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Long-distance asymptotic behaviour of multi-point correlation
functions in massless quantum models

N. Kitanine@, K. K. Kozlowski@, J. M. Mailletﬁ, V. Terrasd

Abstract

We provide a microscopic model setting that allows us toilgadcess to the large-
distance asymptotic behaviour of multi-point correlatfanctions in massless, one-
dimensional, quantum models. The method of analysis wegs®fs based on the
form factor expansion of the correlation functions and doeesbuild on any field
theory reasonings. It constitutes an extension of theicéstrsum techniques leading
to the large-distance asymptotic behaviour of two-pointedation functions obtained
previously.

1 Introduction

Form factors expansions constitute natural means for Btgdyorrelation functions in the case of massive inte-
grable quantum field theories in the infinite volurnel[16, 28Heed, the presence of a gap in the spectrum leads
both to regularity and well-ordering of the form factor ssras anféective asymptotic series in the large-distance
regime. However, these two crucial properties are no-losgésfied for massless models; their lack constituted
an obstruction to anficient formulation or even handling of form factor series lie infinite volume limit of

a model in the massless regime. The main problem in the cas®sfless models is that the form factors of
local operators vanish as a non-integer power-law in theeff®dolumelL. This originates from the operator’s
non-integer conformal dimension. When computing a forntdiaexpansion, this non-integer power-lawLin
vanishing of individual form factors should be compensdigaertain multi-dimensional sums (which contain a
number of summands diverging i) over appropriate sub-classes of low-lying excited stdteace making this
setting rather intricate to tackle. Recently, however,abthors, in collaboration with N. Slavnov, have set forth
a method of summing up, in the large-distance regime andafgelbut finite volume, the form factor expansion
of two-point correlation functions in massless quantunegrable modeld [20]. The matter is that, as we have
observed, in the large-distance regime, the sums over factors associated to scanning the whole spectrum of

IUniversité de Bourgogne, Institut de Mathématiques de gogme, UMR 5584 du CNRS, France, Nicolai.Kitanine@u-bogre.fr
2Université de Bourgogne, Institut de Mathématiques de ogme, UMR 5584 du CNRS, France, karol.kozlowski@u-bogmngar
3 Laboratoire de Physique, UMR 5672 du CNRS, ENS Lyon, Framed|et@ens-lyon.fr

4 Laboratoire de Physique, UMR 5672 du CNRS, ENS Lyon, Fravem@nique.terras@ens-lyon.fr


http://arxiv.org/abs/1312.5089v1

the theory localise to so-called restricted sums. Therlatigrespond, in physical terms, to summing up over all
low-lying energy (of the order /L, with L being the volume assumed to be large but finite) excitationthe
Fermi surface associated, in the thermodynamic limit, fiedBnt Umklapp excitation momenta. Although the
number of terms in these multiple restricted sums tenddfitmitynwith the volume, it has been shown [n [20] that
they can be evaluated exactly using purely combinatoremtities. Certain instances of these identities already
appeared in the context of harmonic analysis on the infimiteedsional symmetric group [17] (see [26] for a first
practical application te-measures on Young diagrams).

In this paper we continue developing the technique of sunomah the large-distance regime, of form factor
expansions, now for genenalpoint correlation functions. More precisely, we startira model inarge but finite
volumeL and make some technical assumptions on its spectrum andfdotors. These properties are verified
for quantum integrable models but we do trust that they shaldo hold for a much wider class of models.
Building on these assumptions we develop summation teabridor form factor expansions that allow us to
access to the large-distance regime of general multi-pmmelation functions. The corresponding restricted
sums generalize those obtained for the two-point case [ROfact, in the case of generatpoint correlation
functions (withn > 3) the corresponding sums can be interpreted as multipteéatesl sums of the previous
type (obtained for two-point functions) however highly pted between themselves hence rendering the needed
summation identity quite non-intuitive. The derivationtbfs identity for the restricted sums corresponding to
generaln-point correlation functions follows from the two possilbepresentations for the large-size asymptotic
behaviour of a Toeplitz determinant generated by Fishentwita symbols: the one corresponding to the Fisher—
Hartwig asymptotic behaviour formulal[8] and the one isguirom a form factor like expansion of this same
Toeplitz determinant.

The large-distance asymptotic summation of form factorthogewe develop does reproduce, within a mi-
croscopic approach to the model, the conformal field th&otyinger-Liquid predictions for the asymptotics of
correlation functions in massless models. As an exampéelatige-distance behaviour of four point functions in
the XXZ spin-J2 chain is obtained as

X X X X - 4 (mZ_ml)(m4_m3)
(rhvoterivrn) =~ 24—y e (o~ e =)
matching the predictions given in [10,/25]. Abowas an explicit exponent that is expressed in terms of queastit
parametrizing the low-lying excitations of the XXZ spif2ichain and the dots refer to higher order (sub-leading)
terms. The amplitudg* corresponds to a properly normalized in the lenigthf the chain form factor of the-*
operator taken between the model’'s overall ground $tHge and the local ground state in the sector with one
spin being flipped dowh‘Pé‘l) 3

6
+(2<—>3)+(2<—>4)}+...,
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The critical exponen# was already present in the field theory predictions [10, 28¢ do stress however that
our method goes beyond in that it gives a direct access aartpietation of the amplitudes arising in front of
the algebraically decaying terms (along with the numenalfactor of 2). It allows one readily to extract the
large-distance asymptotic behaviour of any multipointelation function. Moreover, our method is solely based
on a genuine microscopic formulation of the model and at agesof our analysis we do invoke a conjectural
correspondence of the discrete model with some continueldsthieory. Furthermore, with minor modifications,
it should open a possibility to treat the case of time dependerrelation functions as it was done for two-point
functions in [22].

We would like to stress that the general dependence in thendis we obtain is similar to the one for correla-
tion functions of exponents of free fields, cf [6, 7]. In fastich a form already appeared in the late 60’s paper of



Kadandt [15]. Recently, the same structure of the large-distangenptotic behaviour has been proven, for the
Ising correlation functions at the critical point, by Pali&/] essentially based on the Sato, Miwa, Jimbo formal-
ism [12/13] 14]. Itis in fact in these pioneering works|[13,/14] that the first rigorous approach to characterizing
and computing multi-point correlation functions in freenfidgon model were given. The analysis developed there
allowed these authors to provide, in particular, a charaetion of multi-point correlation functions in a masses
model for the case of the one-dimensional impenetrable Bas¢11] and to extract explicitly the large-distance
asymptotic behaviour of the so-called one-particle redudEnsity matrix in that model. Multi-point correlation
functions in free fermion models have been also investijfteough Pféfian or integrable integral operators
methods. In[[l], Abraham, Barouch and McCoy derived diRfia representation for four-point functions that
allowed them to access to the time-dependent spin-spielation functions. In[[2, 3] Bariev derived the large-
distance asymptotic behaviour of three and then multifpmrelation functions in thefb-critical Ising model. In
[28] Slavnov obtained a system of partiaffdrential equation characterizing theoint of-diagonal correlation
functions in the one-dimensional impenetrable Bose gas.

The paper is organized as follows. In Secfibn 2 we providdfiaitlen of the microscopic model and of all the
quantities of interest to the problem. These definitionwiplethe general setting that allows for an application of
our form factor summation method. It surely does hold forrquin integrable models such as the XXZ spj@-1
chain or the quantum non-linear Schrodinger model, but lshalso be valid for some non-integrable models
as well. Then, in Sectionl 3, we outline the main steps of ouhoteand describe the overall features behind
its philosophy. In particular we present the restricted sufinterest which are at the root of our approach to
the large-distance asymptotic behaviour of the multi-poworrelation function. Finally, we apply our general
result to the case of certain integrable models in Seéfioffethnical aspects related to the derivation of the
multidimensional restricted sums relevant for the preseatysis are presented in Appendix A.

2 Overall setting for the analysis of multi-point correlation functions

This paper aims at introducing a method of analysis of thgelalistance asymptotic behaviourrgboint ground
state correlation functions of the type

Clx; o) = (¥glO1(x1) ... Or () ¥g) , (2.1)

where we agree to representlimensional vectors as

Xr = (Xg,...,%) and o = (01,...,0). (2.2)

On the level of [[2.11), the correlation functi@{(x,; o) is defined for a model in finite volumle. In this formula,

| Vg ) represents the ground state of the model in finite volume e@s&?,(x) are some elementary (in the sense
defined below) local operators associated with the model@rated at positiorx. Depending on the nature of
the model (continuous or discrete), the position varialkes be continuous or discrete. Throughout the paper,
we shall build on the assumption that the states of the madet@nstructed out of a fixed number of pseudo-
particles, this number possibly changing from one statetleer. Within such a setting, we assume that one can
associate a fixed integey to each operataD,(x). These integers refer to the jump in the pseudo-particlelax

of the states connected by the operator. More preciselysa@nae that the operatdi(x) is an elementary local
operator that connects only states havihg 0, andN pseudo-particledN being arbitrary bub, fixed. In other
words, the only non-zero form factors of the operadg(x) are given by the matrix elements

(ON [Oa(¥) ¥N+o, (2.3)



inwhich|¥no, ) is someN+0, pseudo-particle eigenstate of the model’s Hamiltonianreds @y ) corresponds
to an eigenstate built out &f pseudo-particles. Any local operator can be decomposexirimstof a finite number
of such elementary operatatg(x). Finally, we focus solely on the case of translation irsarimodels (periodic
boundary conditions) meaning that one can explicitly factat the x-dependence out of (2.3) in terms of the
relative momentum of the state¥ ..o, ) and| Dy ).

Our aim is to extract the large-distance asymptotic behanabthe correlation function, in the infinite volume
limit, L — +co, by using its form factor expansion obtained by inserting tfosure relation in between the
operator®,(X). The matter is that the latter can be re-summed in the apptepegimes of interest. In fact, we
shall focus on the following regime of parameters

1 < X—xl-pr where LLk=1,...,r=1 |#Kk, L>xx k=1,...,r, (2.4)

and pr denotes the Fermi momentum associated with the model.

In the following, we describe a general framework such thighe spectrum, eigenstates and form factors
of a model fit within its grasp, then the present analysis $10ls we shall argue, this setting is verified for a
number of quantum integrable models such as the non-linglar8inger model or the XXZ spind chain in
their massless phase. However, we are deeply convincedhthaetting is, in fact, much more general and, in
particular, encompasses also numerous instances of ramthyegolvable models.

2.1 The spectrum

We assume that, in the largelimit, the spectrum of the model is of particle-hole t)}ﬂ)and that the ground
state| ¥y ) is constructed within aiN pseudo-particle sector. We shall focus on states locateganby sectors
containingNs pseudo-particles,

Ns=N+3 , G = ) oa (2.5)

Within our setting, the states of the system inNypseudo-particle sector are labelled by two sets witegers
associated to so-called particles and holes excitatioes), 1,... Ng:

p e [-MP; MOT\[1; Ne],

(2.6)
hS e[1; Ns].

PP <.o<p®  and K <...<h®  with {

The values taken by the integdbisl(_a), a = 1,2, strongly depend on the model. Typically, for models hgwvio
upper bound on their energy, one ng’ﬂ = +oo, While for model having an upper bounN’lI(_l), MI(_Z) are both
finite but such thaMI(_a) - N, a=1,2, both go to+eo sufficiently fast withL. Also note that throughout this paper
we shall adopt, for definiteness, the convention that thegers arising in the parametrization of a particle-hole
excited state in théls pseudo-particle sector always bear a superscs)pt (

A given choice of integers

o = {eP)y ) 2.7)

1Such an assumptions is not very restrictive as there aredtidns that the bound state part of the spectrum does ntitmae to the
algebraic part of the large-distance asymptotic behawbuaorrelation functions. For instance, this is supportgekact calculations for
the large-distance asymptotic behaviour of two-point fioms in the XXZ spin-12 chain [18]. This is however most probably not the
case for large-distance and large-time asymptotic bebavio




for an excited state in thids pseudo-particle sector gives rise to a set of rapid{‘i@%}g for the particle andﬁi) 1

for the holes associated with this state. The former anefrlatie computed from the integeiés) by the use of a
so-called counting functio#, s as the unique solutions to

= 9 ps) = 9 h$
gjs‘s)(ﬂpa) = T and é‘]gs)(/lha) = T . (28)

We do stress that the counting function depends on the cbbibe excited statée on the choice of integeréff).
Hence,[(2.B) is, in fact, a quite complicated set of equatidke assume that all counting functions admit the large
volumeL asymptotic expansions

Zp@) = &) + TE4() ~ TF() + O(3). 29)

The above asymptotic expansion involves three functogs; andF .

e ¢ is the asymptotic counting function. It is the same &tirexcited states and defines a set of rapidities
{a}acz as the unique solutions to the equation

a
£ua) = ¢ so that ) =~ pyo  and Ay = e, (2.10)

at leading order ir..

e F 9 is called the shift function (of the given excited state isprect to the model's ground state). Itis a
function of the macroscopic rapidities

RE = {{uyo)] s {1} (2.11)

and also depends on the deviatidg— N = G5 of the numbeiNg of pseudo-particles in the excited state in
respect td\, the one for the ground state.

e ¢ 1 represents the/L corrections to the ground state’s counting functions. tihis quantity that drives the
non-trivial part of the first sub-leading corrections to greund state’s energy. It appears for normalisation
purposes so that the shift function for the ground statesteasijie Fyo = 0.

0

In the largek limit and within such a setting, the rapidities for the grdustate form a dense distribution
on[-q;q] — the so-called Fermi zone of the model — with dengity The endpointstq are called the Fermi
boundaries. Further, the observables of the model sucteasltitive momentum and energy are parametrized by
the particle-hole rapidities

AS(I) = 8IF) - 8T = D (eluye) — eluw)) + o(%), (2.12)
a=1

M) = PU) — PUP) =Y (Pluye) — plng)) + OF). (2.13)
a=1

Above, T 80) = {0; 0} refers to the set of integers which parametrizes the grotatd sf the model an@ (7, S,S))

and&(7 Ef)) are respectively the momentum and energy of the state paraeakby the set of integersﬁf). Fur-
thermore,p is the so-called dressed momentum and similarlg the dressed energy. Typically, for quantum



integrable models, these functions are given as solutmtiagar integral equations|[9]. Their construction, for
more complex, non-integrable modelsaipriori much more complicated but carry direct physical meaningeNo
that the particle-hole interpretation of the spectrum isifest at the level of[(Z.12]-(Z.13): the excitations cehsi
in adding "particles" with rapiditie,sp(s), e Hgf and associated energie(;zzp(s)), e 8(,up(s)) along with creating

1 n 1 n
"holes" in the Fermi zone, with rapiditieg](ls), C B and associated energies(yh(ls)), e, —8(,uh(ns)). The su-

perscript §) refers to the fact that the excitation Iabelledlﬁ takes place above the lowest lying energy level in
theNs = N + Os quasi-particle sector. We henceforth shall assume thairilyeroots onR of the dressed energy
¢ are attq and that the dressed momentyus a strictly monotonous function.

There is however a huge degeneracy in what concerns the @fl)fihe excitation energ&S(Iﬁs)): numer-
ous choices of the seﬁ,(qs) will lead to thesameO(1) part of A&(Z, Ef)). For instance, it follows fron{ (219)-(2.10)
that, given any integef,

4 —_
e—pee = O(F). sothat 7 = {(pa)] i thal]) and 79 = {ipa+kall: tha+tal]} (2.14)

wherekg, t; are some.-independent integers, will lead to the same value for tHB @drt ofAE, ie

AS(TY) - ASTY) = o(%). (2.15)

2.2 The form factors

In the analysis of the multipoint correlation functi@gx,; o) (2.3) through its form factor expansion, one needs
to access to the form factors of the local operatOgss = 1,...,r, between two excited states of the model.
According to our assumptions on the structure of the modgsctrum, these will be labelled by two sets of
multi—indicesfﬁﬁ‘l) andIE]s corresponding to the outgoing (bra) and ingoing (ket) stdtefact, since we imposed
periodic boundary conditions on the model and requiredstadion invariance, the form factors will satisfy

PIENI0MNPI)) = OIS ) 00VIT)), (P, = PES-PIY). (2.16)

Scalar observables introduced in the last subsection vwegeemetrized, in the large-imit, solely by the macro-
scopic set of rapiditieﬁﬁ,s) subordinate to the set of muIti—indicééS). This is no longer the case for form factors
as we demonstrated in our previous work/[21]. Within ourisgftthe latter are parametrized, in the latgémit,
not only bythe sets of macroscopic rapiditiéé,s),Rﬁ?‘l) , but also by the sets dfiscreteintegers’ S,S),I ﬁ”l).
Namely, for properly normalized statEE(I,(?) y and their dualg ‘P(Iﬁrs,”l)) |, the form factors take the form

Fo. ISV 110 = (v(IED) 1050 w(IY))

= SOIRGD; RY) - DO(RGD; RO LG 1§)- (1+ o('”TL)) . (2.17)

In this decomposition

e S©9 s called the smooth part since it only depends on the maspiscapiditiesRY, RS, and this
in a smooth manner. As a consequence, a small (of the ordg) €i{ange in the value of the integers
parametrizing the state, sgy < pa+«, will not change the value of the smooth part (up o dorrections).
Furthermore, being a set function, it is invariant undenpgation of the particle or hole rapidities.

e The smooth part enjoys hypergeometric-like reduction ertigs. Namely, if within a given set of macro-
scopic rapidities a particle’s rapidity coincides with dehmapidity, then this dependence simply disappears.



More precisely

SOARED RE) = SOREDRD)  with R = (el il

| {9 :ﬂhgs)
The same type of reduction holds as well for particle-hopadities associated with the excited states in the
Ns-1 quasi-particle sector.

e D is called the discrete part since it depends not only on theresaopic rapiditiesQﬁS),Rﬁﬁ”l) but also
explicitly (ie not through the parametrization by the macroscopic rapgjion the sets of integers labelling
the excited stateﬁﬁs),fﬁl). The main &ect of such a dependence is that a small change in the valbe of t
integers parametrizing the state does imply a significaangh (of the order of O(1)) in the value 69,
The discrete part thus keeps track of the microscopic detihe diferent excited states.

The smooth part represents, in fact, a non-universal paheomodel’s form factors. Its explicit expressions not
only depends on the operat®% but also varies strongly from one model to another, seel[2]Lf& examples
issuing from quantum integrable models. However, the @4t is entirely universal within the present setting
of the description of the model’s spectrum. It solely de@eod the values of the pseudo-particle sectors that the
operator connectyjz. the integems = Ng — Ng_1. Its general explicit expression plays no role in our arialys
in the sense that we shall only need the expression for specifited states, namely the one belonging to the
so-called/s-critical classes that we define below.

We refer the interested reader fo[21] 20] for a thoroughseudision relative to the origin of the discrgp&
and smoothS©9 parts in the framework of Bethe Ansatz solvable models.

2.3 The critical ¢s class

As we shall argue in the following, only a very specific clagexcited states will play anfiective role in our
analysis — the so-called critical states. These excitédsstae characterized by the fact that, inlthe> +co limit,
all macroscopic rapidities describing the particle and hotitattons "collapse" on the model’s Fermi boundary:

Moo = %0 and P = Q. (2.18)

There, thet sign depends on whether the particle or hole’s rapidityaqslés on the right or left Fermi boundary.
A set of integerd, ﬁ,s) is said to parametrize a critical excited state if the asdediparticle-hole integemgs)}g

and{hﬁf’}'{ can be represented as
OO = (Ne+ pae)® U {1-pa )™ and  (h)] = {1+ Ns—hg )™ U {he )7, (2.19)

where the integerpa.., ha.. € N* are "small”" compared tb, ie

lim == = |lim == = 0, (2.20)
and the integerapn.. satisfy to the constraint

Within this setting, one can readily check that the critieatited state described above will hayg,,_ particles,

resp.nn.+,— holes, on the riglieft end of the Fermi zone-q; ] associated with thbls pseudo-particle sector.
In fact, one can distinguish between various critical stateorganizing them into so-callég-critical classes.

This classification takes its origin in the fact that all ssthtes have a vanishing excitation energy (up tg/lQ(1



corrections) but can be gathered into classes dependingeoratue of their macroscopic momenta &, where
pPr = p(q) is the so-called Fermi momentum and

s = Np+ — Ny = Mh — Np— . (2.22)

The indexs in ¢s is there so as to keep track of tivg pseudo-particle sector with which the critical class is
associated. However, for the sake of simplifying the notetiin formulae, we chose not to emphasize she
dependence in the left or right partidiele numbersip . .

In fact, one has the following large-expansion for the relative excitation momentdm (2.13) eissed with
the ¢s-critical class excited state described above

o Np;+ Nh;+ o Np;— Nh;—
©\ _ n _nl_ 4t _
AP(TY) = 205pe + 5 {; Pas + ;(ha;+ 1)} 5 {;(pa;_ 1) + aZ:;ha;_} + .. (2.23)

where wedo stresghat all the terms included in the dots are either of the oodlé(1/L) but do not depend on
the integerg,.. andhy. or they depend on these integérs are of the order of O(AL?).

It is convenient, for suclis-critical excited states, to use a reparametrisation ok#ts of integers labelling
the excitations. It is readily seen that the excited states és-critical class are described by two sets of integers
jr(u?i;nh;i, each containing all the informations on the local integershe right ¢) or left (—) Fermi boundaries.
Here, we agree upon

T = {67 () (2.24)

Note that the value ofs is encoded in the very notatiqfild by means the identificatioh (2.22). Since there

Np;+3Nh;+

is a one-to-one correspondence between theg @e&ndj,ﬁi;nm UJ, ,E?f;nh;f, we shall identify the two sets. We

do stress that the parametedoes play a role in this correspondence(2.19).
2.4 Large-L expansion of form factors connecting critical states

As we have already mentioned, solely critical states emt¢he analysis of the form factor expansion at large
spacial separation between the operators. Thus, we nowrrdee explicit expression for the form factor taken
between such states. Given two excited states

I gﬁ_l) = r(T1sp_;+1;)rm;+ UJ r(nsp_;_l;)rm;- and I ES) = "(12+;nh;+ Ui r(‘i?—;“h;— (2.25)
belonging respectively to the
55_1 = mp’+ - m']H_ = m'];_ - mp’_ and fs = np’+ - nh’+ = nh’_ - np’_ (226)

critical classes, we shall assume that the form factorsaafl loperators take the fon

f@os(fa?”lfﬁs’) = Fou(ls1,ls) - C19(v2, vy)

x FO g, s T8 o, | |- 7Ol Syt T | ). @27)

Np;+3Nh;+

2A priori, this formula could be modified by the presence ofgndactor (1)"s*s-1 originating from the determination of the square
root one chooses for the norms. The integemependsa priori, on 7. However, the very structure of such a sign factor makes its
contribution to the form factor expansion irrelevant adways appears twice. We have therefore disregarded itepcesirom the very
beginning. One can also allow for the multiplication bf (2.®y alL-dependent phase factor of the fogft¢s~¢s-1), with ¢ depending
on 7. Once again, the appearance of such a phase factor has rem#lon the form factor expansidn (A.33), hence we simplyt @mi
here (note however that the presence of such a phase factddd¥e taken into account in the definitién (2.30)/Qf, (€51, {s))-



The constituents of the above formula are parametrizeddydtues
ve = vs(Q) — Os and vs = vs(—0Q) (2.28)
that the relative shift function between thg s critical states,
vs(1) = Fs1(1) — Fs(4), (2.29)

takes on the righieft endpoints of the Fermi zone, up to subtracting the lexedf the operatoOs in the case

of the right endpoint. In formuld (2.27), all the pre-fastdiut.Zo (¢s-1, {s) issue from the "relevant" part of the
discrete term. Their explicit expressions are given bevwen though these may appear as slightly complicated,
the physical interpretation of each factor [n (2.27) is tayslear. Indeed, the quantitfp (¢s-1,(s) represents
the properly normalized finite and non-universalr6odel and operator dependent) part of the ldrdeshaviour

of the form factor of the operat@s taken between fundamental representatives ofdlamd¢s_; critical classes.
More precisely, it is defined as

L )Ps(Vg)*'PS(V;)

roesia - {15

L v 00} (2.30

in which the sets of integetsgzl) andzi) parametrizing the excited states correspond to the funaiizinep-

resentatives of thés_; and/s critical classes. Namelgﬁi) is the set of particle-hole integers living on the Fermi
boundary in theNs pseudo-particle sector such that

L(S)

s

_ { {(pas =@l 1O U0} (e =)} if 6520 (2.31)

{0y they = @i} U{tpa =iy (@)} if ts<0
The power of the volumé arising in [2.30) involves the righis(v$) and leftps(vs) scaling dimensions whose

generic expression reads

1 1
ps(v) = E(ﬁs—fﬁ)? + Evz — (bs— s 1)V . (2.32)

The factor.Z*) corresponds to the contributions of the excitations onitjfet Fermi boundary of the model.
It is a function of the value taken on the right Fermi boundayythe relative shift functiows associated with the
¢sclass of interest. AlsoZ ™) depends on the sets of integegf, ;};)nh,+ andj,gi;nh,+ parametrizing the excitations
on the right boundary for the— 1 ands excited states. Given two sets of integers

Tngmn = {{Paly” s e’} and  Tnen = {tkalf; ()}, (2.33)
the right Fermi boundary critical form factor reads

21 os(v)
y“)[jnp;nh;jnk;nt | V] = (T) :

[T (Pa - Po) - T (ha — o) T1 (ka — ko) - T1 (ta — to)
a>b a<b .a>b a<b .

(=)™ -(@)nﬁr‘h : w(jnp;nh;jnk;nt | V)

F( (Pa+ V11", {ha = VI, {ka = VI, {ta+v}'{‘)‘

X Np np Ne Ny Np M N n
M a+h-1 T Tka+to—1) (Y (Dt
a=1b=1 a=1b=1



Note that7 *) decays as an algebraic power of the volumeith a scaling dimensiops(v) . Likewise, the factor
7 ) corresponds to the contributions of the excitations onefteHermi boundary of the model. It is a function
of the valuevg taken on the left Fermi boundary by the relative shift fumetvs and of the setg,gfr:_l;),m_ and

ﬁ??f;nh;f of integers parametrizing the excitations on the left Fdsmindaries for the — 1 ands-excited states.
Given sets as in(2.83) for the parametrization of the etioita on the left Fermi boundary, one has

y(_)[an;nh;jnk;nt | V] - (%)psq)(_l)nh . (@)nthnt 'w(jnp?”h;j“k;“‘ | _V)

[T(Pa— Po) - T1(ha—he) Tl (ka— ko) 1 (ta— to)
a>b a<b . a>b a<b .

r{ (P (e flassl o))

Hfiesto-1  Tillkatto-1) (P b (b ()
a=1b-1 a=1b=1

Just as for the right Fermi boundary critical form factoe taft one decays algebraically with the volume of the
model with a left scaling dimensign(v).
The expressions for the right and left Fermi boundary factorolve products of-functions written as

fva)" v v [1'(va)
r( ! ) - r( e ) =& (2.34)
aly 1o+« Wm ﬂlr(wa)

TheT functions encode the structure of excitations within a gi{®-sector of excitations on the Fermi zone.
The expressions for the left and right local facto?$*) also involve the functions whose presence translates
the interactions between integers parametrizing the beigting sectorsg— 1) and §) that are connected by the
operatorOs. Taken two sets of integers as in (2.33), one has

v Tl A=k=hatv). o I1(Patto+v—1)
w(jnp;nh;jnk;nt |V) = l—[{b: nt }‘l—[{bét]k } (2.35)
w1 -ty | 21l [ (a-kor)

Finally, the functionCs15)(v¢, v3) is a normalization constant. It provides the appropriatenatization
of the expression for the general critical form factor. Isigch that it precisely cancels out thendependent
contributions of the right and left critical form factors @i focusing on the fundamental representative of’the
{s 1 critical classes. Its explicit form can be computed in teahthe Barness-function [4] and reads:

C(fs_l;fs)(vg’vg) _ G( 14+vg,1=vi, 1+ ls—vg,1—Cls+ v )

1—£S+Vg,l+fs—vg,1—€5_l+€S—Vg,l+€5_l—fs+vg (236)

Note that above, we have adopted similar product conventigrforl-functions,cf (2.34).

3 Asymptotic behaviour of multi-point correlation functio ns

3.1 Long-distance asymptotic expansion of multi-point fuctions

In this section, building on our previous assumptions onstinecture of the spectrum and form factors of local
operators, we derive the large-distance asymptotic bebawf the correlatoC(x;; o), cf. (2.1). As already
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discussed, our method builds on a microscopic analysisediotim factor expansion for this correlator. Hence, in
between the operatossands + 1 we insert a decomposition of the identity. In principle, stwuld thus sum up
over all the states of the model, namely the states genebgtéte particle-hole excitations along with the more
complex states related to bound states. However, buildnth® assumption that states containing bound states
solely generate exponentially small corrections to thgdatistance regime in th&.i1 — X/ - pr > 1 limit, we

only sum-up over the particle-hole states, as describe@atic@®[2.1. Thus, for each(s=1,...,r — 1) we sum

up over all possible choices of the s(afé(s) } as given in[[ZJ7), witm(® = 0,1, ... .. In other words the multi-point
correlator is recast as

r-1 r-1
conion = [[{ 20} [ T{explivan—x-arz ) [ [0 (262179) 6D
s=1 {](?)S)} s=1 s=1

in which AP(I I(fl)) stands for the relative excitation momentum definedin (2.13

We do stress that the equalify (B.1) is to be understood is¢hee of having neglected all the contributions
from the bound-states to the form factor expansion.

We now follow exactly the reasoning outlined in [20]. The tidimensional sum in((3]1) contains quickly
oscillating terms with speed measured by the magnitudexof — x| - pr, k = 1,...,r — 1. Thus, by analogy
with a multiple integral of oscillatory type, the leadingya®ptotic behaviour will issue from localising the sums
at the endpoints of the summation domain or at the saddlgspof the oscillating exponent. However, due to
monotonicity of the dressed momentum functipnthe relative excitation momenturk® (7 ((S)) does not have
saddle-points. Hence, the leadipg — x| - pr > 1, k # |, asymptotic behaviour will be given by localizing the
summand on the states belongingftecritical classess = 1,...,r — 1. Upon inserting the local expression for
the model’s form factors, a straightforward calculatioads to the conclusion that

om\Pl-1.0) =1 d

C(xr; o) =~ Z (T) T 1—[ {ezifs(xyl—xs)pp} . 1—[ {C(fgl;fs)(vg’vg)}
b1 s=1 s=1
ezl
: 21 r-1 , - r + (2 1 4 ;
x| [{Foltsr, 9} - 7 (1T O = 03 E) - 7 (1T 0o - O™ 02 (E9) - (3:2)

s=1

The summand at fixef,_; € Z'~! is weighted by an algebraic factor in the volumeThe associated exponent
HMlr-1, ) reads

r-1 r-1
Hbr_1, &) = 22 WP+ 052} = DU{0E + vs = Vi — Vel =202} = 2> lstsa . (3.3)
s=1 s=2

We do insist that each relative shift functiepdoes dependa priori on the integergs 1, ¢s labelling the critical
class of the excited states being connected bystheperator.

The form factor expansion has been recast with the help dfi4meiht restricted sumyil. These refer to
multi-dimensional sums that correspond to summing-up thelevset of contributions coming from excitations
on Fermi surfaces, for the intermediate states labelled b\, ...,r — 1, and belonging to given critical classes
labelled by the vectof,_1. The+, resp. the-, sum corresponds to the contributions stemming from thiat,rig
resp. left, Fermi boundaries.

11



The multi-point restricted sums of interest are given as#dew multi-dimensional sums:

+00 r-1
= | | E E | | | | (s-1) (9
y{r 1({tS 1 > VS R (S) (s) Vs, VS+l| ) (j (&1) n(yl),j(s) (S) |iV5). (34)
s=1 (S) (S) (9 s=2
=0 TG0
(S) (S)_ﬂ;

The summation in the above formula runs through all the ptsshoices of the sets of integers

(9 (9
J((S) o = [P 5 ) (3.5)

parametrizing the excitations on the relevant boundarfy fige¢ — and right for+), provided that these leads to
an fs-critical class. The summations are repeateddos 1,...,r — 1. In more explicit terms, the formula
corresponds to a multiple sum over particle-liia{é> and hoIe-Iikehgs) integers with the numberl(ps) of particle-

like variables, resp.nﬁf) of hole-like variables, taking all admissible valueshinthat are compatible with the
condition n(ps) - nff) = x{s. These patrticle and hole integers satisfy to the consgraint

P9 <. < p(?) with p eN*  and  h¥ < -~<h(n2, with h{Y e N* . (3.6)
h

In what concerns the functions composing the summanbas been defined in(2.35) whereas the functi®hs
read

Hmapw~ﬁmfmm

sinfrv] . sinfzn] )”h “a<h

T T

R_jn;nh| t) =1 —
(e )= I 11 (pa + o — 172

a=1b=1
Np Mh
N l_[ {eit(l—pa)r( Pa+V.Pa—7 )} ) l_[ {e—ithar( ha=v,ha+7 )}
a=1 pa’ pa a=1 ha, ha

and

2
sin[rv] S|n[m7]) .H(Pa Pb)? - i (ha hp)

e e Np M
[1 I1(pa+h -1y
a=1b=1

Np Nh
i - i hy +v,hy —
| | gtPar Pa—V,Pat7n )} | |{e|t(ha—1)r( a+V,Na — 7 )} ‘
8 a=1 { ( pa, pa h

h
a=1 as> la

R+(jnp;nh | V,U;t) = (

Above, the setfn ., is as given in[(2.33). Quite remarkably, the multi-partigstricted sums can be resummed
in a quite compact way, generalising the results of [20, 26]

r-1

+ +isw 1i fs— S’li £S+ st
yf, 1({ts}1 ,{VS}) = n{e—t 2 G( ( V) ( v 1) )}

1Fvg,1xv
=1 S» s+1

r-1 r

b-1
1+ Vs, 1+ (55_1 —{s+ Vs) ) B +i gats (vat+ka)(Vb+Kp)

b>a
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The product appearing at the bottom right[of [3.7) involvesgersc,, a = 1, ..., swhich are defined in terms of
the integerd,, a=1,...,s-1, as

;
ks = 1 —1Cs for s=1,...,r so that ZKa =0 (3.8)

a=1

where, as above, we agree uggn= ¢; = 0.

In the present paper we do not pretend to prove the above stiomfiermulae. We however give a formal
derivation. These arguments does not lead, however, toa prdhat several justifications relative to the ex-
changeability of symbols and limits are omitted. We leavertgorous proof of the summation formulae to some
subsequence publication. Our present formal justificdtidoased on the use of an auxiliary, "model", form factor
series. The latter can be recast in two ways,

¢ as a Toeplitz determinant generated by a symbol with Fislaetwig singularities, this by generalizing the
techniques of form factor summations developed_in [23];

e as an asymptotic series whose individual summands direstbve multi-particle restricted sums.

Comparisons of the largi-limit of both expressions yields the sought identities. &fer the reader to Appendix
[Alfor our formal proof.

Building on the above results allowing one to sum up the npdtnt restricted sums and taking into account
their most natural parametrization in terms of #entegers, we change the summation variables to the more
convenienk-like reparametrisation:

r

ls(kr) = D ka for s=1...r-1. (3.9)

a=s+1

It is then readily checked that, for any set of parametigisand{v,},

r-1 r
Dbk ts = ) Toaks, (3.10)
s=1 =2
and
r r-1 r-1 r r
23 Tl = 2 bslki)lsalir) + 2 (s —v)lslir)} + D V2 = > (rs+xs), (3.11)
s=1 s=2 s=1 s=1 s=1

where in [3.1D) we have used a similar notation as inl (2.5)orJgsing the explicit expressions for the multi-
particle restricted sums, we are thus led to

C(xr;0r) = Z ﬁ {GZipFKSXS} . ?({Ka}rli {Oa}rl)

k€Z' s=1
> ka=0

r lrp+ 2. 1rp- 2 r
271\ 3105 (ks)]“+ 5 [65 (ks)] 2ix 6 (kp)6% (ka) 2ix 67 (kb)63 (ka)
= . _ T (o—xa) [o¥PPalial g o G (Xp—Xa) | PVl
><||{(L) }||{[1 et )] [1- & F o] } (3.12)
s=1 b>a
There, we have set

Op (ko) = Vi +kp . (3.13)
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We do stress that; has an explicit dependence gnbut also arimplicit one through the relative shift function
vi. Furthermore, we have made use of the fact that the reldtiftefsnctionsvg only depend on the parametey:
Finally, the asymptotic formula involves the factor

F((kalys 10aly) = [ | Foulbsalir), telk)) - (3.14)
s=1

The above amplitude has a crystal clear interpretationptedactor in front of the power-law decay of the multi-
point correlation function associated with an excitati@obging to thef,_1(k;)-critical classes is precisely given
by the product of form factors of local operators taken betwihe typical representatives of the(k;)-critical
classes of interest. Note that, for a giventhe form of theL-dependence in (3.12) is already reminiscent of the
expression for multi-point correlation functions in a comhal invariant theory of a strip of width [S].

It is straightforward to take the — +oo limit in (8.12). This leads to

r

coia) = > [ {2} 7 (twalii oalf) | | {[i(xb )] B [ i - o) B “b)@(“a)} . (3.15)
k€Z" s=1 b>a

> ka=0

where we have used that
r
D 6iks) = 0. (3.16)
s=1

Note that the above asymptotic expansion provides one wigxpression that is symmetric under a simultaneous
permutation

X, o) = (X7, ) with X7 = (Xr)---» Xo(r) oeG. (3.17)
This translates the fact that the local operai@réx;) commute at dferent distances and, in particular, in the
long-distance regime.

4 Applications

4.1 The conformal regime

The asymptotic formuld (3.15) is quite general in that itgloet assume any specific order of magnitude for the
spacing between the various "space"-parametgrdhe sole constraint is that all have to be pairwise lavige,

Xk — Xe| - pr > 1 for k+¢. (4.2)

Thus, in such a general setting, determining the leadimg tdrthe asymptoticd (3.15) leads to a very complex
minimisation problem. However, the situation gets muchpsemin the so-called conformal regime of the corre-
lation functions. In the latter case, all distances scath thie same magnitude,

X = R-zx O<e<|z-2z|<etl for k#¢ andsomee>0. (4.2)

14



One then has

r (Y00 G OO

ez = 3R T e o)

k€Z" s=1 s=1

> ka=0

x| ] {[i(zb — 25)| BRI | iz, - za)]%(“b)@(“a)} (4.3)

b>a

using again,
r
D 6iks) = 0. (4.9)
s=1
The leading asymptotics are then obtained by choosing egentvectok;, € Z' realising the minimum of
r
ke = Y 105 (k)] + [05 (ks)]2 . (4.5)
s=1

In practical situations (such as Bethe Ansatz solvable tspdke later on) the existence and unigueness of the
minimum, for generic values of the coupling constantspfef by mimicking the reasonings presented.in [8].

4.2 Bethe Ansatz solvable models

In this subsection we specialise our results to the case @B®the Ansatz solvable models, the XXZ spif21
chain and the non-linear Schrodinger model. The matterasdhe has quite explicit expressions for the shift
functions arising in the description of these models in g&ohsolutions to linear integral equations. The latter
thus give access to the critical exponents.

The XXZ spin-1/2 chain corresponds to the Hamiltonian

L L
h
Hxxz E TR+ a'ko'KJrl + A(O'ka'k+1 1)) ~5 E of. (4.6)
k=1

Hereo”* are the spin operators (Pauli matrices) acting orkitiesite of the chairhis an external magnetic field
and the model is subject to periodic boundary conditionse XKZ spin chain above exhibits fiierent phases
depending on the value of the anisotropy paramétéi/e only focus on the critical regimel < A < 1 where we
setA = cos. Itis known that, in its massless phase, the excitationsan<iXZ-chain can be either of bound state
nature (so-called string solutions) or particle-hole okgargued previously, we solely focus on the particle-hole
part of the spectrum.

The non-linear Schrédinger model corresponds to the Hanigh

L
Huis = [ (3076)8,0() + coT() 0() () D) - ud () D )]y @.7)
0

The model is defined on a circle of length so that the canonical Bose fields ® are subject td_-periodic
boundary conditions. We solely focus on the repulsive regim> 0 in the presence of a positive chemical
potentialy > 0. In this model, one can show that the excitations are omgrgby particles and holes.
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One can show using Bethe Ansatz methods that, for both mdtelgeneral shift functions — in the sense of
2.9) — take the form

Fros) = — (22 4+ up(1,)) - v " [6(hpp) = 6, pn,)] (4.8)

2 a=1
in which the rapidities are the unique solutions to

_a - _ pw) D
E(ua) = L with fw) = o + > (4.9)

with p representing the dressed momentum associated with the arudies has been defined in (2.5). Although
the form foré andFg, s is similar for both models, the definition of the functionssang in their expressions filer.
Also, one should set

e v =1 for the non-linear Schrédinger model
e v = -1 for the XXZ chain.
The functiong is the dressed phase addhe dressed charge. Setting

ic+A4

o) = iln(==5) for NLSM and (1) = im(Si”h@é“M)

sinh{Z — 1)

) for XXZ, (4.10)

one has thap solves the integro-ffierential equation under the requirement tp@t) = —p(-21):

q , i ' | A for NLSM
P ~ v [ 00-1)- PG 5 = pold) with  po() = { (SN2 D) gz (411)
—q sinh{Z/2 - 1)
The functionsZ and¢ solve the Lieb integral equations
’ du ’ du 01 -v)
20) - v [0Q-2 g =1 o) - v [0a-nen) g = 52 @)
-q -q

As a consequence, the relative shift functignbetween critical excited states belonging to fh@and ¢s_1
classes and having a change in the pseudo-particle numbetakes the form

Z(1)
2

In particular, then, the critical exponents takes the eipdixpressions

vs(d) = o + vp(4, Q) + (bs1—€)(Z(D) - 1) . (4.13)

000 = 4Z(@) * 2270 (4.14)

These data are already enough so as to extract, in the laigecke conformal limit, the asymptotic behaviour
of multi-point correlation functions of the XXZ spinf2 chain. We shall discuss the example of the correlator

CXXXX = <q'lg|0'§10'§20'§30'§4|\{lg> (415)
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In order to apply the method developed in the present paperpaght to decompose the operatots onto
operators which change the particle number in a definite nayely thess operators. Due to the conservation
of the longitudinal total spin, such a decomposition leads t

CXXXX = Z <\Pg |O';]i 'O-Xz O')Q3 U'X4|\Pg> (416)
o=t

> =0

We shall consider the largeasymptotic behaviour @y in the conformal scaling regime whexg = R- Z,,
Ris the large parameter and tgeare fixed and pairwise distinct. Then, it follows from theyioeis calculations
that

[Pes (ks)] 4 [P=es(ks)]” Poesledl® «9)?

oot okc = STIER L] e

K4€Z4 s=1

2. ka=0

r
[0 - 21" [~ iy - 29} (a17)

b>a

Above 7:({/(3}1, {ea)" ) represents the properly normalized in the volumproduct of form factors of operators
o, Also, we agree upon

(k) = «Z(q) -

57 (q) (4.18)

In order to access to the leading asymptotics in the distaneeshould choose the combination of integers:
(k1, ..., k) that minimises the exponent Bf In fact, independently of the operatae the sign ofe;) one has

[0, (ks)]? + [ (ks)]? = 2(ksZ(q))* + (4.19)

1
272(q) -

As a consequence, independently of the choice oéfsethe leading asymptotics are given by the chaige: 0.
It is then straightforward to see that

| (X2 = X1) - (X4 — Xa)
(X3 = X1) - (Xa — X1) - (X3 = X2) - (Xa — X2)

Za + (2<—>3)+(2<—>4)} +
(4.20)

Cuxxx = 7‘:& (O, 0) ?(3— (0, 0){

Above, F,:(0,0) are the aforediscussed form factors of the operators between appropriate states of the 0-
critical class.

Although we have focused in the present example on ultratelementary operators acting on a single site,
our approach would works just as good for higher compositraiprs such as finite products of local operators
on adjacent site, such as

oK = ﬂ 0% (4.21)
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Conclusion

In this paper, we have generalized to the multi-point caseditricted sum formalism developed|[in][20] for the
study of the form factor expansion of two-point correlatfonctions in massless models. In this framework, the
computation of the form factor series, for large but finitéunoe and in the large distance regime, reduces to
the computation of multi-dimensional sums over particalasses of low-energy excited states. Our formalism
naturally applies to quantum integrable models such as % 3pin-1/2 chain in the massless regime or the
guantum non-linear Schrédinger model in the repulsivemegilt also applies, upon quite reasonable assumptions
on the way of parametrizing the model’s spectrum and thetsire of the model’s form factors, to more general
massless one-dimensional quantum models. Let us finallyiomethat this approach to multi-point correlation
functions, developed here in the static case, can be exdeadén [22], to the time-dependent caigdp the study

of the large-distance and long-time asymptotic behavidunwdti-point dynamical correlation functions.
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A The summation identity

In order to establish the summation identities of intenestshall compute the largd-behaviour of the sum

SO - ij{ Z } (Sln[ﬂvr])N ﬁlﬂ[{sm[m/s] |t /1(2)}} lLl{deTN [ﬁ]} (A.1)

Wz s=1 a=1 (k 1) (k)

in two ways.
The definition ofo\? involves the numbersg‘) defined as

N+1 N+1
/lgo):a—% and A% = ; .y for k=1,...,r. (A.2)

Above, we have adopted the convenient shorthand notatora ¥ectom, we denote

k
ﬁk = Z]]S . (AS)
s=1
Finally, in (A1), vs andts are some auxiliary complex numbers such that
1 -
%(vs)¢§+z and tse[0;2r], s=1,...,r—-1. (A.4)

Furthermore, the two boundary sequences of integers read

O = D = a. (A.5)
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The ¢—1)xN-fold sums[(A.1) defining?ﬂ) can be recast in two fierent ways. On the one hand, one can relate
it to a Toeplitz matrix. On the other hand, one can represasta sum over particle-hole like excitations associated
with each intermediate state arising in the expansion. &tierlgenerates the multidimensional restricted sums
([3:4) that arise in the context of form factor expansions oftipoint correlation functions.

A.1 Toeplitz determinant representation

Let SE\T_){(,,) satisfy the induction
N

N,
(+1) sinfrvnea] e (0-ns2 5] [ 1 ]} n)
SN;[H}*” - Z 1—[{ T € ’ dety L Co SN (A.6)

ez a=1
M. o
07 <<y

and be subject to the initialization condition

@ _ (sinfrva\V [ 1 ]
S _( - ) dety|-—z—|- (A7)

It is then readily seen that Wiﬁ‘f{,) =(1,...,N)

S(Nr),(,) S0 (A.8)

Furthermore, we shall establish by inductionrothat

n

N
(n+1) _ N+
SS;(ln)m _ l—l —|stts | I e't A0 DN l) . dety [C ) b[Xn+1]] (A.9)
a=1

s=1
Above, given a functiorf on [0; 2r], we have set

2r

alf] = f e—ikef(e)-d—zi. (A.10)

0

The functiony,, is expressed in terms of elementary jump-like Fisher—Hgrsymbols

n-1
xn = Xm0 | [Xvenie (A.11)
s=1
where
Xoo(0) = ei(”‘ﬁ”*”)‘g{l[o;w[ + e‘Zi”‘Sl[w;zﬂ[}. (A.12)

One can recaﬁ(l) in terms of a Toeplitz determinant. Indeed, one has

(1)

2n
i iy 00 @m — g sin[rv4]
i — vy (v1-))6 —_ = =
Cilxv.0l = € fé > o) =) (A.13)
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Thus, all in all,
= detv|co_plrmol] (A.14)

so that the induction hypothesis does indeed holahferl. Then, assume it holds for someThe antisymmetry
of the determinants allows one to replace the summationafterdamental symplex by one over the whol&bf
normalized by IN!. Then, using the antisymmetry of the determinants, onereplace one of the determinants
by N! times the product of its diagonal entries. This ultimatgigids:

n

st = [Tl ]
N

s=1 a=1
N i T n n+ C (n)_b[,\/n]
x Z n{sm[ﬂ—vnﬂ]e't”(fg)_é 1))}'Olel'N[ ) . D) . (A.19)
(Mezn a=1 T &7 = G+ v
Entering the sums into the lines of the determinant, onetpetsepresentation:
n N
BINGY T (p(N+1) _ N+1

St = [ [{e™ ) [ [ - dew[m{., (A16)

s=1 a=1

where we have set

2 _
sin - Cro sin - , di(t-0) g

wg = 3 I gy _Gealiol_ soal a5 @0 90
tez T —a+vnea n . Lil-a+vna 21

Using that, for O< t < 27
eit€ 2iﬂ.e—iat

= — (A.17)
_ @2n
~ {+a 1-eg4na
one gets
dt(ta-0) @™ns1-3) i _ ‘
_ -i(vne1-a)(Th—6) —2imvne
= = -€ Alra = (6 € - ., 1@ A.18
Lil-a+tvpr  sinfr(vneg - a) { [O’tn[( ) + [T '2”[( )} ( )
leading to
M® = caplynil, (A.19)

hence establishing the induction hypothesis+at. Then, the largé\ asymptotic behavior Qf(Nr) can be obtained,
say, from the results established|in [8]:

r-1 r
n _ ~iNtsvs  aiNksyaTs) | G+ vs+ks,1—vs—«ks)
SN B 1—[ {e ¢ ' } 1_[ { N(vs+s)?
s=1 s=1

r
y l_[ (1 B ei(tail_tbil))(Va+Ka)(Vb+Kb) ' (l N 0(1)) . (A20)
azb
whereG is the Barnes function. Furthermoseg,e Z" is an integer valued vector such thatmaximises

r
Koo = ) (vs+ ks, (A.21)
s=1

under the constrair = 0. Due to the hypothesis on,a=1,...,r, the maximizer exists and is unique.
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A.2 The form factor expansion representation

In order to get the form factor-like expansion, we relabel imegersfgs) in terms of the particle-hole like integers
{pg?}n“) and{h}"™ | for somen® = 0,...,N. Namely, for any sequendés) << é’ﬁ) we define the integer
n® and the integers

pY < <p®  with  pQez\[1;N] and h® <. <h® with hQ e[1; N] (A22)
as

&) =a forae[l; NJ\(hO,. .. hfz)} and 9 = p® for ae[1; n9]. (A.23)

Then, after some algebra, one gets that

A& 0o

l_[ l—[ (IOEH) - hgs) + Vs)(hl(gs_l) p(as) + Vs)}
X
(5 = b+ vo(pf™ -

b=1 a=1 ps +ve)

CH |
1 sinfrvel L (N+1-h0 +v hY —vs, 1-p +vs, N+1-pd +i0*
<[] { r }

11 n N+1-h, h®, 1-p +i0*, N+1-p& + vs
(s-1) )
n sinfrvel ( N+ 1-hY —yg TV 4vg 1-pFY—vg N+1- p(*l) +i0* Aoa
XH{_ _— N+1-h$D, h(s‘l) 1-p&Y4ior, N+1-pSD_y } (A.24)
a=1

Thus, the series expansion 8 takes the form

r-1 N r-1
_ () ()
SW o= oSt [ [4 D) 2] Z b LT 00 s vsiaits)
a=1 n9=0 pO<.ch® pc.<pl = 1

h(s)e[l N]| pez\[1;N]
r n(yl) n(S)

( (s-1) h(S) +y )(h(s—l) pgs) 4 Vs)}
Xl | , (A.25)
l_[ 1—[{ h(S—l) h(S) +vs)( p(S—l) (9

s=1 b=1 a=1 Pa’ +Vs)

where

T T

H({pal] s (hal] | v.mit) = (—1)“-(Si”[”v] , sinfr] )ndeﬁ[ﬁ]n{eﬁ(%—h&)}
a a=1

xﬁl" N+1l-ha+v, ha—v, 1— pa+v, N+1— pa+i0*
1 N+1-hy hy, 1—-pa+i0f, N+1-pa+v

n -
N+1l-ha=n ha+n 1-pa—n N+1-pa+i0"
xl—[r( N+ 1-hg, ha,l—pa+i0+,N+1—pa_;7 . (A-26)

In (A.25), Gn({vs}; {ts}rl‘l) is built out of products of so-called background form facfthese have been consid-
ered in [19]. In this free-fermionic setting, each such fdactor can be computed explicitly in terms of Barnes
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functions. More explicitly, one has

(el ) = ﬁ{e—iNth}ﬁ{(SinEfvs]) de N[m]}

s=1 s=1
r-1 r
— ~iNtsvs | N+LN+1 }
- g{e } Q{G(“VS’ VS)} Q{G(N+1—VS,N+1+VS
r-1 R
{e_INtSVS} B
- ] {G(l fvel- vs)} S(1+0(1). (A27)

[IN%E sl
s=1

Now we focus in more details on the sum over the integpﬁ}g(s) and{hgf)}g(s). We will reorganize the sum
into one over excitations of Umklapp type. This will allow tesidentify clearly the leading oscillating power,
hence making a comparison with the Fischer—Hartwig asytiggtdn the following, we agree upon

Ho={L....[5]} . Hr={[5]+L....N} , PL=-N" and Pr=N+N. (A.28)

Above [] stands for the floor function. It then follows that one cacas the various sums definir:&ﬁ:) as

n® no

S(Nr) = GN( Vs) 1! tsr l)l_[{ Z Z Z } m(S)r - r(S)}r - {n(S)}r 1) (A29)

n®=0m9=0r=0

where

r-1
f({m(s)}r 1. {g(s)}r 1. n(s) r 1 1_[{

<h® (CRENC) () }

st h(15)<"'<h(nf2s) h§25>+1<~~ e PL < <Py pr(s>+1 LA
h(as)EHL th)EHR p EP p EPR
r—1 r nGD n® (S—l) h(S) h(S—l) (9
M (9 _ vs)( Py’ +vs)
X {WN{p”} (AT | ve vsenit } { .
g ( a 1 ss Vstls s g H 1:[ (h(s_l) h(s) Iy )(p(s—l) pgs) + Vs)
(A.30)

It then remains to make several simplifications in each adgélimmands by using the fact that some terms,
due to the largeness ® can be simplified. For this purpose, for each set of right @rtige integers, we
reparameterise the variables in terms of "small" ones by

pY = 1-p2 for a=1,...,r9 | p® = N+ pés_)r(s)_Jr for a=r9+1...n® |  (A31)
and
h = h§f>_ for a=1,....m% | h® = N—hgszﬂs)_+ +1 for a=1+m®,...,n® (A.32)

Since we are solely interested in the leadg— +c0 asymptotics of each term subordinate to a choice of
n®, r® andm(®, we shall make several simplifying assumptions. First, halsassume that we can extend the
summation up ta\* for all of the variables, this without altering the leadiNg— +co asymptotics. Then, we
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shall work as if the series were convergent in a strong senisis. will allow us to treat the varlable{sp(s) } and
{hgj)i} as "small" in respect tbl. Finally, expanding the summand into powerd\gfwve shall only keep the leading
contribution.

A long but straightforward calculation then shows tB%f admits the following largeN behaviour

r r-1 r-1
S(r) ~ G(l + Vs, 1-— ) i N—V% {eiNts(fs—Vs)N—2[§N2(VS—VS+1)[S} N2[S€&1
0= [Jloasna w3 ] [

EZ”l

X S (s vel) -7 (sl bvsl) - (A33)
Above, the functions:?ﬂt,f_1 are as defined in_(3.4).

A.3 Identification of the asymptotics and the summation fornula

In order to identify the asymptotics one shall change thabées of summation i (A.33) according [0 (3.8)-(3.9).
Upon using the identitie§ (3.110) arid (3.11), we are, atdinled to

r-1 r
_iNtS GA+ve,1-vs) 1 «
SE\r‘) = l_[ {e s S)} Z l_[ N(VsS+Ks)2 S l—[ eIN Sﬂt l’r 1(Kr)( ts vs 1) y; 1(Kr)( ts Vs}g_) )
s=1 keZ  s=1

Y1 ks=0
(A.34)

The identification of the leading asymptotics of the Toeptieterminant with the leading iN term of [A.33)
yields

r r

_ _ _ G(l —Vs—K )G(l +vs+ KS) VET (vat+ka)(Vb+kp)
1 ' 1 _ s — Ks ' i(a1-To1)
st eI Ty (T sl = [ G(1 - vs)G(L +vs) H | (a-ett) '

s=1 azb

The parts relative t‘?%ll(xr)({ts}i_l’ {vs}}) (resp. sz,I(K,)({tS}rl_l’ {vs}})) can be readily 'infe'rred by applying a
Wiener—Hopf factorization o€ \ R. In order to ensure uniqueness of such a factorization, baoeld fix the
asymptotic behaviour of/;* 1(K)( ts}; %, {vs)]) att — oo, this non-tangentially t® and under the constraint

+J(t) > 0. The latter are readlly read?drom the explicit expression§ (3.4) fcﬂ”+ fr 1k )( ts) 1 .{vs}}). Namely
r-1 r-1
ts [S([SJrl) 1+€s_Vs,1+€s+Vs+]_ ) . ( 1+VS’1+€S—1_€S+VS )
yfr 1(Kr)( ts 1> VS}l) +ico g{el ( 1—V5,1+V5+1 15:2[6 l—£S+V5,l+£S_1+VS

and
r-1

r-1
— r— _itsw ( 1_€S+VS’1_€S_VS+1 ) ( Vs,l gS—l+€S_VS )
yfr—l("r)({ts} VS 1) ta——ico g {e ’ G 1 + Vs, l — Vs+1 - G l fs_]_ Vs, l + gs — Vs ’

It is then readily checked that one has the decomposition

N

lL[G(l_VS_KS)G(l-’-VS-’-KS) _ ﬁG( l+€S—V5,l+€S+V5+l,1—€5+Vs,l—€5—V5+l )
G(l—Vs)G(l+V5) 1—V5,1+V5+1,1+V5,1—v5+1

s=1 s=1

r— (1+VS’1+€S—1_€S+VS’1_VS’1_€S—1+€S_VS
al

1-Cls+ve,l+€s1+vs,l—Cs1—ve,l+E€s—vs ) (A35)

The latter was the last missing piece so as to obtain the faer{G.7). [ |
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