1/4,00) and the natural resolvent to consider is Ra(s) := (Ay — s(1 —s))7!
which is meromorphic in Re(s) > 1/2 as a family of bounded operators on L?*(M),
with finitely many poles at

o(An) :={s € (5,1);kerp2(Ay — s(1 —s)) # 0}
corresponding to the L?-eigenvalues in (0,1/4). By usual spectral theory, each pole at
such sq is simple and the residue is
A
I,
(230 - 1)

where [T the orthogonal projector on kerz2(Ap—so(1—sp)); see [PaPe, Lemma 4.8] for
example. The meromorphic extension of the resolvent was proved in [MaMe, GuZwl],

Ress—s, (Ra(S)) =

we now recall this result:

Theorem 4.2. If M = I'\H? is a convex co-compact hyperbolic surface, then the non-
negative Laplacian Ayr on M has a resolvent Ra(s) := (Ay — s(1— )7t that admits
a meromorphic extension from {s € C; Re(s) > 1/2} to C as a family of bounded
operators CX(M) — C®(M). The resolvent Ra(s) has finite rank polar part at the
poles and the polar part at sy # 1/2 is of the form

— (s(1—s) — so(1 — So))207 J(s0) €N,

J

for some finite rank operator 115 := (1 — 2s)Resy, (Ra(s)) commuting with Ay. For
so = 1/2, Ra(s) has a pole of order at most 1 at so, 115 := Res,,(Ra(s)) has finite
rank and (Ay — 1/4)I15 = 0. The operator Ra(s) is bounded as a map p™ L*(M) —
p NLA(M) if N > |Re(s) — 1/2].

The main theorem of [MalMe] shows in addition that the Schwartz kernel Ra(s;z, z')
of Ra(s) is of the form

(p(x)p(2)) *Ra(s;x,2') € C°(M x M \ diag), (4.9)

where diag denotes the diagonal of M. Moreover, if f € C®(M), u, := p~*Ra(s)f €
C>=(M) is a meromorphic family in s € C, and since the Laplacian Aj; in each funnel
is given by

1—p*/4 p 2
T3P0 T T a6
1+ p?/4 (1+ p%/4)

a series expansion of u, in powers of p near M directly shows that u, € C°(M).

Ay = —(p0,)* + (4.10)

Therefore, for each pole sy of order j > 1, we get

j—1

¢ €Ran(ll}) = ¢ € @pso log(p)*Co(M). (4.11)
k=0
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Indeed, it suffices to consider the residue of p*us = Ra(s)f at s = sg using Taylor
expansion of p* as s = sg, when f € C2°(M) is arbitrary, and to use that u is even in
p, and one gets (4.11).

We say that ¢ is a generalized resonant state for sq if p € Ran(HSAO), and that it is
a resonant state if in addition (Ay; — so(1 — s9))¢ = 0. The multiplicity of a quantum
resonance sq is defined to be the rank of HSAO . We will define the generalized resonant
states of order 7 > 1 at sg by
Resy (s0) := {p € Ran(Hﬁ)); (Aps — s0(1 —s0)) o =0} (4.12)
with TI := Res,—y, (Ra(s)).
We need a characterization of generalized resonant states of order j as solutions of

(AM — 30(1 — 30))ju =0

with very particular asymptotics for u at the boundary M of the conformal compact-
ification M. For this purpose, we define the Poisson operator £y(s) on M and the
scattering operator Sy (s) by following the approach of Graham-Zworski [GrZw]; we
shall refer to that paper for details. By [GrZw, Proposition 3.5], there is a meromorphic
family of operators

En(s) : C®(OM) — C=(M)
in Re(s) > 1/2, with only simple poles at s € o(Aj) and satisfying outside the poles

(Apr—s(1—35)Em(s)f =0
for each f € C*(OM) and with the property that this is the only solution such that
there is F,, Gy € C2(M) such that Fy|,37 = f and
Ev(s)f = p' SF 4+ p°G, if 5 ¢ % + N,

4.13
Ev(s)f = pl/z_kFl/erk + pl/FHE log(p)G1jorr if s=1/2+Fk, ke N. ( )

Here F, G4 are meromorphic with simple poles at s € o(Aj) and %+N. The functions

Fi o4k, G124k can be expressed in terms of residues of Fy, G at 1/2 + k. Notice that
1

in the case M = H?, Eyp(s) = 2217¢ F(SF_(‘?/Z) P,_1, where P, is the Poisson-Helgason

transform of Lemma 2.1. By [GrZw, Proposition 3.9] the Schwartz kernel of £,(s) is

related to the Schwartz kernel of Ra(s) by
Exi(5%,6) = (25 — D[Ra (52, 2)(') )y _acen (4.14)

This operator thus admits a meromorphic continuation to s € C, as Ra(s) does. The

scattering operator Sy/(s) is a meromorphic family of operators acting on C*°(9M)
for Re(s) > 1/2, unitary on Re(s) = 1, and defined by

T(s—3)

SM(S)f =27 P(%— )
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This operator is holomorphic outside o (A ;) and is a family of elliptic pseudo-differential
operators of order 2s—1, which is Fredholm of index 0 as a map H*~1(M) — L?*(OM),
it extends meromorphically to C and satisfies the functional equation

SM(S)_l = SM(l — S). (416)

By [GrZw], there are special points, namely s = % + k with k£ € N, where Sy(s)
is a differential operator on OM = U;’,S; which depends only on the metric g S
Moreover we have

Gijotklonr = e Su(1/2+k)f, e #0. (4.17)
The computation of the scattering operator is done by Guillopé-Zworski [GuZw1, Ap-
pendix] for the hyperbolic cylinder C(¢;) := R; x (R/{;Z)y with metric dt*>+cosh(t)?d6?,
and their computation shows that ker Sc(gi)(% + k) =0 for all k£ € N, which implies

Su(3 + k) : C®(OM) — C*(OM) is an isomorphism; (4.18)
note that this fact is also proved in [Bo, Lemma 8.6]. Finally, one has a functional
equation similar to (2.15), which follows from the definition of £y/(s) and Sy(s)
r(i-s)

(s —3)

En(s) =217 Enr(1 — 5)Su(s) (4.19)

We have the following result on quantum resonant states.

Proposition 4.3. Let M = T\H? be a conver co-compact surface. Then the following
properties hold:

1) There is no quantum resonance at % —N.

2) If Re(sg) > 1/2, the poles of Ra(s) at so are simple and ¢ is a resonant state for
so if and only if (A — so(1 — 50))p = 0 with ¢ € p*°C>(M).

3) If Re(sg) < 1/2 with s ¢ 1/2 — N, a solution ¢ to (Ay — so(1 —s0))p =0 is a
resonant state for sy if and only if ¢ € p**C(M), and a function ' is a generalized
resonant state if and only if it is a resonant state or there is a resonant state ¢ so that

(Apr — so(1 = 50)) ¢ = for some j > 1, and ¢’ € @izo p* log(p)*C=(M).

Proof. To prove 1), we use [Gu2, Lemma 3.4] which says that if sy is a pole of Ra(s)
then it is a pole of Sy (s) := 21_2558/_21_/;;8]\4(3). But Sy/(s) has a pole of order 1
at so = 1/2 + k with residue ¢ Spr(1/2 4 k) for some ¢, # 0, and this operator
has no kernel. Therefore, by expanding in Laurent series the functional equation
Su(1—5)Sy(s) =1d at s = 1/2 — k, we directly see that Sy/(s) must be of the form
Su(s) = (s — sg)L(s) for some holomorphic family of operator L(s) near s = sy, with
L(so) invertible on C*=(9M). This shows 1).

Statement 2) is direct to see for Re(sg) > 1/2: the resonant states are of the desired
form by [PaPe, Lemma 4.8] and conversely if ¢ € p**C>(M) N ker(Ayr — so(1 — s0)),
then ¢ € kerz2(Ap — so(1—s9)) = Ran(II%). For sy = 1/2, the pole of the resolvent is
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simple and the resonant states are in p'/2C* (M) by [PaPe, Lemma 4.9]. The converse
part will follow from the proof of 3).

Now we prove 3). By (4.11), if ¢’ is a generalized resonant state satisfying the
equation (A — so(1 — s0)) 1’ = 0, then ¢’ € @;_, p* log(p)*C(M) for some J.
Using the form of Ay in (4.10) and writing the formal expansions at p = 0 of that
equation, it is direct to see that J < j.

We next prove the converse. Let Ay, := (Ap — so(1 — s0)) and let ¢ be a solution
of Ai*lp =0 with ¢ € @)_, p* log(p)*C (M) with j > 0. Deﬁ_ne po = Al for all
0e0,...,j. It is easy to check that ¢, € 69;;:0 p*0 log(p)*C°(M). We first construct
a holomorphic family ¢(s) = p*F(s) with F(s) € C2(M) such that

a(s) = (Aar — s(L = ))o(s) € p"2C (M), a(s)| < Cfs — so Hp" 2 (4.20)

To construct F(s), we will set F(s) := 7 _ Fi(s — s0)* for some F, € C(M) well
chosen. Taylor expanding at s = sg

J
¢(s) = p"F(s) = > (s —s0) b+ O((s — so)’*") (4.21)
k=0
with ¢y, == p® S3b_, 5 1og(p) Fy—e, the equation
(Anr = s(1 = 5))o(s) = O((s = s0)' )
reduces to
Aso O + (250 = 1)1 + ¢p2 =0 (4.22)

for all k& < j, with the convention ¢_; = ¢_o = 0. The equation (4.22) can be solved
by choosing ¢, to be a linear combination of the form

N
—_

o = o, and ¢ = (1 — 230)kg0k + co(so)pe for k €1, 7]
0

o~
I

for some polynomials ¢,(sg) in sg, and we also note that ¢, € @?:o p* log(p)tC2(M).
We can then define for k£ < j

k
|

Fr:=p=° E E(_logp)éﬁbk—f-
=0

We need to check that Fj, € C2°(M). To do this, we will show that
P A (p Fy) € p*C (M), (4.23)

Indeed, since we know that Fj, € " log(p)’/C2(M), it is an easy exercise to check
that (4.23) implies that F}, € C%°(M) by using the expression (4.10) of Ay near M.
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We already know that Fy € C2°(M) and that (4.10) is true for &k = 0. Now to prove
(4.23), we write

k

PO F) = ; i ( so(Pr—r)(log p)" +AM((10gP)€)¢k—e—25(10gp)€_1N¢k—e>
=0

where N := V(log p) denotes the gradient of log p with respect to g. By (4.22), we get

Z 6! Aso(dr—)(log p)* = p*(—Fj—a + (1 — 250) Fj_1).

Next we have

Ed

) TING =

El
(=1

k ) k (—1)f
Z Nlllog Y™ bu-a) = INTy 3 gy 1o ) ne =
=1

—p™ ((N + 50| N|2)Frey + [N |2 Fr2).

and

k
=0

g! 10% P) VPt =

~ (1) S (1)
_’N@Z =2 ;(log p) )20 + Z ) (log p)* L or_eAn(log p) =
=2 =

—|N2p™ Fyg — AM(log p)p> Fi_1.
Consequently we get
p0 Ay (0 F) = (IN]2 = 1)Fi s + (2N + 1 = Ay (log p) + 2s0(INJ2 — 1)) Fiy. (4.24)

By using (4.10), a direct computation gives that Ay (log p)—1 € p?C(M) and we also
have [N|2 =1 near OM, so |N|2 € C2(M). Moreover N maps C3(M) to p*Ce3(M).
An induction in &k with (4.24) then shows (4.23). We directly get that the function ¢(s)
defined by (4.20) is a holomorphic family in p**2C%° (M), and by Taylor expanding the
term (Apr — s(1 —5))o(s) at s = sg, we also have (by construction)

p™%a(s)] = O(ls — 5ol *'4?). (4.25)
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Using Green’s formula in the region p > € for some small € > 0, we see that for z € M
fixed and s near sg

(Ra(t = 9a(s)(z) =0(s:) ~ [ pO,Ral1 = si2p.0)0(5p.0)"
0
+ /p:6 RA(l — 5% 0 Q)paﬂ¢(s;pa 0)%

Now pd,d(s; p,0) = sp*F(s;0,0) + O(pte®+1) and, using (4.14),

1 —
PapRA(l—S;zm,@):l_;S (1= s;2,0) + O(p* Ry,

Thus we obtain
RA(1 = s)q(s) = &(s) — Em(1 — 5)F(s)|oaz-

By (4.25), we also have |Ra(1 — s)q(s)| = O(|s — so|’*!) uniformly on compact sets
of M, and therefore

o(s) = Enr(1 = $)F(5)|oar + O(ls = o' ™)
uniformly on compact sets. We define f(s) := F(s)|53; and differentiate for ¢ < j

¢
OL(3(5))lsmso = OL(Enr(1 = 8)f())lomso = P Y log(p) Hf + p'~* Zlog ‘G
i= 1=0

where H!,GY € C2(M) and Gj| 57 = 0°(Su(1 — 8)f(8))]s=so- But from (4.21) and
the fact that ¢y € @5:0 p* log(p)tC (M), we see that 9% (Sy(1 — 8)f(5))]s=sy = 0
for all £ < j and thus Sy (1 — s)f(s) = O(|s — so|’™"). Therefore Sy/(1 — s)f(s) =
(s — s9)’*'r(s) for some holomorphic family r(s) € C®(OM). We write Ey(s) =
S (s—50)"Qu+ H(s) for some holomorphic operator family H(s) near sy and some
operators Q, : C*®°(OM) — C=(M). By using (4.19), we get

N
Ev(1—5)f(s) = (5 —s0)" " Em(s)r(s) = Z(S —50) Qe (s) + (s —s0)" T H (s)r(s)

=1
which implies that j + 1 < N and 9%(¢(s))|sms, € D, Ran(Qy) for each k < j.
By (4.14), we have @), , Ran(Q,) C Ran(ITZ) since the singular part of the Laurent
expansion of Ra(s) is a finite rank operator with range Ran(IT% ). Using again (4.21),
this shows that ¢, and therefore ¢, are generalized resonant states for £ < j. This
completes the proof. O

Remark 1. The proof of 2) and 3) in Proposition /.3 also applies in the more gen-
eral setting of even asymptotically hyperbolic manifolds in the sense of [Gul], in any
dimension n+ 1, by replacing (A — so(1—50)) by (Ayr—so(n—s¢)) and so ¢ 1/2—N
by so ¢ n/2 —N.
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Lemma 4.4. For any ¢ € p**C*>(M) satisfying (A —so(1—s0))p = 0 with sg ¢ —No,
there exists a distribution w € D'(S') supported in Ar such that mie = Ps,_1(w) and
for each v €T, v*w = N*0tw.

Proof. Let ¢ = whp be the lift of ¢ to H?. Then we have (Agz —so(1—s0))@ = 0 on H?
and we claim that ¢ is tempered on H?. Indeed, if T > 0 and 0 denotes the center the
unit ball in R? (representing H?), consider m(7T") := supy_, i, 0)<r [¢(2)] where dg(-, -)
denotes the hyperbolic distance. For € > 0 small enough M, := {x € M;p(x) > €} is a
geodesically convex set and it is easy to see that there exists C' > 0 so that for all T" > 0
each point x € H? with dy2(z,0) < T projects by the covering map 7r to the region M,
for e = Ce™T. Then m(T) < sup,cy (lp(z)]) < Cs e R00T for some constant
C,, depending on Re(sg). Here the last inequality follows from ¢ € p*C°°(M) and this
estimate shows that ¢ is tempered on H?. By the surjectivity of the Poisson-Helgason
transform, there exists a distribution w € D'(S') so that ¢ = P,,_1(w). By Lemma 2.1
and the discussion that follows, for any y € C*°(S') one has for ¢t € (0,¢) with € > 0
small

HOF_(t) + t0F, (t) if s ¢ 1/2+7Z
/ Poy1(w)(Grtv)x(w)dy = § #170F_(t) + t™ log(t)Fy(t) if s € 1/2+N
St tr=0log(t)F_(t) + t*F (t) if s € 1/2 —N,
(4.26)
for some Fy € C*([0,¢)) and F_(0) = C(sg)(w, x) where C(sg) # 0 because so ¢ —No.
On the other hand, since mp is a boundary defining function of Qr in H? U Qr, in
a small neighborhood V, of any point p € Qr in H* U Qr, the function ¢ has an
asymptotic expansion as ¢t — 0
P(3mv) ~ Y 1 ay(v)

k=0

for some ay, € C°(V,), therefore if x € C°(Qr) is supported in V,,, we have

[ By ~ 3 )
st k=0
and thus from (4.26) we deduce that (w,x) = 0. This shows that w is supported in
Arp. Let v € I', we have
Pag-1 (V317" w) = 7" Pyy1(w)

which is also equal to Py, _1(w) since ¢ is ['-automorphic. By the injectivity of the
Poisson-Helgason transform [DFG, Corollary 6.9], we thus deduce that y*w = N sotly,
O

We show the following
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Theorem 4.5. Let M = T\H? be a smooth oriented convex co-compact hyperbolic
surface and let SM be its unit tangent bundle.
1) For each \g € C\ (—% — LNy) the pushforward map mo, : D'(SM) — D'(M) restricts

272
to a linear isomorphism of complex vector spaces for each 7 > 1

Tow - VI (M) — Resh (Ao + 1) (4.27)
where Ay is the Laplacian on M acting on functions. '
2) For each Ay = —% —k with k € N, V' (X\g) = 0 and Res), (Ao+1) =0 for all j € N.
3) For Ay = —%, there are no Jordan blocks, i.e. VOJ(—%) =0 for j > 1, and the map

Tow : Vo (—3) — Resj (1/2) (4.28)

s a linear isomorphism of complex vector spaces.
4) For \g = —n € =N, if ' s non-elementary, there are no Jordan blocks, i.e.
Vi (—=n) =0 if j > 1, and the following map is an isomorphism of real vector spaces

", s Vi (=n) — H,(M) (4.29)
where H, (M) is defined by (4.1).

Proof. Case )\ € C\(—1—1Ny), injectivity. The map X+, is a linear nilpotent map
preserving the finite dimensional vector space Vo(Ao) == €D;5; Vi (\o) of generalized
Ruelle resonant states in ker U_. Thus there is a decomposition into Jordan blocks for
X on Vy(Ng): for each Jordan block of size j, one has a u(® € V{'(\g) and some u® €
VI (No) for k € [1, 5] satisfying (X + Ao)u®™ = u*=1. We lift each u® € D'(SM) to
SH? and get u*) € D'(SH?) so that v*u® = a® for all v € T, and @ is supported
in A, where A, is defined by (4.5). Define for k > 0

PE = 7T-O>)<u(k)7 Szk = WO*a(k)' (430)
From u(®) € Vi}(\o) we have that (X + X\o)u® =0, U_u® = 0, and v is supported
in A,. The same equations hold for %(® on H?2. Take the distribution v(® := $~*7(
satisfying Xv(® = 0. Then there exists w® € D/(S') so that Q_w® = v by
(2.12). Since supp(u®) ¢ A, and Q_w® = B*w® using (4.5) we directly get that
supp(w®) c Ar. Using v*a® = @(® together with (2.5), we have that for any v € T

v = N,y’)‘ow(o) with N, (v) = |dy(v)|".
We get that $y = Py, (w?) = 7, u® satisfies
(AHZ + )\0(1 + )\0))@50 == 0

on H2. Now by Lemma 2.1, &y # 0 if A\ ¢ —Ngy and u(?) # 0, thus ¢, is a non-zero
solution on M of

(Anr + Xo(14+ X))o = 0.
To prove that so = A\g + 1 is a quantum resonance, we will use Proposition 4.3, and
for that it is sufficient to prove that ¢y € p*C (M), and in fact ¢y € p**C*®(M) is
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sufficient since we assumed \g ¢ —N. Take a point p € M, and consider p € Qr a
lift of p to H? U Qr. To prove the desired statement, we take the boundary defining
function po(x) := 2(1 — |z|)/(1 + |z|) in the closed ball M’ and we will show that
po @0 is a smooth function near the boundary of H? U Qr. Note that po(x) ™' P(z,v)
is smooth outside the subset {(x,v) € 0 x St # v} and since w® is supported
in Ar, we deduce directly that py*°Py,(w®) is smooth in a neighbourhood of § in
H? U Qpr. We have proved that ¢, is a quantum resonant state which in addition
has asymptotic behaviour given in terms of the distribution w®: there is an explicit
constant C'(sg) # 0 so that

([0 eollonr) = C(s0)11 S(50) () (4.31)

where 7 € C>(Qr) is defined by 75 (p)n = po + O(p3) near Qr. For the generalized
resonant states, we proceed like in the compact case: define for k < j

k k—¢
k) . &=\ (log®_) ~(0)
P\ = P E —(k—ﬁ)! U

£=0

which satisfies Xv®) = 0 and U_v® = 0. Thus there is a distribution w® supported
in Ar such that @_w® = v® and using that v*u® = a® for all v € ', we get

k k
log N, )" log N, )"
Fo®) = Nymz%ma? Fr®) = NWAOZ%M“). (4.32)
=0 ) =0 ’

Writing %) in terms of the v(¥ and using (3.9) we have

LA 0, (k— k z ¢ —0)
~(k) _ & (—log®_ )" _ 0 ,P>\0( )
ut = Z /) N Z '
=0 £=0
By (3.9) or the proof of Lemma 2.3 we deduce that
(A2 + Xo(1+ X))ok = (14 2X0)Pr—1 — Pr—2- (4.33)

(with the convention ¢; = 0 for i < 0). This implies the following identities on M

Pe
1 + 2)\0)k+17€

Mw

(Amz + Ao(1+ Ao)) = Pk—1.

=1
Using that 9% ((P(z,v))*1)]y, is of the form p}°™* 25 (log(po(x)))* Hy (2, v) for some
functions Hy smooth in {(x,v) € o x S';z # v}, we deduce like we did for g that
or € @)_, p* log(p)*C>(M) with 55 = Ao + 1. Then, by Proposition 4.3, the function
gok is a quantum generalized resonant state in Reskﬂ( o) for each k£ = 0,...,j, and
0 © VIF(Xo) — Resh (Ao + 1) is injective.
Case \g € C\ (—1 — 1Np), surjectivity. Next we will show that this map is also
surjective: let so ¢ 3 — 3Ny be a pole of Ra(s) and denote by II2 its residue. Recall
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that Fy, := Ran(II$) is finite dimensional and that A,, := (Ay — so(1 — s0))|r,, is
a linear nilpotent operator preserving this finite dimensional space. Thus there is a
decomposition into Jordan blocks for Ay, on Fy,: for each Jordan block, there is a
oy € so that As,¢p = 0 and some ¢, € F), for k < j so that As ¢ = dp_1.
Note that by definition (4.12) we have ¢} € Resk+1(so). We lift ¢, to H?, we get
gbk = mhp € C°(H?). Using A, ¢r = ¢p_1 for each k > 1, we see that there exist
P € C°°(H?) so that @y = o and satisfying (4.33): @ are linear combinations of
(5g)g:0 _____ r and are thus I'-invariant and descend to some function ;. We will then
show that there exist w®) € D'(S') supported in A so that for all v € I and k < j

k k

~ (1) Py (W) - (log N2)* -

O = Z A g!o ;Y = N Z 7 1 yk=0) (4.34)
=0 =0

where \g = sp — 1. We prove this by induction on k. For k£ = 0, this is a consequence

of Lemma 4.4. Suppose that (4.34) is satisfied with k replaced by m for all m < k,

and we will show that the same hold at order k + 1. We set

)aulp (wk= Z)
(¢+1)!

k
Vi1 7= Q1 + Z (=
(=0

and using (4.33) and (3.9)

k

53573 ( (k— e k eae Lp, ( ))
Asowk—l-l 1+2A0 Z ; 6—1)

+ (1 + 2>\0)90k: — Pr1=0

where the last equality follows by using the first equation of (4.34) at order k — 1
and k. The surjectivity of the Poisson-Helgason transform in Lemma 2.1 implies that
there exists w*+1) € D'(S!) such that 11 = Py, (W), Now by definition of ¥,
we have near each point p € Qp that ¢y, € @7 (log po) p*°C=(H? U Qr). Since
(Agz — so(1 — 8))k11 = 0, in fact one has V41 € pC°(H?* U Qr). Then the same
arguments as in the proof of Lemma 4.4 imply that w**1) is supported in Ap. This
shows the first equation of (4.34) at order k + 1. Using that v*@ri1 = @pyq for all
v € T, the induction assumption (4.34) implies that

k+1 £, (k+1-£)
. log N.,)*w
VU1 — Yrgr :73,\()(2 ( 7)6' >

=1
but this is also equal to Py, (N0y*w* ) —(E+1)) “which by injectivity of the Poisson-
Helgason transform implies

k+1
NP0 kHD) 1) — Z
=1

(log N’y)éw(k—l—l—é)
12
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which is exactly (4.34) for w1, Now we define the distributions on SH?

k
IR CPr Sy (—log qu?)
=0
By construction we have, for each k > 0, (X + \g)a™® = a*~Y and U_a® = 0 (with
the convention that u(~") = 0) and u® is supported in /Lr. By a direct application
of (4.34) and (2.5), we have v*u®) = u® for all k and v € I, which implies that the
distributions @*) descend to distributions u® on SM supported in A, and satisfying
(X +Xo)u® =y and U_u® = 0. Finally, from the equation (X + Xg)u® = y*-1
the wave-front set of u ) is contained in the annulator of Ey = RX by elliptic regularity,
and similarly from U_u® = 0 it is also contained in the annulator of U_, thus it has
to be contained in E} (which is E% over A;). Notice also that mo,u™ = ¢y, for each k.
This implies that u®) € VF(\g) and the map 7o, : VF(A\g) — Resh (Ao +1) is surjective.
Case Ao € —3 — N. Note that Res’y (1/2 — k) = 0 has been already shown in
Proposition 4.4. In order to see V{(—1/2—k) = 0, we use a similar argument as above:
Ifu € Vi (A\o) with \g = —1/2—Fk for k € N, then ¢ := mg,u solves (Ay—so(1—35¢))p =
0 with sy = A\g + 1. Furthermore, by Lemma 2.1, there is w € D(S!) supported in Ap
so that y*w = N)°w for all v € T and @ := 7j.¢ = Py, (w). Using (2.13) and (2.18), w
see that ¢ = pé/Q "F+ p0/2+ log(po) F> near each point p € Qp, where F; are smooth
functions on H2UQp near p. This implies that ¢ € p'/2=*C®(M)@p'/2+F log( YO=(M).
But we also have ¢ = Ey(1/2 + k) f if f := [p~Y/***¢]| 537 by the properties of Ey(s)
(see (4.13)). As in the proof of claim 1), the fact that suppw C Ar implies the
vanishing of the p~'/?**log(p) terms in the asymptotic of ¢. This implies by (4.17)
that Syr(1/2 4+ k) f = 0, which by (4.18) shows that f = 0, and thus ¢ = 0, proving
the claim 2).

Case \y = —1/2. The arguments above show that each Ruelle resonant state

£y (k=)

u € Vi(—1/2) produces a quantum resonance ¢ = m,u whose lift to H? is Py, (w) €
p2C>(M) at sy = 1/2 for some w € D'(S') supported in Ar and satisfying y*w =
NWI/ wiorally € I'. If there is an element «’ € V2()o), then like in Theorem 3.3 we have
@' = mp,u’ satistying (Apy—1/4)¢" = (2X0+1)p = 0, with 7f(¢") =: Py, (W) —0\P, (w)
for some w’ € D'(S') supported in Ar. We have

OAP-1/o(w)(x) = log(1 — [z[*)P_1a(w)(x) + / P(xz,v)?1og(|z — v*)w(v)dv
Sl
and, using that supp(w) € Ar and (2.17), this implies directly that near a point p € Qr,

ONP-1/2(w)(w, ) = V2log po(2) (HS(1/2)w) () + O(1)

as |x| — 1. Since Py, (') € /)(1)/200"(11-]12 U Qr), we get that ¢’ = log(p)f + O(1) near
OM, for some non-zero f € C>(9M). Therefore by 2) in Proposition 4.3 the function
¢ is not a generalized resonant state. This shows that —1/2 is a pole of order at most
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1 for Rx (), there is no Jordan blocks and 7, : Vi}(—1/2) — Resh (—1/2) is injective.
The surjectivity works as for the cases above.

Case )\ € —Njy, injectivity. By Proposition 2.4, among generalized states at
Ao = —n killed by U_ and m,, there can be only resonant states. Let u be a Ruelle
resonant state satisfying (X —n)u = 0, U_u = 0 and supp(u) C A,. We can always
assume that u is real valued: indeed, since the spectral parameter —n is real valued,
there is a basis of real-valued resonant states. The space Vy(—n) can then be considered
as a real vector space.

First, we assume that my,u = 0. Consider the Fourier components u; in the fiber
variables, then by the proof of Proposition 2.4, we have u, = 0 for all |k| < n, and
by (2.29) we also get 7_u, = 0 and n,u_, = 0. In particular du, = 0 and du_, = 0
when we view uy, as (distributional) sections of KX*". Notice by ellipticity that u.,
are smooth and actually analytic. We will denote by U+, = Tpu., their lift to H?, and
in the ball model we can write u,, = f,dz" and u_,, = f_,dz" for some holomorphic
(resp. antiholomorphic) functions f,, (resp. f_,) on H? satisfying

Vyel, v fn = (827)7nfn and v f_, = (m)inffn-

Take the distribution v := ®" u where u := nju: we get Xv = 0 and U_v = 0 thus there
exists w € D'(S1) so that Q_w = v by (2.12). Since supp(u) C BZ'(Ar), we get directly
that supp(w) C Ar and by (2.5), for any v € T', y*w = N'w. We want to write the
Fourier mode 1y, (in the fiber variable) in terms of w: Therefore we write z = z1+ixs €
H? and identify the unit tangent vector (1 — |z|?)(cos(6)d,, + sin(0)d,,) € S.H? with
e, We get

uy(2) :(27T)_1</5’ZH2 u(z, ew)e—iked0> (1 _2|Z|2>kdzk
(zel® — 1)k dzF
(1= 2o ) T e

where we used the change of variable ¢ = B !(e®) defined by (2.2). For |k| < n we
have uj = 0, thus by evaluating at z = 0 we get

2
:219(271_)—1(/ w(ez‘a>€—ika|1 o ze_m|2(”_1)
0

2w
Vk € (—n,n), 0= / w(e™)e*da. (4.35)
0
For k = n, we know that u, = f,d2" with f,, holomorphic on H?, thus we deduce that
(_2)n /27l' ) e—ina
n(2) = —— ‘) ———da. 4.36
f2) = G- | sl o (1.36)

We deduce from this that f,,(z) has a series expansion converging in |z| < 1 given by

—9\n = »
fn(z) _ ( 27T) Zwkzk’ Wy = (w,e ’L(n-l-k)oz)’

=0
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where here we notice that |wi| = O((1+|k|)") for some N, since w is in some Sobolev
space on S! (here and below, (-, -) denotes the bilinear distributional pairing on S! with
respect to the natural measure da of mass 27). From (4.36) and since supp(w) C Ar, we
see that f,(z) extend holomorphically to C\ Ar. The section f,(z)dz" is holomorphic
on C\ Ar and I" equivariant, thus descend to a holomorphic section of K™ on M, with
the notation of Section 4.1. Similarly, we get (using that w is real-valued)

foa(r) = £ | ten)a - C2 S gt = 700

2 1 — zZei 2

Now for each ¢ € C*°(S'), write ¢y = >~, Vre*® then for r < 1 we get

2

Falre®)p(0)do = (—=2)™ > " wirky_y

0 £>0

and this converges to (—2)"(IT, (we™™),¢) as r — 1 where I1, is the Szegé projector,
i.e. the projector I )(—i0p) on the non-negative Fourier modes on S'. By using
(4.35), this means that f, has a weak limit on S! and f,|s1 = (—2)"e"™I1, (w) in the
weak sense. Similarly, we have f_,|s1 = (=2)"e™II_(w) if II_ := 1(_s g (—p). Now
by injectivity of the Poisson-Helgason transform at the spectral parameter 0 we obtain
C,, € R* such that

Po(w) = Po(ILs(w)) + Po(I-(w)) = Cu(=" fr + 2" [1)

But since w|q, = 0 the harmonic function 2" f, + 2" f,, vanishes on Qr thus e f, |, €
1R, which means that i"“Lgﬁun is a real-valued symmetric tensor on OM. This is
equivalent to say that i""'u, € H,(M). Moreover, the map u +— i""'u, € H, (M) is

injective since u,, = 0 implies w = 0 and thus u = 0.

Case )\ € —N, surjectivity. Conversely, let u,, € i "' H,(M) and consider its lift
Up = fndz" to H2. The holomorphic function f, satisfies f,(7(2)) = (0.7(2)) ™" fu(2)
for all v € ', or equivalently 7*%, = @,, and we can assume that ¢’ f,|o. € iR. The
tensor u, is bounded on M with respect to the hyperbolic metric thus |f,,(z)dz"| g €
L>(H?), and since [2d2"/(1 — |2]*)"]y, = 1, we deduce that z — f,(2)(1 — |z|*)"
is bounded in the unit disk and therefore f, is tempered. In particular there exists
ws € D'(SY) so that Py(wy) = 2"f, and Py(w_) = 2"f,, and in fact w_ = wy. We
have w := wy +w_ which is supported on Ar since w is the boundary value of Re(2" f,,)
to St in the weak sense. Next we want to describe the covariance of w with respect to
each v € I': write y(e®) = €#(® for the action on S!, then |dy(e®)| = 1'(a) we have
V(2" ful(2)) = (zafyzz()z))’"fn(z), which when restricted on S! gives

* _iaa(fy(eia) - -n
Y'w = <W> w = |dvy|"w. (4.37)
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Thus & = ®-"Q (w) € D'(H?) solves (X +n)u = 0 and U_u = 0, it is T-invariant
by using (4.37) and has support in A, = B~'(Ap). This implies that & descends
to a Ruelle resonance u, with support in A_ and with WF(u) C E% by ellipticity
arguments as before. The map u,, — u is injective since u,, — w is injective. Moreover
by construction w has vanishing k-Fourier components for all |k| < n on S!, thus it is
in the kernel of P_,,, which means that my,u = 0, and thus 7, u = 0 for all |k| < n by
Lemma 2.2 (just like in the proof of Proposition 2.4).

To conclude the proof we have to prove that a Ruelle resonant state u € Vi (—n)
satisfying uy = mo,u # 0 does not exist. If ug # 0, we have by Lemma 2.1 that
(Apr — n(1 —n))ug = 0. The lift 4y = Trug to H* must be in Ran(P_,,), which by
(2.19) implies that @y € py "C™ (EQ) is an element of ker(Agz —n(1 —n)) of the form

Uo(2) = (1= [2]*) 7" La(2, 2)

for some polynomial L,, of degree 2n — 2. Since for each v € T’ we have (1 —|y(2)|?) =
(1 — [z (2)], we deduce from v*& = u that

La(1(2),7(2) = IV ()"~ Lu(z, 2).

Taking z = z+ to be the two fixed points of v, we deduce that L, (z+,z=) = 0 since
|7 (21)| # 1. Therefore L,, is a polynomial in (z, Z) vanishing on the limit set Ar, and
thus it vanishes on the whole S! by analyticity, if I is non-elementary. We deduce that
iy = O(py™™) at S = OH?, and thus u € p>"C*°(M). From the form of Ay near p = 0
given by (4.10), a Taylor expansion in p = 0 of the equation (Ay —n(1 —n))uy =0
implies that actually ug € p"C>(M) C L*(M), and therefore ug = 0 since n(1—n) <0,
leading to a contradiction. 0

The case of an elementary group. Let us briefly discuss the case of an elementary
group generated by one transformation v € PSLy(R), and we only need to focus on the
spectral points —n € —N. We can assume that the two fixed points of + in the disk
model are +1 (with —1 being the repulsive one), and mapping the disk to the upper
half-plane so that 1 is mapped to 0 and +1 to oo, the transformation ~ is conjugated
to yx : z > e’z for some ¢ > 0. By the discussion in the proof of Theorem 4.5,
the Ruelle resonant states at —n € —N are in correspondence with the w € D'(S')
supported in {—1,1} and satisfying v*w = |N,|"w. There can only be Dirac masses
and its derivatives at 1. To analyse the restriction of w on a small neighborhood
O+ C S' of F1, we use the upper half-plane model, w|o. becomes (after conjugation)
a distribution wx € D'(R) supported in {0} and satisfying viws = e¥w-. The only
solutions are of the form cyé(gn*l) for c;z € C if (5Sj) denotes the j-th derivative of
the Dirac mass dg at 0 in R. The same argument shows that there is no generalised
resonant state (no Jordan blocks) for the operator X, i.e. Vi (—n) = Vi'(—n) for j > 1,
and the space of Ruelle resonant states at —n is exactly of dimension 2. The Poisson
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kernel in the half space model is P(z,y, z’ e where z = x + iy € H? and

) = Pe=p
2’ € R is the point at infinity. We can just compfltz‘ that in the upper half-space model
where the repulsive fixed point —1 € S' is mapped to 0 and the repulsive +1 € S to
o0, we have
Pon(wo) = (007 WHE ) — ¢ Q(a, )y

where ) is a homogeneous polynomial of degree n — 1 in C, satisfying Q(—=z,y) =
(—=1)"'Q(z,y). The same argument shows that in the half-plane model where —1 € S*
is mapped to oo and +1 € S' to 0 shows that P_,(w,) = c.Q(z,y)/y"'. On the
other hand, the mapping from one half-plane model to the other can be chosen to
be A : z +— —1/z and, due to the parity property of Q(z,y) in x, we easily see that
Q(A(2))/(Im(Az))" 1 = (=1)"'Q(2)/(Im(z))"~!. This shows that 7y, maps V' (—n)
to a 1-dimensional space Resi(—n + 1) of quantum resonant states. The elements in
ker mo, N Vj!(—n) are in correspondence with H, (M), as we discussed in the proof of
Theorem 4.5, and this space has real dimension equal to 1. The quantum resonances
at s = —n + 1 are computed in [Bo, Chapters 5.1 and 8.2]: there are poles of order 2,
there is a 1-dimensional space of quantum resonant states and the multiplicity is equal
to 2 due to the Jordan block. The correspondence between classical and quantum res-
onant states is thus different from the non-elementary group case for these particular
points.

Finally exactly the same proof as Corollary 3.4 gives the full Ruelle resonance spec-
trum.

Corollary 4.6. Let M = T\H? be a smooth oriented convex co-compact hyperbolic
surface and let SM be its unit tangent bundle. Then for each Ao € C with Re(Ao) <0,
k € No, and j € N, the operator U is injective on Vi (Ao + k) and we get

k
V(M) = P ULV (Mo +0)).
=0

5. ZETA FUNCTIONS

The zeta function of the flow is defined by

—AE(70)

Zx() = ex (- sz\detl— o)) (5-1)

where g are primitive closed geodesics and P(7y) is the linearized Poincaré map of the
geodesic flow on this geodesic. The function converges for Re(A) > dr where dr < 1
is the Hausdorff dimension of the limit set Ar (see [Pa]). By [DyGu, Theorem 4],
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the function Zx(A) admits a holomorphic extension to A € C with zeros at Ruelle
resonances and the order of a Ruelle resonance A\ as a zero of Zx () is given by

ordy, (Zx(A)) = Rank(IIy) (5.2)

where Hfo = —Resy,Rx () is the projector on generalized Ruelle resonant states. In
particular we deduce from (5.2) and Theorem 4.6 the

Proposition 5.1. The order of Ay as a zero of Zx () is given by

ordy,(Zx(A\)) = dimResx(\g) = Z dim(Resx (Ao + p) Nker U_).

p€ENp

where Resx(\g) = szlRes&()\o) is the space of generalized resonant states at Ny, with
Res’ (\o) defined in (4.7).

The Selberg zeta function Zg(A) is defined by

Zs(A) —eXp< szdetl— ))) (53)

where the sum is over all primitive closed geodesics and Ps(vy) = P(70)|g, is the
contracting part of P(vy). For each closed geodesic v on M = T'\H?, there is an
associated conjugacy class in I', with a representative that we still denote by v € I" and
whose axis in H? descends to the geodesic 7; the linear Poincaré map along this closed
geodesic is easy to compute since « is conjugated to z — /)2 in the upper half-space
model of H2. Using this expression we get P(7o)|g, = e “091Id and P(y)|g, = /0°1d

thus

e 2M00) det(1 — Py(y9)F) ! = e MO0 (1 — e MO0 = K7 em b 000200 (54
p=0

and | det(1 — P(7)*)| = €00 det(1 — P,(7)*)?. This implies the formula

_ Zx(A-1)

p=1

(5.5)

By combining (5.5) with Proposition 5.1 and Theorem 4.5, we obtain

Corollary 5.2. Let M = T'\H? be a convex co-compact oriented hyperbolic smooth
surface and assume T is non-elementary. Then its Selberq zeta function Zs(s) is
holomorphic with zeros given by:

1) quantum resonances sy ¢ —Ng with order

ords, (Zs(s)) = Rank(Res;, Ra(s))
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2) negative integers —n € —Ng with order

2n+ 1)|x(M)| ifn>0,

ord—n(Zs(s)) = dimg Hy1 (M) = { IX(M)| +1 ifn=0

where Hy,y1(M) are defined by (4.1).

The description of the zeros of Zr(s) in this setting was also done by Borthwick-
Judge-Perry [BJP] (inccuding the case with cusps). We remark that in [BJP] the
topological contribution in the order of Zg(s) at s = 0 is |[x(M)|. Furthermore there
is a spectral contribution coming from the multiplicity of 0 as a quantum resonance.
This multiplicity is exactly 1 by the proof of Theorem 1.2 in [GuGu], the resonant
states being the constants (see the discussion after the proof of [GuGu, Theorem 1.2]),
which matches with part 2) in Corollary 5.2. For the points s = —n with n € N, [BJP]
obtain a zero of order (2n + 1)|x(M)| + v(—n) where v(—n) = Rank(Res_, Ra(s)) is
the order of —n as a resonance, and thus 2) of Corollary 5.2 implies that v(—n) = 0
for non-elementary groups I'.
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