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GEODESIC STRETCH, PRESSURE METRIC AND MARKED LENGTH
SPECTRUM RIGIDITY

COLIN GUILLARMOU, GERHARD KNIEPER, AND THIBAULT LEFEUVRE

ABSTRACT. We refine the recent local rigidity result for the marked length spectrum
obtained by the first and third author in [GL19] and give an alternative proof using the
geodesic stretch between two Anosov flows and some uniform estimate on the variance
appearing in the central limit theorem for Anosov geodesic flows. In turn, we also introduce
a new pressure metric on the space of isometry classes, that reduces to the Weil-Peterson
metric in the case of Teichmiiller space and is related to the works of [MMO08, BCLS15].

1. INTRODUCTION

Let M be a smooth closed n-dimensional manifold. We denote by M the Fréchet man-
ifold consisting of smooth metrics on M. We denote by M*® the set of metrics with
regularity C*® k € N,a € (0,1). We fix a smooth metric go € M with Anosov geodesic
flow and define the unit tangent bundle by Sy, M = {(x,v) € TM | |v|,, = 1}. Recall that
being Anosov means that there exists a flow-invariant continuous splitting

T(SyM) =RX & E, @ E,,

such that
ldef® (w)|| < Ce ™ M|w|l, VYw e E,,Vt >0,

|def* (w)|| < Ce M|, Vw e E,,Vt <0,

where the constants C, A > 0 are uniform and the norm here is the one induced by the
Sasaki metric of gg. Such a property is satisfied in negative curvature.

1.1. Geodesic stretch and marked length spectrum rigidity. The set of primitive
free homotopy classes C of M is in one-to-one correspondance with the primitive conjugacy
classes of m1 (M, xy) (where g € M is arbitrary). When gq is Anosov, there exists a unique
closed geodesic 7,,(c) in each primitive free homotopy class ¢ € C (see [K1i74]). This allows
to define the marked length spectrum of the metric gy by:

Lgo :C = R'H Lgo (C) - ggo (790(6))a

where ¢, (y) denotes the go-length of a curve v C M computed with respect to go. The
marked length spectrum can alternatively be defined for the whole set of free homotopy

classes but it is obviously an equivalent definition.
1
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It was conjectured by Burns-Katok [BK85] that the marked length spectrum of negatively
curved manifolds determine the metric up to isometry in the sense that two negatively
curved metric g and go with same marked length spectrum (namely L, = L) should be
isometric. Although the conjecture was proved for surfaces by Croke and Otal [Ota90,
Cro90]) and in some particular cases in higher dimension (for conformal metrics by Katok
[Kat88] and when (M, go) is a locally symmetric space by the work of Hamenstadt and
Besson-Courtois-Gallot [BCG95, Ham99]), it is still open in dimension higher or equal to
3 and open even in dimension 2 in the more general setting of Riemannian metrics with
Anosov geodesic flows. The same type of problems can also be asked for billiards and
we mention recent results on this problem by Avila-De Simoi-Kaloshin [ADSK16| and De
Simoi-Kaloshin-Wei [DSIKW17] for convex domains close to ellipses (although the Anosov
case would rather correspond to the case of hyperbolic billiards). Recently, the first and
last author obtained the following result on Burns-Katok conjecture:

Theorem (Guillarmou-Lefeuvre [GL19]). Let (M, go) be a smooth Riemannian manifold
with Anosov geodesic flow and further assume that its curvature is nonpositive if dim M >
3. Then there exists k € N depending only on dim M and € > 0 small enough depending
on go such that the following holds: if g € M s such that ||g — gol|lcx < € and L, = Ly,
then g s isometric to go.

One of the aims of this paper is to further investigate this result from different perspec-
tives: new stability estimates and a refined characterization of the condition under which
the isometry may hold. More precisely, our first result is that we can locally relax the
assumption that the two marked length spectra of g and gg exactly coincide to the weaker
assumption that they "coincide at infinity" (in some sense that is made precise below) and
still obtain the isometry. Given ¢ € C, we also write d4,(c) to denote the probability Dirac
measure carried by the unique go-geodesic v, (c) € c.

In the following, we will say that L,/L, — 1 when

tim Fol) _
J=rtoo Lgo (Cj )

, (1.1)

for any sequence (c;)en of primitive free homotopy classes such that lim;_,, L, (¢;) = 400,
or equivalently lim; o, Ly(c;)/Ly,(c;) = 1, if C = (¢j)jen is ordered by the increasing
lengths Lg,(c;). We notice that it is important to consider only the set of primitive closed

geodesics in (1.1) in order to not imply directly that L, = L.

Theorem 1.1. Let (M, go) be a smooth Anosov Riemannian n-dimensional manifold and
further assume that its curvature is nonpositive if n > 3. There exists k € N depending
only on n, € > 0 depending on gy such that for each o € (0,1) the following holds: let
g € M" such that ||g — gollcw.e < € and assume that L,/L, — 1. Then g is isometric to

go-
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We develop a new strategy of proof, different from [GL19]|, which relies on the intro-
duction of the geodesic stretch between two metrics. This quantity was first introduced
by Croke-Fathi [CF90| and further studied by the second author [Kni95|. If g is close
enough to gg, then by Anosov structural stability, the geodesic flows ©9 and @9 are orbit
conjugate via a homeomorphism 1, i.e. they are conjugate up to a time reparametriza-
tion. The infinitesimal stretch is the infinitesimal function of time reparametrization a,: it
satisfies dipy(2) Xy, (2) = a4(2)Xg(¢4(2)) where z € Sy M and X, (resp. X,) denotes the
geodesic vector field of go (resp. g). The geodesic stretch between g and gy with respect to
the Liowville' measure “150 of go is then defined by

Ly (g0, 9) == / ag dpy .
SgoM
It turns out to be equal to )
Lyl
L (90, 9) = Jim. Tyo(c:)
if (¢;)jen C C is a sequence so that the uniform probability measures (d4,(c;));jen supported
on the closed geodesics of gy in the class ¢; converge to “Iﬁo in the weak sense of measures.
While it has an interest on its own, it turns out that this method involving the geodesic
stretch provides a new estimate which quantifies locally the distance between isometry
classes in terms of this geodesic stretch functional (below H ’%(M ) denotes the L2-based
Sobolev space of order —1/2 and « € (0, 1) is any fixed exponent).

Theorem 1.2. Let (M, gy) be a smooth Riemannian n-dimensional manifold with Anosov
geodesic flow and further assume that its curvature is nonpositive if n > 3. There exists
k € N large enough depending only on n, some positive constants C,C’, e depending on gy
such that for all o € (0,1), the following holds: for each g € M** with lg—gollcrepn <e,
there exists a C**be-diffeomorphism 1 : M — M such that

* 1 U 1
16 = goll -3 gy SC (11 = Tt (90, DI + IP(= T + 0 = 1)]})

<C’ (1L (9l + 1£-(9)I})

where Jy is the unstable Jacobian of ¢, P denotes the topological pressure for the @%
flow, a4 is the reparameterization coefficient relating ¢%° and @9 defined above, and

L) L)
L = limsup ——~2% — 1, L_(g) := liminf =222 — 1.
+(0) oo Lgy(c;) (9) =l Lygy(c5)

Note that Theorem 1.1 is a direct consequence of Theorem 1.2 (we have P(—Jg +a,—1) =

0if L,/Ly, — 1), we will thus directly prove that stronger result. This result is an
improvement over the Holder stability result [GL19, Theorem 3| as it only involves the

Ihormalized with total mass 1
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asymptotic behaviour of L,/L,. We emphasize however that one of the key facts to
prove this theorem still boils down to some elliptic estimate on some variance operator
acting on symmetric 2-tensors, denoted by ITJ° in [GL.19, Guil7|: indeed, we show that the
combination of the Hessians of the geodesic stretch at g and of the pressure functional
can be expressed in terms of this variance operator, which enjoys uniform lower bounds
Collv*g — gollg-1/2 for some Cy, > 0, at least once we have factored out the gauge (the
diffeomorphism action by pull-back on metrics).

We also notice that in Theorem 1.2, although the H *%(M ) norm is a weak norm, a
straightforward interpolation argument using that ||g||cr.e < ||gol|cr.« + € is uniformly
bounded shows that an estimate of the form

10*g = gollew < C(1L+(9)] + 1£-(9)])°

holds for any k¥’ < k — n/2 and some explicit § € (0,1/2) depending on k,k" (C > 0
depending only on gp).

1.2. Variance and pressure metric. The variance operator appearing in the proof of
Theorem 1.1 and 1.2 can be defined for hy, hy € C°(M; S?*T*M) satisfying (hi, go)r2 =
Jas Trgo (h1) dvoly, = 0 by

<Hgohlah2> = /R/SM<€thOh1,h2>gO d,u;odt,

where, for z = (z,v) € SM, (e0h)(z) = h,, )(:(t),3:(t)) if 7.(t) is the go-geodesic
with initial condition (,(0),7.(0)) = (x,v), and the product (-,-),, is the natural scalar
product on symmetric tensors induced by gg. The integral defining IT15° converges thanks
to the exponential mixing of ¢ (see [Liv04]). The operator I15° is a pseudodifferential
operator of order —1 that is elliptic on divergence-free tensors (see |Guil7, GL19, GLJ]).
As a consequence, it satisfies good coercive estimates on all Sobolev or Hélder spaces:
there is Cy, > 0 such that for all h € H ~2(M; S2T* M) which is divergence-free (i.e.
Try, (Vh) = 0)

(h, h) > C, (1.2)

2
ol P13
provided go is Anosov with non-positive curvature (or simply Anosov if dim M = 2). We
show in Proposition 4.1 that g — I is continuous with values in ¥~!(M) and this implies
that for gy a smooth Anosov metric (with non-positive curvature if dim A > 2), (1.2) holds
uniformly if we replace gy by any metric ¢ in a small C'"*°-neighborhood of go. This allows
to obtain a more uniform version of Theorems 1.1 and 1.2.

Theorem 1.3. Let (M, go) be a smooth Riemannian n-dimensional manifold with Anosov
geodesic flow and further assume that its curvature is nonpositive if n > 3. Then there
exvists k € N, ¢ > 0 and C,, depending on gy such that for all gi,9o € M such that
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g1 — goller < €, |lg2 — gollex < g, there is a Ck- diffeomorphism v : M — M such that

. 1 1
[¥%g2 — 91HH—%(M) < oo (1£4(91, 92)|7 + |£4(g2, 91)[7)
with

L,,(cj)
L. (g1, 92) := limsup 2
A0 = P T )

In particular if Ly, = Lg,, then go is isometric to g;.

This result suggests to define a distance on isometry classes metrics from the marked
length spectrum by setting for g;, g» two C*® metrics

, Ly, (¢;)
dr(g1, g2) := limsup | log =22~
L< ' 2) Jj—o0 ng(cj>

1 L AWES
’ + lim sup logM ’

Jj—roo Lgl (Cj)

We have as a corollary of Theorem 1.3

Corollary 1.4. The map d; descends to the space of isometry classes of Anosov non-
positively curved metrics and defines a distance near the diagonal.

We also define the Thurston asymmetric distance by

R Lg2 (cj)
drlon oe) = PR T e
and show that this is a distance on isometry classes of metrics with topological entropy
equal to 1, see Proposition 4.9. This distance was introduced in Teichmiiller theory by
Thurston in [Thu98|.

The coercive estimate (1.2) allows also to define a pressure metric on the open set
consisting of isometry classes of Anosov non-positively curved metric (contained in M /Dy
if Dy is the group of smooth diffeomorphisms isotopic to the identity) by setting for hy, hy €
T, (M /Do) C C°(M; S*T*M)

Gy (1, ho) v= (115" hy, h2>L2(M,dvolgO)-

We show in Section 3.3.1 that this metric is well-defined and restricts to (a multiple of) the
Weil-Petersson metric on Teichmiiller space if dim M = 2: it is related to the construction
of Bridgeman-Canary-Labourie-Sambarino [BCLS15, BCS18] and Mc Mullen [MMO08], but
with the difference that we work here in the setting of variable negative curvature and the
space of metrics considered here is infinite dimensional.

Acknowledgement: This project has received funding from the European Research Coun-
cil (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No. 725967). This material is based upon work supported by the Na-
tional Science Foundation under Grant No. DMS-1440140 while C.G and T.L were in



6 COLIN GUILLARMOU, GERHARD KNIEPER, AND THIBAULT LEFEUVRE

residence at the Mathematical Sciences Research Institute in Berkeley, California, during
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2. PRELIMINARIES

On a closed manifold M, we will denote by W™(M) the space of classical pseudo-
differential operators of order m € R. We recall that this is a Fréchet space when equipped
with semi-norms of its full symbols in local charts. We also denote by H*(M) the L?-based
Sobolev space of order s € R, with norm given by fixing a Riemannian metric on M. For
k€ N,a € (0,1), the spaces C**(M) are the usual Holder spaces and D’'(M) will denote
the space of distributions, dual to C*°(M).

2.1. Symmetric tensors and X-ray transform. In this paragraph, we assume that the
metric g is fixed and that its geodesic flow ¢ is Anosov on the unit tangent bundle SM of
g. We denote by u" the Liouville measure, normalized to be a probability measure on SM.
For the sake of simplicity, we drop the index g in the notations. Given an integer m € N,
we denote by @™ T*M — M, S™T*M — M the respective vector bundle of m-tensors and
symmetric m-tensors on M. Given f € C*(M;S™T*M), we denote by 7}, f € C*(SM)
the canonical morphism 7, f : (z,v) — f.(v,...,v). The natural derivation of symmetric
tensors is D := 0oV, where V is the Levi-Civita connexion and o : ™T*M — S™T*M is
the operation of symmetrization. The operator D is elliptic [GL, Lemma 2.4] with trivial
kernel when m is odd and 1-dimensional kernel when m is even, given by the Killing tensors
co(g®™/?),c € R. We denote by (-,-) the scalar product on C*(M; S™T*M) induced by
the metric go (see |[GL, Section 2| for further details). The formal adjoint of D with respect
to this scalar product is D* = — TroV. We also denote by the same (-,-) the natural L?
scalar product on C*°(SM) induced by the Liouville measure u*. The formal adjoint of
m,, with respect to these two scalar products is denoted by

Ty 2 D'(SM) — D'(M; S"T*M)

where D’ denotes the space of distributions, dual to C°.

We recall that C, the set of free homotopy classes in M, is in one-to-one correspondance
with the set of conjugacy classes of (M, x) for some arbitrary choice of zo € M (see
[K1i74]) and for each ¢ € C there exists a unique closed geodesic y(c) € ¢. We denote its
Riemannian length with respect to g by L(c) = ¢4(y(c)). The X-ray transform on SM is
the operator defined by:

L(c)
I:C%SM) = (2(C), If(c) = / f(u(=)) dt,



GEODESIC STRETCH, PRESSURE METRIC AND MARKED LENGTH SPECTRUM RIGIDITY 7

where z € y(c) is any point. This is a continuous linear operator when ¢>°(C) is endowed
with the sup norm on the sequences. Then, the X-ray transform I, of symmetric m-
tensors is simply defined by I,,, := I on},. If X denotes the geodesic vector field on SM, a
straighforward computation gives that X, = 7 ., D. This immediately implies that

{Dp | p e C(M; SmflT*M)} C ker I, N C°°(M; S™T*M). (2.1)

Using the ellipticity of D, any tensor f € C°(M;S™T*M) can be decomposed uniquely
as a sum
f=Dp+h, (2.2)

with p € C°°(M; S™1T*M) and h € C°°(M; S™T*M) is such that D*h = 0. We call Dp
the potential part of f and h the solenoidal part. The same decomposition holds in Sobolev
regularity H*(M), s € R, and in the C**(M) regularity, k € N,a € (0,1). We will write
h = mwr p+ f and the solenoidal projection m, p+ is a pseudodifferential operator of order
0 [GL, Lemma 2.6]. The X-ray transform is said to be solenoidal injective (or s-injective
in short) if (2.1) is an equality. It is conjectured that I, is s-injective as long as the metric
is Anosov but it is only known in the following cases:

e for m = 0,1 [DS10],

e for any m € N in dimension 2 [PSU14, Guil7],

e for any m € N, in any dimension in non-positive curvature [CS98].

We also observe that the coercive estimate (1.2) and the continuity of g — 15 € ¥~1(M)
implies the s-injectivity of I (and actually of I, for any m € N, the generalization being
straightforward) for any metric g in a C'*°-neighborhood of a fixed Anosov metric gy which
is non-positively curved (see Proposition 2.3). In particular, this allows Anosov metrics
with “some” positive curvature.

The direct study of the analytic properties of I, is difficult as this operator involves
integrals over the set of closed orbits, which is not a manifold. Nevertheless, in [Guil7],
the second author introduced an operator I1,, that involves a sort of integration of tensors
over "all orbits" and this space is essentially the manifold SM. The construction of II,, :
C>®(M;S™T*M) — D'(M; S™T*M) relies on microlocal tools coming from [FS11, DZ16]
but a simpler definition that uses the fast mixing of the flow ¢, is given by

L, := T (IL+ (-, 1))7);, with
T (2.3)
IT: C*°(SM) — D'(SM),  (ILf, f') := lim T<efX £ f) dt
if (f,1) = [, fdu” = 0 and II(1) := 0. The convergence of the integral as T — oo
is insured by the exponential decay of correlations [Liv04] (in fact a polynomial decay is
sufficient). We can thus write for (f,1) =0

M. £) = [ (ool racsan
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We note the following useful properties of II, proved in [Guil7, Theorem 1.1]:

o II: H(SM) — H~*(SM) is bounded for all s >0
o if fe H*(SM) with s >0, XIIf =0
e if f and X f belong to H*(SM) for s > 0, then IIX f = 0.

We can make a link between Il and the variance in the central limit theorem for Anosov

geodesic flows. The variance of ¢, with respect to the Liouville measure " is defined for
u€ C*(SM),a € (0,1) real-valued by:

Var,.(u) := %ggo%éM (/OT u(pi(2)) dt>2duL(z)7 (2.4)

under the condition that [, udu" = 0. We observe, since ¢; preserves p*, that

Var,. —711_{{.10?/5 / / u(p—s(2))u(2) dtdsdu™(2)

= lim / / 1[(t71)T,tT] (7‘) (u O ©Pp, u>L2 d’l“dt.
T—00 0 R

where the L? pairing is with respect to ul. By exponential decay of correlations [Liv04],
we have for |r| large

(w0 or,u) 2] < CemMful|
for some a > 0,v > 0, C' > 0 independent of u. Thus, by Lebesgue theorem,
Var . (u) = (Ilu, u), (2.5)
if (u,1) = 0, showing that our operator II is nothing more than the variance.
In the papers [Guil7, G119, GL], the properties of II,, are investigated:

e II,, is a positive selfadjoint pseudodifferential operator of order —1,

e II,,D =0 and D*II,,, =0,

e II,, is elliptic on solenoidal tensors; under the additional assumption that I, is
s-injective, it is invertible on solenoidal tensors in the sense that there exists a
pseudodifferential operator () of order 1 such that QIL,, = Tyer p+-

In particular, using the spectral theorem, there is a bounded self-adjoint operator /II,, on
L? such that /II,,v/II,, = II,,. We add the following property which will be used in this

article:

Lemma 2.1. If (M, g) has Anosov geodesic flow and I is s-injective, there exists a constant
C > 0 such that for all tensors h € H='/?(M; S*T* M),

<H2h, h) Z CH'ﬁkerD*h”i[—uz(M)-
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Proof. In |GL], the principal symbol of TIy was computed and turned out to be
0y = 0(y) : (2,6) = [¢]7" Admierse,

for some positive definite diagonal endomorphism A, which is constant on both subspaces
S2T*M = {h € S?*T*M|Tr,(h) = 0} and Rg = {\g € S*T*M;\ € R}. Here i¢ is the
interior product with the dual & € T,M of ¢ with respect to the metric. We introduce
the symbol b € C=(T*M) of order —1/2 defined by b : (x,&) + x(x,€)|£|7Y/? Ay, where
X € C°°(T*M) vanishes near the 0 section in 7*M and equal to 1 for |£| > 1 and define
B := Op(b) € W~Y2(M;S*T*M), where Op is a quantization on M. Using that the
principal symbol of e, p+ is ¢, we observe that 1ly = Tyer p« B* BTyer p+ + IR, Where R €
U2(M; S?T*M). Thus, given h € H=Y/2(M, S*T*M):

(TIIyh, h) 12 = || Bmter p-h|%2 + (Rh, h) 1> (2.6)

By ellipticity of B, there exists a pseudodifferential operator @) of order 1/2 such that
QBTyer p+ = Tker p+ + R/, where R’ € W=°°(M; S*T*M) is smoothing. Thus there is C > 0
such that for each h € C°°(M; S*T* M)

v < QB - by -1ya + [ RAI 1s2 < Cl B b3 + | BRI 1o

H’/TkerD*h

Since Lemma 2.1 is trivial on potential tensors, we can already assume that A is solenoidal,
that is 7 p+h = h. Reporting in (2.6), we obtain that

1R[3-1/2 < C{Msh, h) 2 — C{Rh, h)2 + || R[5

(2.7)
< C(Iyh, by 2 + C|| Rl sz |l g-vse + | BB e

Now, assume by contradiction that the statement in Lemma 2.1 does not hold, that is
we can find a sequence of tensors f,, € C(M;S?*T*M) such that || f,||g-12 = 1 with
D*f, =0 and

1 1
VI fallZe = Mafo, fa) 2 < | fallfmre = — = 0.

Up to extraction, and since R is of order —2, we can assume that Rf, — vy in HY? for
some vy, and R'f, — vy in H~'/2. Then, using (2.7), we obtain that (f,)nex is a Cauchy
sequence in H /2 which thus converges to an element vs € H~'/2 such that ||vs||z-12 = 1
and D*vs = 0. By continuity, Iy f, — Ilovs in H'/? and thus (Ilyvs,vs) = 0. Since
vy is solenoidal, we get /Ilyvs = 0, thus Ilyvs = 0. Since we assumed I, s-injective,
I, is also injective by [GL, Lemma 4.6]. This implies that v3 = 0, thus contradicting
H?}3||H—1/2 = 1. O

We note that the same proof also works for tensors of any order m € N. In fact we can
even get a uniform estimate:
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Lemma 2.2. Let (M, go) be a smooth compact Anosov Riemannian manifold with I3 being
s-injective. There exists a C™ neighborhood Uy, of gy and a constant C' > 0 such that for
all g € Uy, and all tensors h € H~Y2*(M; S*T*M),

(T3, B) 12 > Clmer D3 bl

Proof. First, let gy be fixed Anosov metric with I§° s-injective (in particular it is the case
if it has non-positive curvature). Proposition 4.1 (which will be proved later) shows that
the operator II, = I1J is a continuous family as a map

g €Uy — 115 € U1 (M; S*T*M)

where U,, C C>(M; S*T*M) is a C*°-neighborhood of gy and ¥~ (M; S?*T*M) is equipped
with its Fréchet topology given by the semi-norms of the symbols. Let h € ker D} be
a solenoidal (with respect to g) symmetric 2-tensor, then h = e, psh. Let Cy, > 0
be the constant provided by Lemma 2.1 applied to the metric gop. We choose U, small
enough so that ||II§ — II°|| 172,12 < Cy,/3 (this is made possible by the continuity of
g+ 115 € U1, Then:

(T1h, h) = {(115 — T, h) + (TE°h, h) > Coy I g, 312 — Cao /3111111

But the map Uy, > g — Tker Dy = 1-— DgAg_lD; € Y is continuous, where Ay = D, D, is
the Laplacian on 1-forms, and this implies that for g in a possibly smaller neighborhood
Uy, of go, using h = e, D;h:

2C,
3

The proof is complete. O

(150, h) = Copl|Tier D3 Al 3g-12 = =52 RlIF-1/2 = Coo /3|1 er Dy Rl 712

We also observe that the generalization of the previous Lemma to tensors of any order is
straightforward. As mentioned earlier, an immediate consequence of the previous lemma
is the following

Proposition 2.3. Let (M, go) be a smooth Riemannian n-dimensional Anosov manifold
with I3 s-injective. Then, there exists a C*°-neighborhood Uy, of go in M such that for
any g € Uy, for any m € N, 19 is s-injective.

Proof. By |GL], the s-injectivity of I9 is equivalent to that of I1¢, and the previous Lemma
allows to conclude. g

2.2. The space of Riemannian metrics. We fix a smooth metric gy, € M and consider
an integer £ > 2 and a € (0,1). We recall that the space M of all smooth metrics is a
Fréchet manifold. We denote by Dy := Diffo(M) the group of smooth diffeomorphisms on
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M that are isotopic to the identity, this is a Fréchet Lie group in the sense of [Ham82,
Section 4.6]. The right action

MXDO%Ma (gaw)Hw*g

is smooth and proper [Ebi68, Ebi70]. Moreover, if g is a metric with Anosov geodesic
flow, it is direct to see from ergodicity that there are no Killing vector fields and thus the
isotropy subgroup {¢ € Dy | ¥*g = g} of g is finite. For negatively curved metrics it is
shown in [Fra66] that the action is free, i.e. the isotropy group is trivial. One cannot apply
the usual quotient theorem |[Tro92, p.20] in the setting of Banach or Hilbert manifolds but
rather smooth Fréchet manifolds instead (using Nash-Moser theorem). Thus, in the setting
of the space M~ of negatively curved smooth metrics, which is a Frechet manifold, the
slice theorem says that there is a neighborhood U of gy, a neighborhood V of Id in D,y and
a Frechet submanifold S containing gy so that

SxV—=U, (9,9) =g (2.8)

is a diffeomorphism of Frechet manifolds and 7,,S = {h € Ty M | D; h = 0}. Moreover
S parametrizes the set of orbits ¢ - Dy for ¢ near gy and T,S N1 (g - Dy) = 0.

On the other hand, if one considers M*? the space of metrics with C*® regularity and
DT .= DiffE™ (M), the group of diffeomorphisms with C*t5* regularity, then both
spaces are smooth Banach manifolds. However, the action of D’SH’O‘ on M*? is no longer
smooth but only topological which also prevents us from applying the quotient theorem.

Nevertheless, recalling go is smooth, if we consider O%%(gy) := go - DISH’O‘ C M*¥e then
this is a smooth submanifold of M*® and

T,0%*(go) = {Dyp | p € C**(M;T*M)} .

Notice that (2.2) in C*® regularity exactly says that given g € O%%(gy), one has the
decomposition:

TyM = T,0%%(go) ® ker D} | cr (ar,s27+11)- (2.9)

Thus, an infinitesimal perturbation of a metric g € O%(gy) by a symmetric 2-tensor that
is solenoidal with respect to g is actually an infinitesimal displacement transversally to the
orbit O%(gp).

We will need a stronger version of the previous decomposition (2.9) which can be under-
stood as a slice theorem. Its knowledge goes back to [Ebi68, Ebi70], see also [GL19] for a
short proof in the C*® category. We recall that g, is assumed to be smooth.

Lemma 2.4. Let k be an integer > 2 and o € (0,1). There exists a neighborhood
U C MP of gy in the C**-topology such that for any g € U, there exists a unique
CHFLe_diffeomorphism v such that 1*g is solenoidal with respect to gy. Moreover, the map
CR(M; S?T*M) 3 g v b € Dy (M) is smooth.
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Remark 2.5. This is where we see the need to resort to C% regularity for o # 0, 1: the
pseudodifferential operator D} Dy, that arises naturally in the proof of this lemma act on
these spaces but on C*, for k& € N. Instead, one would have to resort to Zygmund spaces
Ck. We refer to [Tay91, Appendix A] for further details.

2.3. Thermodynamic formalism. Let f be a Holder-continuous function on Sy, M. We
recall that its pressure [Wal82, Theorem 9.10] is defined by:

P(f):= sup (hu(«f‘f’) +/ fdu> 7 (2.10)
HEMiny Sgo M

where 9, denotes the set of invariant (by the flow %) Borel probability measures and
h, (p7°) is the metric entropy of the flow ¢{° at time 1. It is actually sufficient to restrict
the sup to ergodic measures Miny g |Wal82, Corollary 9.10.1]. Since the flow is Anosov,
the supremum is always achieved for a unique invariant ergodic measure p¢ [HEF, Theorem
9.3.4] called the equilibrium state of f. The measure y s is also mixing and positive on open
sets which rules out the possibility of a finite combination of Dirac measures supported on
a finite number of closed orbits. Moreover iy can be written as an infinite weighted sum
of Dirac masses d,,(c;) supported over the geodesics 7y, (c;), where ¢; € C are the primitive
classes (see [Par88| for the case P(f) > 0 or [PPS15, Theorem 9.17] for the general case).
For example when P(f) > 0,

: 1 Loy e
udpy = lim ——— e 790 (e5) / u, (2.11)
/ / T—o0 (Tv f) Z Vg0 (¢5)

{iILgy(c))ElT,T+1]}

where N(T, f) = Zj’Lgo(Cj)e[T,TH} Lgo(cj)efm(cﬁf_ When f = 0, this is the measure
of maximal entropy, also called the Bowen-Margulis measure ugBOM; in that case P(0) =
hiop(7°) is the topological entropy of the flow. When f = —Ji, where Jy : 2
| det dpf ()|, (x)le=0 is the geometric potential, one obtains the Liouville measure g
induced by the metric go; in that case, P(—J; ) = 0. If we fix an exponent of Hélder
regularity v > 0, then the map C¥(S, M) > f +— P(f) is real analytic [Rue04, Corollary

7.10].
2.4. Geodesic stretch. We refer to [CF90, Kni95| for the original definition of this notion.

2.4.1. Structural stability and time reparametrization. We fix a smooth metric go € M
with Anosov geodesic flow and we view the geodesic flow and vector fields of any metric g
close to gy as living on the unit tangent bundle Sy M of gy by simply pulling them back
by the diffeomorphism

v
(z,v) € SeuM — (z, W) e S,M.
g
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We denote by 2v the exponent of Holder regularity of the stable/unstable bundles of gq.
We fix some constant k > 2 and a € (0,1). There exists a neighborhood U C M*< of g,
such that, by the structural stability theorem [dILMMS6]|, for any g € U, there exists a
Holder homeomorphism v, : S;0M — Sy M, differentiable in the flow direction, which is
an orbit conjugacy i.e. such that

dipg(2) Xgo (2) = ag(2)Xy(¥y(2)), Vz € 54, M, (2.12)
where a4 is a Holder-continuous function on S, M. Moreover, the map
g+ (ag,vg) € C¥(Sg M) x C"(Sgy M, Sgy M)
is C*=2 [Con92, Proposition 1.1] and 1, is homotopic to Id. Note that neither a, nor 1,
are unique but a, is unique up to a coboundary and in all the following paragraphs, adding

a coboundary to a, will not affect the results.
From (2.12), we obtain that for t € R, z € Sy, M, goiag(zi)(wg(z)) = 1y (p{°(2)) with:

Iﬁag(Z,t):/O ag(p?(2)) ds. (2.13)

If ¢ € C is a free homotopy class, then one has:

Lgo(c)
Ly(c) = / 0y (60(2)) ds, (2.14)

for any z € v, (c), the unique go-closed geodesic in c.

2.4.2. Definition of the geodesic stretch. We denote by M the universal cover of M. Given
a metric ¢ € M on M, we denote by g its lift to the universal cover. Given two metrics
g1 and g, on M, there exists a constant ¢ > 0 such that ¢ 'g; < go < c¢g;. This implies
that any g;-geodesic is a quasi-geodesic for g;. In particular, this implies that the ideal (or
visual) boundary 0OOM is independent of the choice of g and is naturally endowed with the
structure of a topological manifold. Note that when restricting to metrics with pinched
sectional curvatures —a? < k < —b?, the regularity of the ideal boundary becomes Holder
(the Holder regularity depending on a and b). We refer to [BH99, Chapter H.3| for further
details. We denote by G, := SgM / ~ (where z ~ 2’ if and only if there exists a time ¢t € R
such that ¢;(z) = 2’) the set of g-geodesics on M: this is smooth 2n-dimensional manifold.
Moreover, there exists a Holder continuous homeomorphism @, : G, — 8001\7 X @OOM \ A,
where A is the diagonal in &,oj\Z X 8OOM.

We now consider a fixed metric go on M and a metric g in a neighborhood of go. If 9,
denotes an orbit-conjugacy between the two geodesic flows, then 1, induces a homeomor-
phism ¥, : G, — G,. The map

ByoW,0d L O M X M\ A — 0aM X 0. M\ A
is nothing but the identity.
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Given z = (z,v) € S,y M, we denote by ¢, (2) : t +> ¢4 (2,t) € M the unique geodesic”
such that cg,(z,0) = x, ¢y, (2,0) = v. We consider ¢,,(z), a lift of ¢, (2) to the universal
cover M and introduce the function

b:S;M xR —R, b(z,t) := dj(cy,(2,0), ¢4 (2, 1)),

which computes the g-distance between the endpoints of the go-geodesic joing ¢y, (z,0) to
Cgo(2,t). It is an immediate consequence of the triangular inequality that (z,t) — b(z,t)
is a subadditive cocycle for the geodesic flow 9%, that is:

b(z,t+5) <b(z,t) +b(ei(2),s), VzeS,MVtsecR

As a consequence, by the subadditive ergodic theorem (see [Wal82, Theorem 10.1] for
instance), we obtain the following

Lemma 2.6. Let p1 be an invariant probability measure for the flow ©°. Then, the quantity

Iﬂ(g(JJga Z) = lim b(Z,t)/t

t—-+o00

exists for p-almost every z € Sy M, 1,(go, g,-) € L*(Sgy M, du) and this function is invari-
ant by the flow @i°.

We define the geodesic stretch of the metric g, relative to the metric go, with respect to
the measure | by:

1,(90,9) :Z/ 1,(90, 9, z) dp(z).
SgoM

When the measure y in the previous definition is ergodic, the function 1,(go, g, -) is thus (u-
almost everywhere) equal to the constant 1,(go, g). We recall that d 4, (c) is the normalized
measure supported on 7y, (c), that is:

1

Lgo(c)
m/o [ (2)) dt.

dgo(C) 1 f

We can actually describe the stretch using the time reparametrization ag.

Lemma 2.7. Let iy be an equilibrium state for a Hélder function f with respect to the
flow ©°. Then:

1,,(90,9) :/ agdpy = lim

SMy, j=+oo Ly (cj)’

where (c;);>0 € CN is such that §4,(c;) =100 Hf-

2For the sake of simplicity, we identify the geodesic and its arc-length parametrization.
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Proof. We first prove the left equality. Let z € S, M and ¢y, (z) be a lift of ¢y (z) to the

universal cover. Let ¢,(1,4(2)) be the unique lift of ¢,(1),(2)) with the same endpoints on

the ideal boundary as ¢y, (z). Then, there exists a constant C' > 0 such that for all ¢ > 0:
|5 (Cgo(2,0), oo (2, 1)) — dg (€5((2), 0), Eg(9(2), Fia, (£, 2))) | < C.

~~
=Rag (tvz)

This implies, using (2.13) that:

1 t
lim b(z,t)/t = lim ke (2,1)/t = lim —/ ag(e%(2)) ds:/ adpy,
0 Sgo M

t——+o00 t——+o00 t—+oo t

for pg-almost every z € Sy, M, by the Birkhoff ergodic Theorem [Wal82, Theorem 1.14].
By (2.14) we also have

L,(c;)
agdpy = lim (6, (c;), a,) = lim —~
/ngM RS PN ()
thus the proof is complete. U

As a consequence, we immediately obtain the

Corollary 2.8. Let g belong to a fized neighborhood U of gy in M*F®, and assume that
for any sequence of primitive free homotopy classes (c;)j>0 € CN such that Lg(cj) — oo,
one has im;_,o Ly(c;)/Lg,(c;) = 1. Then, for any equilibrium state py with respect to ¢
associated to some Holder function f, we have I, (g0,9) = 1.

Combining this with the results of [G1.19, Theorem 1], we also easily obtain:

Theorem 2.9. Let (M, go) be a smooth Riemannian n-dimensional manifold with Anosov
geodesic flow, topological entropy hop(go) = 1 and assume that its curvature is nonpositive
if n > 3. Then there exists k € N large enough depending only on n, € > 0 small
enough such that the following holds: there is C > 0 depending on gy so that for each
g € CH(M; ST M) with g — gollr <, if

L .
heop(g) = 1, lim Lole) _ 1,

URSES Lgo (Cj)

for some sequence (c;)jen of primitive free homotopy classes such that §4,(¢;) —j—+o0 ugBOM,

then g is isometric to go.

Proof. Given a metric g, one has by [Kni95, Theorem 1.2]° that

htop (90>

h O g Z )
rl9) Lp(90, 9)

(2.15)

3In [Kni95] the metric is assumed to be negatively curved, but the argument applies also for Anosov
flows, as is showsn in [BCLS15, Proposition 3.8|: it corresponds to Proposition 3.6 below in the case f :=1
and [’ = aq.
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with equality if and only if 9% and @Y are, up to a scaling, time-preserving conjugate, that
is there exists homeomorphism ¢ such that ¢ o il = ¢} o9 with ¢ := hiep(9)/hiop(g0)-
In particular, restricting to metrics with entropy 1 one obtains that ]ugé\/l (g90,9) > 1 with
equality if and only if the geodesic flows are conjugate, that is if and only if Ly, = Lg,.
As a consequence, given go, g with entropy 1 such that L,(c;j)/Lg,(cj) —j—+00 1 for some
sequence dg, (€;) —jto0 Hg » We obtain that I,su(go, ) = 1, hence Ly = Lg,. If k € N
was chosen large enough at the beginning, we can then conclude by the local rigidity of
the marked length spectrum [GL19, Theorem 1]. O

It is of no harm to assume that gy has entropy 1: indeed, considering Ago for some
constant A\ > 0, the entropy scales as hy,p(Ag) = hyp(g)/VA [Pat99, Lemma 3.23]. In
particular, this also implies the local rigidity of the marked length spectrum because the
topological entropy is determined by the marked length spectrum since s = hyp(g) is the
first pole of the Ruelle zeta function

G(s) = [ — e ).

ceC
We will provide a more direct alternate proof of this fact in the next section without using
the proof of [GL19].

3. A FUNCTIONAL ON THE SPACE OF METRICS

3.1. A submanifold of the space of metrics. Recall that 2v is the exponent of Holder
continuity of the stable/unstable vector bundles for the fixed metric go. Given a metric g
in a C**neighborhood of gy, we define the potential

Vy = JU +a, — 1 € C¥(Sy, M). (3.1)

Remark that g — V, € C¥(Sy,M) is C*72 and for g = go, Vg, = Ji. We introduce the

spaces

NEe = {ge Mb | P(-V,) =0}, (3.2)
and N5 .= N ker Dy . In particular, gy € NEe . Given g € N we denote by m,
the unique equilibrium state for the potential V;,. We will also denote A for the case where
k = oo.

Lemma 3.1. There exists a neighborhood U C M%< of gy such that N** N U is a codi-
mension one C*~2-submanifold of U and S]f)la NU is a C*¥2-submanifold of U. Similarly,

there isUU C M an open neighborhood so that N NU is a Fréchet submanifold of M.

Proof. To prove this lemma, we will use the notion of differential calculus on Banach
manifolds as it is stated in [Zei88, Chapter 73]. Note that M*® is a smooth Banach
manifold and N** C M*® is defined by the implicit equation F'(g) = 0 for

F:9g—P(-V,) eR (3.3)
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The map F being C*~2 (see §2.3, the pressure is real analytic so F' inherits the regularity of
g — a,), we only need to prove that dFy, does not vanish by [Zei88, Theorem 73.C|. This
will immediately give that T, N* = ker dF},. In order to do so, we need a deformation
lemma. For the sake of simplicity, we write the objects - instead of -, .

Lemma 3.2. Consider a smooth deformation (gx)xe(-1,1) of go inside MPFe Then, there
exists a Holder-continuous function f : SqoM — R such that

75 (Orgalr=0) — 20xaxr|r=0 = Xy, f-

Proof. Let ¢ be a fixed free homotopy class, 79 € ¢ be the unique closed gg-geodesic in
the class ¢, which we parametrize by unit-speed zy : [0,44,(70)] — SgM. We define
zx(s) = Un(20(s)) = (aa(s), @a(s)) (the dot is the derivative with respect to s) where 1, is
the conjugation between gy, and gq : this gives a non-unit-speed parametrization of ~,, the
unique closed gy-geodesic in ¢. We recall that 7= : TM — M is the projection. We obtain
using (2.12)

Z90 (70) Eg() (70)
/0 ga(@a(s), ax(s))ds = /0 9r (0s(m 0 2x(s)), Ds(m 0 2x(s))) ds

390(70)
= /0 ax (aS(WOI/JAOZO(S)),aS(TFOl/})\OZO(S))) ds

g (70) 9
= / ax(zo(s))ds.
0

Since s — ap(s) is a unit-speed geodesic for go, it is a critical point of the energy functional
(with respect to go). Thus, by differentiating the previous identity with respect to A and
evaluating at A = 0, one obtains:

Lgo (70) Lgo(70)
/ IMgrlr=o(o(s), co(s))ds = 2/ 0@\ x=0(20(s))ds.
0 0

As a consequence, 75 (Oxga|r=0) — 20xax| =0 is a Holder-continuous function in the kernel of
the X-ray transform: by the usual Livsic theorem, there exists a function f (with the same
Holder regularity), differentiable in the flow direction, such that 75 (Oxgx|a=0) —20rax|x=0 =
Xy f- O

We can now complete the proof of Lemma 3.1. We first prove the first part concerning
NHFe By |PP9I0, Proposition 4.10], we have for h € T,N "

dFy.h = —/ dag.h dm,
SggM
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where m, is the equilibrium measure of —V. In particular, observe that for g = gy, one

has:
dFy,.h = —/ dag,.h dpy .
Sgo M

: _ L . . .
since mg, = pg,. Then, using Lemma 3.2, one obtains

1

dF,,.h = —/ dago.hdu;) =3 / W;hdulg;o = —ca(h, go) 12, (3.4)
Sgo M Sgo M

for some constant ¢y > 0. This is obviously surjective and we also obtain:
Ty N** = ker dFy, = {h € C"*(M;S*T*M) | (h,go)12 = 0} = (Rgo)™,

where the orthogonal is understood with respect to the L?-scalar product.

We now deal with S’Z’la. First observe that ker D7 is a closed linear subspace of MPbe
and thus a smooth submanifold of M%<, By [Zei&8, Corollary 73.50], it is sufficient to prove
that ker D7 = and NFe are transverse at go. But observe that gy € ker Dy =~ Ty, ker Dy,

and thus
Ty, ker i+ Ty N* = Ty M
showing transversality.
The case of N follows directly from Nash-Moser theorem since F' is a smooth tame map

from a Fréchet space to R, with a right inverse H, for dF}, that is continuous in g: just
take Hy1 := g. Il

We next show that metrics with the same marked length spectrum at infinity belong to

Nk’,oa.

Lemma 3.3. Let g € U. If for any sequence of primitive free homotopy classes (¢;) >0 € CN
such that L, (c;) — 00, lim;_soo Ly(cj)/Lgy(c;) =1, then g € N*.

Proof. By §2.3, one has:
P(-V,) = sup (hu(gogo) — / (Jg +ag—1) d,u) :
Neminv,erg SQOM
Note that by Corollary 2.8, for the equilibrium state m, of —V,, one has fs ylag—1)dmy =
90
I, (90,9) —1=0. Thus:
P(_‘/g) = P(_Jgug) - P<_V;]0) =0,

proving the claim. O

Note that in the proof, one actually just needs lim;_,o Ly(c;)/Lgy,(c;) = 1 for a sequence
¢j so that d,(c;) — my to obtain that g € N*.
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By Lemma 2.7, we know that

L (90, 9) = / ag dyug,.
) S

90

We introduce the functional

O NG =R, ®(g) = L (90,9). (3.5)

sol

Note that ® is C*~2, its regularity being limited by that of N, Given h € T, N, we
thus obtain

dDg,.h = / dag,.h dyiy = 0,
SgoM

that is, go is a critical point of the functional ® on N*®. We can extend @ to

sol *
EIV) : Mk’a — R, 5(9) = [,uggo (9079)7

and we note that

d®,,.h = / dag, hdpuk = —dFy,.h = —Cy(h, go) (3.6)
SgoM

for some constant C,, > 0 depending only on n = dim(M) and (h, go) = [, Trg,(h)dvolg,.

k,a
sol

Lemma 3.4. The map ¢ : — R is strictly convex at gy and there is C' > 0 such that

1
d*®,,(h,h) = Z(Hgoh, h) > CHhH?r%(M)
for all h € T, k.o

sol -
Proof. Since g is a critical point of ®, we have d?*®, (h,h) = 3P(gr)|r=0 Where gy :=
go + A+ O(A\?) is a smooth curve of metrics in N and we write ay := ag4,, Vi := V),
and denote by & and & the derivatives with respect to \. By Lemma 2.7, we have

0o = [ dd, (3.)

Sgo M

But we also know that P(—V)) = 0, thus if we differentiate twice, we obtain
d*P_y, (Vo, Vo) — dP_y, (Vo) = 0. (3.8)
By (3.4), we have

/ Voduy, = / (o dpy = —dFgy.h =0,
Sgo M

90

thus we obtain by [PP90, Proposition 4.11| that
d*P v, (Vo, V) = Vars (Vo) = (I1*Vg, Vp),

0P _y, (V) = / Vo(z) dyi
Sgo M

(3.9)
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where Var,i. (h) is the variance defined in (2.4), equal to (II%h, h) by (2.5). Also note that
Vo = o = 500 + Xy, f for some f € C¥(Sy,M), v > 0, by Lemma 3.2. We also have
Vi = do. As a consequence, we get from (3.7), (3.8) and (3.9)

.. _ 1 .. k.
@y, (h, h) = / aop d/{{;o = (I1"V,, Vo) = Z<H907T290,77290>

Sgo M

1 o . 1 o
= Z (<H527090790> - <7T2907 1>2) = Z<HgogOago>7

where we used in the third identity that 119X, f = 0 = X I f if both f and X, f
are in C¥(S,, M) for some v > 0. In the last equality, (m5do, 1)* = c2(do, go)* = 0, since
T NF = (Rgo)*. Since h € T, N5, h is divergence-free with respect to go. The result
then follows from Lemma 2.1. g

Remark that since the Hessian of ® at gy controls only a weaker norm than the C*< it
is not completely obvious that there is a neighborhood U of gy in N (with its natural
topology) so that ®(g) = 0 for g € U if and only if g = go. We will discuss that point in
the proof of Theorem 1.2.

3.2. Stability estimate involving the stretch: proof of Theorem 1.2. We now prove
Theorem 1.2 as Theorem 1.1 is a direct consequence of it.

Proof. From now, C, C’;O will denote positive constants depending only on gy, and whose
value may change from line to line. Let us pick ¢ € M*® with regularity k > 5 large
enough (which will be determined in the end). Here, we need k£ > 5 because we need ¢ to
be at least C* (where 3 = k — 2 = 5 — 2) in order to use a Taylor expansion of order 3.

We denote by ¢' = ¢*g € ker D , with ¢ € DQ““, the go-solenoidal metric obtained by

applying Lemma 2.4. We now work in the space M>* and write the Taylor expansion of
both F(g') = P(=Vy) and ®(¢') = L1, (90, 9) at go using (3.6):

- - 1 .~
D(g) =14 dPy, (g — g0) + §d2<1>go (9" = 90,9 — 90) + O(lg' — gol|Es.0)

F(g') = ~dBy, (¢ — 90) + 5 Foo(9' — 0.9’ — 50) + Ol — o).
As in (3.8) and using (3.9), we have for h € C5%(M; S?T*M)
d2F,, (h, h) =d*P_y, (dag,h, dag,h) — dP_y,.d>a, (h, h)
—d?P _y, (dag,h, dag,h) — d*®,, (h, )

Y

thus we get

0 / 1 / / /
o(g) -1+ F(g) = §d2P—vo (dag, (g = 90), dag, (9" = 90)) + O(llg" = gollEsa).  (3.10)
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Using [PP90, Proposition 4.11], we get for each u € C¥(S,, M)
d*P_yy (u,u) = (T19(u — (u, 1)), (u — (u,1))) = (I1%u, u),
because 119°(1) = 0 (and where (u,1) = fngM“dMIJO)' By Lemma 3.2, dag, (9" — g0) =
s75(9' — go) + Xy, f for some f € C¥(S4, M), which then yields, for h := ¢’ — go:

d*P_y, (dag,h, dagh) = ~ (TP h, hY — (b, go)?) — d*®y, (R, 1).

—~ |

Here, our normalization convention is (gg, go) = 1. Combining with (3.10), we obtain

[@(g) = 1/ + |F(g)| = S (TTh, h) = (B, g0)*) = Coo | P[5

co| —

By Lemma 2.1 and the fact that D; h = 0, we deduce that

~ 1
Blg) — U+ 1P = Conllbl?y ) = g8hag0)? = Cly e

)

But since by (3.6), there is C;, > 0 depending only on n so that for ||g — go|/cs. small
enough

[(hs go)* = Cy % d@ g, hf* < 26, (@ (g') — 1 + Cyp |1hl|Es.c
we conclude that
[@(9) = L+ 1F(9)] = CoolIRl -y ) = CaollPllese-
Using Sobolev embedding and interpolation estimates, we get
lg" = gollése < Coolld’ = 9ol 3315100 < Cyullg" = goll31121l9" — goll

with & > 3n + 16 + 3o and o/ > . Thus assuming that ||g — go/|cr.« is small enough

depending on C,,, we obtain

lg' = goll3 112 < Co (18(9) = 11+ [F(9)]) (3.11)
We also recall (see |[PPS15, Corollary 9.17]) that
.1 Lo o Va
P = gios 3 et
ceC,Lgy (c)€[T,T+1]
— lim = Ligo @ T Lo (@~ Lo ©)
—zlgrgoflog Z e 7ao(e) 790 gZ90 :
c€C,Lgy (c)€[T, T+1]
Thus, if we order C = (¢;) en by the lengths (i.e. Ly (¢;) > Ly, (cj—1)), and we define

: Ly(c;) e Ly()
L = limsup ——2% — 1, L_(¢) :=liminf 422 — 1,
A T ) O L)
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we see that for all > 0 small, there is Ty > 0 large so that for all j with L, (¢;) € [T, T+1]
with T > Ty:

min((T+D)(—L1(9)=0)T(~L4(0)=8)) < Lan(e)~Lo(e) < max(T+1)(=L—(g)+0).T(~L—(9)+0)).

We deduce, using P(—V,,) = 0,
—Li(9) =0 <P(=Vy) < =L (g) +6.

Since 0 > 0 is arbitrarily small, we obtain |P(—V})| < max(|£4(g)|,|£-(g)|) and combining
with (3.11) and Lemma 2.7, we get the announced result. O

We remark that the proof above (using (3.10)) also shows that if we work on the slice
of metrics

{ge MM | Dg=0, / Tr,, (h) dvoly, = 0}
M

then there is Cy, > 0,e > 0 such that if ||g — go||cr« < & with € small enough

. Ly(c;) . . . Lg(c;)
— anll? <C <hmsu — —hmlnf#)
l9= 90l -3 5y S Con{ Himsup 7“2 5 = liminf = 5

3.3. The pressure metric on the space of negatively curved metrics.

3.3.1. Definition of the pressure metric using the variance. On M~ the cone of smooth
negatively-curved metrics, we introduce the non-negative symmetric bilinear form

Gg(hb hz) = (thb h2>L2(M,dvolg)> (3-12)

defined for g € M, h; € TyM ~ C*°(M; S*T*M). It is nondegenerate on Ty M Nker D},
namely Gy(h, h) > Cy||h||% ), by Lemma 2.2 and the constant Cy turns out to be locally
uniform for g near a given metric gop. Combining these facts, we obtain

Proposition 3.5. Let go € M™, then the bilinear form G defined in (3.12) produces a
Riemannian metric on the quotient space M~ /Dy near the class [go|, where M~ /Dy is
identified with the slice S passing through go as in (2.8).

Proof. It suffices to show that G is non-degenerate on 7'S. Let h € T,S and assume that
Ggy(h,h) = 0. We can write h = Lyg + I/ where D;h' = 0 and V' is a smooth vector field
and Ly the Lie derivative wth respect to V. By Lemma 2.1 we obtain 0 = G (h,h) >
C||W || g-1/2. Thus h = Ly g, but we also know that T,SN{Lyg |V € C*(M;T*M)} = {0}
since § is a slice. Therefore h = 0. g
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3.3.2. Definition using the intersection number. Let us assume that g is in a fixed C?-
neighborhood of go. Since Jg > 0, we obtain that V, = J' +a, —1 > 0 if g is close
enough to go. By [Saml4, Lemma 2.4], there exists a unique constant hy, € R such
that P(—hy,V;) = 0. In particular, N coincides in a neighborhood of go with the set
{ geEM | hy, = 1} One can express the constant hy, as hy, = htop(gpt 9), where ¢ Vo
is a time-reparametrization of the geodesic flow of gy (see [BCLS15, Section 3.1.1]). More
precisely, given f € C”(S,, M) a Holder-continuous positive function on Sy, M, we introduce

h; to be the unique real number such that P(—hyf) = 0 and we set:
t

SgeM xR 3 (2,t) = ks(2,1) ::/ f(e2(2))ds
0

For a fixed z € Sy, M, this is a homeomorphism on R and thus allows to define:

Ph () = G0 (2). (3.13)
We now follow the approach of [BCLS15, Section 3.4.1]. Given two Holder-continous func-
tions f, f' € C¥(S4 M) such that f > 0, one can define an intersection number [BCLS15,
Eq. (13)]
fngM frdpn,y

Js,gar £ ditnys

90
where dji_p, s is the equilibrium measure for the potential —h;f. We have the following
result, which follows from [BCLS15, Proposition 3.8] stated for Anosov flows on compact

Igo(f7 f/) =

metric spaces:

Proposition 3.6 (Bridgeman-Canary-Labourie-Sambarino [BCLS15]). Let f, f': Sgo M —
R, be two Hdélder-continuous positive functions. Then:

Toofo ) = h”ﬂfﬂ

with equality if and only if he f and he f' are cohomologous for the geodesic flow ¢ of go.
The quantity J,,(f, f') is called the renormalized intersection number.

We apply the previous proposition with f := J (then h g = 1) and f":=V,. Without
assuming that g € A (that is we do not necessarily assume that hy, = 1), we have
fSQO + g — ) dﬂls;o

ngoM god'ugo

h(g0) + L (90,9) — 1

Vy >1
hL(go)

where hy(go) is the entropy of Liouville measure for go. In the specific case where g € N,
hy, = 1 and we find that I,. (go, g) > 1 with equality if and only if a, is cohomologous

Ty (T

g0’

Vy) =hy I (J, V) = hy,

go’ "9
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to 1, that is if and only if L, = L, or alternatively if and only if ¢? and ¢% are time-

preserving conjugate. This computation holds as long as Ji +a,—1> 0 (which is true in
a C?-neighborhood of go).
In particular, on A/, we have the linear relation

Ly (90, 9) — 1
h(g0)

In the notations of [BCLS15, Proposition 3.11], the second derivative computed for the
family (gx)re(-1,1) € N is

Tg (J

go’

V) =1+

. 1 <Hgog 79 >
83\‘]90(‘]907 ‘/;JA)|/\:0 = hL(go)ail'“Iio <g0’g)\)|)\:0 - ;TEQO)O

and is called the pressure form. When considering a slice transverse to the Dy action on

(3.14)

N, it induces a metric called the pressure metric by Lemma 2.1. To summarize:

Lemma 3.7. Given a smooth metric gy, the metric Gy, restricted to N can be obtained
from the renormalized intersection number by

Gaq(h, 1) = 4h(g0) 93T g0 (Tg0, Vi) la=o

go? " 9x
where (gx)re(—1,1y is any family of metrics such that g € N and go = h € Ty N
3.3.3. Link with the Weil-Peterson metric. We now assume that M = S is an orientable

surface of genus > 2 and let T(S) be the Teichmiiller space of S. We fix a hyperbolic
metric go. Given 7, p € T(S), the intersection number is defined as

J d
Sgo M LapPHn
1(77;,0) =1 (CL @ ) =
g0\ Qgy > Ag, fsgo o Qg At
where [g,] = 1, [g,] = p and p, is the equilibrium state of —h,,, a,,. Note that h,, =
hiop (7") = 1 since p9% is conjugate to the geodesic flow of g,, which in turn has

constant curvature, and by [Sam14, Lemma 2.4|, a4, du,/ [ s, 7 @, @ity 1s the measure of
0

maximal entropy of the flow ¢/, thus also the normalized Liouville measure of g, (viewed
on Sy, M). This number I(n, p) is in fact independent of gy as it can alternatively be written

L 1 Ly, (c)

ceC,Lg, (e)<T Lg" (C)

where Ny = #{c € C|L,,(c) < T} (see [BCSIS, Proof of Th. 4.3]). In particular, taking
go = Gy, one has

I(n, p) = L. (9n: 90)-
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As explained in [BCS18, Theorem 4.3], up to a normalization constant ¢y depending on
the genus only, the Weil-Peterson metric on 7(S) is equal to

HhH%VP = Coai 1(77777/\)‘>\=0 = Coailu{;n (gmgm)‘)\:m (3'15)

where 79 = h and (gy, )ac(—1,1) is a family of hyperbolic metrics such that [g,,] = na,
n = no = [go]. This fact follows from combined works of Thurston, Wolpert [Wol86] and
Mec Mullen [MMO8]: the length of a random geodesic v on (S, go) with respect to g,, has
a local minimum at A = 0 and the Hessian is positive definite (Thurston), equals to the
Weil-Peterson norm squared of ¢ (Wolpert [Wol86]) and given by a variance (Mc Mullen
[MMO8]); here random means equidistributed with respect to the Liouville measure of go.
We can check that the metric G also corresponds to this metric:

Proposition 3.8. The metric G on T(S) is a multiple of the Weil-Peterson metric.

Proof. This follows directly from (3.14), (3.15) and the fact that hy(g,) = 1 if g, has
curvature —1. Il

Remark 3.9. We notice that the positivity of the metric in the case of Teichmiiller space
follows only from some convexity argument in finite dimension. In the case of general
metrics with negative curvature, the coercive estimate of Lemma 2.1 on the variance is
much less obvious due to the infinite dimensionality of the space. As it turns out, this is
the key for the local rigidity in Theorem 1.1.

4. UNIFORM ELLIPTIC ESTIMATES ON II,

In this section, we prove that the operator IIJ € ¥~! depends continuously on g. Let
MA" be the space of smooth Riemannian metrics with Anosov geodesic flow.

Proposition 4.1. The map M** > g — 115 € U~Y(M) is continuous, when W~(M) is
equipped with its canonical topology of Fréchet spaces.

We fix a metric gy and we work in a neighborhood U of gy in the C* topology. In
particular, we will always assume that this neighborhood U is small enough so that any
g € U has an Anosov geodesic flow that is orbit-conjugated to that of gy by structural
stability. We will also see the geodesic flows (¢f);cr as acting on the unit bundle SM =
SgoM for go by using the natural identification S;M — S, M obtained by scaling in the
fibers. The operator 7 associated to g becomes: for (z,v) € Sy, M

(W;h)(xa U) = h:t(/07 U)‘U ;27

if h € C(M;S?*T*M), it is just a scaling times the 7} associated to go.
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4.1. The resolvents of X, and anisotropic spaces. We first recall the construction of
resolvents of X, from Faure-Sjostrand ['S11] (see also [DZ16]) and in particular the version
used in Dang-Guillarmou-Riviére-Shen [DGRS| that deals with the continuity with respect
to the flow X,. There are two resolvents bounded on L? for X, defined for Re()\) > 0 by
R;t(/\) = j:/o e Mt X f dt

for f € L*(SM,dpy). They solve (=X, & A)R(A\) = Id on L*. The following results are
proved in [FS11], and we use here the presentation of [DGRS, Sections 3.2 and 3.3| due
to the need of uniformity with respect to g: there is ¢y > 0 depending only on g, locally
uniform with respect to g (¢o depends only on the Anosov exponents of contraction/dilation
of dy?), such that for each Ny > 0, Ny > 16Ny, R (\) admits a meromorphic extension in
Re(A\) > —¢oNp as a bounded operator

No,N1 No,N1

S REO) T

Ng,Ny

Ry (M) : H™ (4.1)

where H+m0 """ are Hilbert spaces depending on Ny > 0, N; > 0 satisfying the following
properties:

HN(SM) 1™ ¢ HN(SM),  HPN(SM) 1o C HO2NY(SM)
and defined by
HE T = (A o TP (SM), A oy = Op(e™s" 18)
and Amf,VO’Nl is an invertible pseudo-differential operator with inverse having principal

symbol e=ma” " oS Here Op denotes a quantization, while m)*™ e SO(T*(SM)),

f € SYT*(SM),[1,00)) (the usual classes of symbols) are homogeneous of respective

degree 0 and 1 in [£| > R, for some R > 1 independent of g, and constructed from the

lifted flow ®f = ((dp?)™")T acting on T*(SM). The function f can be taken depending

only on gy for g in a small enough C* neighborhood U of go. Moreover there are small

conic neighborhoods C,(go) and Cs(go) of Ef(go) and E¥(go) such that for any smaller

open conic neighborhood C;,(go) C Cy(go) of E;(go) and Cl(go) C Cs(g0) of EZ(go), mi™ ™

satisfies:

myoN(z,6) > N, (2,6) € Clilgo),

N° M(2,8) 2 N/8 (2,€) & Culgo), (4.2)
mfgvo M(z,6) < =Ny (2,6) € Cl(g0),

and my(x,§) € [-2No, 2Ny] for all (z,&) € T*(SM). We note that [DGRS, Lemma 3.3]

shows that m[*™ is smooth with respect to the metric g and that f can be taken to be

independent of g for g close enough to go. The spaces #Hme """ are called anisotropic Sobolev
spaces. The pseudodifferential operators A no.n; belong to the class W21 (S M) but also to
g
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some anisotropic subclass denoted gy (SM) admitting composition formulas; we refer
to [FRS08, F'S11] for details.

Eventually, [DGRS, Proposition 6.1] shows that there is a small open neighborhood W
of the circle {\ € C | [\| =0} for some small § > 0 so that

UxWs3(g,A) = A xom Ry (M)A o)™ € LH(SM), L*(SM)) (4.3)
is continuous.”

4.2. The operator IIJ in terms of resolvents. Following [Guil7], the link between 17
and the resolvent is given by the Laurent expansion

IIY = R7(0) — R, (0)
where RS (A) has a pole of order 1 and R (0) is defined by
+ - +
Ry(A) = £X7(, 1) + R, (0) + O(N)
and R, (0) = —(R,(0))* where the adjoint is with respect to the Liouville measure.

Lemma 4.2. Let x € C®(R) be even and equal to 1 in [=T,T| and supported in the
interval (=T — 1,T + 1). Then we have

119 :/Rx(t)etxgdt — R} (0) /;Oo X (t)e"*odt + R, (0) /O+oo X (e Xodt — (1) /RX.

(4.4)

Proof. For Re(\) > 0, we can write by integration by parts

R;t()\) =4 /00 x(t)e tOFX) gt + /00(1 — x(1))e A FXa) gy
0 0
=+ /OO x(t)e OF X gt — R;t()\) /OO X (t)e! XNt
Then taking the limit as A O—> 0, we obtain 0
RE(0) = + / () adt — RE(0) / (e odt / 0t 1)
and summing gives thz result. : : O

Next, we remark that, using that ¢f(z, —v) = —¢?,(x,v) (where multiplication by —1
is the symmetry in the fibers of SM), it is straightforward to check that for all ¢ € R

tXg, _* —tXg, %
Mo, 9Ty = 9,6 9Ty,

In [DGRS, Proposition 6.1], there is a small semi-classical parameter h > 0 appearing: we can just fix
this parameter small enough. It is does not play any role here except in the quantization procedure Op.
We also add that in [DGRS, Proposition 6.1], N is chosen to be equal to 20Ny for notational convenience,
but the proof does not use that fact.
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which also implies that o, R} (0)e*omy = —my, R (0)e™*¥o7; and thus

o0 +o0
115 = 27?2*/0 x(t)e e dims + ZWQ*RQ_(O)/O X (t)e X dir + (1 — /RX) (-,1). (4.5)

We are going to prove that these three terms depend continuously on g. Note that

(1= [)on=(1= [x) [ s

and thus the g-continuity of this term is immediate. Now, we claim the following:

Lemma 4.3. There is T > 0 large enough and a neighborhood U' C U of go in /\N/IA“ S0
that for all x € M and all g € U" the exponential map of g in the universal cover M

expz:{v€T$]T4/;|v|g§T}—>M

is a diffeomorphism onto its image and ®J(V*) C C!(go) for allt > T, if ®] := ((d¢{)~1)T
is the symplectic lift of ¢ and V* C T*(SM) is the annihilator of the vertical bundle
V =kerdmny C T(SM).

Proof. By Lemma 3.1 of [DGRS], the cone C/(go) can be chosen so that there is T > 0
and U’ such that for all t > T and all g € U, ®J(C!(g0)) C Cl(g0). We also know that
P (V*) € C)(go) for some Ty > T by hyperbolicity of gy, but by continuity of g — @7,
the same holds for all g in some possible smaller neighborhood U” C U’, thus for all t > T
and all g e U”, ®7(V*) C C!(go). Now, we claim that, up to choosing U” even smaller, the
exponential map is a diffeomorphism on |v|, < T in the universal cover: indeed, Anosov
geodesic flows have no pair of conjugate points. U

4.3. Proof or Proposition 4.1. Let us define

[e¢) +oo
Qf = 7r2*/ x(t)e X dtr, Q= m, 1R, (0) / X (t)e X dtr;
0 0
Proposition 4.1 is a consequence of the following two Lemmas.
Lemma 4.4. For each g € U', Qf € U=Y(M) with principal symbol

o(Q)(z,§) = Cn|§|_10(7rkerD;) = Cn‘§|_17rkerz’g

for some ¢, > 0 depending only on n = dim M and the map g — 2 is continuous with
respect to the smooth topology on U' and the usual Fréchet topology on W~ (M).

Proof. The fact that, for each g € M™% the operator 2 € U=1(M) is proved in [Guil7,
Theorem 3.5|, the computation of the principal symbol follows from the computation
[SSUO05| and is done in details in our setting in |GL, Theorem 4.4.]. We need to check
the continuity with respect to g in the W~!(M) topology and we can proceed as in [PU05,
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Lemma 3.1]. For h € C°°(M; S*T*M), we can write explicitly in (z;); coordinates in the
universal cover M near a point p € M

(e / / Fesgiony (91 exDL(10), B, expl(10))pis (2, v) S, (v)

where p;;(z,v) are polynomlals of order 2 in the v variable, he COO(M SQT*M) is the lift
of h to the universal cover M dS; is the natural measure on the sphere S M. Using Lemma
4.3, we can perform the change of coordinates (t,v) € (0,7") x S, My = expd (tv) € M,
we get t = dj(x,y) the distance in M, and

) _ (expd)~'(y)
dido = (= S dvoly(y), T

for some JY(y) smooth in z,y,g. This implies that

Oy expd(tv) = (V7 exp?)((exp?) ' (y)),

QIh(z /ny y) dvoly(y)

for some K, (z,y) which is smooth in (g, z,y) outside the diagonal x = y and, near the
diagonal, it has the form

_n r—vy
Kg(x7y) :dg(@w +1F<g7xam7|x_y|>

with £’ smooth in all its variables, due to the smoothness of the exponential map and the
distance function in M with respect to g € C'™°. Since the local full symbols are Fourier
transforms of the integral kernel K in polar coordinates around the diagonal, we deduce
the continuity (and indeed, smoothness) of €2{ as an element of W~!(M) with respect to
the metric g. 0

Lemma 4.5. The operator QY has a smooth Schwartz kernel for each g € U' and the map
geU — Q€ C°(M x M;S*T*M @ (S*T*M)*)
1s smooth if we identify Qf] with its Schwartz kernel.

Proof. First we observe that if B € W9(SM) is chosen, independently of g, so that B* = B
and B microsupported in a small conic neighborhood of V* not intersecting C,(go) and
equal microlocally to the identity in a slightly smaller conic neighborhood of V*, then

= Bmy + S, T, =m0, B+ S

with S, a continuous family of smoothing operators. We will show that the operator

T+1

Qf = BRg(O)/ X (t)e™ " Bdt

T
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is a continuous family (with respect to g) of smoothing operators. We need to show that
for each N > 0, Qf : HN(SM) — HN(SM) is a continuous family with respect to g of
bounded operators. To study R;(0), it suffices to write it under the form
- 1 R, (V)

R, (0) = 5 s Td)\ (4.6)
with ¢ small enough so that the only pole of R ()) in [A| < is A = 0, and thus it
amounts to analyze R} (A) on {|\|=4}. We let By € W°(M) be microsupported in a
conic neighborhood of Uyeirr11)®7 (WF(B)), so that by Egorov (or simply the formula of
composition of ¥O(SM) with diffeomorphisms of SM)

Vte [T, T+1], e B=Bre "B+ S,(t)

for some continuous family (g,t) ~ 57 (t) of smoothing operators. We note that by taking
U’ small enough and WF(B) close enough to V*, Lemma 4.3 insures that we can choose
Br depending only on 7" (thus uniform in g € U’) so that WF(Br) C C!(g). Thus

T+1 T+1
/ X (t)e o Bdt = BT/ X (t)e " Bdt + S
T T

for some continuous family g +— S; of smoothing operators. Next we use (4.1) with the
choice Ng = N + 1 and N;/8 = N + 1. Since by (4.2)

mg(z,§) < —N — 1 for all (z,§) € WF(By),

we obtain, using the composition properties in [FRS08, Theorem 8| that A~ Br €
g

U-N=1(SM) is uniformly bounded with respect to g and continuous as a map g € U’
A nox Br € L(H-N(SM), H'(SM)). In particular
T+1

U'S g A s, / V(e Bdt € L(H-N(SM), H'(SM))
g T

is continuous. We can then use these facts together with (4.3) and (4.6) to deduce that

T+1
U3 g A vexi Ry (0)(A nowi ) TA oy / X (e X9 Bdt € L(HN(SM), L*(SM))

T
is continuous. Finally, using that WF(B) N Cy(go) = @ and —m)>™" < —N — 1 outside
Cu(go) by (4.2), we have that B(A wonv)~" € ¥N(SM) uniformly in g (using again
[FRS08, Theorem 8]) and the following map is continuous

U 39— B(A vow) " € LIL(SM), HY(SM)).

This shows that U’ > g — Qf € L(HN(SM), HN(SM)) is continuous. The terms
involving the smoothing remainders S, appearing in the difference between 25 and € can
be dealt using the same argument, and indeed are even simpler to consider. The proof is
then complete. [l
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The proof of Proposition 4.1 is simply the combination of Lemma 4.5 and Lemma 4.4. [

As a corollary we prove Theorem 1.3.

4.4. Proof of Theorem 1.3. Let gy € M”" and assume g, has non-positive curvature if
n > 3. Using Lemma 2.4 (or its proof in [GL19]), for g1, go € M close enough to gy in C*2
norm, we can find ¢ € D™ (with & > 5 to be chosen later) such that Dy (¢*g2) = 0.
Moreover gy, = 1*gy satisfies

195 — g1llcre < C(llgr — gollere + 1|92 — gollcra)

for some C' depending only on go. We can then rewrite the proof of Theorem 1.2 but by
replacing go by ¢;. This gives that for g;, g» close enough to gy in M>“

Dy, (92) — 1] + [Fy, (92)] = Co(T1§ (92 — 91), (95 — 1)) — Co 192 — g1 l|&e.e

where C;, deends only on n = dim M and Cj, depends on ||g|[¢s., and Fy, (g2) 1= P(—J; —
ag, g, +1) while EI;gl (g2) =1 ik (91, 92), where ag, 4, is the time reparameterization coeflicient
in the conjugation between the flows ¢9' and ¢9? and the pressure and the stretch are taken
with respect to the flow 9. Combining Proposition 4.1 and Lemma 2.2, we deduce that
there is Cy,, C7 > 0 depending only on gy so that for g;,9» € M in a small enough
neighborhood of gy in the C* topology,

[@g,(92) = 1+ [Fy (92)] = Coollgs = 911l -3 1y — Coollg2 = g1llEsia

This means that there is € > 0 depending on gy and k large enough so that for all ¢g;, go € M
smooth satisfying ||g; — gol|cr.(ar) < € the estimate above hold. Reasoning like in the proof
of Theorem 1.2, we obtain the result. Il

4.5. Distances from the marked length spectrum. In this paragraph, we discuss
different notions of distances involving the marked length spectrum on the space of isometry
classes of negatively-curved metrics.

4.5.1. Length distance. We define the following map:

Definition 4.6. Let k£ be as in Theorem 1.3. We define the marked length distance map
dp, - MFe x MEe 5 RY by

Lgl (Cj> p %

3 L,,(c))
+ lim sup | log =2
Jj—oo Lgl (Cj)

dr(g1, g2) = limsup | log
o192 = P 18 T )

We get as a Corollary of Theorem 1.3:

Corollary 4.7. The map d;, descends to the set of isometry classes near gy and defines a
distance in a small C**-neighborhood of the isometry class of go.
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Proof. 1t is clear that dj, is invariant by action of diffeomorphisms homotopic to Identity
since Ly = Ly+4 for such diffeomorphisms 1. Now let g1, g2, g3 three metrics. We have

lim sup log Lgl (Cj) — lim sup ’ log Lgl (Cj> L93 (Cj)

Jj—ro0 Ly, () j—ro0 Ly, (cj) Lg,(c;)

<lim sup ’ longl—@ ? + lim sup ’ log =92 1°

oo L93<Cj> J—o0 L92<Cj)

thus dj, satisfies the triangular inequality. Finally, By Theorem 1.3, if d1(g1, g2) = 0 with
g1, g2 in the C** neighborhood U, of Theorem 1.3, we have g; isometric to gs, showing
that dj, produces a distance on the quotient of U, by diffeomorphisms. Il

1
2 2

Ly, (cj) |2

We also note that Theorem 1.3 states that there is Cjy, > 0 such that for each g1, 9> €
CH(M; S*T*M) close to gy there is a diffeomorphism such that

dL(gh!h) > C'go||¢*91 - 92HH71/2

showing that the pressure norm is controlled by the dj, distance.

4.5.2. Thurston distance. We also introduce the Thurston distance on metrics with topo-
logical entropy 1, generalizing the distance introduced by Thurston in [Thu98] for surfaces
on Teichmiiller space (all hyperbolic metrics on surface have topological entropy equal to
1). We denote by € (resp. £¥?) the space of metrics in M (resp. in M%) with topological
entropy hi,, = 1. With the same arguments than in Lemma 3.1, this is a codimension 1
submanifold of M and if gy € £¥%, one has:

TyEF = L h € CH(M; S*°T*M) | myh dup™ =0 (4.7)
Sgo M
Definition 4.8. We define the Thurston non-symmetric distance map dy : £#* x b —
R* by

. L,,(ci)
dr(g1, g2) := limsup log =22,
rlgn92) jooo - Lgi(c))

We will prove the

Proposition 4.9. The map dr descends to the set of isometry classes of metrics in EF
(for k € N large enough, o € (0,1)) with topological entropy equal to 1 and defines a
non-symmetric distance in a small C*“-neighborhood of the diagonal.

Moreover, this distance is non-symmetric in the pair (g1, g2) which is also the case of the
original distance introduced by Thurston [Thu98] but this is just an artificial limitation®:
“It would be easy to replace L° by its symmetrization 1/2(L(g, h) + L(h, g)), but it seems

SThurston, [Thu9s|.

5In the notations of Thurston, L(g, k) = lim sup;_, o, log Ly(e;)

Lp(cs)”
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that, because of its direct geometric interpretations, L is more useful just as it is.” In order
to justify that this is a distance, we start with the

Lemma 4.10. Let g1,9o € M. Then:

lim sup Lonles) _ sup (g1, 92)
oo Lgi(¢5)  meting eng
Here m is seen as an invariant ergodic measure for the flow ¢f" living on Sy, M. However,
writing M = I\ M with I' ~ 7, (M, x) for 2o € M, it can also be identified with a geodesic
current on &)oﬂ X GOOM \ A, that is a [-invariant Borel measure, also invariant by the
flip (§&,m) — (n,€) on DM X 8OOM\ A. This point of view has the advantage of being
independent of ¢; (see [ST18]).

Proof. First of all, we claim that

sup  In(g1,92) = sup In(g1,92).

mEMiny,erg meMiny

Of course, it is clear that sup,,con, . .., Im(91:92) < Suppcon,, Im(91.92) and thus we are
left to prove the reverse inequality. By compactness, we can consider a measure mg € M,y
realizing sup,,con.  Im(91, g2). By Choquet representation Theorem (see [Wal82, pp. 153]),
there exists a (unique) probability measure 7 on My erg Such that my admits the ergodic

decomposition mg = [, m dr(m). Thus:
inv,erg

[mo(glqu) :/ Qgy,99 dmo
Sg

M

:/ / gy .go A dT (M)
9-ninv,erg Sgl M

< sup / Qg, g2 dm/ dr(m) = sup  Iu(g1,92),
Sg1 M m

meminv,erg inv,erg meminv,erg

which eventually proves the claim.
Let (¢j)jen be a subsequence such that lim; . Ly, (c;)/Ly, (c;) realizes the limsup.
Then, by compactness, we can extract a subsequence such that d,, (¢;) = m € Myy,,. Thus:

ng (Cj)/Lgl (Cj) = <591 (Cj)aag1,g2> 7 j—400 <m7ag1792> - ]m(91792)7

which proves, using our preliminary remark, that

limsup Ly, (¢;)/Lg, (¢;) < sup  Ln(g1, 92)-

Jj—+oo mMENMiny, erg

To prove the reverse inequality, we consider a measure mg € Miyy erg such that 1, (g1, g2) =
SUD ey ong I,,(91, g2) (which is always possible by compactness). Since my is invariant and
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ergodic, there exists a sequence of free homotopy classes (c;);en such that dg, (¢;) — mo.
Then, like previously, one has

Lo (91, 92) = jginoo Ly, (Cj)/Lm (Cj) < limsup Ly, (Cj)/Lm (Cj)a

Jj—+oo

which provides the reverse inequality. U
We can now prove Proposition 4.9.

Proof of Proposition 4.9. By (2.15), for g1, g2 € £%%, we have that I#gBlM(gl,g2> > 1 and
thus by Lemma 4.10, we obtain that dr(g1,92) > 0 (note that g; and g» do not need to
be close for this property to hold). Moreover, triangular inequality is immediate for this
distance. Eventually, if dr(g1,92) = 0, then 0 < log I'ugBlM(gl,gQ) < dr(g1,92) = 0, that
is I (g91,92) = 1 and by Theorem 2.9, it implies that g; is isometric to g if g5 is close
enough to ¢g; in the C*°-topology (note that this neighborhood depends on g;). O

We now investigate with more details the structure of the distance dr. A consequence
of Lemma 4.10 is the following expression of the Thurston Finsler norm:

Lemma 4.11. Let gy € €5 and (g:)iepp,) be a smooth family of metrics and let [ :=
(9tgt|t:0. Then:

1
=— sup / o f dm (4.8)
Sgo M

t=0 2 meminv,crg

d
||f||T = EdT(gmgt)

The norm || - ||z is a Finsler norm on Ty, EM* Nker D}

Proof. We introduce u(t) := e?(90:9) and write a; := ag, 4, for the time reparametrization
(as in (2.12)). Then:

d

(0) = dr(go. 1)

. Ay — 1
=lim sup / dm
t=0 t—=0 meminv,erg SQOM t
. 1 .
= sup ag dm = = sup my f dm,
meminv,erg SQOM 2 meminv,erg SQOM

since a9 = dyay|i—o and 75 f are cohomologous by Lemma 3.2.

We now prove that this is a Finsler norm in a neighborhood of the diagonal. We fix
go € EM*. By Lemma 2.4, isometry classes near go can be represented by solenoidal tensors,
namely there exists a C*“-neighborhood U of gy such that for any g € U, there exists a
(unique) ¢ € DgH’O‘ such that Dy ¢*g = 0. Moreover, if g € ke then ¥*g € EF*. As a
consequence, using (4.7), the statement now boils down to proving that (4.8) is a norm for
solenoidal tensors f € C**(M;S?T*M) such that |, Spu M T3 fdug™ = 0. Since triangular



GEODESIC STRETCH, PRESSURE METRIC AND MARKED LENGTH SPECTRUM RIGIDITY 35

inequality, R, -scaling and non-negativity are immediate, we simply need to show that
| fllz = 0 implies f = 0. Now, for such a tensor f, we have

P(r3f) = sup hm(gpio)—i—/s 7y fdm

meminv,erg 90M

< sup hn(e®)+  sup / 75 fdim = By (") +0
Son M N——

meminv,crg meminv,crg
=1

and this supremum is achieved for m = ugBOM and P(7m5f) = 1. As a consequence, the
equilibrium state associated to the potential 7} f is the Bowen-Margulis measure MEOM (the
equilibrium state associated to the potential 0) and thus 73 f is cohomologous to a constant
¢ € R (see [HF, Theorem 9.3.16]) which has to be ¢ = 0 since the average of 75 f with
respect to Bowen-Margulis is equal to 0, that is there exists a Holder-continuous function
u such that 73f = Xu. Since f € ker D}, the s-injectivity of the X-ray transform e

implies that f = 0. ]
The asymmetric Finsler norm || - |7 induces a distance dr between isometry classes
namely
1
d ,go) = inf / Y(t)|| 7 dt
Flgng) = e i 17 (®)llz

It is easy to prove that dr(gi,92) < dr(g1,92). Indeed, consider a C'-path v : [0,1] — &
such that v(0) = ¢g1,7(1) = g2. Then, considering N € N, ¢; :=i/N, we have by triangular
inequality

dr (g1, g2) (tit1)) Z 157 (tirr — i) + O(tisa — tif)

A

]
5
2
=

Nt / 140l dt,

which proves the claim. In [Thu98|, Thurston proves that, in restriction to Teichmiiller
space, the asymmetric Finsler norm induces the distance dr, that is dy = drp. We make
the following conjecture, which would imply the marked length spectrum rigidity:

Conjecture 4.12. The distances dr coincide with dp for isometry classes of negatively
curved metrics with topological entropy equal to 1.
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