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ASYMPTOTICALLY EUCLIDEAN METRICS
WITHOUT CONJUGATE POINTS ARE FLAT

COLIN GUILLARMOU, MARCO MAZZUCCHELLI, AND LEO TZOU

ABSTRACT. We prove that any asymptotically Euclidean metric on R™ with no conjugate
points must be isometric to the Euclidean metric.

1. INTRODUCTION

The study of manifolds without conjugate points is a deep subject in Riemannian geometry
and dynamical systems. A celebrated theorem due to Hopf | |, which extended previous
work of Morse-Hedlund | |, implies that the only Riemannian metrics with no conjugate
points on a 2-dimensional torus are the flat ones. The analogous statement for higher di-
mensional tori had been a long-standing conjecture, finally proved by Burago-Ivanov [ ].
Similarly, the flat metrics are rigid within a large class of Riemannian manifolds without
conjugate points that are flat outside a compact set and have a “simple” topology. More
specifically, any compact perturbation of the Euclidean metric on R™ must be either flat or
have pairs of conjugate points, as was shown by Green-Gulliver | ] in dimension 2 and
Croke | ] in higher dimension. In this paper, we extend this rigidity result to the class of
asymptotically Euclidean metrics on R™ that are short-range perturbations of the Euclidean
metric.

We denote by 21, ..., 7, the Cartesian coordinates on R, and by go = dx? + ... + dz? the
Euclidean metric. For an integer m > 2, we will say that a Riemannian metric g on R" is
asymptotically Euclidean to order m > 1 if, outside a compact neighborhood of the origin, it
has the form

1 < 1 =z
= g0+ > aij( 1 1 )daida; 1.1

for some smooth functions a;; € C*([0,1] x S"~!). This condition is actually independent of
the choice of Cartesian coordinates x;, and is formulated in Section 2 in terms of Melrose’s
scattering bundle. Our main result is the following rigidity theorem.

Theorem 1.1. Let g be a Riemannian metric on R™ that is asymptotically Euclidean to order
m > 2 and without conjugate points. Then, there exists a diffeomorphism ¢ : R™ — R™ such
that *g is the Euclidean metric.

Actually, the proof of Theorem 1.1 only needs the coefficients a;; to be C* for some k >
n + 1 —m that can be computed explicitly, i.e. the Riemannian metric g needs to have an
asymptotic expansion in integer powers of |z|~! up to o(|z|™"1).
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We stress that the assertion of Theorem 1.1 is not true if we only assume g to be without
conjugate points and with sectional curvature converging to 0 at infinity at speed O(1/|z|?).
Indeed, one can construct non-flat non-positively curved metrics on R asymptotic to a metric
cone dr? + r2h (in polar coordinates), where h is a metric with constant curvature x € (0, 1)
on S 1 see | , Section 2.3].

The proof of Theorem 1.1 will be carried over in four steps:

Step 1. We show that an asymptotically Euclidean metric g to order m > 2 with no conjugate
points must have the same scattering map and travel time as the Euclidean metric. Namely,
if we denote by SR™ and S’R™ = R” x S"~! the unit tangent bundles of g and gg respectively,
the geodesic flows of ¢ and gg are conjugated by a diffeomorphism 6 : SR® — S°R" tending
to the identity at infinity, with an order of convergence comparable to |z|~"*1.

Step 2. The conjugacy 6 of the geodesic flows allows us to compare the asymptotic volumes
of Riemannian balls for the two metrics: if we denote by By(xo, R) and By, (xo, R) the Rie-
mannian balls of center x¢ and radius R for g and gg respectively, then for each xg € R" we
have

Vol (B,(wg, R)) = Volyy (B, (0, R)) + O(R™™™*1) as R — oo. (1.2)
Step 3. By employing Jacobi tensors in a similar way as in Croke’s | ] and in Berger’s
proof of the Blaschke conjecture for S™ [ ], the asymptotics (1.2) and the absence of

conjugate points force g to be flat provided it is asymptotically Euclidean to order m > n+ 1.

Step 4. The particular structure of the Riemannian metric g near infinity allows us to describe
very precisely the behavior of the g-geodesics that do not enter the regions |z| > R for large
R: if we compactify R” radially by adding a sphere S*~! at infinity, we see that as R — oo
those geodesics converge as non-parametrised curves to geodesics of length 7 on the unit
round sphere S"~! (namely, half great circles). Since g and go have the same scattering map,
we show that the tensors in the asymptotic expansion of g in powers of 1/|x| satisfy suitable
equations. Such equations, together with suitable properties of the Funk transform (also
known as the X-ray transform), imply that all the terms in the asymptotic expansion of g
must vanish, and therefore showing that g is asymptotically Euclidean to any order m. This,
together with Step 3, completes the proof of Theorem 1.1.

Steps 1 and 3 build on the work of Croke [ ]. As for Step 4, the behavior of the
geodesics near infinity was studied by Melrose-Zworski in their work | ] on the quantum
scattering operator for the Laplacian of asymptotically Euclidean metrics. The recovery of
the asymptotic tensors is inspired by the work of Joshi-S& Barreto | ] on the quantum
scattering operator for the Laplacian; nevertheless, our arguments are quite different from the
ones of Joshi-Sa Barreto, as we cannot employ the amplitudes that arise in the Fourier integral
representation of the quantum scattering operator, a key tool in | ] for the recovery of
the terms in the asymptotic expansion of the Riemannian metric.

We conclude the introduction by mentioning some related rigidity results in the literature.
A remarkable theorem of Croke | | states that, on the universal cover (M, g) of any closed
Riemannian manifold without conjugate points, the volume of the Riemannian balls satisfy

.. . Voly(By(zo, R))
1 f— 99 > 1 M
B oL, (B (0, ) = 1 e

where, as above, gg is the Euclidean metric on R™; moreover, if this limit is equal to 1 for some
xo, then g is flat. Building on the work of Hopf | |, Bangert-Emmerich | ] showed
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that the same assertion holds in dimension 2 under the only assumption that M is a complete
surface without conjugate points. In the case of non-simply connected manifolds, beside
the already mentioned results of Hopf | | and Burago-Ivanov | ], Burns-Knieper
[ ] proved that every Riemannian metric on the 2-dimensional cylinder R x S! that is
without conjugate points, bounded cross-section, and curvature bounded from below must be
flat; Croke-Kleiner | | proved that compact perturbations of complete flat Riemannian
metrics on any non-compact manifold must have conjugate points or be flat. As for the case of
non-compact perturbations of the Euclidean metric, we mention the rigidity result of Innami
[ | for Riemannian metrics on R™ with no conjugate points, integrable Ricci curvature,
and vanishing integral scalar curvature. Compared to these results, our Theorem 1.1 has
a rather strong assumption on the geometry at infinity, but on the other hand does not
require the invariance of the Riemannian metric under a group action, nor global curvature
assumptions, nor the fact that the Riemannian metric is a compactly supported perturbation
of a good model.

Acknowledgements. The authors thank Gerhard Knieper and Gabriel Paternain for helpful
discussions and references. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No. 725967). Leo Tzou is supported by ARC DP190103302. This work
was written while Colin Guillarmou and Marco Mazzucchelli were visiting the University of
Sydney; the authors thank the institution for its support and hospitality.

2. GEOMETRIC BACKGROUND

2.1. Asymptotically Euclidean metrics. We denote by go the Euclidean metric on R",
and by (r,y) the polar coordinates on R"™, where r = |z| = |z|y, y = x/r € S"7!, and
x = (x1,...,T,) are the Cartesian coordinates on R”. The Euclidean metric gy = d3+...+dz?
can be written in polar coordinates as gy = dr? + r2hg, where hg is the Riemannian metric of
constant curvature +1 on S~ We set po := r~! in the region 7 > 1 and extend it smoothly
as a positive function on R”. We compactify R™ radially by adding an (n — 1)-sphere at
infinity, i.e. at po = 0. We denote by R™ this compactification, and equip it with the smooth
structure that extends the one of R™ and is such that (pp,y) are smooth coordinates near
OR"™ = S"~1. The Euclidean metric go can be written on R™ \ {0} as

dp§ | ho
go =7+ . (2.1)
Po Po
Following Melrose | | (see also | , Chapter 2] about boundary fibration structures),

there is a smooth bundle, called the scattering tangent bundle and denoted by S°TR" — R",
whose space of smooth sections is identified with the space of smooth vector fields of the form
poV, where V are smooth vector fields on R” tangent to the boundary R". By means of this
identification, in local coordinates (pg,y1,. -, ¥yn_1) near OR™, a local frame of S*TR" — R"
is given by pgapo, poOy,, - -, po0y,_,- Using polar coordinates, it is straightforward to check
that the vector fields 9, are smooth sections of S*TR". Equivalently, smooth scattering vector
field W are those vector fields on R™ that can be written outside a compact set as

W= 0 )
j=1
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for some a; € C*([0,1) x S"~1). The vector bundle dual to S“TR" is denoted by T*R".
Near OR”, it admits the smooth frame py 2dpy and Po 1w, where w is any smooth 1-form on
R™ such that w(d,,)|sgw = 0. As before, the 1-forms dz; extend as smooth sections of S*T*R"
on the whole R™. Therefore, the Euclidean metric gy is a smooth section of the symmetric
tensor bundle S?(**T*R"), i.e. gy € C°°(R™; S?(S*T*R")).

Definition 2.1. A Riemannian metric g on R" is asymptotically Euclidean to order m > 1
when g — go € p*C>(R"; S?(**T*R"™)) and pEQ\dpolg =1+ O(p3). When m = 1, we simply
say that (R"™, g) is asymptotically Euclidean.

This condition implies that, near OR", we have

dpd  >_;bidpody; > kidy: dy;
g—go:p6”<a—40+ L + =L = )
Po Po Po

where a, b;, ki; € C°(R") with pla = O(pglaX(Q’m)). In Cartesian coordinates, the condition
g — go € prC>(R™; S2(S°T*R")) means that for |z| > 1

1 < 1 =z
() = 5 ( ’ )d i
W= T 2 g )

(2.2)

for some a;; € C°°([0,1] x S*71), and this further implies that, for each multi-index 8 € N",
laf(g —90)ij| < Cﬁfairm*‘ﬁ', Vo € R" with || > 1

for some Cjg > 0. The condition py 2|dpo|, = 1+ O(p2) is only relevant if m = 1 (as otherwise
automatically satisfied) and corresponds to the condition ), ajjziz; = O(1) as [z — oo.
It was proved by Joshi-Sa Barreto | | that an asymptotically Euclidean Riemannian
metric admits an approximate normal form near the boundary OR™. In fact, it also admits
an exact normal form. We recall the following lemma which can be viewed as a sort of polar
coordinates representation of g and is extracted from | , Lemma 2.2.].

Lemma 2.2. Let g be asymptotically Fuclidean to order m > 1. There exists a boundary
defining function p € C*°(R") that satisfies

Vip

| . 1 = o1+ 0GR, (2.3)
If m > 2, the function p is uniquely determined near OR™ by (2.3). If m = 1, the function
p is not unique: for each wy € C®(OR™) there exists a function p = po + wop? + O(pd) such
that p~2|V9p|, = 1.

For every such boundary defining function p, there is a smooth diffeomorphism
¥ :[0,€)s x OR" — U C R"

onto a collar neighborhood U of OR™ such that (0, -)|szw = Id, ¥*p = s and

. ds®>  hy
wg_?_'_?:

where hy is a smooth family of Riemannian metrics on OR™ satisfying

hs — ho € s™C™([0,¢) x OR™; S*(T*OR™)).
The diffeomorphism 1 is uniquely determined by p by means of the formula (s, y) = es%e (y),
where Z, = p~4V9p € C=°(R"; TR").
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Let us consider a diffeomorphism v as in the previous lemma, and the associated function
p. We extend p arbitrarily to a non-vanishing smooth function on the whole R™. We consider
the corresponding diffeomorphism 1) : [0,00) x S*~1 — R\ {0}, v0(po,y) = y/po associated
with the Euclidean metric gg. Up to pulling back g by any diffeomorphism which is equal to
pohy L outside a compact subset of R™, we can always assume that ¢ and go are in the same
normal form near OR”™. Namely, p(z) = po(r) = |x|~! outside a compact subset of R".

Lemma 2.3. Let g be an asymptotically Fuclidean Riemannian metric to order m. Its
Christoffel symbols Ffj with respect to the Cartesian coordinates on R™ satisfy

Il(z) = 0(p(x)™*h),

ma dUy(z)o = O(p(x)"*2), 24
V|g=
and its Riemann tensor R satisfies

max Ry (v1,v2,v3,v4) = O(p(2)™2). (2.5)

|v1]g=...=|va]g=1

Proof. The vector fields J,, are smooth sections of sTRn. Using Koszul formula and writing
g = go + p™q for some q € C®(R7; S2(*T*R")), we get

2T} = 05,9(0s;,00,) + 02,9(0a,, 00,) — 02, 9(0u,, Ou,)
= Oy, (me(axjaazk)) + amj (P™q(Ou;, ark)) — Oy, (™ 9(0x;, azj))~

This, together with p"q(0y,,0x,) € p™C°(R") for all j, k, implies the decays in (2.4). As
for (2.5), we proceed similarly by writing R9(0y,, 0z, Ox,, Oz,) in terms of the the Christoffel
symbols and of the second derivatives of g. O

2.2. Rescaled geodesic flow. Let g be an asymptotically Fuclidean Riemannian metric to
order m > 1 on R™ without conjugate points. The geodesic flow associated with g on the
unit cotangent bundle S*R™ = {(z,£) € T*R" | [£|; = 1} is the flow of the its geodesic
vector field X, which is the Hamiltonian vector field of the Hamiltonian H(z,£) = (¢ 2. It
is shown in | , Section 2.4] that X can be better described on a non-compact manifold
with boundary, denoted by S*R", whose interior is S*R™ and whose boundary consists of
two connected components diffeomorphic to 7*9R"™. The manifold S*R" is defined as follows.
The unit scattering cotangent bundle is an (n — 1)-sphere bundle over R” whose total space
is the compact smooth manifold with boundary

Scs*w = {($,§) € SCT*@ ‘ |€’91 = 1}

The coordinates (p, y) on R” induce local coordinates (p,y, &y, 1) on S*T*R™ as follows: every
covector £ € ST*R” can be written as

n—1

— dp _ dy;
525074‘2%4- (2.6)
P
Therefore, £ € °S*R™ if and only if E(Q) + \ﬁﬁp = 1. We consider the (radial) blow-up

[*°S*R™; L]

of 5¢S*R™ at the submanifolds Ly := {§, = £1,p = 0} C 5¢S*R" obtained by removing
Ly and gluing in the inward pointing spherical normal bundle to Ly ; see [ , Chapter
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5] for details about blow-ups and [ , Section 2.4] for this particular case. The smooth
structure on the blow-up is the one that makes the polar coordinates

y € OR", ,/]ﬁ\,{p +p2 € RT, 277 , 2p e sr 1
I, + o2\ Jl, + o

around L4 smooth. The space [**S*R"™; L] is a manifold with codimension 2 corners. The new
boundary faces obtained from the blow-up are half-sphere bundles (i.e. the inward pointing
spherical normal bundle to L) whose interior is denoted by 0+ S*R™, and are isomorphic to
T*OR™: using that in the region +&, > 0, Ly = {p = 0,7 = 0}, we can use, in a neighborhood
of the interior of these new boundary faces, the projective coordinates

psYsm =T/p (2.7)

are smooth coordinates and 91 S*R™ = {p = 0} in this neighborhood using the projective
coordinate. Notice that (y,m) restricted to 0+S*R™ provide a diffeomorphism with T*9R".
The variable £, is determined by (p,y,n) near 91 S*R™ by the equation

=2
S+ 0k, = 1. (2.8)

The other boundary hypersurface of [*S *R7; L] corresponds to pull-back of {p = 0,7 # 0}
to [*S*R"; L] by the blow-down map 3 : [**S*R"; Ly ] — %¢S*R” and is denoted by bf. We
then define the non-compact manifold with boundary

S*R™ := [**S*R"; L] \ bf.

Note that the coordinates (p, y, £, 1) satisfying the condition (2.8) provide well-defined smooth
coordinates on S*R", since the only region where n = 7/p was not defined on [**S*R™; L] is
bf. We also note that p is a smooth boundary defining function of 0+ S*R™ in S*R”. More
informaly, this blown-up manifold leading to S*R™ can be considered as the following pro-
cess: using Lemma 2.2, when g is asymptotically Fuclidean to order m > 2, the coordinate p
uniquely defined by (2.3) gives a decomposition R\ K =~ [0, ¢). x OR™ for some compact set
K C R", inducing a decomposition of T*R" over R™ \ K under the form (using (2.6))

T (R7 2 M= [0,€), x Rg x (T"OR"),,, (2.9)
and S*R™ is just the fiber bundle given by S*R" over K, while S*R"\ S3R" is diffeomorphic
outside K to the subset

- —2
{(p, €0 ym) € M| & + PPl =1}

The blown-up picture is an invariant way (not depending on p) to define this smooth manifold.
In the case m = 1, p is not uniquely defined by (2.3), and two such functions p and p are

related by p = p+ f{op2 + O(p?) for some wy € C*°(9R™); the induced coordinates (p, &y, 7, 7)
are related to (p,y,&q,n) by (for n in a compact set)

J=y+0(p), & =28 +0(p), 7i=n+dw+0(p"). (2.10)
In | , Lemma 2.4], it is shown that the rescaled geodesic vector field

X =:p X (2.11)
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extends as a smooth vector field on the whole S*R™ that is transverse to the boundary d+ S*R"™
of S*R™. Its restriction to 04+ S*R"™ is given by

X|o.srn = FO, +Y, (2.12)

where Y is the Hamiltonian flow of %|77|1210 on T*OR™. Moreover, dp(X) = £1 + O(p) near
0+ S*R", which implies that on compact sets €2 of S*R”, X is transverse to the hypersurfaces
{p = €} for each € > 0 small enough depending on Q. In the local coordinates (p,y,&g,n)
(subject to the condition Eﬁ + p2\n\,2l =1),

X =80, + > hinid,, — (In* + pa Inl%,) p0s Zayj (Inl%, )0y, (2.13)
.3
We denote by @, the flow of X, which is smooth on S*R™. Its flow lines are mapped by the
base projection mo : T*R™ — R" to the geodesics of g. By (2.13), for each (y,n) € 0_S*R" ~
T*OR" the geodesic ¥(7) = mo(®,(y,n)) = (p(7),y(7)) is parametrized so that

p(t) =74+ 0(7%), y(r) :y+7'77ﬁ+(‘)(7'2), asT— 0 (2.14)

locally uniformly in 7. Here, n* is the tangent vector to OR™ = S"~! so that n = ho(nF, "),
where hg is the round Riemannian metric on the unit sphere S*~1.
The following lemma follows from | , Section 2.7].

Lemma 2.4. For each unit-speed g-geodesic v : R — R", there exist yi. € OR™ and ny €
T, OR™ such that

lin (1) 9(0)") = (%5 + s ) € O5°R,

t—=+o0
where 4(t)° = g(%,-). In particular, limy_+o0 Y(t) = y+ in R7.

Proof. Since g has no-conjugate points, its exponential map at any xg € R" is a diffeomor-
phism. This readily implies that d(xg,7v(t)) — oo as t — oo, and therefore p(y(t)) — 0
as t — +oo. Let T' > 0 be large enough so that, for all ¢ > T, y(¢) is contained a neigh-
borhood of R™ where (p,y) are local coordinates. Up to further increasing T, we have by
(2.12) that dp(y(t))¥(t) < 0 for all t > T. Since X = p~2X, there exists a diffeomorphism
t:[0,74) — [T,00) such that, if we set F(7) := ~y(t(r)), then (F(7), p>(F(7))F(r)?) is an
integral curve of X with dp(3(7)) < 0 for all 7 > 0. We write this flow line of X in the
local coordinates (p,y,&y,n) as (p(7),y(7),&(7),n(7)). By | , Lemma 2.6], we have
that [n(7)|n, < Clnolp, for some C' > 0 independent of 7 € [0, 7'*). This means that the
trajectories stay in a compact subset of S*R™. Since X is transverse to the boundary 9, S*R"
and non-vanishing, then 7% < oo and there is (y4,7:) € T*OR" so that

Tl_i)I‘Il_l+ (p(T)a y(T)a EO(T)) 77(7—)) = ¢T+ (7(0)7 V(O)b) = (07 Y+, _17 77+) (215)
The argument for ¢ — —oo is analogous. O

Since X = p~2X, for any g-geodesic v(¢) with

t—+oo

. . d .
lim (70 9(0)") = (3 F 5 + s ) € O5°R",
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the curves (1) := mo(¢r(y—,n—)) satisfies
t

A(t) = 3(r(t)), where 7(t) = / P (7(s))ds. (2.16)

The inverse function of 7(¢) is given by
- | Nl (2.17)

Corollary 2.5. For each unit-speed g-geodesic v, in the projective coordinates (2.7) we have
p(y(t)) = 1/[t| + O(|t|72) as t — +oo, and there exist Euclidean geodesics v; such that

Jim dg, (7(1), %7 (8) =0, lim (§() = 557 (1) = 0. (2.18)

If we denote by S°R™ and SR™ the unit tangent bundles associated with go and g, there exists
a diffeomorphism 6 : S'R™ — SR™ satisfying

0(70 (1), % (8)) = (v(£), (1)),

Proof. Let Xy be the geodesic vector field on the unit tangent bundle SR™ associated with
the Euclidean metric gg. We define the rescaled Euclidean geodesic vector field by X :=
p~2Xp, and its flow by ¢?. We fix a g-geodesic (t) parametrized by unit-speed, and consider
(y_,n_) € O_S*R" given by Lemma 2.4. Using the implicit function theorem (X is transverse
to 0_S*R™), we deduce that the map (v(0),7(0)) — (y—,n—) is smooth. Consider also the
rescaled Euclidean geodesic

Fo(1) = mo(@2 (Y-, 1-)) = (po(7), y0(7)),
where g : S’R™ — R", and similarly the rescaled g-geodesic
() == mo(@r(y—sn-)) = (p(7),y(7)).
By (2.14) applied with the metric g and gg, for all sufficiently small 7 > 0 we have
p(r) =7(1+0(r?),  y(r) =y_ +m' +0(z2). (2.19)

The analogous relations holds for po(7) and yo(7). Define 7(¢,n) and ¢(r,n) by (2.16) and
(2.17) respectively. By (2.14), we have that t(7) = 771(=1 + f(7)) with f € C* satisfying
f(7) = com + O(72) as 7 — 0 for some ¢y € R, therefore

1
r(t) =7+ %g FOE3) ast— —oo. (2.20)

We also note that cg is smooth as a function of (y—,7-), thus as a function of (v(0),%(0)).
We recall that p = 1/|x| near OR™. We set

mo(t) = / (v (5))ds

—o0
where v, (s) is a unit-speed Euclidean geodesic equal as a curve to 7,. In particular there
exists a unique vy € R", |vg|g, =1 and z¢ € R™ with go(z¢,v9) = 0 such that

’yo_ (t) = xg + tvg + tovo

for some tg € R. The choice of 2y and vy depends smoothly on (y_,n_) which in turn depends
smoothly on (7(0),+(0)). We now show that there is a unique choice of ty depending smoothly
on (y—,n—) such that the limits in the statement of this Corollary is satisfied.
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Since v, (s) belongs to the region where p = |z|~! if |s| is large enough, we get the asymp-
totic as t = —o0

¢
1 2t
To(t) = / |20 + svo + tovo| 2ds = = — =) + 0(7%)
- t ot
and we can choose tg = —c¢p/2. Note that, by construction, ¢y then depends smoothly on

(y—,n-) and thus on (v(0),%(0)). Making this choice of ¢y implies that 7(t) = 70(t)(1+0(t~2)).
The Euclidean distance between v, (t) = J,(70(t)) and v(t) = F(7(t)) is thus

yo(ro(t) _ y(r(@))

- = 0(1/[t]).

(@)~ ptr(e)| ~
where we used (2.19) for g and go. This proves the first limit for v, . We also have §(t) =
Eo(T(1)p(T(1))20, + p(T(t))*n*(7(t)) with nf = h,(n,-), and similarly for 45 (¢). Since 7(t) =
m0(t)(1+ O(t72)) and

lim £(7) = lim &y(70), lim n(7) = lim ny (1),
7—0 T0—0 7—0 T0—0

we conclude that §(t) — 4, (t) — 0 as t — —oo. The same argument applies as ¢ — 400
for another Euclidean geodesic 'y(T . We notice that the unit-length parametrized Euclidean
geodesic 7 (t) satisfying (2.18) is unique. Furthermore, we saw in our construction that all
parameters determining -, (¢) depends smoothly on the value of (y(0),%(0)), thus the map

(7(0),7(0)) = (70 (0), %9 (0)) (2.21)

is smooth from SR™ — S°R™. This map is also clearly injective by construction: two
points mapping to the same image must be on the same g-geodesic v, and 6 maps the
unit-length parametrized v to the unit-length parametrized v, . It is surjective since for
(75 (0), 45 (0)) € S°R™, the Euclidean geodesic Uier (7 (t), ¥ (t)) is the image of the unique
geodesic Uer((t),¥(¢)) having the same backward endpoint at _S*R" for the rescaled flows.
Let us show that the inverse is smooth: for (v, (0),4, (0)) € S°R", one can find z¢ € R",
lvolgoy = 1, and go(zo,v0) = 0 such that v, (t + to) = 2o + tvg for some ¢y € R, and all of
xo, vo, and ty depends smoothly on (7, (0),4, (0)). This geodesic has the same trajectory as
7o(@2(y_,n_)) for some (y_,n_) € T*OR". Let € > 0 be small, then the unit-speed g-geodesic
¥(t) := mo(¢t(@(y—,n—))) depends smoothly on (zg,vy). By the above argument showing
the smoothness of the map (2.21), there exists a unique ¢; € R depending smoothly on
(79 (0), 4, (0)) such that (y(t),¥(t)) gets mapped to (xg+ (t+t1)vo, vo) by (2.21). Therefore,

0: (7 (0),% (0)) = (v(=t1 — t0), ¥(—t1 — o))
is precisely the inverse map of (2.21) and is smooth. O
The following estimate was given in | , Lemma 2.6].

Lemma 2.6. There is C' > 1 such that for all € > 0 small enough and all unit-speed g-
geodesics v satisfying p(y(0)) = € and dp(§(0)) < 0, we have

€ Ce —Ce ‘W(V(t))‘ho Ce
< 0 < e < ——~ 27 e Yt > 0. 2.99
1+ et (V(t)) 1+ €t7 — ‘n(fy(()))’ho — ) t= ( )

The analogous estimates hold for t <0 if dp(%(0)) > 0. O
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Corollary 2.7. There is C > 0 and R > 0 such that for all unit-speed g-geodesics v such
that

lim (y(t),5(t)’) = (y,n) € O_S*R" ~ T*OR",

t——o0
with |n|n, > R, we have
C
p(y(t)) < 7/, vt € R. (2.23)
‘t‘ + ‘mho

Proof. Let ¢y > 0 be small enough so that the sublevel set {p < €y} is in the domain where (2.7)
are well defined coordinates. Assume that v(¢) is such that p(y(t)) = ¢y for some t and let
to = inf{t € R | p(v(t)) = €o}. Then the second inequality in (2.22) implies that if ¢ is small
enough, for each t < tg

p(r(t0)) < In(r(ta))l;) < 2n(r (05

Taking the limit as t — —oo, we get p(7v(tp)) < 2/R, thus we must have 2/R > ¢y. Then
if R is large enough, p(y(t)) < €y for all ¢ and the same argument as above tells us that
p(v(t)) < 2/|nlp, for all t € R. It is easy to see that for R large enough, and up to changing
the parametrization ¢ — ¢ + to for some to, maxicr p(7(t)) is attained at ¢ = 0 so that
dp(#7(0)) = 0. This means that p(v(0)) = ]17(7(0))|;p1 and the second inequality of (2.22)
gives that p(7(0)) > lim o [9(7())|n,/2 > [M|ne/2- The first inequality of (2.22) then
yields (2.23). O

2.3. Scattering map. Let g be an asymptotically Euclidean Riemannian metric to order
m > 2 on R™ with no conjugate points. We consider its rescaled geodesic vector field X on
S*R™, which we defined in (2.11), and we denote by @, its flow on S*R”. By Lemma 2.4,
for each (y,n) € O_S*R™ there exists 77 (y,n) € (0,00) such that p.(y,n) € S*R" for all
7€ (0,74 (y,n)), and B+, (y, 1) € 04 S*R™. The scattering map of (R", g) is the C? map

Sg t0_S'R" — aJrS*Rna Sg(yan) = @‘r‘*(y,n) (Z/Jl)

Since m > 2, we can identify d.S*R™ with T*OR" using the decomposition (2.9) and the
choice of p = pg + O(p3) giving the normal form of Lemma 2.2. Therefore, the scattering
map can be seen as a map of the form S, : T*OR® — T*OR". However, if we only had
m = 1, p would not be uniquely defined by pg, and given another boundary defining function
p = p+wop® + O(p?), its scattering map Sg : T*OR™ — T*OR™ would only be conjugate to
Sy via the diffeomorphism (y,n) — (y,n + dwo(y)).

The next lemma describes the scattering map of the Euclidean metric gg on R™.

Lemma 2.8. The scattering map of the Euclidean space (R™, go) is given by

Sgo : T*S"™H = T*S"™1 Sg(y,m) = (B(y), (dO(y) ™) ),
where ST = {y e R” } ly| = 1} and © : S"1 — S is the antipodal map O(y) = —y.
Proof. We denote by py = |z|~! and y = z/|xz| € OR™ the coordinates near the boundary at

infinity OR", where R™. Any unit-speed Euclidean geodesic 7(t) = xg + tv, with o € R™ and
v € S"1, satisfies

1 xo  v(zo.v)

(eo(1(0). w28 = (j7-+ 06w + it =

+ O(t—2))> as t — =+oo0.
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This shows that y(v(t)) — +v as t — foo. Now #(t)> = Y1, vidw; if v = (v1,...,v,), and
in the (po,y) coordinates (writing po(t) = po(v(t)) and y(t) = y(v(t))) we have as t — +o0

- dpo a Uidyz dﬂo -
t) = vidr; = —(v.y(t)) —Frg + + —x0 + (20.v)v);dy;
=2 o) 7+ 2y 7 T p 2 ?)

using that > ", v;(t)dy; = 0, where the limit is understood in the manifold S*R™. This
shows that Sy, (v,7) = (O(v), (dO(v) " HTn) if n = 3 (=20 + (w0.v)v);dy;. Since each
(v,m) € T*S"~! can be obtained this way, this achieves the proof. O

3. RIGIDITY OF THE EUCLIDEAN PLANE

In dimension 2, a result stronger than our Theorem 1.1 holds. The 2-dimensional case
is special, as it can be treated by means of Hopf’s celebrated argument | | that shows
that 2-dimensional Riemannian tori without conjugate points are flat. The statement that we
obtain is probably well-known to the specialists, and seems weaker than an analogous rigidity
theorem of Bangert-Emmerich [ ]. Since the argument is short and self-contained, we
nevertheless include a full proof here.

Proposition 3.1. Let (R? g) be a complete simply connected Riemannian plane without
conjugate points, and By C By C B3 C ... a sequence of compact subsets of R? whose union
is the whole R?, such that the following conditions hold:

(i) Each Bj is strictly geodesically convez.
(ii) The Gaussian curvature K, decays at infinity as follows

lim j? maX]K | = 0.

J—00
iii e boundary of B; has length {; = O(j) as j — oo and, if we parametrize it wi
iii) The bound Bj has length {; = O(j ' d, i trize it with

arc-length, its geodesic curvature kj : R/{;7Z — R satisfies
¢
lim k;(t)dt = 2m.
J]—00 0

Then (R2,g) is isometric to the Buclidean (R2, go).

Proof. We denote by SR? the unit tangent bundle of (R?, g). For each (z,v) € SR?, we denote
by Yaw : R — R? the unit-speed g-geodesic with initial condition v(0) = x and #(0) = v. For
each 7' € R, we denote by y, .7 : R — R the smooth function satisfying the Jacobi equation
with boundary conditions

yw,v,T(t) + Kg(’Yx,v(t))?/x,v,T(t) =0,
yfl?,’l},T(O) = ]"
yﬁ,’l},T(T) = O'

Namely, if j, , denotes the unit normal vector field to 7, ., the vector field Y, , 7 := Yz TJz v
is a Jacobi vector field satisfying Y, ,7(0) = j2,(0) and Yy, 7(T) = 0. Since (R? g) is
without conjugate points, a classical argument due to Hopf | , page 48] implies that the
limit
u(z,v) := lim Ya.0.7(0)
T—o0 ya:,v,T(O)
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exists, and defines a smooth solution v : SR? — R of the Riccati equation
Xu+u®+ K, =0, (3.1)

where X denotes the geodesic vector field on SR2.
By assumption (i), each Bj; is geodesically convex. This, together with the fact that (R?, g)
has no conjugate points, implies that the geodesics leaving B; do not come back to it, i.e.

’Yx,v(:l:t) ¢ Bja \V/(.l',’U) € aiSBja t> 07
where 0+ 5B; := {(z,v) € SBj | £g(v,v) > 0} and v is the outward unit normal to 0B;. If

we set

¢j := —min {O, inf Kg} >0,
R2\B;

J

a well-known Sturmian argument | , pages 49,50] implies that

. 1/2
lnfu|8+SBj Z —C-/

1/2
I supulo_sp; < Cj/ ) (3.2)

We denote by a the Liouville contact form on SR?, which is defined as
ag(w) = gz (v, dr(x,v)w),

where 7 : SR? — R? is the base projection. The exterior product a A da is a volume form on
SR?, which defines the orientation of SR2. The measure associated to a A do disintegrates
locally as the product of the Riemannian measure v, on R? and of the Lebesgue measure on
the unit circle S'. This, together with Gauss-Bonnet’s theorem and assumption (ii), implies

£
lim KyaANda = lim 27 / K, dv, = 47 — 27 lim ’ k;(t)dt = 0. (3.3)
J—0o0 JsB; Jj—+00 B Jj—oo Jo
The geodesic vector field X is the Reeb vector field associated to the contact form «, i.e.
a(X) = 1 and da(X,:) = 0. The geodesic vector field X points toward the interior of
SB; along 0_SBj, and towards the exterior of SB; along 0,5B;. Therefore, the 2-form
da = ix(a A da) restricts to a volume form on 0+SB; which is positive on 0;5B; and
negative on _SB;. More precisely, let us denote by pp : SR* — SR? the positive rotation
of angle 6 in the fibers of SR?, and by ~; : R/{;Z — OB; an arc-length parametrization
of the boundary 9B; oriented in such a way that p,/o(¥;(t)) points outside B;. For each
f € C>(08Bj), we have

l; 2w
fa= [ [ 10500 00(350) cos(o) do .

9SB;

This, together with Stokes theorem and (3.2), implies

Xuoz/\doz:/ udoch;/2 / da—/ do :—453-0}/2.
SB; 95 B; 0_SB; 0, SB;

Since ¢; = 0(j72) and £; = O(j) as j — oo, we infer

liminf [ Xua Ada > 0. (3.4)
J=0 JSB;
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By (3.1), (3.3), and (3.4), we infer

limsup/ u?a Ada = — lim K, a A da —liminf XuaANda <0,
j—s00 SB]' J—00 SBj J—00 SB]'

and thus v = 0. By plugging this into the Riccati equation (3.1), we conclude that K, = 0,
and thus (R?, g) is isometric to the Euclidean space (R2, o). O

Corollary 3.2. Any asymptotically Fuclidean Riemannian metric on R? without conjugate
points is isometric to the Fuclidean metric.

Proof. Writing the asymptotically Euclidean metric in normal form associated to some bound-
ary defining function p > 0, we readily see that B; := {z € R" | p(x) > j~'} is strictly
geodesically convex for all j > 0 large enough. Lemma 2.3 gives that supyp, Kyl = 0373).
If we parametrize 0B; by arc-length, and denote by /; its length and by k; : R/¢;Z — R its
curvature, a straightforward computation also gives ¢; = O(j) and foej k;(t) — 2m as j — oo.
Therefore Theorem 3.1 implies the result. (|

Remark 3.3. The proof of Theorem 3.1 also shows (with a slight modification) that an
asymptotically conic metric on R? with asymptotic behavior given by g = dp®/p* + h,/p? on
(0,€), x (R/Z)y with h, a smooth family of metrics on R/¢Z for some ¢ < 27 and hg = d6?,
then there must be conjugate points. This case corresponds to cone ends with angle less than
the Euclidean one. On the other hand, asymptotically conic metrics on R? with asymptotic
cone angle ¢ > 27 possess many metrics with negative curvature, thus have no conjugate
points, see | , Section 2.3]. d

4. DETERMINATION OF THE SCATTERING MAP
In this section we shall prove the following statement.

Proposition 4.1. Any asymptotically Euclidean Riemannian metric to order m > 2 on R"
with no conjugate points has the same scattering map as the Fuclidean metric.

Let g be an asymptotically Euclidean metric to order m > 2 on R", so that
9= 90=p""hy, (4.1)

where h, is a smooth family of symmetric tensors on OR™. Given an absolutely continuous
curve v : [a,b] — R™, we denote its g-length and its go-length respectively by

b b
60) = [ FOld )= [ Ol

Corollary 2.5 tells us that for each g-geodesic v : R — R™ with |4|; = 1 there exist two
Euclidean geodesics v (t) = x4 + tvg with |vs|,, = 1, such that

. + N . . N

i dg (v(1),7g (1)) =0, lim 5(t) = v (4.2)
In order to prove Proposition 4.1, it suffices to show that ;. = x_ and vy = v_, so that
Yo = 73‘ . This will be done in Lemma 4.6 using an argument inspired by Croke [ ,

Section 6]. We will infer as a consequence that the Riemannian distance d, converges with
a suitable rate to the Euclidean one dgy, at infinity (Lemma 4.7), a useful fact for the next
section.
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Lemma 4.2. The asymptotic slopes att — co andt — —oo of any g-geodesic v are the same,
i.e. vy = v_. In other words, v has the same endpoints at infinity as the Fuclidean geodesic

Yo (t) defined in Corollary 2.5.

Proof. Let us assume by contradiction that vy = —wv_. This implies that
dgo (%9 (T), 79 (=T)) = dgq (24, 2-) (4.3)
is independent of T' € R. Since the Euclidean geodesic
Gri[0,] =R Gr(t) =ty (T) + (1= )y (=T)

escapes uniformly to infinity as 7' — oo and has Euclidean length EQO(ZT) = dg,(r4,2_)
independent of 7', we have using (4.1)

im ,(Gr) — gy (Gr) = 0. (1.4)
On the other hand,
0o = Jim £y(1li_rz)) = Jim_dy(+(T),7(~T))
< lim dy(v(T), 75 (1)) + dy(3 (1), 7% (=T)) + dy (79 (=T),7(=T)) < oo,

which gives a contradiction by using (4.4) and (4.3).
Let us now assume by contradiction that vy # v_, so that vy and v_ must be linearly
independent. We break the proof into three steps.

Step 1. For each T' > 0, we consider the Euclidean geodesic (r : [0,1] — R", (r(t) =
ty(T) 4+ (1 —t)y(=T). We claim that if 7' > 0 is large enough, then {7 does not intersect the
Riemannian ball By(R) = {z € R" | d4(0,2) < R} for each R > 0 fixed. In order to prove
this, we first consider the Euclidean geodesic

Cro[0,1] =R, Cr(t) = tyd (T) + (1 = t)yg (=T) = T (tvy + (1 — t)v_) +tay + (1 — t)z_

=vt

Since vy and v_ are linearly independent, every vector v is non-zero. This proves that
|¢r(t)] — oo uniformly in ¢ € [0,1] as T'— oo for all ¢ € [0,1], and in particular {7 will not
intersect the compact ball By(R). Since dg, (7o (=T),7(=T)) — 0 and dg (vg (T),y(T)) = 0

as T — oo, we have that dg,((r(t),{r(t)) — 0 uniformly in ¢t € [0,1] as T — oo, and in
particular ¢ will not intersect By(R) for all large enough 7" > 0.

Step 2. We claim that there is C' > 0 such that for each T' > 0, we have

Ly(Cr) < gy (CT) + C, Coo (Yi=r17) < Ly(Y|j=71) + C.
Indeed, (4.1) implies

by(r17) = oo (1) / (VOB + 72 @)FOR, ~ 130l ) dt

We see that it suffices to show that for any fixed Ty € (0,7),

[ on (VOB =072 GO ~ 0o )]

is uniformly bounded in T. Observe that §(t) = £y(t)p?(t)9, + p?(t)
Lemma 2.4, for all ¢ > 0 we may choose Ty > 0 such that, p(t) < e,

(4.5)

p
<

ZZU() y; and, by
|€o(t)] > 1/2 for all
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|t| > Tp. By Lemma 2.6, we have |n(t)|;, < C for all |t| > Tp. With these observations, (4.5)
can be estimated using Corollary 2.5 by

C p(t)dt < C t7"dt < Cr,.
To<l|t| To<|t|

This proves the desired estimate for the gg-length of «v. The same argument done by reversing
g and gg shows the desired estimate for the g-length of (7.

Step 3. We claim that g, (V|(—77)) — £go(Cr) — +00 as T' — oco. Indeed, using (4.2) there
exists ¢ > 0 such that dg, (v(t),tv+) < ¢ for all £t > 0 and £y, ((r) — dgo (T4, —Tv_) < 2¢ for
all T. On the plane P := span{v_, v} the Euclidean line [Tvy, —Tv_] intersects both lines
Rovy with an angle « € (0,7/2) independent of T'. Therefore

Tvs +v_| = dgy(Tvy, —Tv_) < cos()(dg, (0, Tv_) + dg, (0, Tv))
< cos(@) (2¢ 4+ Loy (Yl [1,07) + 2¢ + Loy (V]j0.17))
< cos(a)de + cos(a)lyy (V][—717)-
By combining these estimates,
oo (VI [=T,1)) = Lgo (CT) = Loy (VN [=11)) — dgo (T4, =Tv-) — 2c
> (1 = cos(a)) o (V][=7,17) — 4ccos(a) — 2c.

Since 1 —cos(a) > 0 and £y, (y|—7,7)) — 00 as T' — oo, we infer that £y, (V[—7,1)) — g0 (1) —
oo as T' — oo.

We now have all the ingredients to conclude the proof of the Lemma as follows. The
g-length of the curve (7 can be bounded from above as

ly(Cr) < Lgy(Cr) +C (by Step 2)
= Loy (V-117) + (bgo (CT) — Lo (V|- 17)) + C
<Ly(V-rm) + (Lgo (CT) — Ly (’Y|[—T,T})) +C (by Step 2)

By Step 3, Ly, (Cr) — g (V| [=7,77) — —00 as T' — oo. Therefore, for all T' > 0 large enough, we
have that £,(¢r) < £y(7v|—7,r))- This is impossible, since v is a geodesic, and on any complete
Riemannian manifold without conjugate points a geodesic segment is the (unique) shortest
curve joining its endpoints. O

We define the compact subsets
Bp :={z € R" | p(z) > 1/R}, (4.6)
which are strictly convex with respect to both g and go for all R > 0 large enough.
Lemma 4.3. There exists an Ry > 0 and C > 0 such that for all R > Ry,

|dg (P, @) = dgo(p,q)] < CR™™
for all p,q € R™ such that the Euclidean line segment [p, q] does not intersect BR.

Proof. Let v(t) be the complete unit-speed g-geodesic joining p and ¢, with boundary data
(y—,n) € 0_S*R™ as t — —oo (obtained using Lemma 2.4). We then have that

to+dgq (p,q)
dy(p, ) < ty([prq)) = / VG, S0t (4.7)

to
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where 7o(t) is the complete Euclidean unit-speed geodesic containing the points p and ¢ and
[p, q] the Euclidean segment joining p, q. Using the coordinates (2.7), we can write

Fo(t) = Eo(1)p* (89, + p* ()n(1)f

with n(t)? the dual of the covector 7(t) € T*S™~! with respect to hg, satisfying the condition
Eo(t)? + p(t)an(t)ﬁO = 1. Due to the assumption on the Riemannian metric g we have that

9(30(1),30(t) = 1+ p* T () h) (n(8)F, 1(2)F). (4.8)

Using (4.8) we can expand

GG, 3000) = 1+ 577 Ok (11, m(0)) + O™ () (D))

Substituting this into (4.7) there is C' > 0 depending only on g such that

to+dgq (P,q) - )
dg(p,q) — dgo(p,q) < C p() " n(t) [y dt. (4.9)
to

Suppose the complete geodesic vy intersects B, we choose a parametrization of vy such that
7(0) € OBR and [p,q] C {t > 0} (then p(y(t)) < 1/R for all ¢ > 0). For ¢ > 0, since
p(t)|n(t)|n, <1 we have [n(0)|n, < R, and by Lemma 2.6, we deduce that there is C' > 0 such
that |n(t)|n, < CR for allt > 0. By (2.22), p(t) < RLH for all ¢ > 0 for some C' > 0 depending
only on g. Inserting these into (4.9), there is C' > 0 such that

1

[e’) 24+m
dy(p, ) — dgo (pq) < CR? /0 <R+t) dt < CR™™FL, (4.10)

Suppose that the complete geodesic g never intersect Br. Then we can find a unit-speed
parametrization for [p, ¢] such that 40(0) € [p, g] with p(70(0)) = € < R™! and |n(0)] = ¢ 1.

By Lemma 2.6, there is C' > 0 depending only on g such that

Ce

< < e L.
ST e’ In(v0(t))] < Ce

p(70(t))
Inserting these estimates into (4.9) we obtain again the estimate (4.10). Combining these two
cases shows dg(p, q) — dg,(p,q) < CR~™*! with C uniform amongst points p, ¢ such that the
segment [p, q] does not intersect Br. Reversing the role of g and go in the above argument
shows the estimate dg,(p, q) — dg(p, q) < CR~™*! for R > 0 sufficiently large and the proof
is complete. [l

Lemma 4.4. There are constants Ry > 0 and C > 0 such that
dgy(z,y) < dg(z,y) + CR™™, VR > Ry, ,y & Bg.

Proof. Let us consider R > Ry, two distinct points z,y ¢ Bpg, and an auxiliary vector w € R"
such that go(w,y—2) = 0 and whose norm |w|g, is large enough so that the Euclidean geodesic
¢(t) = w + (y — z)t will not intersect By for any t € R. We are going to use the elementary
fact that

lim (\/a2 + b2 — a) =0.

a——+00
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This, together with Lemma 4.3, implies that, for some constants Ry > 0 and C' > 0, and for
all R > Ry, we have

dgo (2,) = Jim (dgy (C(=), (1)) = do(C(~1),2) = dgy (4, C(1)))

< Jim (dy(C(=),C(0) = dg(C(—8), ) — dy(y, (1)) ) + CR™™
< dy(z,y) + CR™™.
Here we used that [((—t),z] N Br = @ and [((t),y] N Br = & for all t > 0 large enough. O

Lemma 4.5. There exists a constant C' > 0 such that, for all R > 0 large enough and for
all unit-speed g-geodesics v : (—o0,0] — R™ \ Bgr asymptotic as t — —oo to the FEuclidean
geodesic vy (as in (4.2)), we have

2 (0029 (0) + (0 — g () < CR

Proof. Consider the two geodesics v and 7, as in the statement, they satisfy the equations

() = Y Ty(v®)5i(6)3 () =: Ty (1), 4(1), o (1) = 0. (4.11)
i,j=1
Since g is asymptotically Euclidean, there exists a constant £ > 1 such that
k_1’ ’ ‘90 < ’ ’ ‘g < k’ ’ ‘90'

Since the geodesic ray v does not intersect Br, Lemmas 2.3 and 2.6 imply that

o . " C
Iy (Y, A (D) g0 < Ty llgo[F(E) 5y < B2p(v (1)) < Dt

for some uniform C' > 0. Since dg,(7(t), 7, (t)) = 0 and ¥(t) — 4, (t) = 0 as t — —o0, by
integrating the geodesic equations we have that, for all ¢ <0,

/ F’y(s)(f)/(s)afY(s)) ds

—0o0

Vt € (—o0,0].

t
5(8) = 45 (D)l = sc/ (R+s)"™lds < C(R+ )™,
go —o0

Y(#) =0 (B)lgo < / [4(5) =4 (8)lgods < C(R+ )7

—0o0

and the proof is complete. O
Proposition 4.1 is a direct consequence of the following lemma.

Lemma 4.6. Let g be an asymptotically Euclidean metric g to order m > 2 on R™ with no
conjugate points. For any unit-speed g-geodesic v : R — R" there exist unique xg,vg € R”
with |volg, = 1, which define the Euclidean geodesic yo(t) = xo + tvo, such that

i dg (v(2),70(8)) =0, 1im 4(t) = v,
Proof. That xg,vg are uniquely determined is clear so we only prove existence. Let v be a
complete unit-speed g-geodesic, and consider its two asymptotic Euclidean geodesics VOi(t) =

T+ + tvg. According to Lemma 4.2, we have vy := v_ = v4. Namely, there exists a € R"
with go(a,v—) =0 and ¢y, € R such that

V(T(t) =1, (t+1t0) +a.
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Let R > 0 be large enough so that Bp intersects «y in two points xg = v(sg) and yr = v(tgr),
for some sp < tg. We fix a vector w € R" such that a € span{w} and |w/|g, is large enough
so that

{"YO —l—w‘tER}ﬂBR—

We set z := v, (sgr) +w. For t > 0 large enough, both the Euclidean geodesic joining y(—t)
and z and the one joining z and «(t) will not intersect Br. Therefore, by Lemmas 4.3 and 4.5,
if R > 0 is large enough we have

dg(zR, yr) =dg(v(=1),7(t)) — dg(v(=1), 2r) — dy(yr, ¥(t))
<dg(v(=t), 2) +dg(2,7(t)) — dg(v(=t), 2r) — dg(yr, (1))
< dgy (V(=1), 2) + dgo (2,7(8)) = dgy (V(=1), 2R) — gy (yr, ¥(£)) + O(R™™H)
< dgy (79 (=), 2) + dgo (2,75 () — dgo (v (=), 75 (sR)) — dgo (5 (tR), 75 (1))
+2dg, (g (=), 7(=1)) + 2dg, (g (1), 7(8)) + O(R™™ )
As t — oo, the sum in the last two lines converges to
(dyo (4 (£1), 95 (51))? — lal2,) 2 + O(R™™+1),

Summing up and using Lemma 4.5 we get

dy(wr.yr) < (dgo (4 (tR), %5 (s8))® = lal3)"? + O(R™™H)

lal3, 1
< do(om, ) (1 - 2y (o () G0 e (VJ(fRMo(SR)V))

+ O(R™™H.
By choosing R > 0 large enough so that dg (xg,yr) > 1, this inequality and Lemma 4.4
imply that
lal, < Cldgo (xR, yr) "> + R7F2).
Since m > 2 and dg, (xR, yr) — 00 as R — 0o, we conclude a = 0, and thus
dg(zRr,yR) < dgy(zR,yR) + O(R™™H). (4.12)

Lemma 4.2 implies that |vg|q, = 1. This, together with (4.12) and Lemma 4.5, implies that

th s = dy(wruR) < dgo(r.ur) + O(R™™) < dyg 0 (tr). 75 (s1)) + O(R™H1)
=dg, (v (to +tr); 7y (SR)) + O(R™™ ) =t — sp +to + O(R™™).

By taking the limit for R — oo, we conclude that {5 = 0. This proves that ~ is asymptotic
to the same Euclidean geodesic vo(t) := v, (t) = 7g (t) for both ¢ — oo and t — —o0. By
Corollary 2.5, this also implies that 4(t) — vg for ¢t — +oo. O

Lemma 4.7. There are constants Ry > 0 and C > 0 such that
dg(.’lf,y> Sdgo(xvy)_‘_CRierla VRZR(), xaygBR~

Proof. We consider R > 0 large enough so that the assertion of Lemma 4.5 holds. For each
pair of distinct points x,y € Bpg, we consider the unique complete unit-speed g-geodesic ~y
such that v(0) = « and v(7) = y for 7 := d4(z,y). By Lemma 4.6, there exists an Euclidean
geodesic v(t) := xo + tvg that is asymptotic to v at t — +00. As in the proof of Lemma 4.6,
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we fix w € R™ such that the Euclidean geodesic w + 7y does not intersect Bpr, and set
z:=w+70(0). By Lemmas 4.3 and 4.5, for all ¢ > 0 large enough we have

dg(2,y) = dg(v(=1),7(t)) — dg(v(=1),7(0)) — dg(¥(7),¥(¢))
< dg(v(=1), 2) + dg(z,7(t)) — dg(v(=1),7(0)) — dg(v(7),¥(¢))
< dgy (Y0(—1), 2) 4 dgo (2,70(t)) — dgo (30(—1),70(0)) — dgy (30(7), 70(t)) + CR™™HL.

As t — oo, the sum in the latter line converges to
T+ OR = dgy (30(0),70(7) + OB,
and thus
dg(w,y) < dgy(70(0),70(7)) + CR™ < dgo (2, ) + 9O R—™+L 0

5. COMPARISON OF ASYMPTOTIC VOLUMES

Let g be a Riemannian metric on R" that is asymptotically Euclidean to order m > 2
and without conjugate points. As before, we denote by gg the Euclidean metric on R"”,
and by ¢f and ¢}° the geodesic flows of g and gy respectively on the whole tangent bundle
TR™ = R"xR"™. By Lemma 4.6, for every unit-speed g-geodesic v : R — R” there exists a unit-
speed Euclidean geodesic v(t) = xo+tvg such that |y(t)—vo(t)|g, — 0 and |¥(t) —50(t)|g, — O
as t — too.

We extend the map 0 : S°R" — SR™ defined in Corollary 2.5 to TR™ \ {O-section} as
follows:

0 : TR™ \ {0-section} — TR™ \ {0-section}, 0(xo,v0) = (x,v),

where 29 = 70(0), vo = Ajo(0), x = v(0), v = A(0), A > 0, and v is a unit-speed g-
geodesic asymptotic to the Euclidean one g as above. In Corollary 2.5, we showed that it is
a diffecomorphism. By its very definition, § conjugates the geodesic flows ¢f and ¢{° as

0 opl = 0b7". (5.1)

Moreover, since the corresponding geodesics v and v as above are asymptotic for ¢t — +o0,
we have that 6(zo,v9) = (z,v) if and only if 6(xg, —v9) = (z,—v). We now show that 6
converges to the identity in the C'-topology at infinity.

Lemma 5.1. For each compact subset K C R™\ {0} there exists C > 0 such that, for all
R > 0 large enough, we have

16 = 1d || o1 (e By i) < Cx R
Here, the C' norm is computed with respect to the Fuclidean metric Gy on R® x K C TR™.

Proof. Notice that, if (xg,v9) = (x,v), then §(zg, Avg) = (z, \v) for all A € R. This, together
with the compactness of K and Lemma 4.5, implies that [|6 —Id [|co(rm\ By)x k) < CgR™™*L

It is proved in | , Lemma 3.6] that there exists a constant C' > 0 such that, for each
Jacobi field J over a geodesic v for the metric g and for all t € R,

| (t)]go < CI(J(0), J(0))lco,

. (5.2)
[(B)lgo < C(1T(0)lgy + [(J(0), J(0))lcolt])-
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We consider R > 0 large enough so that Bpg is convex for g and §(R™ \ Br) N Br/, = @. We
consider arbitrary (zo,vo) € (R™\ Br) x K and wo := (x(,vy) € R" x R" ~ T, ,\(TR™).
Since K is compact, |vglg, is uniformly bounded when vy € K. We need to show

|d9($0,v0)w0 - w0|G0 < CKR_m+1|w0|G0a

for some uniform constant Cx > 0. We set v 5(t) := xo+sz(+t(vo+sv)) and (vs(t),s(t)) :=
0(v0,5(t), Y0,5(t)). To simplify indices we also write 7y := 75|s=0. Up to replacing vy with —uvp,
we can assume that (vs(t)) € B/ for all t < 0. We set

w = (2',0") == dfzy 00) (705 V) = Os[0(z0 + 520, v0 + 519)]|s=0 = 05 (75(0),35(0))|s=0
where (75(0),4s(0)). Notice that Jy(t) := 0s70,s(t)|s=0 and J(t) := 0s7s(t)|s=0 are Jacobi
fields for go and g respectively such that (Jp(0), Jo(0)) = (z(,v}) and (J(0),J(0)) = (2/,v).
The curves vs(t) and 70,5(t) are asymptotic for ¢ — —oo together with their first derivatives.
Using (4.11) and the notation used there, we can write

t

54(t) — Fo.alt) = / L.y (ia(r), 3a(r) ) (5.3)

—0o0

We have J(t) = (V4 J)(t) = (ViA)(t) = Oss(t)]s=0 + Ly (7(t),J(t)). Combining this
expression with (5.2), Lemma 2.3, and Corollary 2.7, we see that

10535 (£)]s=0| < C|(J(0), J(0))], (5.4)

By taking the derivatives with respect to the parameter s in (5.3), and using (5.4), Lemma 2.3,
and Corollary 2.7, we obtain the estimate

0.636(8) = Foa(ODlomolop < [ a0 (T30 + 20001 )

< Oty [ ((R+ )" 2(04) + (R4 ) ar

—0o0
t
< C|w|G0/ (R + |r) ™ Ldr
—00
for all t < 0. Integrating once more,

0
]83(73(0) - ’YO,S(O))|S=0‘90 < / \35(%@) - ")’O,S(t))‘szﬁ‘godt < CR_m—H‘w‘Go-

Therefore
a6 ! yw = wlg, < CR™™uw|g,.

z,v
This implies in particular that, f(or some cg > 0, we have
|49,y wlae = colwly,  V(z,v) € O(R™\ Br x K), w € T(y,)TR",
and therefore
|d 2 00y w0 — Wol g SCR™™Hdb 0 voyWolce < CR™™ | dO 0 00) G w0l o

SCR_m+1C(]_1 ’w0’G07

concluding the proof. O
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We now construct geodesic cylinders for the metric g and gg. We choose Cartesian coordi-
nates {z1,...,2,} and H := {x,, = 0}. By Lemma 2.4 there exist y+ € OR" such that every
Euclidean unit geodesic 4°(t) satisfying 7°(0) € H and 4°(t) = 9,,, will have limit

. . b .
Jim (1°(1),5°(t)') = (y-, 5 +1) € 0-5"R (5.5)

for some n € T)} S"=1. We shall now denote 'yg (t) and for the Euclidean geodesic satisfying
72(0) € H and (5.5). Now define

Fp={1t) eR" | |t| <R,|n| <R}, Fr:=mo00({(x,0:,) €ETR" |z € Fp}). (5.6)

Proposition 5.2. Let g be a Riemannian metric on R™ that is asymptotically Fuclidean to
order m > 2 and without conjugate points. Then the following estimate holds as R — oo

| Voly(FR) — Volg, (Fg)| < O(R"™"*1).

Proof. In order to shorten the notation, we set || - |loo,r := || - [[Lo(95Fy)- When this norm
will be applied to 1-forms, it will be the one corresponding to the Euclidean metric gg. We
consider the Liouville forms Ay and A on TR" associated with gy and g, i.e.

)‘O(w) = QO(U, dﬂ'(%’,U)UJ), )‘(w) = g(v, dﬂ'(l’, U)U)), Vw € T(:):,U)TRn-

Their restrictions ag = Ag|gopn and a = A|ggrn are the contact forms on the unit tangent
bundles associated with gg and g respectively. It readily follows from their definition and
from the fact that g is asymptotically Euclidean to the order m that

A = Ao)lsornloo, + [(A = Ao)[sEn [0, < O(RT™)  as R — oo. (5.7)
We set oy := 0*a = 0* | gogn, which is a contact form on S’R". The bound in (5.7), together
with Lemma 5.1, implies
lar — aolloo.r < 10X = Mloo.r + IA = Aolloo.r < O(RT™)  as R — oo. (5.8)
Moreover
Volg, (071 (0SFR)) < Volg,(0SFR) + || det dd' — 1||s.r Volg, (OSFR)

5.9
<RI 1+ 0(R™)) as R — oo (5.9)

For all R > 0 large enough, the map « : Fp — Fg, r(x) = m o 0(x, 0y, ) restricts to a
diffeomorphism of a neighborhood of the boundary 0F ]% onto a neighborhood of the boundary
O0Fgr. Lemma 5.1 readily implies that ||x — IdHCl(aF‘}%) < O(R~™*1). This, together with
Stokes Theorem, implies

| Volg, (Fr) — VolgO(F}%)} = ‘ ; dxy A ... Ndzp, — dri A ... \Ndzy,
R

0
FR

— ‘/ n*(:cldmg/\.../\dmn)—/ r1dzo A ... ANdzy,
OFY oF

< Ok —1d |1 (op9) (1 + R) Voly, (OF})
<OR™NHYA1+RR" <OR"™T) as R — .

(5.10)

For each R > 0 large enough, the map x : S°Fg — 07Y(SFR), x(z,v) = 07 (x, HUH;l’U) is a
diffeomorphism. Since ¢ is asymptotically Euclidean to the order m, Lemma 5.1 implies that
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X = Id|joo.r + [|[dx — 1d |lco.g < O(R™™T1). Therefore, by proceeding as in the last estimate,
| Volg, (071 (SFR)) — Volg, (S°Fr)| < O(R™™™) as R — oo. (5.11)

We are now going to apply an argument due to Croke and Kleiner [ , Lemma 2.1] in
order to compare the volumes Volg, (0~ (SFr)) and Volg(SFRr). We set oy := (1—t)ag+tay,
where ¢ € [0,1]. Since 6 conjugates the geodesic flows of g and gp, the geodesic vector field
X of go is the Reeb vector field of both o and ay. Therefore a;(Xp) = 1 and day(Xp,:) =0
for all ¢ € [0, 1], which readily implies that (a3 — ag) A (day)" ! = 0 for all ¢ € [0,1]. This,
together with Stokes Theorem, (5.8), and (5.9), allows to estimate as R — oo

d
‘/ ag A (dag)"™ 1 (n—1) ‘ / ar A d(ag — ag) A (dat)n_g‘
dt Jo-1(5Fp) 1(SFR)

(n—1) ‘ / ar A (a1 — ag) A (dat)n_2’
1(8SFR)
< C'Volg, (071 (0SFR)) |1 — aolloo.r

< Rn71<1 + O(Rferl))O(Rferl) _ O(Rnfm)
We recall that the Rlemannlan volume forms of G and Gy are respectively = ),a A da™ 1

and ﬁao A dao . Therefore, the latter estimates imply that as R — oo

‘Volg(SFR) —V01G0(9 (SFR — 1 ‘/ dt/g l(sFa)t/\ dat nildt’ — O(Rn*m)_
R

This, together with (5.11) and (0.10) allows to conclude
| Volg(Fg) — Voly, (F)| = | Vol(S™ 1) ~! Vol (SFr) — Volg, (Fg)|
= O(R™™™) + | Vol(S™™ 1)~ Vol (6~ (SFR)) — Voly, (F)|
= O(R™™™) + | Vol(S™ ™)' Volg, (S° Fr) — Voly, (Fp)|
= O(R"™*1) + | Voly, (Fg) — Volg, (Fp)| = O(R"*)
which ends the proof. O

6. RIGIDITY FOR PERTURBATIONS OF R"™ DECAYING FAST

In this section, we will show that asymptotically Euclidean Riemannian metrics to large
enough order are flat, provided they have no conjugate points. The proof follows some ideas
developed by Croke [ ], and based on methods of Berger | | used for the Blaschke
conjecture for spheres.

6.1. Geodesic normal coordinates. Let g be an asymptotically Euclidean metric to order
m > 2 on R"™ without conjugate points. The goal of this section is to consider a coordinate
system on R” obtained from geodesics (t) of g that are all converging to a point p_ € JR"
as t — —oo: by Proposition 4.1, they are asymptotically parallel as ¢ —+ +oo. This can be
viewed as some geodesic normal coordinates from the point p_ at infinity.

We consider the diffeomorphism 6 : SR™ — SR” introduced in Corollary 2.5, which
conjugates the geodesic flows of the Euclidean metric gg and g. Consider the Euclidean
geodesic lines parallel to d,, in R™. In the compactification they intersect OR" = S"~! in
two points p_, p4, where py correspond to the limit x,, — +o0o0. By Lemma 2.4 (applied to
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the Euclidean metric gp), these Euclidean geodesics are parametrized by n € T,y S". We will
thus denote them by 77(7) , and we will fix their parametrization so that ’y,? (0) belongs to the
hyperplane z, = 0. The curve ,(t) := mo (0(72(75), 0z,,)) is the unit-speed g-geodesic with the
same limiting conditions as 72 (t) for t — +o0, see Lemma 4.6.

Another parametrization (not of unit length) of v, is obtained by considering the rescaled
flow %, (p—,7n) where, following the proof of Corollary 2.5, we have v, (t) = 70 (1) (P, 7))
with 7(¢,n) defined by (2.16). We will denote the rescaled geodesic

V(7)) = m0(@7 (P, 1)- (6.1)

We first prove a lemma about the uniform growth of the Jacobi fields along geodesics ema-
nating from a fixed point p € R".

Lemma 6.1. For all R > 0 there exists a Tr > 0 such that for any orthogonal Jacobi field
J along any unit-speed g-geodesic v with v(0) = p satisfying J(0) = 0, ||J(0)|| = 1, we have
IJ(@®)|| = R for all t > Tg.

Proof. Let v,w € S,R™ satisfy g,(v,w) = 0 and denote by J(¢;v,w) to be the value of
the Jacobi field at time t along the geodesic «(-;v) with initial condition J(0;v,w) = 0,
V5 J(0;v,w) = w. We set
D := {(v,w) € S,R™ x S,R" | g(v,w) = 0} = 5"~ ! x §"~2,
Notice that, for each fixed ¢, the map
DR, (v,w) = (| (v, w)l 1t 0, w)])

is continuous.
Now fix € > 0 small. For any (vg, wp) € D there exists a Ty, ., such that

p(7<t7 UO)) < €, J(Tvo,wo; Vo, wO) 7é 0 (62)

with y(t;vg) := mo(¢e(p,vo)). This is guaranteed by | , Prop 2.9].
By continuity, there is a small neighourhood Dy C D containing (vg, wp) such that for

| (Tog 005 v, w)|| > co >0 ¥Y(v,w) € Dy.

Using compactness there exists ¢ > 0 and finitely many (vj,w;) € D, T; >0, j =1,...N
such that

N
p(Y(Tj;v) < e, | JDj=D, J(Tjv,w)]| > ¢>0, V(v,w)e D (6.3)
7=1

By finiteness it suffices to prove the uniform growth of Jacobi fields for (v,w) € D; for
each fixed j. Without loss of generality we may choose D; in our construction such that
{v | (v,w) € D;} C SpR™ is contained in a neighbourhood of S,R™ which is topologically
equivalent to a ball of dimension n — 1. Using this construction

{v(T5;0) | (v,w) € Dy}

is contained in a simply connected portion of the geodesic sphere of radius 7} which admits a
orthonormal frame of tangent vectors {X1,... X,,_1}. Each tangent vector X; is orthogonal
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to 7 by the Gauss Lemma. We may extend these frames along geodesic flows for ¢ > T} by
parallel transport. Let (v,w) € D; and write, for ¢t > T},

n—1

J(tv,w) = Jp(t v, w) Xp(tv).
k=1
Writing the Jacobi equation in these components and integrating we have that for ¢t > T}

n—1 . s
Jk(t;v,w):Jk(Tj;v,w)+Jk(Tj;v,w)(t—Tj)+Z/ / Ji(r; v, w)RF(r; v, w)drds (6.4)
1=1 713 /T;

where R (t;0,w) := (Rt ((t;0), Xi(t;0,w0))3(t; v), X (t;v,w)). By | , Lemma 3.5]
for t > Tj

n—1 n—1

> Jit v, w)RE (B v, w)| < Cpt(v(t ) Y k(s v, w)

=1 k=1

which, by applying (5.2) and Corollary 2.7 yields

n—1

> Ji(t; v, w)RY (v, w)
=1

< Cpt(y(t;0) (A +1) < CtH1 +1)

and all constants are uniform amongst (v, w) € D;. Inserting this estimate into (6.4),
k(8 0,0)] = —C + [Ty 0,0)|(t - T))
Condition (6.3) then allows us to conclude that for all (v,w) € D; and t > T;
(50, w)| > ~C + et — )
for constants C' and ¢ independent of the choice of (v,w) € Dj. O

We set L
D :={(r,n) € (0,00) x T,y IR™ | 7 € (0,74(n))}

where as before 77 (n) is define by p(%,(n)) = 0 using the definition (6.1).
Lemma 6.2. The map ¥ : D — R"™, (1,n) = mo(@,(p—,n)) is a smooth diffeomorphism.

Proof. First, ¢ is smooth by definition. We will show that it is a local diffeomorphism which
is proper. We first show it is proper. Let K C R™ be compact, then there exists € > 0 so
that K C {p > €}. Take a sequence (7,,7n,) € D such that ¢(7,,n,) — z € K. By Corollary
2.7, there is R > 0 such that for all |n|,, > R, the geodesic v, satisfies p(y,(t)) < e. Thus
| lhe < R and n, has a converging subsequence to 7. Up to extraction, we can assume that
the entire sequence converges. Since Vn, Stays in a compact set of S*R" and 7, < 7F(n,) is
uniformly bounded, 7, has a converging subsequence to 7. Assume that 7 =0 or 7 = 77 (n),
then p(¢(7n,mn)) — 0 but since ¥~ 1(K) is closed in D one gets ¢(7,n) € K, which is not
possible as K C {p > €}. This shows that 1)1 (K) is compact.
We next show that 1 is a local diffeomorphism: its derivatives are given by

O Y(7,m) = dmo(X (2, (p-,n))) = 0:7,(7)
877'¢<7_7 77) = d’/TO'a?]@T(p—7 77) = @7](7—)'

We identify T(T, OR") ~ Ty OR". For each w € T, OR", we define Jy(7) := Q,(7)w.
Recall from (2.16) that we can rewrite 7(¢,7n) and its inverse t(7,n) to relate the flow ¢; and

(6.5)
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@+ in particular we have vy (t) = mo(0¢(@r(0,) (P> 1)) and B, (p—, 1) = Gi(rm) (Pr(0,m) (P—>1))-

Thus,

dmo.dp-(p—, )W = dmo.dpy(7.m) (Pr(0.n) (P—> M) dPr(0.4) (P— MW + dmo (X (P, (p—, 1)) Oyt (7, n)W
= Ju(t(r,m)) + "Yn(t(ﬂ n))ant(Ta n)w

where J,, is the Jacobi field with (J,,(0), J,(0)) = w := d@r(0,n)(p—,m)w. Therefore, if L
denotes the orthogonal projection on "y#, we obtain

Ja(r)t = Ju(t(r,m)"
To show that 9 is a local diffeomorphism, assume now that dvy (o, 70)W = 0 for some (79, 70)
and W = wg0, +w with w € Ty OR"™. We obtain

Juw(t(10,1m0))" =0,  we0:7,,(70) + ¥(t(70,710)) Ot (70, 10)W = 0.

Thus J,(¢)* is an orthogonal Jacobi field along ~,, vanishing at t(7o, 7). Now let us show
that this field has bounded norm with respect to g. By (2.19), for each n € T OR™ the

integral curve 7, (1) = mo (@, (p—,n)) = (p(7),y(7)) near IR is of the form

p(1) =7 +0G), y(r) =p- +rfr +0(7).

locally uniformly in 1 where nf = > j ho 1n;0y, is the dual to w with respect to hg. Thus,
taking 7, = 1o + sw, we obtain (with w =}, w;dy;) as 7 — 0

Tal(7) = 07, ()ls=0 = O()8p + D b7y, + O(7)d,
(]
= 0(1)p*0, + Y _ hiw;(pdy,) + O(7)9,
j
This implies that sup,¢o -] ||J (7)|ly < oo. Therefore J,(t)* is bounded in [—oo0, (7g,70)].
By | , Proposition 2.9], since the curvature is bounded below uniformly and there is no
conjugate points we get J, ()= = 0, which means w = 0 or equivalently @ = 0. This implies
wo = 0 and thus W = 0, showing that ¢ is a local diffeomorphism. Its image is then open,

but also it is closed since it is a proper map by the argument above.
Finally we show that v is injective. Assume by contradiction that

VYp_ (T1,m) = Yp_(T2,1m2) =1 p

for some (71,m1) # (72,m2). By the fact that there are no conjugate points, we infer that
m # 1o (if they were equal then there would exist a geodesic trajectory with self-intersections).
This means that there are two distinct unit-speed g-geodesics 71,2 originating from p with
backward limiting conditions (p_,n1) and (p—, n2) respectively. Lemma 4.6 implies that there
exist two unit-speed Euclidean geodesics 7?, j = 1,2, such that dg(yj(t)m?(t)) — 0 as
t — Foo. Since 7, and o land at p_ in the backward limit, 4¥ and 79 are parallel. This
implies that

sup d(1(1), 72(t)) < oc. (6.6)

Lemma 6.1 implies that
lim 1nf||J( )|| = oo,

t—o00
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where the infimum is taken over all Jacobi fields J such that mo(J(0)) = p, J(0) = 0, and

IV¢J(0)||y = 1. This, together with | , Proposition 6], implies that any two unit-speed
g-geodesics intersecting transversely at p must diverge asymptotically in positive and negative
time, contradicting (6.6). O

We will next consider Jacobi fields alongs the geodesics 7,. It will be convenient to have a
global parallel frame asymptotic to the canonical frame 0, of the Euclidean metric (R, go)

near p_ € OR™. This is provided by the following lemma.
Lemma 6.3. For each orthonormal basis (Wy,...,Wyn_1) of T, OR™ with respect to hy,
there is a smooth orthonormal frame (Y1,...,Y,) of TR™ for the Riemannian metric g that is

parallel along each vy, such that Y, = vy, ¢*Y; extends smoothly down to 7 =0 and 7 = 7
and is of the form

Z a;ji(T,m)T0y; + ajn(T,n)T 20, near 7 = 0,
Y =
Z aji(r, ) (7 () = 7)0y, + agu(T,n) (71 () = 7)207,  near T =74 (),
i=1
for some aj; € C=(D), with

n—1
¢*(071Yj)‘r:0 = Zajl(ovn)ayz = W]7 .7 = 17 ceey L.
=1

If we choose W; := (p_lax].)]Tp_aRﬁ and denote Y;(t,n) := Y;(yy,(t)) then there is C > 0 such
that for |n| large enough
1;(t,n) = 8a,llg < Clnlyy  t € (—00,00). (6.7)

Proof. Let us fixann € T, OR™ and call p; = lim;_, o V(7). We take an orthonormal basis
of *TR™ near the (resclaled) geodesic 7, of the form

Zy = :tp28p near py, Z;=pZ;, dp(Z;)=0forj>0

with Z;(p—) = W;, and we write vector fields under the form YV = >_; [iZj. The equation
for being parallel with respect to ¥, is

O_V"/nY Zf] Z +f](> 77}

For each Z € C°°(R";*TR"), Koszul formula gives directly that Q;;(2) := (VzZ;, Z;) are
smooth functions on R”. We use the change of coordinates (2.16) and (2.17) related ~,(t)
and 7, (7): we have 0;t(7,n) = p(7)72 with p(7) = p(7,(7)). Therefore we obtain

022(( 28f +Zf zg’Yn) J
J

for f;(7) := f;(t(,n)) and we rewrite 4, (t(7,1)) = p(7)?0;7, () to deduce that the system
becomes

\V/j, O:an] +Zfz Z TrYn)
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This is an ODE with smooth coefficients so we can prescribe the boundary value at 7 = 0 to
be f;(0) = 6;; to obtain that Y; = >, fiZ; are parallel and satisfying the required properties
at p—. Note that this is a frame near 7, and it is uniquely defined by the boundary value at
7 = 0. Now we need to check they are orthonormal: since they are parallel it suffices to use
that the limit g(Y;,Y;) 0%, (7) — d;; as 7 — 0. Since 7 is chosen arbitrarily, this defines the
frame (Y;); everywhere in R™ by Lemma 6.2. The behaviour at 7 = 71 (n) is obtained the
same way.

We now verify (6.7) for Y = Y] and the rest follows by the same argument. We write Y (¢) =

zyzl fj(t)0x;, the parallel transport transport equation yields 0 = Z}l:l fja%. +f jvgﬁx ;
which implies

0= f5(t) + > _TF(n(t) fu(t), (6.8)
k=1

where F‘,i(Z) i=dw;(V20u,) = 9(V 204, 0;) + O(p?). By Lemma 2.3 we have that
IT5(2)| < Cp™ | Z),. (6.9)
By the fact that tl}_m [j(t) = 61j we can write

f =8y = [ THG o) flo)s

—00
The vector field Y is parallel so the coefficients f;(t) are all bounded. Therefore we may
estimate the integral using (6.9) to get
t

|f5 () — 61| < / P2 (v (s))ds.

—0o0

Using (2.23) we conclude that |f;(t) — d15] < C\n\,;ol for |n|p, large. Note that (2.22) also
prove that for each n

1Y5(t) = Ollg = O™™). (6.10)
O

6.2. Bounds on stable Jacobi tensors. Next, we will study the bounded Jacobi fields
along the geodesics 7,, they arise from varying 7, with respect to . We call them stable
Jacobi fields.

We define a family of (n — 1) x (n — 1) matrices 4, (7) by setting

Ay san1) = (9(@y(7) nzl oGWii)) (6.11)
<

where (W/jf")j:17,_,7n,1 S OR™ is the dual basis to (W) j=1,..n—1 and @n is defined in (6.5).
We also define the (n — 1) x (n — 1) matrix

Ap(t) := Ay(7(t,n)) (6.12)

with 7(¢,n) the rescaled time defined by (2.16) (satisfying 7(¢,17) — 0 as t = —oo. The matrix
A, (t) is a matrix solution of the Jacobi equation for g along ,: indeed, it satisfies

O A, (1) + Ry (1) A, (t) = 0 (6.13)
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with R, (t) a smooth family of matrices so that (with the notations of the proof of Lemma
6.2)

RO sn) = (a3 ¥ 300030 (0).75) )
j=1

i=1,....,n—1

Moreover, by (2.14) we have Q, (7)w = 7wt 4+ O(72)9y + 0(73)9, with w* the dual to W
with respect to hg, thus using Lemma 6.3 we infer

lim A,(t) = lim A,(7) = 1d. (6.14)

t——o0 T—0
Recall from Lemma 2.3 that for W} of g-norm 1
| R (W1, Wa, W3, Wy)|, < Cp(z)™ 2. (6.15)

Using this estimate, we thus get from (6.13) and (2.22) that ||0;A4,(t)|| — 0 as t = —o0, and
there is C' > 0 independent of 7 such that for all ¢

I4,0) = 1a+ [ ; | A <1+c [ ; | oy

Now if My = sup,<; [|A;(s)||, we obtain using the uniform bound (2.23) and (2.22) that there
is C' > 0 independent of ¢ and n such that

CM,
L
and thus there is 7' > 0 independent of 7 such that
Vi< T, 4,0 <2
This also tell us that there is C' > 0 and 7" > 0 such that for all n and ¢t < =T
C

M <1+

[0 AR (8)|| < T (6.16)
C
[ Ay(t) —1d|| < T (6.17)

Lemma 6.4. Assuming the scattering map of g agrees with that of go, there is a smooth
family H, € SO(n —1), C >0 and T > 0 large such for alln and t > T

c
14g(0) = Hyll < o (6.18)

Moreover there is C > 0 and R > 0 such that for all n with |n| > R, we have
[ Hy —1d[| < C/n] (6.19)

Proof. We choose the frame W; of Lemma 6.3 to be (p_l(?xj)|Tp smn- Recall that 0, is
parallel for the Euclidean metric go. Assuming that the limit of A, (¢) exists, then it satisfies

t—o0 (t—)-i—oo i:l,“.,n—li

lim A,(t)a=( lim g<Qn(T(t,n))§OéjW;7K‘> (’Yn(t))>

To prove the existence of the limit, we shall show that, if S; = Sg,, then for each v € T)} OR"

_ 1, . Loy
lim Q(rv) "= lim Q¥ (1) (6.20)
774 (P—1) ( ! ) =750 (p— 1) ( ! )
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where @g and @go are the maps (6.5) for the Riemannian metrics g and gp, and as before
L4 denotes the projection orthogonal to 4, and similarly for go. To simplify notation we set
(p4,n+(s)) = Sgo(p—,n + sv). Observe that py is the image of p_ under the antipodal map
©:S" 1 = §" 1 and (14(s))* = dO,_(n + sv)*. We compute for 7 < 7 (p_,n) := 7,7 (p_,n)

@g(T)V = 8870(¢T(p—7 n+ SV))’8:0 = 8S7T0(¢T+(p,,n+su)—7(p+a _77+(S)))|SZO'

Note that since X7 = 0,

(@(T)r) 7 = (Bsm0(Prt o my—r (D, =114(5)))]5=0) 7 = (Ds70(Bu (P, =14 (5)) ] 5=0))

with u := 77 (p_,n) — 7. The expression of mo(@,(p+,n+(s))) near IR" is given by

70(Pu (P4, —1+(5)) = Fu(p+, —1+(5)) =: (p(w), y(w)), (6.21)
and by (2.14) we have that

plu) = w1’ fy(u),  y(u) =py —u(n4(s)) +u'ry(u)
for some fs(u) and r4(u) smooth in (s,u). Observe that since S; = S, = ©, we have

(n+(s))* = dO(n?) + sdO(vF). Substituting these into (6.21) and differentiating with respect
to s at s = 0 we have

07 (D4, =11+(5))|s=0 =0(u*)9, — udO (V) + O(u?)8, = Og(u) — pdO ().

The above expression shows that as u — 0, (957, (p+, —n+(s)))]j:go converges to the element
of the scattering bundle given by (pd®(v#))|sr» in the topology given by g. By the analogous
computation (7570 (7)v)t9 converges to the same vector as 7 — 7';(_) (p—,n) in the topology
given by the Euclidean metric. This shows (6.20) and the existence of lim; o A, (t). We
write Y; = >, L0y, for some matrix Lj;: since (Yj); is orthonormal for g and (9.,); is
orthonormal for go, the fact that g — go € pC°(R™; S2(**T*R")) implies that (Lix (v, (t)))ik
converges to some H, € SO(n — 1) matrix as ¢t — oo (the existence of the limit being
guaranteed by Lemma 6.3). Now we get for v € T}, OR™

Jim g ((@(r)v)™0,%:) (1) = ~ho(dOWH), >~ (Hyax(p™ 02, )l ) (6.22)

k

where we recall that p~19,, extends smoothly at OR™ since 9, is a smooth scattering vector
field. Applying the same reasoning to go, we get the same result with H,, replaced by Id. and
AP (t) =1d. Since for j =1,...,n—1,

dO,_W; =dOp_ (Pilaxj)’TpiaRT = _(pilaxj)|Tp+8R7
we deduce from (6.22) that lim;_ o Ay(t) = H,. In order to get the bound on the remainder
in (6.18), we proceed as for the estimate on A, (t) for t < =T since ||H,| = 1, there is T > 0

independent of 7 such that for all t > T', ||A,(t)|| < 2, then since 0;A,(t) — 0 as t — 400
from (6.13), we get for all ¢t > T

1A (t) — Hy|| <2 / / | Ry () drds

which gives the desired result since
C
(] + (m)ng) ™+

1Ry @] < (6.23)
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holds true by using (6.15), (2.22) and (2.23).
Finally the proof of (6.19) is obtained by combining (6.20) with (6.7). O

Corollary 6.5. There is C'> 0 such that for allt € R and alln € T, OR™,

[Ay(B)] < C.
Proof. The bound follows from (6.17) and Lemma 6.4 when ¢ > T, with T uniform in 7.
For t € [-T,T], we can use that A,(t) solves the ODE (6.13), the uniform curvature bound

(6.23) and Gronwall inquality to obtain that A,(t) is bounded uniformly with respect to n
for t € [-T,T]. O

Lemma 6.6. Assuming g has no conjugate points, then Ay(t) is invertible for all (n,t) and
there exists C > 0 such that for all (t,n) € R x Ty S"1 we have

1Az 0l < C.

Proof. The main part of the proof is to show that there is C' > 0 such that for R > 0 large,
for all t € R and all ||, > R
[45(t) = 1d[| < C/nl. (6.24)

Recall that the matrix A, (t) solves the Jacobi equation

Ay (t) + Ry () Ay (t) = 0.
Setting E,(t) := A,(t) — Id, observe that
En(t) = =Ry (2) Ay (2).
Thanks to (6.23) and Corollary 6.5 we have that
C
(It] + (m))m+2

for some C' > 0 uniform in n,¢. Using that E,(t) — 0 as t — —oo and 0;E,(t) — 0 as
t — —oo, we have

1B, (0)]] = H/_; /_SOORnAn(r)drdsH <o/_too /_; Wdrds

for all t. This gives that for t < 1/2

1Ry (8) Ay ()] <

S
({n) +1e)™

Now for t > 0, we can also write, using E,(t) = A,(t) — 0 as t — 400 and lim;_, » E,(t) =
H, —1d,

£, ()] <

oo o0
E,(t)=H,—1d — / / Ry Ay (r)drds.
t s

The same argument as above shows that for ¢ > 0

¢

((m) + [th™

Using (6.19), we get that [|E,(t)|| < C/(n) for all ¢, showing (6.24). The bound on |4, (t)]|
for n bounded and ¢ bounded follows from continuity of A,(t)~! provided we know A, (t) is
invertible. This last fact follows from the obsvervation that if v € ker A, (to), then J,(t) :=

’-1;1 A, (t)v),;Y; is an orthogonal bounded Jacobi field along ~,(¢) vanishing at ¢ = tg, which
j=1\n 3t n

1E, O < [[1Hy —1d[| +
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by | , Proposition 2.9] is not possible since g has no conjugate points and curvature
bounded below. Finally, the bound on |4, (¢)7!| for large || and 1 bounded follows from
Ay(t) =+ 1Id as t - —oo0 and A,(t) — H, as t — +o0. O

6.3. Estimates on unbounded Jacobi fields. Next, we will consider the other Jacobi
fields, namely those that grow at ¢ = —oo along 7,(t). They can be obtained as before by
variations of geodesics but rather by moving the endpoint p_. Let 3,_, C T),_ ,(T*0R") be
a horizontal subbundle such that dmg : H,_, — T),_ OR™ is an isomorphism. For example,
we can fix a local system of coordinates y1, ..., yn—1 on OR” = S"~! near p_ so that hol, =
S dy? and 9y;holp_ = 0 for all j, and covectors can be written n = S idy;. We then
take J,_, = span(dy,,...,0y,_,) in these coordinates. Note that the coordinates y; can be
chosen so that (p~'9,)|,_ = 9y, = Wj, using Lemma 6.3 and dmg : H,_, — T, OR" is an
isomorphism. Now, define the linear map

Py(7) = dmo.de, (p-,m)lac,_, : Hp_ .y — TR?
and define the family of (n — 1) x (n — 1) matrices B,(7) by setting:

By(t) (a1, ... an 1) = (g(Pn(T)gajayj,Yk))“ . (6.25)
i=1

where Y}, are the parallel fields of Lemma 6.3. We also define the (n — 1) x (n — 1) matrix

By(t) := By(7(t, 1)) (6.26)
with 7(t,n) defined by (2.16). Just like for A, (t), B, (t) solves (6.13), but as we shall see, it
grows linearly at +00. Note that P, (1) = dmo+7dmo(9,X)+0(r?), and since 8y, hol,_ = 0 we
get that dmy(0yX) = 0 at p_, which implies using (2.19), (2.20) and (6.10) that as ¢ - —oo

By(t) = tId + G + O(1/t).

for some matrix G constant in (¢,7). Notice that the corresponding matrix for the Riemannian
metric go is simply Bj°(t) = tId + G: since g — go decays to order m, it has to agree to order
O(1/t) with B, (t) at —oco and to solve 87Bi°(t) = 0. Up to adding —GA,(t) to B,(t) (so
that it remains a solution of (6.13)), we can assume

By(t) =tld+0(1/t), ast— —o0 (6.27)

and similarly Bj°(¢t) = tId. To get a uniform in  bound near —oco, we proceed as for A, (t):
since By (t) solve (6.13), if M; = sup,<; ||s™*By(s)|, then using (6.23)

t s
1B, ()] <1+ \t\_lMt/ / 7Ry (r)ldrds < 1+ Cle| ™M,
—0o —0o0
which means that there is T' > 0 independent of n such that for all t < —T and all n
1B, (D) < 2[t].
Now we can estimate using again (6.15) that for ¢ < —T and all n

t s C
1B, () — t1d] < 2/ / IRy () drds < s (6.28)

Let us now prove that B, has a controlled behavior as t — +o00.



32 COLIN GUILLARMOU, MARCO MAZZUCCHELLI, AND LEO TZOU

Lemma 6.7. There is C >0 and T > 0 such that for alln and allt > T
C
1By (t) = tH, | <
where H, € SO(n — 1) is the matriz of Lemma 6.4.

Proof. We proceed as in Lemma 6.4. If S; = Sy, then we claim that for 7 > 0 small and
j=1...,n—1

(PYtrs 0-m) = 71,,) " = (PP (b o-m) )0, )

where PY and P” are the map defined above, with respect to the respective Riemannian
metrics g and gg. Let us prove (6.29). For s € R small, we set (p4(s),n4(s)) = Sy (p—(s),n)
with n = Z?:_ll njdy; in the fixed coordinate system chosen above, and p_(s) is a curve
in §"~! such that p_(0) = p—, p—(0) = 9,,. Now pi(s) = O(p_(s)) is the image of p_
under the antipodal map © : S*~1 — S"~1 and (9, (s))* = dO,_(s) (n*). We compute for
T <7 (p-,n) =75 (p-,n)

J‘QO

+0O(7). (6.29)

Pry(1)8y, = 05m0(@7(p—(5), 1) |s=0 = 0s70(Brt (p_(5) ) (P4 (8), —114:(5))) s=0.

and
(Pr(1)8y,)0 = (05m0 (B (p_ my—r (P4 () =11-(5)))[s=0) "0 = (Dsm0(Bu (- (5), =114-(5)) |s=0))

with u := 7+ (p_,n) —7. The curve mo (P, (p+(s), —n+(s))) near IR is of the form (p(u),y(u))
satisfying
p(w) = u+ b fo(u),  y(u) = O(p-(s)) = u(n4(s)) +urs(u)
for some fs(u) and rs(u) smooth in (s, u). Differentiating in s at s = 0,
(Py(1)8y, ) =0(u®)8, + dO,_0y, — uD*0y_ (1, 8y,) + O(u?)d,
= dO,_0,, —uD?*0,_(n*,0,,) + 04(u)

Assuming that S; = S,, we observe that we get the same exact formulas if we replace g by
go in the estimate above, which implies (6.29). Now, notice that from (6.8) and (6.9), we have
that Y;(v,(t)) = Sop=1(Hy,)k0z, + O(|t|™1) as t — +oco. Thus, using the definition of B, (t)
(more precisely its modification so that (6.27) holds), we obtain that B, (t) — tH, = O(t™1)

at +oo by using that By°(t) = t1d, and the uniform estimate on the remainder is obtained
exactly as what we did for (6.28). O

6.4. Volume estimates using Jacobi tensors and rigidity under decaying condi-
tions. Let {YJ* 7—1 be an orthonormal frame defined on all of R™ such that along each geo-
desic v, (t) = 0(yp(t)) with n € Ty OR™, V¥ = "y%. Define the volume form wy := Y*A---AY}".
The pullback of this volume form by % (from Lemma 6.2) is a volume form on D given by

rwy = det(A)Wi A ... W1 Adt = det(Ay)dvp, (1) A dt

where {E(t, n) == Y(7(t,m),n), dvp, is the Riemannian volume form on 7, OR™ and 7(t,n) is
given by the expression (2.16). Recall the definition of Fr and Fp in (5.6). By definition of
the map 6 and (2.16) we have that if 4, (t) = 0(y)(t), s,,)

Fr=9({|t| < R, |nln, < RY}). (6.30)
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Using the change of variable J, the volume of Fp for the Riemannian metric g is given by
Vol,(Fr) = / / det(A,)dvp,(n)dt. (6.31)
Ny <R /LR

We next write two technical estimates that will be useful below.

Lemma 6.8. Let (2, P) be a probability space and X : Q — R™ be a continuous bounded
random variable. Let F : R™ — R be a smooth map with positive definite Hessian. Then there
is C > 0 depending on F' and || X ||fe such that

E(F(X)) - F(E(X)) > C|X — E(X)[%.
Proof. We have for all X € R*, a € R® and K >0
F(X) - F(a) > DF(a)(X —a) + C|X — a]?

where C' = min|x|<x min \j(D*Fx) where \;(D?Fx) are the eigenvalues of the Hessian

(D?*Fx) of F at X, viewed as a quadratic form. We integrate this inequality and taking
K = || X||z~ and a = E(X), we get using that DF is linear

E(F(X)) - F(E(X)) > CE(IX —al?),
concluding the proof. O
Corollary 6.9. Let (A¢)c|—r,g) be a family of real valued invertible (n—1) x (n—1) matrices

and assume there is C > 0 such that sup,c_pg g) |A7 Y| < C and det(A;) > 0. Then there is
C’ > 0 depending on C such that for all R > 0

n

(/_R f(t)nzldt>_51 — det (/ZAJI(Agl)*dQ_;

B2y R aAsv Ay ds e e
zc(/_Rf(t) Tt / |artcarh = fRRf(s)—ﬁldsH f(t)Tdt

where f(t) = det(A).

Proof. Let Symg(n —1) be the set of symmetric (n— 1) x (n — 1) matrices which are invertible
and let F : Symgy(n — 1) — R the function F(X) = det(X)~'/2. This smooth function is
strictly convex in the sense that it has positive definite Hessian at every point. Let X; :=

At_l(At_l)*f(t)% with f(t) := det(A;) and consider the probability space [—R, R] with
density p; := ﬁf(t)_%dt with M (R) := fFR f(t)_%dt. We can then apply Lemma 6.8
with F: using that det(Xt) =1 we get

. 5 f —1/ 4—1y\* ~3
1 f = 1dt det AN A Y ) ¢ >
-R

/ R e _ B e f AS )*ds 2
([ 1w n—ldt) 1/_RHAt1<At1> STENE n_ldSHQf@)n—ldt

which can be rewritten under the form (6.32). O

We can finally prove the
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Proposition 6.10. Let g be an asymptotically Fuclidean metric to order m > n+ 1 on R”
with no conjugate points and such that Sq = Sy,. Then the curvature of g is zero and g is
thus isometric on gg.

Proof. First we use the stability estimate in Holder equality (see | , Theorem 2.2] applied

with the pair of functions det(An)n%l and det(An)_n%l and with the exponent p = (n+1)/2
and ¢ = (n+1)/(n — 1)) and we get with f,(t) = det A, (t)

1
R R 2 _n—1 2 n—1
ntl -2 f f
/_anz(zR) ’ (/_an 1) St Rn a pe=

Prt)® (i | e

(6.33)
for some ¢, > 0 depending only on n. We consider the volume of the region Fg from (6.31):
using (6.33) and Corollary 6.9 with A; := A, (t), we get

R
Vol (Fg) :/| R/ det A, (t) dtdvy,(n)
n|<

-R

LESH R _ s -1
2R [ ae ([ A0 a0 e 630

C 1 v 2 Y
+en /|n<RG”(R)d o (1) + /|n|<RG"(R)d o (1)

where we have denoted

on( L [T 2 [T A2 £ g2
Gy(R) = QR(ﬁ =L ) /—R‘(ngfn)é - (f; = dt
B —RJN
R 9 7nT+1
GiR) = (57 | n0 )
f -1 —1yk _ f—RRAn(S)fl(An(S)fl)*dS 2 2
x /_ N ENORIENORY STE fn<s>—ni1dsu Syt dt.

Now let BE(t) := A,(— R+t)( I A, ()7 (Ay(s) 7Y d )( o(—R))*: it is direct to check
that B,]f( ) solves the Jacobi equation (6.13) with conditions BR(O) =0 and
9B (0) =1d. (6.35)

Let us compute the asymptotic behavior of Bff(t) as t — —oo: using (6.14) and (6.17), we
obtain for |n| < R and t — —o0

B0 =(1a+0( =) [ (o) Jasay-Ry
=tAy(=R)* + Cr(n)Ay(=R)* + 0(t™")

for some matrix Cr(n) such that ||Cr(n)|| < CR™™ ! for some C independent of R,7n. We
conclude that

By (t) = (By(t) + Ay(t)Cr(n)) Ay(~R)".
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Using Lemma 6.4 and 6.7, there is C' > 0 such that for all R
By (2R) — 2RH,|| < CR™™*. (6.36)
This implies that

/}; An(s)7H(Ay(s)™h) ds =2RA,(R) ™ Hy(Ay(—R) ™))" + O(R™™H)

=2R(H,; ' + O(R™™))H,(Id + O(R™™))) (6.37)

=2RId + O(R~™*1)

where the O are uniform with respect to |n| < R. Now we plug this estimate in (6.34) and
obtain that there is ¢y > 0 independent of R such that

G (B)dvr (1) + / G2 (R)dviy ().

VOlg(FR) + CoRn_m ZVOIQO (F]%) + Cn/
[nl<R

[nI<R

where F}, is defined in (5.6) and has volume 2R" f\nlh <1 AVho (). Assuming now that m >
o<
n + 1 and using Proposition (5.2), we deduce that

lim Gy (R)dvh, =0 and lim G2 (R)dvy, = 0. (6.38)
R=oo Jin|<r R=o0 Jin|<r

Now, using (6.17) and (6.18), we see that for all n and for R large f,(t) = det A,(t) =
14+ O(1/|t|™) uniformly in 7 if |[t| > T, thus for large R

2R/ fa(®) dt_1+O( , /fn"ldt—1+O(R) (6.39)

where O(1/R) does not depend on 7). Let us check that f,(t) = 1: we get by (6.39)

/77|§R /77<R/ 2Rf an 1 21]%!}}]}?)“)07;121 ! 2dt
/<R/ ‘ 2R/ f” RO G | fo(t)dt.

Assume that | f,(t)—1| > § > 0 for some small 6 on a bounded open set U C {|n| < R, |t| < R}
independent of R, then

/|<RG1 —4/‘ /fn“;— ()_#ﬂ”]%(t)dt
/|O )+ O(H)2fo(t)dt > 16

for some uniform ¢; > 0 if R is chosen large enough depending on §. Here we have used that
fn(t) is bounded below by some positive constant in the relatively compact set U. Letting
R — 0, we obtain a contradiction with (6.38). We conclude that f,(t) = 1 everywhere. We
now get that

cxm = [ i [0t -4 [ IV NCRIVRE N

-R
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We can use the same argument as above: assume that |4, (t)7*(A,(t)")* —Id|| > 6 > 0 in
some bounded open set U, then for R large enough we obtain using (6.37),

/ G%(R)dvho (n) > c16
InI<R

for some uniform ¢; > 0 if R is chosen large enough depending on ¢. This contradicts (6.38)
as R — oo, and therefore A,(t)"1(A4,(t)~1)* = Id for all n,t. Now, just as for B,]f(t), it

is direct to check that An(t)(fg An(s)_l(An(s)_l)*ds) (A,(0))* is a solution of (6.13), thus
tA,(t) is also a solution, which gives

OE(tAn(t)) = 201 Ay (t) + 1Ry (1) Ay (1) = Ry (£)(£A4, (1))
and thus A, (t) is constant with respect to ¢. Letting ¢ — —oo and using (6.14) we conclude

that A,(t) = Id, and therefore R, = 0 for all 7. Since the role of p_ is arbitrary on SP1 we
conclude that the curvature is flat everywhere. O

7. DETERMINATION OF THE JETS OF g AT INFINITY

In this section, we will assume that g is asymptotically Euclidean to order m > 1, written
under the normal form of Lemma 2.2, and we will show that if m > 3, then the scattering
map S, determines the jets of the metric h, appearing in the normal form. For that purpose,
we will consider the geodesics that are very far near infinity. In the coordinates (p,y, &g, 7),
they correspond to the regime ||y, — +00.

It is convenient to fix (yo,m0) € T*OR™ with |ng|p, = 1 and consider the flow line 7 —
. (yo, € o) where € > 0 is a small parameter tending to 0. We can work on the manifold
M defined in (2.9) since the trajectory stays in the region {p < Ce} by Corollary 2.7. We let

ce(s) == (p(s8),&0(8),4(s),7m(s)) € [0,1] x [-1,1] x T*OR™ with

pls) =€ "ples), Eo(s)=Eoles), (s):=enles), Y(s):=yles)
where (p(7), &0(7), y(7),1(7) is the coordinate representation of @, (y,e'n). Using (2.13) and
the fact that @ ,(y, e 1n) is an integral curve of X, it is direct to check that the curve c(s)

is an integral curve with initial condition ¢(0) = (0,1, yo,n0) of the following smooth vector
field

XE = 503,7 - 5(’77‘}2165 + %h/eﬁ(?h m)a’go + Heﬁ (71)
where the variables 7, &, (7,7) live in the manifold [0,1] x [—1,1] x T*0R", we have denoted
h;) := 0ph, and H; is the Hamiltonian vector field of the Hamiltonian (y,7) %heg(ﬁ, )

on T*OR™ with respect to the canonical symplectic structure. Its form in local coordinates is
given by

n—1 1 n—1
ki~ ~12
Hy = Z by Tk O, — B} Zaﬂj|77|hpaﬁj'
k=1 j=1

We see that X, is a I-parameter family of smooth vector fields on a subset of [0,1] x [—1,1] x
T*9R™ depending smoothly on ¢ € [0, ¢) and X, is a priori only defined on (and tangent to)
the energy surface {€2 + [)’2\77|,2165 = 1}. However the expression (7.1) extends smoothly to
[0,1] x [~1, 1] x T*OR" with smooth dependence on € € [0, ¢), we can thus view it as a smooth

vector field defined everywhere on [0,1] x [—1,1] x T*0R". We shall then apply perturbation
theory to describe the integral curve c.(s) as € — 0.
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First, we can compute the integral curves for ¢ = 0, that is for )A(:OI writing e!f0 for the
Hamiltonian flow of the Hamiltonian $ho(7,7) on T*OR™ (which in turn is the geodesic flow
for the unit sphere), we get

co(s) = (sin(s), cos(s), e*™ (y, m)).
)

Here we have used the fact |7(s | = |nolp, for all s, a fact which follows directly from

the expression of Xo and Hy|7j|?> = 0. For the moment, we assume that g is asymptotically
Euclidean to order m > 1 (later we shall take m > 3 but here m > 1 is sufficient), we can
then write in normal form near OR"

d hy

for some symmetric tensor h,, € C*(9R™; S?TOR™); here h;l denotes the metric on T*OR"
dual to h, and similarly for hg. By perturbation theory of ODEs, we know that c.(s) is a
smooth family in € , and using (7.1) we can write

ce(s) = co(s) + € em(s) + O™, X = Xo 4 €" X, + O™,
¢o(s) = Xo(co(s)),  ém(s) = dXo(co(s))em(s) + Xim(co(s))

with initial condition ¢, (0) = (0, 0,0, 0) and ¢¢(0) = (0, 1, yo, 10) in local coordinates (p, §~0, Y,n)
near ¢o(0). Here the vector field X,, is given by

Y m ~m+1 ~m
X =~ (5 +1) " hnd, + " Hp, (7.2)

with H,, being the Hamiltonian vector field of %hm(ﬁ, 7) on T*OR™. We can also write the
first component of ¢.(s) under the form

p(s) = sin(s) 4+ €™ pp(s) + O(e™H)

with p,, the p component of ¢,,,(s). Let R(s) be the the matrix valued solution of the linear
differential equation

R(s) = dXo(co(s))R(s), R(0)=1d. (7.3)

We will use in T*OR™ the variables F := \?ﬂio and set 7 := 7j//E for the cotangent vectors.

Note that in the (p, EO, E,y,n) coordinates, we can write dX, under the matrix form

0 1 0 0
= | B0 -5 0
dXo = 0 0 0 0

0 0 OpHy dy;H,
Thus, integrating the equation (7.3) at the energy layer E = 1 where ¢g(s) lives,

cos(s) sin(s) ai(s) O

R(s) = —siél(s) cos(.)(s) agl(s) 8
0 0 K(s) L(s)

Here, L(s) solves L(s) = dHo(e*"0(y,7))L(s) with L(0) = Id on the energy layer {E =1} =
S*OR™ and corresponds to the linearised geodesic flow of the unit sphere, a1(s),as(s) are
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functions satisfying

(a1(s), da(s)) = (az(s), —ai(s) = sin(s)), (a1(0),a2(0)) = (0,0),
and K (s) is some vector solving K (s) = dpHo(co(s)) + dg.Ho(co(s))K(s) whose value is
irrelevant. The following result follows directly from [ , Lemma 4.6], but we provide its
proof (which is slightly simpler than the one in | ]) for the reader’s convenience.

Lemma 7.1. Assume that g is asymptotically Fuclidean to order m > 1 and the scattering
map Sy coincides with the Euclidean scattering map Sg,. Then, using the above notation, the
following equation holds true at each (yo,m0) € S*S"~1

R(r) /0 i R(5) " X (co(s))ds + pm(m) Xo(co(m)) = 0. (7.4)
In particular, viewing hy, as a function on T*OR™, we have
/07r sin(s)™ Hohum, (570 (40, m0))ds = 0. (7.5)
Assuming in addition that Hohy,, = 0, we get
() == (5 1) [ sins)™ 2 (o). (7.6
/07r cos(s) sin(s)™ L h,, (€370 (yo, m0))ds = 0, (7.7)
/0 " (sin(s)™ — (7 + 1) sin(s)™ ) hun (e (o, 70) ) ds = 0. (7.8)

Proof. First, by standard ODE argument, we directly obtain

cm(s) = R(s) /0 ’ R(t)™ X (co(t))dt.

Next, Sg(yo,m0/€) = Sgo(y0,7M0/€) is equivalent to having c.(7c) = co(m) where 7. > 0 is the
travel time for the flow of X, defined by the equation p(7.) = 0. The asymptotic expansion
as € — 0 of this equation implies that

Te =T+ €™ + O(€™ ) with 7,,,dp(Xo) (co(m)) + pm () = 0.

Since dp(Xo)(co(m)) = —1, this implies that 7, = (7). Writing the expansion as € — 0 of
ce(Te) = co(m) and keeping the €™ coefficient directly gives the identity

0 = e () + Timlo(m) = cm(m) + ﬁm(W)X'o(Co(W)), (7.9)
which can be rewritten as (7.4). Identifying the Op component of the equation, using that

dE. Xy = 0 and that dE()?m) = p"dE.Hy,, = —2p™Hy(hy,) (where we view h,, as a homoge-
neous function of degree 2 on T*9R"), we obtain

/ sin(s)™ Hohum (57 (yo, m0) )ds = 0.
0

Identifying the 850 component, we get

/07r (% + 1) sin™ 1 (5s) cos(s)hm(e“j[0 (y,m)) + b(s) sin(s)mthm(eSHO (y,n))ds =0
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for some function b(s), implying equation (7.7) if Hoh,, = 0. Identifying the 05 component
of (7.4) and using Xo(co(m)) = —05 + Hp and (7.2), we obtain (7.6) if Hoh,, = 0. To
obtain equation (7.8), we consider the Hy component of (7.9). Since d(e*H0), ,.Ho(y,n) =
Hy(e*Mo(y,n)), the direction Hy is preserved by the linearisation of the geodesic flow Hy on
the unit sphere OR® = S*~!, and the same holds for ker A if \ := Z n;dy; is the Liouville 1-

form on T*OR"™. We then have L(s)Ho(co(0)) = Ho(co(s)) and L(s)"*Ho(co(s)) = Ho(co(0)).
There is a natural projection on this direction by applying A to in (7.9), this gives

)+ [ Sin(s) A H (e, ) = 0
0
But A(Hp,) = hm, so we conclude that (7.8) holds. O

Corollary 7.2. Assume that g is asymptotically Euclidean to order m and the scattering map
Sy coincides with the Euclidean scattering map Sq,. Then for each point (y,n) € S*OR™,

(Hohum) (€™ (y, 1)) = (=1)"™ Hohum (y, n). (7.10)

If m > 3 is odd (resp. even), for each homogeneous polynomial p(y) of degree 3 (resp. degree 4)
and each point (y,n) € S*S™ we have

27
/0 p(e70 (g, 1)) (Hohyn) (€70 (3, 7))ds = 0.

Proof. We apply Hy to (7.5) and integrate by parts in s to get for each (y,n) € S*S"~!

0= /07r sin(s)mth (e (y,m))ds = —m /07T cos(s) sin(s)™ L Hohy, (550 (y, 1)) ds.

Applying this trick one more time and using (7.5), we have when m > 1
s
0 :/ cos(s)? sin(s)™ 2 Hohy, (370 (y, 1)) ds,
0

which in turn, using (7.5) gives [;" sin(s)™ 2 Hohym(e*0(y,n))ds = 0. Repeating the operation
iteratively, we end up in the case m even with the identity [;* Hohym(e*H°(y,n))ds = 0, which
gives (7.10). In the case m odd, we end up with [ sin(s)Hohm(e*°(y,n))ds = 0. Applying
again Hy twice and integrating by parts, we get (7.10) in the case m odd. Moreover the
argument above shows that for the case m > 4 even

Vi e NNJo,4], / sin(s)” cos(s)4™ Hohp (€50 (y, n))ds = 0 (7.11)
0
while if m > 3 is odd,
Vi e NNJ|o,3], / sin(s)? cos(s)377 Hohu (eH0(y, n))ds = 0. (7.12)
0

It is a direct consequence of (7.10) that the same vanishing as (7.11) (resp. (7.12)) hold with
fo% instead of fow when m is even (resp. odd). Assume m odd: if p(y) is a homogeneous
polynomial of degree 3 on S*~!, for each unit-speed geodesic v on S"~!

2 3 2
/0 p(v(8)) (Holm ) (v(s), 4(s)°)ds = Zaz/o sin(s)? cos(s)* ™ (Hohm ) (v(s), 3(s)")ds
7=0
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for some real numbers a; depending on v and p, and this vanishes by (7.11). The case m > 4
even is similar. 0

We now employ Corollary 7.2 together with an argument related to that of Joshi-Sa Barreto
in | , Proposition 3.2] to obtain the following proposition.

Proposition 7.3. Assume that g is asymptotically Euclidean to order m > 3 and assume
that the scattering map Sy coincides with the Euclidean scattering map Sg,. Then Hoh,, =0
on S*S"~L, that is, hy, is a Killing 2-tensor for the Riemannian metric hg of the unit sphere
Snt,

Before proving Proposition 7.3, we need a preliminary lemma. We denote by Sym?(T*S" 1)
the vector bundle over S*~! of symmetric g-tensors. We recall that the symmetrized covariant
derivative of symmetric tensor fields is the operator

D : C®(S" 1 SymY(T*S™ 1)) — C(S" 1 Sym ™ (T*s™ 1)),
q+1
Dh(vy, ..., vg41) = Z(ijh)(vl, ey U1, Vjig 1y ooy Vg1 ) s
j=1
where V denotes the Levi-Civita connection of hg.

Lemma 7.4. Let f € C(S"1; Sym?(T*S"1)) be such that, for each homogeneous polyno-
mial p € Rzy, ..., 2], there is k € C®(S"1; Sym?(T*S" 1)) such that pf = Dk. Then f
must be identically 0.

Proof. We will use a set of natural differential operators on tensors on S*~! and their commu-
tation relations, following the conventions of | ]. The Riemannian metric on the vector
bundle Sym?(T*S"~1) is defined by

glwy - ... wg,wh - wy) = Z ho(wl,w;(l)) ... ho(wy, wé(q)),
0€Y,
where X, denotes the set of permutations of {1,...,¢}, and - denotes the symmetric tensor
product

Wy« .e. s Wg = Z We (1) X ..& We(q)-
o€,
The L*adjoint D* : C°(S"1; Sym?™(T*S"~ 1)) — C°°(S*1; Sym?(T*S" 1)) is the diver-

gence, which is given by
n—1

D*h:= =Y 1c,Ve,h = —Tx(Vh).
j=1

Here, €1, ..., €n—1 is an hg-orthonormal basis, ¢.; denotes the interior product with e;, and the
trace map is defined as usual by

n—1

Tr(h) = Z Lejle; P

j=1
Notice that D = d is the exterior derivative on O-tensors, and D* = d* on 1-tensors. The
Lichnerowicz Laplacian on symmetric p-tensors is defined by Ap = V*V + ¢(R) where R
denotes the curvature tensor and ¢(R) is an endomorphism constructed out of R, see | ,
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Section 6] for the exact formula. The following formulas, which actually hold on general
Riemannian manifolds, relate the operators introduced so far. For each symmetric g-tensor
field h, we have

Tr(Dh) = DTr(h) — 2D*h, (7.13)
TrD*h = D*Tr(h), (7.14)
Aph = D*Dh — DD*h + 2q(R)h, (7.15)
and, if ¢ = 1,
Aph = V*Vh + Ricp h = Agh = (dd* + d*d)h (7.16)

where Ay denotes the Hodge Laplacian, d the exterior derivative and d* its L?-adjoint. On
the unit sphere (S"~!, hg), we have

_ [(n—2)h, if h is a 1-tensor,
q(R)h = {2(n — DA =2(n — 1)(h — 25 Tr(h)ho), if h is a 2-tensor. (7.17)
By applying the argument in | , Lemma 5.2] (originally developed for the hyperbolic
space) to the unit sphere (S"~!, hg), we obtain
D*Ap =AD", (7.18)
A D = DAy, (7.19)

Using first (7.13), (7.18), and (7.15), the identity pf = Dk implies
ALTr(pf) = - 2A; D"k + ALDTI‘(k) = 2D*Ark + dATI‘(k)
=—2D*(D*Dk — DD*k + 2q(R)k) + dATr(k).

Using, in order, (7.13), (7.17) (first line), (7.15) (7.16), (7.17), (7.14), and finally (7.19), we
obtain

AL(Te(pf)) = — 2D D*(pf) — D*D(Tr(DK) — dTx(k)) — 8(n — 1)D* (k — TV 4 dATy(k)
— _2D*D*(pf) — D*DTe(pf) + (Apd + dA)Tr(k) — 2(n — 2)dTr(k)
+4(n — 1)Tr(pf) — 4(n + 1)dTr(k) + dATr(k)
=—2D"D*(pf) — D*DTr(pf) + 4(n — 1)Tr(pf) + (3A — 6n)dTr(k).

D
D

We next apply the exterior derivative d to this identity to deduce the following
dd*d(Tr(pf)) = —2dD*D*(pf) — dD* DTx(pf) + 4(n — 1)dTr(pf)

— —2dD*D*(pf) — dd*dTe(pf) + 2(3n — 4)dTx(pf) (7.20)

where we used again (7.15) and (7.16) for the last line. The important point to observe is that
this is an equation purely on f (which does not involve k), with many possible choices for
the polynomials p. We shall now choose particular polynomials p. We fix a point 3o € S*~!
and, up to using a rotation on the sphere, we can choose coordinates = = (z1,...,Tp_1)
(1, ..., Zn—1,+/1 — |2]?) near yo so that yo = {z = 0}. It is direct to see that they are
normal coordinates in the sense that hy = Z?:_ll dx? + O(]z]?) near x = 0. We will choose
p(z) = zyxszy vanishing to order 3 at = 0, so that (7.20) gives us near z = 0

2dd*d(Tr(pf)) + 2dD* D*(pf) = O(||). (7.21)
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We write f near yp = {# = 0} in local coodinates under the form

n—1
=Y fiplx)de; - dw; - duy

Lij=1
with f;;; symmetric in (4, j,1). We then compute that near x = 0

n—1
dD*D*(pf) = 12 Z fstj(0)dxy Ndxj + fri;(0)drs Adxj + forj(0)dzy Aday + O(|x]). (7.22)
7=1

We also have

dd*dTr(pf) = 6(dAp) A Z Fuuj(0) dzj + O(|z|)
u,j=1
. (7.23)
= —12 Z Juui (0)(Orsday A dxj + Opeds A dxj + Osda, A dxj) + O(|z|)

u,j=1

Let us first choose s =t # r. In this case we get

dd*dTr(pf) = —12 Z Fuuj (0)dzy A dazj + O(|a])
u,j=1

and (7.21) yields

Z Juui(0)dzy A dxj + Z (fssj Ydz, Adxj+ 2 frs5(0)dzs A dxj).

Taking the component dx, A dx; of this equation with j ¢ {r, s}, this implies that
Vj & {r.s}, frsj(0) =0. (7.24)

Taking the component dxs A dx, gives

n—1

Vs # 7, Y fuus(0) = fuss(0) = 2frrs(0). (7.25)

u=1

To obtain more information we make another choice for p, namely we choose the indices such
that r # s # t (three distinct indices, assuming n > 4). In this case, (7.23) vanishes at z = 0,
and (7.21) implies

0= Z Fetj (0)dzy A daj + fraj(0)dag A daj + for(0)day A da;

Looking at the dzs A dx; component brings us the relation

vr ¢ {S,t}, fssr(o) = fttr(o)-
Combining with (7.25), we obtain for each r # s

(n —2) frrs(0) + fss5(0) = fss5(0) — 2f5(0), thus frrs(0) = 0. (7.26)



ASYMPTOTICALLY EUCLIDEAN METRICS WITHOUT CONJUGATE POINTS ARE FLAT 43

Finally let us choose the polynomial p(z) = 22, i.e. r = s = t. With this choice of p, (7.21)
produces the identity

n—1
Z Fuug (0) day Adazy + > fraj (0) dy A day.
7] 1 j 1

Considering the dx, A dz; component for r # j we get Zu 1 fuui(0) = frrj(0) which is equal
to 0 by (7.26), leading then to f;;;(0) = 0. Combined with (7.24) and (7.26), we conclude
that f(yo) = 0 in dimension n > 4 and since yq is arbitrary, then f = 0 everywhere.

The case n = 3 (i.e. OR3 = S?) requires a different argument. Going back to (7.25) and

writing down the sum explicitly, we get frr5(0) = —2f,,5(0) whenever r # s. This means
that frs(0) = 0 whenever r # s. Finally, considering t = r = s as above, we obtain that
fj37(0) = 0 for all j = 1,2 and this completes the proof for n = 3. O

Proof of Proposition 7.3. Assume first that m is odd. The function Hoh,, € C*°(S*S"~!) can
be expressed by means of the symmetrized derivative as

Hohum(y,n) = 3(Dhu)y (0, 0%, 1),

Therefore, it corresponds to a symmetric 3-tensor
f = LDhy, € C®(S" 1 S3T*s" ).
By Corollary 7.2, f is odd and

2T
/0 p(Y() fr) (7(1), ¥(2),¥(t)) dt = 0

for each closed geodesic v of (S"~!, hg) and each homogeneous polynomial p of degree 3. By
[ ], a symmetric 3-tensor on S"~! whose integral on all closed geodesics vanishes
must be of the form kyqq + Dk, where kyqq is odd with respect to the antipodal map © on
S"~! and k is a symmetric 2-tensor. Since f is odd with respect to ©, for each homogeneous
polynomial p of degree 3 the product pf is even, and therefore pf = Dk for some symmetric
2-tensor k. By Lemma 7.4, we conclude that f = 0.

Assume now that m is even. The tensor field f’ := x1 f, where z; is the first coordinate of
R", is odd with respect to the antipodal map © and satisfies

21
/0 PO L (), 4(1), 4(2)) dt = 0

for each closed geodesic v on S”~! and each homogeneous polynomial p of degree 3. The
argument of the previous paragraph shows that f’ = 0, and therefore f = 0 as well. O

We conclude with the following theorem.

Theorem 7.5. Assume that g is asymptotically Fuclidean to order m > 3 and the scattering
map Sy coincides with the Euclidean scattering map Sy,. Then g is asymptotically Euclidean
to all order.

Proof. Assume that m > 3. By Proposition 7.3, we have that Hyh,,, = 0 when we view h,,, as
a function on S*S"~1, that is Ay, (e*0(y, 1)) = hum(y,n) for all s € R. We use (7.8) to deduce
that for each (y,n) € S*S*~!

hn(y,m) /Oﬂ(sin(s)m — (% 4 1) sin(s)™?)ds = 0.
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But [ sin(s)™*2ds = TEL [Tsin(s)™ds so we conclude that hy,(y,n) = 0 if m > 3. Thus

m+2 JO
g is asymptotically Euclidean to order m + 1. Repeating the argument we obtain that g is
asymptotically Euclidean to all order. This concludes the proof. O
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