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We consider the tetrahedral three-loop diagram in F; exceptional field theory
evaluated as a scalar diagram for four external gravitons. At lowest order
in momenta, this diagram contributes to the VéR* term in the low-energy
effective action for M-theory. We evaluate explicitly the sums over the discrete
exceptional field theory loop momenta that become sums over 1/2-BPS states
in the compact exceptional space. These sums can be rewritten as Eisenstein
series that solve the homogeneous differential equations that supersymmetry
implies for the V®R* coupling. We also show how our results, even though
sums over 1/2-BPS states, are consistent with expected 1/4-BPS contributions

to the couplings.
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1 Introduction

Determining the low-energy effective action of type II string theory compactified on a torus 7¢—!
from 10 to D = 11 — d space-time dimensions has been an on-going research topic for many
years [1-21]. The low-energy effective action is interesting since one can hope to understand
better how string theory improves the ultraviolet behaviour of point particle theories like grav-
ity and supergravity through infinite towers of massive particles that restore unitarity at high
energy. Taking various limits of the exact couplings also provides important information on non-
perturbative objects in string theory, like D-branes, membranes or black holes. They include in
particular helicity supertraces or partition functions associated to solitons or instantons, respec-
tively. The effective action includes, besides the standard two-derivative action, an infinite set
of higher-derivative corrections, e.g. of the form V*R* in the case of four-graviton scattering.
These couplings were originally obtained from the computation of the perturbative string scatter-
ing amplitudes of states belonging to the massless graviton supermultiplet, and their low-energy
expansion in o = ¢2 [2,6,11]. With the (conjectural) discovery of non-perturbative U-duality
E4(Z) for the maximally supersymmetric compactifications on tori 74! [22], non-perturbative
contributions to the higher-derivative corrections could be determined and are often related to
automorphic forms. Together with an analysis of supersymmetry constraints [17, 18, 20, 23],
one can sometimes prove uniqueness of the perturbative and non-perturbative contributions to
certain higher-derivative corrections [24].

Using the above methods together with consistency relations coming from various pertur-
bative and decompactification limits, it has been possible to pin down the E;(Z)-dependence
of the correction terms R* and V*R* on the moduli ® parametrising the symmetric space
E4(R)/K(Eg), where E4(R) is the split real form Eg4) and K(FEjy) its maximal compact sub-
group. The Dynkin diagram of Ejyg) is shown in Figure 1. One has to distinguish the cases
d < 7 where the U-duality symmetry FEy4(Z) follows naturally from charge quantisation, and the
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Figure 1: Dynkin diagram of E,.

lattice of charges support the spectrum of BPS particles, from the cases d = 8,9 for which there
is no such interpretation. In these cases one has nonetheless conjectured U-dualities following
the same pattern [22,25] and one can define a field theory in D = 3 and D = 2 dimensions,
respectively, with a low-energy two-derivative action that exhibits E4(R) symmetry. By Eg we
denote the affine Kac—-Moody extension of Fg. For the indefinite hyperbolic and Lorentzian
Kac—Moody symmetries F1g and E11, the dynamical theory is less clear and the definition and
separation of massless amplitudes is ill-defined, but one can still formally use automorphic forms
on them that are a book-keeping device in that they decompactify correctly to the cases Fgy)
with d < 9 [16]. In general, these corrections are given by certain Eisenstein series on the groups
FE4)- Speaking in the language of automorphic representations, the %-BPS correction R* be-
longs to the minimal unitary representation of E;(RR) while the %—BPS correction V4R?* belongs
to a next-to-minimal unitary representation [13,15] (that is unique for d > 7). The next case
VOR* has also attracted attention in the last years and has been treated using different methods
in [8,9,19,20,26,27]. The corresponding function multiplying the VOR* term in the effective
action, often denoted & ), is generally the sum of two functions that correspond to two distinct
%—BPS supersymmetry invariants [20]. One is an Eisenstein series attached to a next-to-minimal
representation for d < 6 (and next-to-next-to-minimal for d = 7), while the other satisfies an
inhomogeneous differential equations with sources quadratic in &, [8]. Consequently, the lat-
ter is not an automorphic form and cannot be attached to an automorphic representation in
the standard sense. Despite this, one can prove that its Fourier coefficients and the differential
equations it satisfies are naturally associated to a nilpotent orbit [28].

The coefficient functions &g ;) multiplying the R* term and &, ;) multiplying the V4R* term
for compactifications on 79! were determined indirectly using consistency arguments. A direct
calculation was undertaken recently in [29] and based on the framework of exceptional field
theory. Exceptional field theory [30-41] in D space-time dimensions uses an extended ‘internal’
space whose coordinates Y transform in a representation R, , of the symmetry group E4(R)
where d = 11 — D. In order to eliminate extra degrees of freedom compared to supergravity,
any field of the theory (and product of fields) is required to satisfy a section constraint that
transforms in a different representation Ry, of E4(R). These representations are tabulated for
the various values of 0 < d < 8 in Table 1. More precisely, one demands

0 0

W—MA(Q:’ Y)aYY—NB(.Z', Y) ﬁal

0 (1.1)

for any two fields A(z,Y) and B(z,Y), where z# are the standard D-dimensional coordinates
and YM the extended coordinates. The representation R, is contained in the tensor product



Space-time dimension | Hidden symmetry coordinates Y™ | Section constraint
D=11-d E4(R) R., R,
9 GL(2,R) 109 ¢ 2® 21
8 SL(2,R) x SL(3,R) (2,3) (1,3)
7 SL(5,R) 10 5
6 S0(5,5,R) 16 10
5 Es(R) 27 27
4 E7(R) 56 133
3 Es(R) 248 3875

Table 1: Coordinate representation R,,, and strong section constraint representation R, for hidden
symmetry groups Fyg) in dimension D =11 —d for 2 < d <8.

of two representations R, and can be interpreted as a %—BPS constraint. When the theory is
defined on D-dimensional Minkowski space times the exceptional torus (i.e. in a background
independent of the Y coordinates), the Fourier modes of momentum I' satisfying the %—BPS
constraint can be interpreted as massive %—BPS supermultiplets of states. The exceptional field
theory Lagrangian permits to describe the three-point interactions of these multiplets, and their
coupling to the massless supermultiplet.

Using this formalism and explicit one- and two-loop calculations in exceptional field theory,
together with a reduction to scalar diagrams as in [42,43], we recovered from a direct calculation
the R* and V4R? correction functions in [29], confirming the previous indirect results. We
also obtained a form of the VOR? correction function consistent with its differential properties
described above. Nonetheless, the consistency of our result required to neglect the one-loop
contribution to the V#R* correction to avoid divergences and the doubling of the coefficient.
Moreover, it is expected that the latter does not get contributions from higher loops but it is
known that VOR?* is corrected at three-loop. The calculations in [29] can be seen as a U-duality
completion of supergravity loop calculations carried out in [44,45] by including full multiplets
of 1-BPS states [7].

In the present paper, we extend this analysis to the three-loop contribution to the &¢ 1
coupling in exceptional field theory. As is known from [42,43], there are several topologies of
scalar diagrams that arise at three-loop order in maximal supergravity. Not all of them are
amenable to the exceptional field theory techniques developed in [29]. However, only one of
them is relevant for the VOR? correction and it is treatable in perturbative exceptional field
theory. The skeleton graph in this case has tetrahedral structure [27].

By a careful analysis of the solutions of the section constraint and exploiting the symmetries
of the tetrahedron, we shall derive automorphic functions that solve the relevant differential
equations and we shall also see how our calculation exhibits a cancellation of divergences in the
various dimensions, with a dependence in a renormalisation scale consistent with the known and
expected ultraviolet divergences in supergravity.



Figure 2: The skeletons graphs at three-loop order. The tetrahedral graph on the left starts contributing
at order V6 R* in the derivative expansion whereas the ladder diagram on the right has its first contribution
at order V3R*.

We shall also discuss in detail aspects of the regularisation of the exceptional field theory
amplitudes, expanding on our proposal in [29]. As mentioned above, the one-loop exceptional
field theory contribution to the V*R* coupling must be renormalised to zero to give the correct
finite result. The cancelling contribution was argued in [29] to come from the contributions of %—
BPS states that are neglected in exceptional field theory. In Section 3, we shall argue that one can
obtain these %—BPS contributions by U-duality covariantisation of the V4R* coupling obtained
from perturbative string theory at one-loop. We shall exhibit a formal cancellation of the %—BPS
states (coming from exceptional field theory) and the i-BPS states contributions (from string
theory), confirming the validity of the picture in [29]. We also extend these arguments and
discuss more generally the systematics of BPS corrections up to VOR?* in Section 4 where we
also discuss non-renormalisation properties of BPS solitons and instantons. This will allow us
to exhibit that our framework provides a consistent approach to determining the low-energy
behaviour of the four-graviton scattering process up to order V6 R*.

2 The tetrahedral diagram and its symmetries

Up to two loops, all the Feynman diagrams contributing to the four-graviton scattering ampli-
tude involves internal momenta that satisfy the strong section constraint I'; x I'; = 0. Here, I';
for ¢ = 1,2 are the discrete charges of the supermultiplet circulating in the loops. The discrete
charges are in the lattice Z%@4) in the E4(R) representation R, , of dimension d(cy) shown in
Table 1. As explained in [29], each contribution is then necessarily in the U-duality orbit of a
supergravity amplitude in two more dimensions on R? x T2. Tt then follows that the reduction
of the amplitudes derived in supergravity in [42,43] applies, and the exceptional field theory
amplitude reduces to the U-duality covariantisation (i.e. Poincaré sum over U-duality orbits)
of the supergravity amplitude. At three loops this is no longer the case in general, and for
example for the ladder diagram shown on the right of Figure 2, the momenta do not necessarily
satisfy the strong section constraint. Moreover, the amplitude includes then a priori four-point
vertices between four massive states of charges satisfying the strong section constraint, and the
non-associativity of the convolution product subjected to the section constraint implies that
one cannot neglect the 1/4 BPS states multiplets in this computation. Nonetheless, we shall
argue that the VOR* coupling is still determined by the tetrahedral diagram contribution only
in exceptional field theory.



There are two skeleton diagrams that arise at three-loop order, the tetrahedral graph (a.k.a.
Mercedes diagram) and the ladder diagram depicted in Figure 2. The ladder diagram does not
give any contribution to order VéR* in supergravity [43]. When all internal momenta satisfy
the strong section constraint I'; x I'; = 0, one can always use an element of the U-duality
group to consider an equivalent representative in eleven-dimensional (or type IIB) supergravity,
such that the same reduction of the diagrams computed in [43] also applies in exceptional field
theory. At one loop and at two loops, the fact that the three-point vertices satisfy the section
constraint implies that all momenta I'; have to satisfy the strong section constraint consistently in
a pairwise manner. But at three loops one can have diagrams (like the ladder diagram) for which
among the three momenta satisfying I'; x I'; = 0, two of them fail to satisfy the strong section
constraint, say I'y x 'y # 0 while I'y x I's =T’y x I's = 0, see also [29]. Such a configuration is
not F4(Z) equivalent to a configuration of momenta in supergravity and one cannot rely on [43]
to deduce that they could only contribute to higher order derivative couplings. Nonetheless,
these contributions with two momenta failing to satisfy the section constraint can be moved to
a frame where one can see them as momenta and winding of perturbative strings on the torus.
In this case indeed one can always find an element of F4(Z) to rotate the element I'; x I'y in
R, to the highest weight representative. In the string perturbative parabolic decomposition P;
of Eg(R)*

ey E(ATV) P @SV @ (gl dso(d—1,d— 1))V & Y (ATY)@

112

R(AQ) - @ (ASV @ A0V)28D 6 §57) gy o)
3 2d

_ _ d—>5
R(A)=- & ATV ® )58 & (AT @ AT5Y) ) ¢ SO g1t | (2.1)

the only solutions I'; to the section constraints compatible with the property that I'y xI'y € 1022
are such that all I'; € V@22, One can always choose the representative such that I'y + 'y €
V(Q%d), and the constraint that I's x (I'y + T'2) = 0 and (I'; — T'y) x (I'; + ') = 0 impose that
they both belong to V@22 as well.

The low-energy expansion of the three-loop 4-graviton scattering amplitude computed in
[46] can be extended straightforwardly to toroidal compactifications [19]. The resulting string
theory contribution to the VOR* coupling is simply the integral over the genus-3 moduli space
Sp(6,Z)\Sp(6,R)/U(3) of the SO(d — 1,d — 1) genus-3 Narain partition function. It follows
that the only string states contributing to VéR* at 3-loop are level matched, and so satisfy
the strong section constraint. One can check in particular that this contribution is the SO(d —
1,d — 1,7Z,) covariantisation of the ten-dimensional supergravity amplitude as written in [27].
We conclude therefore that there are no contributions to the V6 R?* coupling that fail to satisfy
the strong section constraint at 3-loops. In the following we shall therefore consider that the
unique contribution comes from the tetrahedral diagram.

Here we assume therefore that the exceptional field theory integrand is identical to the one
deriving from supergravity. The 3-loop supergravity amplitude was evaluated in [42,43] and

"With V' we denote the vector representation of so(d — 1,d — 1) while Sy denote the chiral spinors with the
convention that S_ has its non-zero highest weight label on the node attached to node 1 when embedded in e4.
For even d one has S_ 2 S_ while for odd d the isomorphism is §_ = S, .



it was shown in [27] that one can use several integrations by part to simplify the three-loop
tetrahedral diagram integrand to a manifestly SL(3,7) invariant integrand in nine dimensions.?
The dual graph of the tetrahedral skeleton is the regular tetrahedron, making obvious that the
symmetric group Sy is a symmetry of the configuration and we will see below that the amplitude
can be written in a way that is manifestly symmetric under this group [27]. Extrapolating this

result to exceptional field theory, one obtains the contribution to the effective action at order
VOR?

(3-loop) 5 d6Q 1%l
Eo)™ = G Z —— 5 XDy ( — 7 g(Fi,Fj)> . (2.2)
r;ez3d(eq) St (det Q) 2
FiXF]‘ZO

Here, each of the three internal charges I'y, I's and I's is an integral charge in 74 ) R,,.
The E4(Z) invariant®

(T3, L) =T{WIT; = S (1Z(T: + 1)) = |Z(To)* — | Z(T;)[) (2.3)

DO =

appearing in the exponential is formed using the coset representative V(®) € E4(R)/K(E,), and
|Z(T")| is the mass of a 1/2 BPS state of charge I' satisfying the section constraint I' x I' = 0.
The integration domain ST = (R )® denotes the positive Schwinger parameter space. The six
Schwinger parameters L 4 at three-loop order for the tetrahedral skeleton have been arranged in
the symmetric (3 x 3)-matrix

- L+ L3+ Ls L3+ Ls Ls
Q=0Y = Ls+Ls Lo+ L3+ Ls+Lg Ls+ Lg . (2.4)
Ls Ls+ Lg Ly+ Ls+ Lg

Note that € is a symmetric and positive definite matrix on Schwinger parameter space S™.

There are three internal charges I'; propagating in the diagram and they all have to mutually
satisfy the strong section constraint I'; x I'; = 0. This is due to the structure of the tetrahedral
graph; generally only adjacent charges have to satisfy the section constraint [29].

Since the VOR* contribution is the lowest contribution from the tetrahedral skeleton there is
no dependence on the external momenta and dependence on the Schwinger parameters except
for the overall scale and the BPS-mass through the exponential. We have also included an index
1 on the exponential to indicate that the amplitude has to be regulated through the introduction
of a mass term pu. We will be more explicit on this regularisation below when we have rewritten
the integral in a different form. The integral (2.2) also exhibits the primitive divergence for
d =5 (corresponding to six space-time dimensions) that corresponds to the known supergravity
3-loop logarithmic divergence [42,43].

ZNote that the individual non-amputated diagrams underlying the tetrahedral skeleton are not just of scalar
¢® type since they have non-trivial momentum dependence in the numerators.

3Here VT = (V*l)i7 where } is the Cartan involution. There always exists a matrix representation of real split
groups Eq(R) on R(A4) such that VT is the transpose of the matrix V.



A first step in evaluating (2.2) consists in showing that the action of SL(3,Z) on the sym-
metric matrices

Q— AQAT (2.5)

that preserves Schwinger parameter space ST generates a finite Sy subgroup of SL(3,7Z). Be-
cause the action of SL(3,7Z) is transitive on S*, any SL(3,7Z) transformation that preserves
Schwinger parameter space acts by permuting fundamental domains of SL(3,7Z) in ST. Among
all the Sg permutations of the Schwinger parameters, one computes straightforwardly that only
a subgroup Sy C Sg can be realised in SL(3,7Z). We have furthermore checked that among hun-
dred thousand SL(3,7) matrices the only ones that preserve ST all belong to this S subgroup,
so that there are no other SL(3,7Z) transformations acting by permutations. One further check
consists in computing the integral®

A0 o 24 d°Q g
| e s 2 —21 | e (o)
s+ (det Q) ™ Hyy5/5L(3,2) (det Q)

where we have done the integral on the left numerically on a subset of values for s > 0. The
approximation is such that 24 is always the closest integer to the resulting value. The integral
on the right-hand side contains the space Hy, ; of all symmetric positive definite (3 x 3)-matrices
and the integral is known (see (A.2) in the appendix).

One concludes therefore that the subgroup of SL(3,Z) that stabilises Schwinger parameter
space is Sy of order 24, such that the amplitude (2.2) reduces to

dﬁQ

S D D
FiGZSd(ad) H3><3/SL(37Z) (det Q)
I';xI'j=0

—exp,, ( . inﬂ'g(ri,rJ—)> . (2.7)

The constrained sum over the three internal charges I'; can be rewritten by a suitable
parabolic decomposition of the Fjgq) duality group. This is a generalisation of the discus-
sion in [29] where a similar decomposition was performed at two-loop order. Consider a single
charge I'; € Z4 ) satisfying I'; x T'; = 0, using [47], one has for d < 7 that one can always use
an element of the Chevalley subgroup F4(Z) to rotate the discrete charge in the highest degree
component 1399 in the decomposition

~ =0-d)
eaa) ZRED @ (a @ egora-1))” R,

(e ] ag—1
Rad ~ 8( 3) D R(d 8) ® Rgc)l ) 1(10—d) ,
R, = ... @3 " eR{ &Ry, (2.8)

Using this one straighforwardly checks that a second charge I's such that I'y x I'y = 0 must
belong to I_{(al;i LD 1009 Using furthermore I's x I'y = 0, one can use the same property to
conclude that the second charge belongs to the highest level decomposition of e;_j(q—1) under

4The function & (s) appearing here and in many other places in this paper is the completed Riemann zeta
function defined by £(s) = 7~*/?T'(s/2)¢(s) that satisfies the functional identity £(s) = £(1 — s).



¢q_2(d—2)- L'he two charges can then be chosen to be in the highest degree component 201=9) in
the decomposition

= (18—2d)

ea) = RET® & (20 Ra, ,) " @ (gl B sl ® egoan)” ®20Ra,,) P aR, ",

R, = (8472) "W &R @ (20 Ry,)" " @ RY, @207,
R,, & .. ® (847(1®3) BRy,)*" ™ @ (20 Ry,) ™ & RY) . (2.9)

Assuming that the two charges I'1,I's are linearly independent, one finds by inspecting the
decomposition of the representations above that any third charge I's satisfying that I's x I'; = 0
must belong to the component I_{SLQ @ 20179, Because the component of I's in I_{SLQ again
satisfies the same constraint, one can therefore conclude that the three charges belong to the
highest degree component 3"~ in the decomposition

Ca) = - @ (gl Bsly B egsa3)” ®BORa, ) B BOR.) @R, 7,
Ro, =...®(B0R.,)" W ® B3RP ORS | ©31 7,
R,, 2..9B®Ry) Y RY

a1 )

(2.10)

where for d < 6 the algebra e;_3g_3) has to be interpreted as the correct hidden symmetry
obtained from decompactification and the representation R, has to be interpreted accordingly.’
The same argument generalises to eg(g) using [48], and one proves in the same way that three
charges belonging to the corresponding lattice belong to the highest degree component 3 in

egs) = ... @ (gl ®sl3 B 50(5,5)” @ (3216)Y @ (3©10)? 616” @ 3@ |
3875~ ...5(3®16)® 10 . (2.11)

The salient point here is that the tensor product of two top components in 31*2~% always satisfies
the strong section constraint (for d < 8) and is moreover stabilised by the upper parabolic
subgroup Py with the chosen Levi factor Fy_54_3) x SL(3) x GL(1). We can bring any triplet
of charges satisfying the strong section constraint into three copies of the 3129 j.e. represent
them by a (3 x 3)-matrix M and conversely any such triplet can be represented as an image of
such an M under the action of Fj4 modulo the stabiliser Py_o.

This construction can be understood more generally from the Bruhat decomposition of a
Kac—Moody group, and, as a consequence, that any group element defined over @ can be de-
composed as the product of an element in the Chevalley group defined over Z and an element in
the Borel subgroup over Q , i.e. G(Q) = B(Q)G(Z). We discuss this is some details in Appendix
C, in which we show that the same construction can be generalised to Kac—-Moody groups and
in particular to Eyg).

5In particular for d = 4 one must consider the sum of the two contributions associated to the type ITA and I1IB
decompactification. For d = 3 the decompactification is necessarily to eleven-dimensional supergravity for three
linearly independent charges, and they cannot be linearly independent for d < 3.



One can therefore rewrite the threshold function (2.2) as a sum of four terms corresponding
to the possible ranks of the matrix M

' 50 |
Eony™ =20 / ERpe==s > Y e (- rmr@MrmT))
(§] 2 o
Hy 3/ SL(3,Z) 1EPa2\Ba MEZS S

+ Z Z exp ( — T (QMTSL‘Z)MT) - 7T,U,2R2(Q))
¥E€Pa-1\Eq M}{Ej\%i“

+ Z Z exp ( —7Tr (QmTfY"L“)mT) - 7T,u2R1(Q)> +exp(—mp*Ro() | (2:12)
V€Pa\Eq meZ?
m#£0

Here, 7'5“”) is the GL(n) symmetric matrix representating the E4(q) representative in the top com-
ponent n®~** in the decomposition of Ry, after the action of the discrete v € Pyy1_,,\Fa(Z)
coset representative 75" (V) = 79" (yV). Note indeed that the representatives of the charges
only contract into this part of the full E4(R) coset element, such that with the corresponding
embedding of M € Z"*¥ ) MreoWVYMT = MYV MT. R, (Q) are some functions of  that
we shall specify below, that regulate the infrared divergence with the infrared regulating mass
w. The specific contributions in log p that will be relevant in the following should not depend on
the specific choice of function R, (£2), so we shall choose them such as to make the computation

as simple as possible.

We will now unfold the integral over Hj, ;/SL(3,Z) for each orbit in the above equation.
For non-degenerate three by three matrices the stabiliser of SL(3,7Z) is trivial so that we can
unfold the integral to H;'X 3. For simplicity we shall consider twice the sum over non-degenerate
matrices in Z3*3/GL(3,7) (rather than once the matrices in Z3*3/SL(3,7Z)).

For rank two three by two matrices, the stabiliser is Z? C SL(3,Z), and SL(3,7Z) allows
to rotate M to two by two representatives of non-vanishing determinant in Z2*2?/GL(2,7Z).
This choice distinguishes the decomposition of the symmetric matrix of Schwinger parameters
in block form as

Qoo Qoxou
Q= det Q) = tdet ) 2.1
<UTQQ><2 UTQQX2U+t> = de ¢ 225 ( 3)
and
d5Q = (det Qax2) d*Qaxo d*udt (2.14)

such that Tr(nggngngL‘”MgXQ) =Tr (nggngngL‘Z)MgXQ), and the Z? stabiliser acts as a
shift of u. Choosing for convenience Ry(2) = t to regularise the integral, the integral of u simply
gives a unit volume contribution.

For non-zero vectors m € Z3 the stabiliser is SL(2,Z) x Z* C SL(3,Z), and SL(3,7Z)
permits to rotate m to a positive integer in the first component. This choice distinguishes the



decomposition of the symmetric matrix of Schwinger parameters in block form as

0= s QlX1UT | = det Q = dettaxo Qix1 (2.15)
ufix1 taxe +uldixiu
and
d°Q = (dettaxa) dix1 d*u d’taxz (2.16)

such that Tr (nggmnf“” = lelT Um?2, and the SL(2,7) x Z? stabiliser acts as a shift of
u, and linearly on v and ¢. Choosmg for convenience R;(2) = det toxo to regularise the integral,
the integral of u simply gives a 3 Volume contribution (because of the —1 € SL(2,7Z) that does
not act on ¢). The remaining 1ntegral over the matrix toxo is over H,/PSL(2,7), which is
twice the integral over H, ,/PGL(2,7Z), so we reabsorb the factor of % of the integral over u
by this halving of the integration domain of t9yxo.

For the trivial orbit the stabiliser is of course SL(3,Z) = PGL(3,Z). For convenience we
write the variable as t3x3, since the integral contribution is defined by its infrared divergence,
and we use Ry(t3x3) = dettsxs for simplicity.

So to conclude, the orbit method permits to reduce the threshold function to

Eony™ =40 Z Z ———————F exp ( —nTr (QMT$L<3)MT))
NEPy_\Eg MeZ¥¥3/GL(3,Z) 7 (det€d)
det (M)70 3x3

S 2 / detQ% do/tl—

VEPa_1\Eq MEZ**? |GL(2,Z) 1+
det (M)#0 2x2

X exp ( — 7T (QMTSL‘Z)MT) - 7T,u2t>

+20 > > /Ql__ / #

0 2
VEPa\Eqm> HY, ,/PGL(2,Z)

X exp ( — Q7S m 2 _ npldett

d6
+ 20 / PPR= exp < — mpdet t) . (2.17)
(det t)*~
HY, 5/ PGL(3,Z)

In this formula we have suppressed the subscripts on the sub-blocks in 2, M and ¢ in order to
ease the notation. Their size is evident from the summation and integration ranges.

In the next step, we carry out the integrals over ) and ¢ using the formule of Appendix A.
These reduce the expressions for each rank into a power of det 7, multiplied by a power of the

10



regulator 4 and d-dependent numerical factors involving I' and £ factors. The result is

E = 406(d — 5)E(d — 6)E(d —7) Y (det 7Y~

YEP;_2\Eq
+ 207 <%> (7T,u2)_%f(d —4)¢(d — 5) Z (det Tfj“z))—d%
vEPy;_1\Eq
+20€(2)T <$> (np?)~3ed—-3) S ()T
vyeEP\Ey
d— .

The y-sums over the duality group can be carried out to yield the final result

Eay™ = 40¢(d — 5)¢(d — 6)&(d —TVE,  as

xg—2, P}

L 20T (%) ()T E(d - DE[A— ), as

+ 20 (150 () Fela -9, 1

d—>5

+20e@e@r (50 () (2.19)

where the Langlands Eisenstein series coming from the maximal parabolic cosets sums have been
labelled by the node associated with the maximal parabolic subgroup of Ey) together with the
parameter of the inducing determinant.

Before explaining the derivation (2.19) in more detail, we make a small parenthesis on our
different conventions for denoting Eisenstein series. More precisely, we have used for 1 <n <3

Bagirws= > (detrGE0) (2.20)
YEPi11-n\Eq

such that the identity coset term has numerical coefficient equal to one. We shall also encounter
Eisenstein series associated with non-maximal parabolic subgroups and in this case it is con-
venient to either label the series by putting the corresponding weight {si}le on the Dynkin
diagram (for a fixed symmetry group Eg)) or by writing the weight Zle s;\; in the basis of
the fundamental weights {A;}%_ ;. Note that the Eisenstein series are instead commonly labeled
by the weight A = 22?:1 siNi — p = 2?21(252- — 1)A; defining the infinitesimal character on
which the Weyl group acts in functional relations. For ease of notation it will be nonetheless
useful to label them by Z?:l s;\; for short, since most of the s; vanish in practice. Concretely,
we write for maximal parabolic Eisenstein series

Eai,s = ESA'

1

(2.21)

indicating that the fundamental weight A; occurs with coefficient s in the weight. Moreover,
we use the Fy labelling for the fundamental weights and the standard labelling for the Dynkin

11



diagrams, such that we would write for example for Es5:) = SO(5,5) of type Ds

E fysii T E{slsg_%z:] : (2:22)
In deriving the final expression (2.19), we have used the identities for the matrix integrals and
KEisenstein series naively and without paying attention to their convergence. In fact one can
check that the integral over ¢ only converges absolutely for the rank n orbit if d > 5+ n and
the integral over 2 for the rank n orbit if d > 14 2n. To take care of the convergence of the
Langlands Fisenstein series we consider the analytic continuation of the parameter by replacing
d by d + 2e¢, which corresponds formally to dimensional regularisation. In this case one checks
that the Eisenstein series F, w20, converges absolutely for Re(e) > n2=(d—2)n+7d=3

A 1-ns 5 2(9+n—d)
the convergence criterion that Fsy, is absolutely convergent if and only if (A;, sA; — p) > 0 for

, using

a maximal parabolic Eisenstein series. These expression are therefore generally divergent at
e = 0, but are absolutely convergent for Re(e) satisfying the above inequality. Using Langlands’
construction these functions can then be analytically extended to meromorphic functions in € to
the whole complex plane, where one also continues the numerical prefactors appropriately. We
shall use this analytic continuation as a dimensional regularisation as in [29]. Each individual
expression is then finite for a dense set of € € C, but the expressions involve individually poles at
€ = 0. These divergences are also to be expected on physical grounds and signal the appearance of
ultra-violet divergences of amplitudes or form factors in supergravity, or equivalently, ambiguities
in the decomposition of the non-perturbative string amplitude into analytic and non-analytic
components due to the logarithmic behaviour of the latter in the Mandelstam variables. We
will now discuss the treatment of these divergences in the different dimensions, and show that
all poles cancel in the complete expression for the amplitude for all d.

21 D=6

For six space-time dimensions (d = 5) one has to interpret the Eisenstein series from the various
orbits as follows where we also introduce the dimensional regularisation d = 5 4+ 2e:

(2.23)

0€o
(4]

Eocd7275 = E[ e] ) Ead—lv%'f‘E = E{ ] ’ Ead71+€ = E{ooo ° ]

1,0
O°2+€o 1+€

In particular, the series E,, ,. is not a maximal parabolic Eisenstein series and converges
absolutely for Re(e) > % Considering the factors multiplying the various terms we see that the
contributions from the rank-one orbit and rank-two orbit give only finite contributions for ¢ — 0
that vanish when sending the IR regulator u to zero. The rank-three and rank-zero orbits on
the other hand give divergent contributions that we now analyse.”

Let us first analyse the series coming from the non-degenerate orbit. This term is divergent

due to the £(d — 5) — £(2¢) prefactor. To analyse it, we note the following functional relations

5The case d = 5 and n = 3 has to be treated separately since it is not a maximal parabolic series and we will
give its convergence condition below after (2.23).

"For the Eisenstein series themselves one has Effﬁi) = 0(e%), ESO(5,51)+ = O(¢?) and Efffiji) = 0(e%).
’ ag_1,5+€
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of Eisenstein series

o E05 = 20)8(6 — 20)8(7 — 20)¢(8 — 4e)
[oeod] T E(1 = 26)E(2 — 20)E(3 — 20)E(7 — 4e) 0%t
_ (6 —20)5(8 — 2¢) .,
E{"""z] &1 —2€)€(3 — 2¢) {ooo ° ] : (2.24)
Using the property that
E[“"z] - E{Oéoz] * E{oooz] o E[ooog] + 0(62) ’ (225)

one deduces therefore that the rank-three contribution becomes

5(2)6(3)5(26)E{M§] = &§(2)6(3)€(2¢) + 5(5)5(6)6(8)%0%02] + 5(2)5(6)6(8)%0002] +0(e),
(2.26)

where the hat on the Eisenstein series indicates that the pole in % has been removed before
taking the limit ¢ — 0, e.g.

A

1 E(1 4 2€)&(3 + 2¢)
Blows] =58 (E[°°°4i | €620+ 2e)> ’
~ im (E E(L 2062 + 2063 + 20)E(T + 4e)>
[e3+e] ~ E(5+ 20€(6 + (7 + 20)E(8 + 4¢) )

[0%%] e—0

(2.27)

The remaining explicit divergence in (2.26) associated with £(2€) ~ —o-,

leading part in the IR divergence in the last term of (2.19) coming from the rank-zero orbit.

cancels precisely the

Putting everything together we therefore obtain (for some irrelevant constant c;)

655’1“;"”—40§<5>5<6>§<8>EA{ 7o]+4os< )E(6 )5(8)% o]—2O§<2>5<3><log<w2>+c1>. (2.28)

000
The two series are the two homogeneous solutions to the differential equation for the VOR*
term and the combination is the one displayed in [28]. The constant logarithmic term in
£(2)€(3)log(mu?) exhibits the need of introducing a renormalisation scale in the non-analytic
component of the amplitude, which is a consequence of the logarithmic divergence in the super-
gravity four-graviton scattering amplitude at 3-loop [43].

22 D=5

For five space-time dimensions (d = 6 + 2¢) one has to perform a similar analysis to above. The
only interesting terms are the rank-three and the rank-one orbit in this case

EGy™ = 40€(2 — 2¢)€(1 + 26)6(26)E{ . ] + 20£(2)T(€) (mp?) ~°E(3 + 26)E[ (2.29)

o . ] .
3
oo%«keoo 00003 +e€
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Using the functional relations

(1 + ZE)E{OOLLOO |- EB-20)E . 1. (2.30)
£(6 + 26)€(9 + 2¢)
Bl ] T e0 5 2063 1 20) Plostozec
B _€(2+2¢) 26) _ £(6 — 2€)E(T7 — 2€)&(8 — 4e)&(9 — 26)E .
oot T B3 =20 [odtne] T €@IER =202 — 207 — 40 “[En ]

one can simplify the rank-three orbit contribution similarly as for (2.26)

£(2€)&(1 + QE)E[ . ] =¢(2+ 26)6(26)E{0§t20 ] +£3— 26)5(2€)E[

o _ &(26)€(3 —2¢)
E(—20e@ 1 20 O T 2O+ 2B 4, 1 +0(0). (231)

The divergent second term in (2.31) cancels against the rank-one contribution, leaving only

N
oooo%«re ]

finite pieces and logarithms of the IR regulator u. With a similar appropriate definition of the
regularised Eisenstein series one obtains
£ = A0SO SO 3 1 +H0ER)EOLOE

2
00000

]—205(2)5(3) 1og(7w2)E[oogo% |- (2.32)

o
9
0000 3

Once again, the two series defining the i independent contribution are the two homogeneous
solutions to the differential equation for the VO R?* term and the combination is the one displayed
n [28]. The constant logarithmic term in £(2)£(3)log(mu?) exhibits the need of introducing a
renormalisation scale in the non-analytic component of the amplitude, which is a consequence
of the logarithmic divergence in the supergravity form factor of the 5(070)R4 type invariant with
four external gravitons at 2-loop.

23 D=4

For d = 7 + 2e¢, it is the rank 2 orbit that is divergent in the limit ;4 — 0, and one gets together
with the rank 3 orbit

5((5’ 1l<)>op) =40£(2 4+ 2¢)¢(1 + 26)5(26)E[ o ] + 200 (€) (mp?) ~€E(2 + 2€)€(3 + 26)E[ Sose]

(2.33)
Using successive Weyl group transformations one proves the identities
~E(3—26)6(4 — 2€)&(T — 4e)&(8 — 6¢) (2.34)
[oo8coo] ™ €(1 4 2€)€(2 + 26)£(3 — 4€)E(T — 6€)  LocBoc wac] ‘
and
€9 —2€)6(12 — 2¢)
{008054—25} o 6(1 _ 26)6(4 _ 26) [6—608000] ’
&2+ 2€)6(3 + 26)€(3 — 4e) 7 (2.35)

[oc8oot2e] ™ (4= 26)€(3 = 2€)€(8 — de)  LooBog+eo]
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which imply that
&9 —2¢)6(12 — 2¢) £(2 4 2€)E(3 4 2€)E(3 — 4e)

[oc8ocaac] ™ E(1 = 2€)€(4 — 2¢) L 6-coBooo] * £(4 = 2€)€(3 — 2€)€(8 — de) looSog+eo]
- +0O(?). (2.36)

[oogoo 4—5]

Substituting this last expression in (2.33), one gets that the poles in E[ o

000030

the rank three and the rank two orbits, and using (2.35) that the poles in E[ So04] cancel as

00000

] cancel between

well, such that the final expression is finite. Using moreover the identities

£(8 —2€)E(4 — 26)5(—26)E[008004_6] = £(2 + 2€)€(6 + 26)£(10 + 26)E{008005+€] , (2.37)
and
EBVET, 5,5, = EOIE 5,0 » (2.38)
one obtains finally
Eony™ = A0ER)E(NEM) E o 1 +A062EOEMO)E o 1 — 206(2)€(5) log(mp®) B, o 1
(2.39)

where the hatted functions are defined to be the finite part of the corresponding divergent
Eisenstein series, for which the pole (% + ¢g)E[308000] has been removed for a given choice of
constant cg . Here we do not define a precise subtraction scheme (defining cg), since this would
only become meaningful if we were also considering the appropriately regularised non-analytic
part of the amplitude such that the complete amplitude would match correctly the perturbative
string theory three-loop amplitude. The full 3-loop non-analytic amplitude is not known. The
two series defining the p independent contribution are the two homogeneous solutions to the
differential equation for the V6R* term and the combination is the one displayed in [28]. The
constant logarithmic term in £(2)&(5) log(mu?) exhibits the need of introducing a renormalisation
scale in the non-analytic component of the amplitude, which is a consequence of the logarithmic
divergence in the supergravity form factor of the &0 V4R? type invariant with four extrenal
gravitons at 1-loop in four dimensions.

24 D=3

For D = 3 (d = 8) there is not much to do. The non-degenerate orbit satisfies the functional
relation

(2 26)6(3 — 2€)6(4 — 2€)§(6 — 4e)&(T — 4e)€(11 — 6e)
[ooBogeon] T TE(1 4 26)€(2 + 2€)E(3 + 2€)€(3 — de)E(4 — 4€)E(T — Ge)  Lootoooli-ae] 7

(2.40)

and so directly relates in a regular way to the adjoint function at sg = 1—21 that solves the homo-
geneous supesrymmetry differential equations and that comes with a finite overall coefficient.
In dimensions D > 3 we always had combinations of adjoint and fundamental Eisenstein series.
For Ejg, these two notions coincide and that is why the presence of only one function here agrees
with the expectations. The two classes of supersymmetry invariants with couplings satisfying
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two distinct sets of differential equations also coincide in D = 3 and there is a unique class of
supersymmetry invariant [20].
The final answer obtained from our 3-loop calculation is then

Eon™ = 40£(8)5(9)E (1) Ef (2.41)

oogooo%] :
As in the other cases the non-degenerate orbit provides the homogeneous solution to the differ-
ential equations of [20] and it was shown in particular in [28] that the above Eisenstein series
encodes all the relevant information about supergravity divergences up to three loops.

2.5 D<3

We can also treat the expression (2.19) formally in dimensions when the hidden symmetry is
thought to be of Kac—-Moody type [49-51]. A full exceptional field theory has not been developed
in these cases. For D = 2 one can define the four-scalar amplitude in supergravity and the two-
derivative effective theory is known to admit a Kac-Moody Eg symmetry [52]. A closed algebra
of generalised diffeomorphisms for the corresponding exceptional field theory has been defined
in [53], and it involves exceptional coordinates in the expected highest weight module Ry, 4 As
we explain in Appendix C, the situation is then essentially as much in control as for D = 3,
so that one arrives to the same formula (2.19). For d > 8, this formula indicates that one can
neglect the lower rank contribution in the limit u — 0, so that one only gets the maximal rank
contribution with a finite coefficient. In this section we shall also extrapolate these formulas for
d > 9, although there is no clear scattering amplitude defining the coupling in this case.

From the analysis of the D = 3 case above, we anticipate that there should only be a
‘fundamental’ series on the last node of the £y Dynkin diagram in Figure 1. Using the properties
of Kac-Moody Eisenstein series [16,54-56] we can address this question. As we discuss in more
detail in Appendix C one can relate the constrained Epstein sums over 1/2-BPS charges to
Langlands Eisenstein series on the completed Kac—Moody group that are also discussed in the
appendix.

For D =2 (d = 9) we are in the affine Fy case. Due to the degenerate Cartan matrix one
has to treat the derivation (that is used to desingularise the Cartan matrix) separately [54,55].
There is a parameter v associated with the derivation direction in the affine Lie algebra that is
dual to the null root. We discuss more details related to this subtlety in Appendix C. One has
that the fundamental series for Fg satisfies

€(2s — 13)€(2s — 14)¢(2s — 15)
§(2s)¢(2s — 6)¢(2s — 10)

where we use the notational conventions discussed around (2.21). For s = 6 one deduces then

Esng = U14_4SE(3—6)A3+(8—3)A7 ; (2.42)

that the non-degenerate orbit contribution in (2.19) is
406 (2)€(3)€(4)0* Bar 2 = 40€(2)€(6)€(12)0" Eqy (2.43)

and this agrees with the one-loop result of [29], see also Appendix C.

16



As stressed in the introduction the cases E1g and Eq; are more formal, but we will now show
that they work in an exactly parallel manner.

For D =1 (d = 10) the conjectured symmetry group is the hyperbolic E1yp and we have
formally that an Eisenstein series on the fundamental node satisfies the functional relation

£(2s — 15)€(2s — 16)€(2s — 17)

Espy = 2.44
Ao £(28)€(2s — 7)€(2s — 11) (s— ) As+(9-s)As (2:44)
so that the non-degenerate orbit in (2.19) is related to a fundamental series by

40€(3)E(4)€(5) Eg 572 = 408(2)E(6) (13) Enyg 13/2 = €)™ (2.45)

where the last step shows that this is formally equal to the contribution from the one-loop
exceptional field theory amplitude in [29, Eq. (3.9)].

For D =0 (d = 11) the conjectured symmetry group is the Lorentzian Ej;. The functional
relation in this case reads

£(25 — 17)€(2s — 18)€(2s — 19)
£(25)€(2s — 8)§(2s — 12) Bs—7)As5+(10—5)Ag - (2.46)

E8A11 =

At s = 7 this gives the desired relation between the non-degenerate orbit in (2.19) and the
one-loop calculation:

0€(4)€(5)€(6) Bag 5 = 406(2)€(6)€(14) Enyy 7 = E0)™ - (2.47)

3 One-quarter BPS contributions

One way to extract the 1/4 BPS states contribution is to consider the superstring amplitude.
E4(Z) relates all 1/2 BPS states to 11-dimensional supergravity torus Kaluza—Klein states.
Similarly, F4(Z) relates all 1/4 BPS states to perturbative string theory states with torus winding
and momenta that are not orthogonal (do not satisfy level matching). The 1-loop string theory
contribution to the V4R* coupling is given by an integral of a modular graph function against
the Narain theta function I'y_y 41 associated with the torus T d=1"The modular graph function
in this case is well-known to be proportional to the real analytic Eisenstein series Es [5,12,57]
and this leads to

o _gdil d? a1 ;
Enn M = amg T | Sge@By(ry 2 YD e@QEm@e @)
Fi T2 Qezd—1.d-1

F1 denotes the fundamental domain of the inequivalent toroidal world-sheets parametrised by
the world-sheet modulus 7. @ denotes the momentum and winding charges of the string on
71

The standard unfolding procedure, including an appropriate regulator [58,59], permits to
compute the integral (3.1) and to recover the O(d — 1,d — 1) vector Eisenstein series of weight
di21. This computation suggests that only 1/2 BPS states contribute to the amplitude, because

the integral over 71 then enforces the level matching condition (@, @) = 0 satisfied by 1/2 BPS
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string states. However, we know that 1/4 BPS states contribute as well when d > 0 [6,15]. To
recover the complete set of states contributing to the amplitude from (3.1) we substitute the
formal identity
1= lim oy 3.2
5%0762\1;9;(2,2) 277 &
by analytic continuation of the function for Re(e) > 1. As a consequence, we are saying that
(3.1) is formally equal to the same integral over a complete unit strip in the upper complex half-
plane H* when we freely unfold this coset sum and then take the limit again. In the integral
over HT we can then substitute the Fourier expansion of E5(7) and obtain for the non-zero
Fourier coefficients®

_gadtl d . .
LRSS / 7 2 (n) 0| 2K (2m|n|ry)2minm TmQQ)~mma(QQ)
n#0 Qezd—1.d-1 Z\Ht T2 ?

odp1 oo d—2
287ng29d/ @ Z (| 2 3|)K§(27T7'2’<Qé@>‘)7'22 e~ 29(Q,Q)
0o T2 d—1,d—1 |< >|5 ?
Qezs— %
(Q,Q)#0
3_ 9(Q, Q) (d—3)gs \ 2|
95t F(dT) Z 03(‘@;2)’) o 2< o . (333)
Qezd—1.d-1 (g5~ 5] D( “9(Q, Q)+295 ‘ D
(Q,Q)#0

The integral over the Bessel function can be carried out for example using the exact asymptotic
expansion around 7o — oo: K3 ( 3 \/_ e ( 1+ . Note that the integral over 71 has produced
the constraint (Q, Q) = 2n # O correspondlng to 1/4 BPS states.

The quantities involving ) appearing in the last expression in (3.3) can be reinterpreted
in terms of specific representatives of charges I' in U-duality multiplets of 1/4 BPS states as
follows. For all 1/4 BPS charges I' there is an element v € P;\ E4 such that T lies in the vector
representation highest degree component of the corresponding decomposition of the represen-
tation R(aq) of Eyqy under O(d — 1,d — 1). We denote this component in 74 14=1 by Q and
have

ZO)R =67 79(Q,Q), AT) =67 7 |QLJ (3.4)
Taking the Poincaré sum of this contribution under the full E4(Z), one obtains the manifestly
U-duality invariant V*R* threshold function corresponding to 1/4 BPS states from the T-duality
invariant string expression (3.3) as

(1-loop) 1/4BPS __ £(d —5) o3(I' x T) ’Z(F)P + (d — )v r)
Lo ~%@=s 2 A2 (|Z(D))2 +2/AD)F (35)

Tez(aq)
I'xT'£0
I}(T)=0

8The general expansion of Es(7) for 7 = 71 + it is

s s 2s — 1 s s— TINT
Ef(r)= Y  (Imn) =75+ 5(5(2 ) )T; 1/22|n| V261 as(n) Ko 1 /2(27|n|me)e®™ ™ .
YEZ\SL(2,2) $ n#0

Here, ok (n) =34, d* is the divisor sum of n; the variable d runs over the positive divisors of n.
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The constraint on the sum is exactly the 1/4 BPS constraint [60]. The superscript ‘1-loop’ for
this U-duality invariant function refers to the loop order from the point of view of the effective
field theory analysis.

The amplitude (3.5) is indeed consistent with the expected result: The factor of (|Z(I')|> +
2\/A(F))% is the 1/4-BPS mass to the power corresponding to a 1-loop box diagram in 11 —d
dimensions and o3(I" x T') is the twelfth helicity supertrace of the 1/4 BPS states computed in

perturbative string theory [48,61]. The numerator is determined by supersymmetry such that

the function —L, ZOEHESVAD gatisfies the differential equations imposed by supersymmetry on
A (2(0)p+2/AT) T

Eﬁfo";’” VABPS I particular, the full 5((5 3) must satisfy a Laplace equation of the form (D = 11—d
as always)

d+1)(4—d
%)5555 = 40¢(2)0,4 + TES0as (3.6)

that is homogeneous away from D = 6 and D = 7. Considering the ‘theta kernel’ function

<AEd —5

appearing in (3.1) one finds indeed that’

d+1)(4—d —2g%; 471 —7T T
<AEd _5%% L i T QO+ 1<Q,Q>)
_23“’1 d—

=—(A, —2) (Qs Td7_271e—nng(Q,Q)le(Q,Q)) ] (3.7)

This implies that the function that this kernel is integrated against in a ‘theta lift’” must be
an eigenfunction of the upper complex half plane Laplacian A, of eigenvalue 2. The same
construction can be used to show that all the Casimir differential operators on Eq4) /K (Eq) take
the correct eigenvalues imposed by supersymmetry, provided that the source function satisfies
this Laplace equation. The only two solutions associated to 1/4 BPS charges with a non-trivial

+£27|n|r2+2minTy (1 _

dependence in e?™™" with n # 0 are e where the minus sign occurs

1
27r\n|72)’
for the Fourier coefficient of F5(7) and the other, exponentially growing, solution is normally
eliminated by moderate growth conditions. This second solution gives a function of the form

L IZOP-@=5VAD that is singular at finite values of the moduli and does not reproduce the
A2 (|Z(D)2-2¢/AT) =z
expected mass term for a 1/4 BPS state contribution. We have checked in [29] that these are

indeed the two unique solutions to the tensorial equations imposed by supersymmetry for d = 4.

To evaluate (3.5), we go back to its form before integration written as the E4(Z) Poincaré sum
of the perturbative string theory contribution. For this purpose we note that for any 1/4 BPS
charge, there exists an F4(Z) element to bring the cross product I' x I" into the highest weight
component of the highest weight representation A; of stabiliser Py(Z) C E4(Z). This is precisely
the decomposition in which the charge I' is represented by the highest weight component vector
Q ez and T x T s Lﬁ We conclude that we have a representation of the 1/4 BPS
threshold function as a theta lift of an Es(7) Fourier mode

_2%

-loop) 1/4- — a3l |n d2T .
Ero” =81 Y gy ) %/ 3V [nlr2 Ky (27[n|2)e*™ M Tg_1,a-1(7, g5)
YEP\Eq n#0 Z\HT T2

(3.8)

. — — _ 2 _
For which A, = S By I, 843 6(0,0)° ~ (@0 e + U5 iy
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with the Narain genus-one partition function

d—1

Linaalrg) =77 Y eei@@imnee, 39
Qezd-1.d-1

We shall formally now fold this integral by defining the Eisenstein series from the Poincaré sum
of the Whittaker function

> VWK Crnlmen| =
v

YEP\PSL(2,Z)

il o2s-1(|n|)
(2s — 1) cos(ms)€(2s — 1) |n|s—1 Ey(T)

(3.10)
Formally, the left-hand side defines an SL(2,7Z) invariant function with eigenvalue s(s—1) under
the Laplacian and thus should be proportional to the Eisenstein series Fg(7) for real s. The
above equation provides the proportionality factor in a formal way but the actual Poincaré
sum does not converge for any s. It can be written as the difference of two Niebur—Poincaré
series that are absolutely convergent on two different domains (Re(s) > 1 and Re(1 —s) > 1
respectively), see [57]

S VIR S (T Foanl)
~v€P1\PSL(2,Z) v 2cos(ms) \45T(s+3)  41-5T(3 —5)
(3.11)
The limit s — 2 is nevertheless regular and one obtains from (3.10) that
d+1 2 2
g((ll gg)op) 1/4BPS _ 480?2 Z gs’wzg—d Z%n—(;l)/ :l_—E2( )1“d_17d_1(7—7 g,y) , (3.12)
~YEPI\Ey4 n>0 F1 12

o4’ (n)

where the Fourier sum is now only over n > 0. The sum ) _, —35= still diverges, but using a
zeta function regularisation via the Ramanujan identity (see Appendix B)!’

3 o) , <B) (3.13)

3
= n 240

one obtains that

00 _2d+1
EGy T = —4mg(4) sy / —E2 Wa—1,a-1(7,94)
’YEP1\Ed F1 2
SO(d—1,d—1
—STEWEd+ 1) Y g B vas )
’YEPl\Ed
= —STE(4E(d + 1B, a1 (3.14)

where we have first carried out the (regularised) theta lift using for instance the results of [59] to
obtain a vector Eisenstein series on the T-duality group SO(d — 1,d — 1)*! and then performed

o 2 n
The dimensional regularisation gives naturally Ez.(7) and the sum Y om0 3;;152(6 ) — C(3+2€)¢(—3—2¢)¢(0)

does not converge either.

"'In our notation, the general formula is [ i{ES(T)Fd,l,d,l(T) =2¢(2s+d— 3)Eioid;1§d71).
IR s+
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the Poincaré sum over the U-duality group starting from the constant term in the expansion of
Ead d+1 along the T-duality subgroup.
72
Recalling that 58’5))0") VEBPS — e (4)e(d + DE, an from [29], this formally proves a claim
, 4
that was made there: The 1/4 BPS state contribution cancels precisely the divergent 1/2 BPS
amplitude, such that the contributions of all states with ged(I' x I') = n give the same contri-

bution with a weight that gives a divergent overall factor

240 2
Elay™ I = 8 (14 2 <P 03ngn))£ (DE+1)E,, a1 (3.15)
n>0

which formally vanishes in zeta regularisation.

Although we have been manipulating several expressions formally in this section in order to
regularise infinite sums without defining a proper analytic continuation from absolutely conver-
gent sums, it seems reasonable to assume that there could be proved using well-defined analytic
continuation in an appropriate regularisation scheme. Assuming this is the case, one would con-
clude that the V4R* threshold function £, comes entirely from the exceptional field theory
2-loop 1/2 BPS contribution. Note that the same argument at string two loops exhibits that
there is no contribution from 1/4 BPS states to the V4R* threshold function since the genus 2
integrand is just the Narain partition function.

Let us note finally that the computation above can be interpreted in perturbative string
theory also as follows. The function F5(7) appearing in the theta lift (3.1) has three distinct
pieces in its Fourier expansion, namely two constant terms and the non-zero Fourier modes, see
footnote 8. The two constant terms give twice the contribution in 87&(4)¢(d + 1)E€’(()C§iz)l/’g_l)
(using the Langlands functional relation for vector series for the second), whereas the 1/4-BPS
sum over strings with non-orthogonal winding and momenta gives formally the same contribution
with a minus sign (cf. (3.15)), to eventually reproduce the correct perturbative contribution. If
one were to compute the one-loop amplitude within an effective field theory with all massive
states in string theory, this is the infinite sum one would need to regularise. Modular invariance
of string perturbation theory permits to combine all these states in a manifestly finite form,
which regularises the infinitely many Feynman diagrams one would find instead in field theory.
Such infinite sums are therefore also expected in the non-perturbative effective theory. One
may expect that a consistent formulation of M-theory would provide the appropriate integral
regularising this sum, with an appropriate notion of modular invariance.

4 Comments on systematics of BPS corrections

We have seen above in (3.15) that the 1/4 BPS contribution that follows from the perturbative
string theory one-loop calculation and completed to a U-duality invariant V4R* threshold func-
tion as in (3.5) cancels formally the one-loop 1/2 BPS contribution computed in exceptional
field theory in [29]. It follows that the entire contribution to the V4R* coupling in the loop
expansion involving all BPS states appears at 2-loop. In this section we shall discuss the analo-
gous structures that one expects for the VOR* coupling, and how they are compatible with the
result of the 3-loop computation we have carried out in this paper.
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Before embarking on this discussion we want to clarify the distinction between BPS solitons
and BPS instantons, and their respective ‘non-renormalisation theorems’. The BPS solitons that
contribute to the low-energy effective action are the BPS black hole solutions in supergravity.
In type II string theory, they correspond to fundamental strings, Dp-branes, NS5-branes and
KK-branes that wrap the 79! torus such that they are effectively point-like particles in the
uncompactified D dimensions. The BPS instantons depend on the perturbative frame. In type
IT string theory they are the Euclidean Dp-branes and NS5-brane that wrap the 79! torus
along all their directions. In D = 11 supergravity they can be defined as M-theory instantons
described by Euclidean M2- or M5-branes wrapping the 7% torus.'> One can also formally
consider the large radius limit as a perturbative theory in the inverse radius, in which case the
instantons can sometimes be identified as black holes in D + 1 dimensions compactified over the
thermal time circle [15,48, 62-64].

The set of instantons that can contribute to a higher-derivative coupling is mathematically
equivalent to the so-called wave-front set of the corresponding automorphic function of the
U-duality group [13,15,65]. The wave-front set in mathematical terms is a description of all
non-vanishing Fourier coefficients an automorphic function or form has. More precisely, an
automorphic form belongs to an automorphic representation, and the wave-front set is attached
to the automorphic representation. One says that an automorphic representation is small, if
most of the Fourier coefficients vanish. For a given representation, the wave-front set is the
closure of typically a single nilpotent orbit of the hidden symmetry group E4(C) in the Zariski
topology.'® As instanton corrections are associated with non-trivial Fourier coefficients of the
automorphic threshold function [3,5,12,13,15,65], the wave-front set encodes which types of
instantons contribute to a given threshold function Sg »- The wave-front set can equivalently be
defined from a set of differential equations satisfied by the automorphic forms belonging to a given
representation [68,69]. For the first few couplings in the low-energy expansion, R*, VAR* and
VOR?, supersymmetry constrains the couplings to satisfy differential equations, which imply that
the only instanton corrections contributing to them are at most respectively 1/2 BPS, 1/4 BPS,
or 1/8 BPS, respectively [17,18,20]. The differential equations following from the supersymmetry
Ward identities, and the property that only certain supersymmetric instantons can possibly
contribute to a protected coupling, are two aspects of the same mathematical concept, the wave-
front set discussed above. More precisely, there are two types of VO R* supersymmetry invariants
in dimensions 4 < D < 7 [20], one that we shall call chiral and that satisfies a homogeneous
differential equation and a second one that we shall refer to as non-chiral and that satisfies
an inhomogeneous differential equation. The chiral invariant is associated to an automorphic
representation of Bala—Carter type 24, for D > 5, i.e. 1/4 BPS, and of Bala—Carter type 34, for
D =4, i.e. 1/8 BPS (chiral), while the homogeneous solution to the equation of the non-chiral

2In D = 3 one has moreover Kaluza-Klein instantons that contribute, but the general interpretation of the
various contributions is less clear in this case since the solitons do not have a charge in the discrete lattice in three
dimensions, but the scalar fields instead admit a non-trivial monodromy in E4(Z)\E4(R)/K(Eqg).

13Below we will label the nilpotent orbits by their Bala-Carter type [66,67]. Type A; describes the minimal
nilpotent orbits, type 24; the next-to-minimal and the orbits can be arranged on a Hasse diagram. The minimal
orbit characterises a unique automorphic representation for d > 5 and the next-to-minimal orbit characterises a
unique automorphic representation for d > 7.
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invariant is associated to a Bala~Carter type Ao automorphic representation, i.e. 1/8 BPS.'* The
unique automorphic form satisfying the corresponding homogeneous differential equation of the
chiral invariant is the ‘fundamental’ Eisenstein series E g, 453 of Bala—Carter type 24; (or 34;
for d = 7) while the unique homogeneous solution of the inhomogeneous equation for the non-
chiral invariant is the Eisenstein series associated to the adjoint representation at a particular
value of the weight parameter (i.e. Effﬁ, Ef;,g/w Ef;j/27 Eé%)os/z
As. The full inhomogeneous solution can be constructed formally (up to regularisation issues

})15 of Bala—Carter type

discussed below) from the particular solution provided by the two-loop exceptional field theory
calculation in D > 3 [29], i.e. it is determined by the 2-loop 1/2 BPS states contribution. The
quadratic source term in the inhomogeneous equation of the 1/8 BPS coupling has as maximal
orbit in the wave-front set the orbit of Bala—Carter type As, so it is natural to consider the
full inhomogeneous non-chiral solution to be characterised by this wave-front set [28] even if it
does not belong to an automorphic representation in the strict mathematical sense. The chiral
contribution to the coupling has the maximal orbit 34; in four dimensions, so that the full V6 R*
coupling wave-front set then has two maximal orbits.

There is no clear non-renormalisation theorem for the BPS solitons, but one can get some
insights from string perturbation theory. The type of BPS states that can contribute to a given
coupling in string perturbation theory does not depend only on the type of coupling but also
on the loop order. At genus 1 < g < 3, the g-loop contribution to such couplings is defined
in perturbation theory as the theta lift of a particular automorphic form of Sp(2g) with the
genus ¢ Narain theta function. For the R* coupling at 1-loop, the V4R* coupling at 2-loops,
and the VOR?* coupling at 3-loops, the automorphic form is a constant, so that the only states
that contribute in the loop satisfy the level matching condition and are 1/2 BPS string states.
Since perturbative 1/4 BPS states do not contribute in this case, one concludes using U-duality
that the same is true for non-perturbative 1/4 BPS states, so that these couplings only receive
corrections from 1/2 BPS solitons at these loop orders. A similar argument using U-duality and
the string amplitude cannot be applied for the 1/8 BPS states, but it is legitimate to assume
that the absence of 1/4 BPS corrections implies the absence of 1/8 BPS corrections at the
same order. The mechanisms responsible for the cancellation of contributions coming from BPS
multiplets not preserving enough supersymmetry are indeed always ordered, because they are
usually associated with the matching of a certain number of fermion zero modes with the number
of supercharges that annihilate an operator.

At one loop one can identify the perturbative 1/4 BPS states contributions to the V4R*
coupling as we did in the last section. The same argument can be applied to the V6 R* coupling
where we recall that the exceptional field theory one-loop calculation gives the 1/2 BPS con-
tribution proportional to the (fundamental) Eisenstein series E g, 458 [29]. Repeating for VOR4

4 0One can often think of the Bala—Carter type nA; as being associated to a multiple intersection of n orthogonal
1/2 BPS instantons, which therefore preserves 1/2™ of the supersymmetry, and the Bala—Carter type A2 as being
associated to special intersections of 1/2 BPS instantons, as for a D0-D6 type IIA bound state [70-72], which
preserves 1/8 of the supersymmetry.

15Here, we have used the Bourbaki labelling of the algebras Ds and A4. If one used instead the induces
Ey

‘exceptional’ labelling of Fs and F4 that comes from diagram 1, the functions would be Ef:,7/2 and E[3 5/200]"
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the same steps as performed in Section 3 for VAR?, one extracts from the string theory one-loop
amplitude the 1/4 BPS contribution by U-duality completion, such that

: . ! 504 o2 (n)
(1-loop) 1/2-BPS+1/4-BPS __ 5 —
gkl =401~ o NZ% e+ B, 0 =0, (41)

Again, these two contributions cancel formally using zeta regularisation. Similar to (3.5), one
can relate the divisor sum to helicity supertraces By, of 1/4 BPS states, where [61]

g (—1)2%3 (2J3)" (4.2)

n!

is the supertrace over the space of states with charge I" and the prime indicates that the bosonic
zero mode corresponding to the center of mass has been removed. The multiplicity of the 1/4
BPS contributions to the VOR* above is then the contribution of 1/4 BPS multiplets of charge
I to the helicity supertrace 6814 + 2B12 = o5(I' x I'). It is rather natural that the contribution
to these couplings is related to the helicity supertrace, because they are the unique observables
that preserve these precise fractions of supersymmetry. Extrapolating this structure to the 1/8
BPS solitons contribution in D = 4 and 5 (there are no 1/8 BPS black hole solutions in D > 6),
one expects that they should not contribute to the V4R* coupling, and that the contribution to
the VSR* coupling of 1/8 BPS states of charge I' should be proportional to its contribution to
the helicity supertrace Bi4, that is proportional to the Fourier coefficient of the Jacobi function
—91(2,7)%/n(7)% in D =4 [73].

Extrapolating this structure to 2-loops, and consistently with the non-renormalisation the-
orem for the instanton corrections discussed above, one concludes that the R* coupling receives
perturbative corrections only from 1/2 BPS states at 1-loop, the V4R* coupling receives cor-
rections from 1/4 BPS states only at 1-loop and 1/2 BPS states up to 2-loop, and the VOR*
coupling receives 1/8 BPS states contributions only at 1-loop, 1/4 BPS states contributions up to
2-loop, and 1/2 BPS states contributions up to 3-loop. Summarising the possible contributions
to VOR?, including the ones we have already computed, one obtains the table

VOR? $ BPS 1BPS {BPS
one-loop E; -E; ?
two-loop Eurr ? 0
three-loop | Ef + Eyg; 0 0

where the question marks stand for contributions we have not computed, and & is the two loop
contribution from exceptional field theory computed in [29]. For simplicity we have absorbed
the numerical coefficients of these functions in their definition in the table, such that e.g Ef =

40€(2)€(6)$(d+3) E

g, 4435 where the label ‘f’ stands for fundamental. Typically, the fundamental
’ 2

and adjoint functions are divergent at the values of their parameters (like (d 4+ 3)/2) and we
employ minimal subtraction of the pole when continuing in this parameter to obtain regularised
series Ky and F,q; and write the ‘hat’ when we want to insist on this fact.
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We therefore see from supersymmetry arguments that there is a potential contribution from
1/8 BPS states at one-loop that should correspond to a finite contribution compatible with the
homogeneous differential equation satisfied by the threshold function [8,20]. 1/8 BPS black
hole solutions in D = 4 come in two forms: either with vanishing or with finite horizon area.
As argued in [29], relying on [74], the finite size solitons should be exponentially suppressed
in perturbation theory and therefore should not contribute to the low-energy effective action.
This argument might be invalidated by the fact that they are expected to contribute with
an exponentially growing multiplicity proportional to By4. The vanishing size solitons should
not arise separately from the generic 1/8 BPS solitons from the point of view of automorphic
representations. Indeed, 4-dimensional solitons can be thought as 3-dimensional instantons [62],
and there is no Eg automorphic form with a wave front set of Bala—Carter type 347 that would
not include Fourier coefficient (intantons corrections) of Bala—Carter type Ag [75], since the 34;
orbit is not special. In simpler terms, there is no Fg automorphic form that gets contributions
from zero size 4D black holes but not from finite 4D black holes. In five space-time dimensions
there are no vanishing size 1/8 BPS black hole solitons, and there are no 1/8 BPS black hole
solitons in D > 6. Since all contributions to the effective action come in a rather uniform way in
all dimensions, it seems plausible that there is no one-loop contribution from 1/8 BPS solitons to
the VOR* coupling. One cannot justify this absence of contribution from the analysis of [74] or
by supersymmetry arguments, but we shall argue below that it must be the case if one assumes
the loop expansion involving all BPS states to be consistent as an effective theory.

The two-loop exceptional field theory calculation in [29] gives a function &y that satisfies
the correct tensorial inhomogeneous differential equation. The only automorphic solution to the
homogeneous part of the tensorial differential equation for the non-chiral invariant is the adjoint
Eisenstein series E,q; discussed above. Since we have not analysed the perturbative limit of the
function &gy, we only know that it must reproduce the function £ satisfying the same equation
that appears in string theory, modulo a free coefficient

£ = Exr — ABagj - (4.3)

The adjoint Eisenstein series does not have a perturbative string theory expansion along the T-

16 50 one could in

duality group O(d—1,d—1) that is compatible with string perturbation theory,
principle determine « by extracting the perturbative component in the string coupling constant
of the exceptional field theory integral. It is important to note that these functions are divergent
for D = 4,5,6 and must be regularised appropriately. The logarithmic divergences of the string
theory coupling £ computed in [19] coincide with the divergences of the adjoint Eisenstein
series [28]. They satisfy the same differential equations with the same linear inhomogeneous
terms associated to the supergravity divergences. This implies in particular that their difference
& — E,q; is well-defined and finite.

The tree level supersymmetry Ward identities imply the homogeneous differential equations,

and so the linear inhomogeneous terms must be compensated by the non-analytic component of

18This means that they have powers of gs appearing that do not correspond to a positive integer genus calcu-
lation, most notably they contain naive —1/2-loop order terms.
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the amplitude. In six dimensions the constant source term is associated to the 3-loop divergence,
and so should only be present at 3-loop. In five dimensions the linear source term is associated
to the 2-loop form-factor of the exact R* coupling that appears at 1-loop. So once again it only
contributes at 3-loop order. In four dimensions the linear source term is associated to the 1-loop
form-factor of the exact VAR?* coupling. But we have seen in the preceding section that the
V4R* coupling comes entirely from the 2-loop contribution in our construction, so once again
the source term to the differential equation only appears at 3-loop order.

At three loops, we have calculated the 1/2 BPS contribution from exceptional field theory
in this paper in (2.28), (2.32) and (2.39) and have found a combination of the adjoint function
together with the other homogeneous solution FEf, so schematically

Eony = Bagj + Ex (4.4)

This combination was shown to be precisely such that its divergences compensate the ones of
the non-analytic component of the 3-loop amplitude, and it satisfies the differential equations
involving the inhomogeneous source terms consistent with the supergravity divergences discussed
above [28]. Moreover, together with the contributions from lower loops one should obtain the
correct full answer that has the schematic form

gD

(0,1)

=&+ E (4.5)

as a combination of the regularised inhomogeneous solution and a regularised homogeneous
solution. This is precisely consistent with the assumption that the amplitude should be finite to
all orders, since the difference & — E,q; is finite and satisfies the inhomogeneous equation with a
quadratic source term, but no linear source terms associated to threshold effects. We note that
the fact that our homogeneous one-loop result Ex appears with exactly the same coefficient as
in the proposal in [19] for D = 6 suggests that « vanishes.

If we assume that the loop expansion involving all BPS states of the theory is indeed finite
and well-defined order by order in the loop expansion, the couplings at 1-loop and 2-loop must be
regular finite automorphic functions satisfying the differential equations with zero linear source
terms associated to supergravity divergences. Eadj and Ef satisfy differential equations with
constant source terms, and their linear combination for which these source terms compensate
for D = 4,5,6 is not consistent with the decompactification limit. Indeed, using the formulas
derived in [28], one can check that their appropriate linear combination such that the source
terms compensate is 7TEf — (10 — d)Eadj,17 whereas the normalisation must be independent of
the dimension for them to be compatible in the decompactification limit, 7.e. such that the
large radius limit of the D = 4 function reproduces at leading order the D = 5 function, and
idem from D = 5 to D = 6. So assuming moreover that the loop expansion involving all
BPS states is compatible with the decompactification limit, one concludes that there cannot
be any contribution from these functions to the VOR?* coupling at one loop, and that the 2-
loop contribution must be precisely the well-defined finite combination E— Eadj. This implies

17One computes that for d = 5, AEaqj = 2¢(3) and AE; = 59¢(3); for d = 6 that (A + 18) Elaaj = 32€,0) and
(A +18)Er = 2&,); and for d = 7 that (A + 60)Eaqj = 22840y and (A + 60)Er = 22E, ).
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that the 3-loop contribution to the VOR* coupling we have computed in this paper is indeed
the expected answer, despite the fact that it is by itself inconsistent with string perturbation
theory. As the same inconsistency appears the the two-loop level with opposite sign, the overall
perturbative answer is perfectly compatible with string theory. The result of this discussion can
be summarised by the following table.

VOR? 1 BPS 1 BPS 1 BPS

one-loop E; -E; 0
two-loop | € — aFaq; (a0 —1)Eyg; 0

three-loop | Ef + Eaq; 0 0

Let us summarise the discussion of this section. By the supersymmetry arguments of [20]
reviewed above there are only three types of functions that can arise in this table. Because of
the quadratic source term, the function £ can only appear once at 2-loop order. Considering
in more detail the linear source terms associated to threshold effects one finds that the unique
linear combination of these three functions compatible with the decompactification limit that
can appear before 3-loop order is £ — Eadj. We conclude that the total 1-loop contribution must
vanish, the total 2-loop contribution must be & — Eadj, and the 3-loop contribution must be
Et + FE,q; as we have obtained in this paper. This implies in turn that there should be no 1/8
BPS contributions at 1-loop order, and that the 2-loop contributions involving 1/4 BPS states
should be proportional to the adjoint series with the correct coefficient. For this we have assumed
that the loop expansion is finite and consistent with supersymmetry and the decompactification
limit order by order in the loop expansion. It would be good to be able to confirm these
predictions for the 1-loop contribution of 1/8 BPS states and the 2-loop contribution of 1/4
BPS states. For the second one could in principle apply the same tricks as in this paper, and
U-dualise the 2-loop string theory amplitude contribution to the V4R* coupling [76,77].
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A Some matrix integrals and volumes of fundamental domains

For the determination of the three-loop diagram we require a number of identities of integrals
over the space H .

We collect these identities in this appendix.

of symmetric positive definite (n x n)-matrices or quotients of this space.

27



The first identity is useful for the Schwinger -integrals and can be found for example
in [78, (1.1)]:

n(n+1)/2 nl : j
/ u —Tr (X)) — |det X[~ H (=5 <S — l) ) (A.1)
J o (det Q)i_s =0 2

nxn

A similar identity for the ¢-type integrals in the text is of I'-type (for n > 1) and also involves
the (-function:

dn(n+l)/2t 24 n ' oo et
/ n_ﬂ_se pret = Hg(j) ) / tl—se "
=2 0

(dett) 2
/PGL(n,Z)

= (mp?)~°T(s) [T €() (A.2)
j=2

where we have separated out the determinant of ¢ and used the volume of unit determinant,
symmetric, positive definite matrices up to action by PGL(n,Z) given by a product of completed
Riemann zeta functions ¢(k) = 7~ %/2T'(k/2)¢(k) given for example in [79, Sec. 4.4, Thm. 4].'®
For our application we need the formula (A.1) above for X = M71,M T where M is summed
over cosets of full rank matrices of the form

Z dr(th/2Q e QM7 ,MT)
n+1

MezmGL(nZ),  (det ) -
det M+£0 nxn

= (det 7,)"* H =Py <s — 5) > |det M |72

MEZ"*" |GL(n,Z)
det M0

~ (detiry)™ Hw—@—— (s-3)ctzs s

(det7y)~ H (2s —7) (A.3)

where we have used a special case of the Koecher zeta function in the next-to-last step [79, Sec.
4.4]. An elementary way of understanding the appearance of the product of Riemann zeta
functions is to use the property that a representative of each GL(n,Z) orbit is realized by
an upper triangular matrix with generic positive diagonal entries m;; and off-diagonal entries
0 < my; < myj for i < j. Since the determinant does not depend on the off-diagonal entries,
they simply give an additional factor of mfi_l, which after summing over m;; gives the ¢ function
terms with increasing arguments.

8We note that on the real line the function &(k) has simple poles at kK = 0 and k = 1 with residues —1 and +1,
respectively. It also satisfies the functional relation £(k) = £(1 — k).
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B Ramanujan identity

We here provide a brief proof of the Ramanujan identity that appears in (3.13), using standard
methods of Dirichlet series and Euler products. If a series a(n) for n € N is multiplicative, i.e.,
satisfies a(mn) = a(m)a(n) whenever m and n are co-prime, one can express the corresponding
Dirichlet series as an Euler product

S~ = ] Pw.s). (B.1)
n>0 pprime
where
P(p,s)=> a(p*)p~*. (B2)
k>0
The identity of the sum and product form follows formally from prime factorisation of integers.

The divisor sum o,(n) = > din d® can easily be seen to be multiplicative. Moreover,

_1- pa(k—l—l)

. (B.3)

The product o,(n)op(n) is also multiplicative. The (Bell) series (B.2) becomes in this case

1— pa+b—2s

k kN, —ks _
];Oaa(p Jou(p")p™" = A= p A=) A =)A= sy (B.4)

1

Using the Euler product of the Riemann zeta series ((s) = [],(1—p~)"" one therefore obtains

> oulnjos(mjn~ = L= 0 =D (®5)

n>0

Putting a = b = k one obtains (3.13).

C On affine Eisenstein series and Epstein series

Garland has studied in detail affine Eisenstein series and their functional relation [54,55]. We
adapt his conventions and define an affine Eisenstein series for Fg through an infinitesimal
quasi-character given by a weight

9
A=) 2siAj—p+td, (C.1)
=1

where p = Z?:l A; is a standard choice of Weyl vector in terms of the fundamental weights A;
and § the primitive null root. For Egy there are nine simple co-roots h; and one more Cartan
subalgebra element that we denote by d [80]. We define the fundamental weights by

A,(h]) = 5ij for i,j, = 1, ‘e ,9 and Az(d) =0. (C2)
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Simple Weyl reflections w; (i = 1,...,9) act on weights \ by
wi(A) = A = (Mag)oy (C.3)

where «; are the simple roots.
An Eisenstein series is now defined on elements g of the centrally extended loop group and

a variable v associated with the direction d.' In other words, torus elements are written as av?
for a = [5_ 17"/ and the pairing with the weight A of (C.1) is by
9
exp(A + p|H (av?)) = (av) P = ot H s (C4)

i=1

where H denotes the logarithm map from the affine group to the split torus. The Eisenstein
series is then given by

E\, gvt) = Z Aol H(vgvh)) _ Z ~y [(gvd)ﬂrp} (C.5)

VEB(Z)\G(Z) VEB(Z)\G(Z)

as a sum over a discrete group of the centrally extended loop group, i.e. the affine group Fg with-
out the d-direction. Convergence requires restricting also the group element gv?, in particular
the v coordinate [54].

The functional relation for Weyl related weights A and w is

E(\ gv?) = M(w,\)E(wA, gv?) (C.6)
for
(M)
}:[O ) + 1) (G-7)

as usual. An important point now is that wA can also alter the coefficient of ¢ in (C.1) thus
changing the overall power of v. This explains the different powers of v appearing in relations
such as (2.42).

From the point of view of a putative Ey exceptional field theory, some of the Ey Eisenstein
series should arise from Feynman diagrams. The coordinates are expected to lie in the highest
weight representation representation R(Ag + ¢) [53], such that the dual discrete charges I' are
in the conjugate R(Ag + d). The shift in § corresponds to factors of v appearing in the BPS

Y There are different definitions of groups in the Kac-Moody case. The minimal definition is as the group
generated from the one-parameter subgroups associated with all the real roots [81]. The complete Kac—Moody
group is obtained by a certain completion with respect to a positive (or negative) Borel subgroup. In the affine
case, the difference between these groups can be phrased as follows: The minimal definition corresponds to
allowing only rational maps from C* to the finite-dimensional Lie group (e.g., Fs) while the completed group
allows infinite power series in the positive (or negative) powers of the variable on C* [54,55]. This complete group
is the one that we are using here and should also be the one that is relevant in two-dimensional supergravity [82].
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mass and also follows from the decomposition of the fundamental representation R(Aj;) of
F11 [83,84].2° Considering the non-linear sigma model with the three-dimensional metric

ds® = €27 (—dt* + dz?) + v2dy? | (C.8)
with y a circle coordinate, the Egg) non-linear sigma model action involves the Lagrangian
L =vTr (PP, — PP, — (v 'P)(v"'P)) . (C.9)

The second term implies indeed that, after reduction to two space-time dimensions, the mass
formula for a charge I' € R(Ag + 0) is v~1|Z(T")| where Z(I') is defined in the representation
W. In the Feynman amplitude, one must also take into account the power of v due to the
overall v factor in the Lagrangian. Each vertex contributes a factor of v, and each internal line
a factor of v, such that at L-loop one gets an overall factor of v'=F.

The relevant lattice in R(Ag + ¢) in which the charge I' is defined is the smallest lattice in
R(Ag + ) that includes the canonical lowest weight representative vector I'y with an arbitrary
integer coefficient and that is preserved by the Chevalley group Fg(Z). Its elements are linear
combinations over Z of charge vectors obtained from the canonical lowest weight representative
by the action of the Chevalley group Ey(Z). The same definition applies for the module defined
over Q. According to [81], the solution to the constraint I' x I' = 0 in the module R(Ag + ¢§) over
Q defines a single orbit of Eg(Q) of the canonical lowest weight vector representative. Because

of the Bruhat decomposition of Fy(Q)

Ey(Q) = | BQuB(Q), (C.10)

weWw

one can prove recursively using the property that SL(2,Q) = SL(2,Z)B(Q) that

Ey(Q) = Ey(Z)B(Q) , (C.11)

where B(Q) is the Borel subgroup of Ey(Q). Let us sketch a proof of this statement that is
standard for finite-dimensional simple groups. Bruhat decomposition implies that any element
g € G(Q) belonging to a given Bruhat cell B(Q)wB(Q) is the product of certain elements g, for
each positive root a € AT in certain SL(2,Q), subgroups associated to a Weyl word w. More
explicitly, let w = w;, ---w;; be a reduced expression of a Weyl word of length ¢ in terms of
simple reflections such that w1 = w;, - -- w;,. Then, for kK =1,...,¢, the negative roots

with «;, the ixth simple root parametrise all roots a < 0 such that wa > 0 (see, e.g., [85]). In
particular $; = —;,. Any element g € B(Q)wB(Q) can then be written uniquely as

1
g=w [H ”B] b (C.13)
k={

290ne useful observation for checking this is that § is related to minus Ajg.
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with fig, € Ng, = {exp(qEs,)|q € Q}, the lower unipotent inside SL(2,Q)s, and b € B(Q).
We choose to order the factors starting with £, on the left as indicated by the limits on the

product. Note that we can think of the Weyl word w as an element of Fg(Z). The equality
SL(2,Q) = SL(2,7Z)B(Q) then implies that we can write’!

ng, = hﬁebﬁe ) (C14)

with hg, € SL(2,Z)s, and bg, € Bg,(Q), and then

1

1
g = whg, [bﬁz H nﬁi] b = whg, [ H
i=0—

i=0—1

1
(b, Ms,b3,") ]b b = wh, [H ngi] v (C.15)
i=0—1

1

with 0 € B(Q) and new elements nj; in the same roots spaces. The last statement is true
because the Borel conjugation with b,, scales an element 75, and produces contributions to 7,
for j < i (according to our ordering assumptions) as well as elements in the Borel B(Q). In ¥’
we have collected all possible such contributions. Recursively one gets

1
11 hai] ; (C.16)
=0

with b € B(Q). Thus any element g € BwB can be written as Eg(Z)B(Q). Since Eo(Q)
is the union of its Borel cells and the statement is true for all Weyl words w, we obtain the

claim (C.11). A similar argument that is also valid for arbitrary (completed) Kac-Moody group
can be constructed using Theorem 8.15 of [86] that directly gives representatives for the Bruhat
cells of the desired form.??

Since the lowest weight vector is by definition stabilised by the conjugate (lower) Borel
subgroup B (Q)T up to the multiplication by a rational number, it follows that any solution to
the constraint I' x I" = 0 in the discrete lattice in R(Ag + J) is in the E9(Z) orbit of a canonical
lowest weight representative I'yg = ged(I')|Ag). Such elements of the above lattice are associated
to 1/2-BPS multiplets of states, and the 1-loop amplitude for four massless scalar fields in the

putative two dimensional exceptional field theory are therefore formally Epstein series of the

form
1
E(2sAg + 250 — p) = v Sz, (C.17)
2¢(2s) ot
ez 9
I'xI"'=0

where the coefficient of d is fixed by the shifted representation of the charges. On the right-
hand side, the charges are given in the standard lattice in R(Ag) and we have written the &

21 Explicitly, we have for co-prime p and ¢

()= (1) ().

where b,d € Z are any solution to gd — pb = 1. The ambiguity in this solution can be absorbed in the Borel
matrix on the right. We do not require this explicit form, however, for the argument.
22\We are grateful to M. Patnaik and G. Savin for explaining this general proof to us.
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shift by extracting the power of v?*. This formal definition defines an absolutely convergent
sum provided the moduli are restricted to (a slice of) the Tits cone in K(Eg)\Eyg) and the
Re(s) is sufficiently large, and is then mathematically sound. We expect a similar rewriting of
the Langlands Eisenstein series as an Epstein for general Kac—Moody algebras, but note that
the convergence and analytic continuation have not been established rigorously, see [56] for
recent results. The functional relation of the Langlands Eisenstein series was proven by Garland
in [54,55].

These powers of v and coefficients are consistent with the results found in [16] when applying
an appropriate functional relation (C.6). More precisely, we have from [29, Eq. (3.9)] at one
loop the following threshold functions

RY: ATE(6)E(2 - 3Ag + 60 — p) = 4mE(3)E(2- 3A1 + 6 — p) = 2((3)wE(2 - 3A1 — p),

473 _ 4Am3¢(2)¢(5)

4pd . _ . _
VAR §(10)B(2 58 +105 = p) = =28

I E(2-3M1+0—p) =CBE2- A1 —p)

(C.18)

and these are exactly the functions with the correct v powers found in [16].

Let us also consider formally the two- and three-loop amplitudes to be constructed Fg excep-
tional field theory. The 2-loop contribution to the V4R* coupling computed in [29, Eq. (4.47)]
defines an Epstein sum over the wedge product of the two 1/2-BPS charges, that give rise to
an Epstein sum in the largest module R(A4_1) in the wedge product R(Ag) A R(Ag). Similarly,
the 3-loop contribution to VOR* computed in (2.19) gives an Epstein sum in the largest module
R(A4—2) in the 3-form wedge product R(Ag) A R(Ag) A R(Ag). Applying the same argument for
FEy, and taking into account the § shift, one obtains

R(Ag+t0) NR(Ag+t0) = R(As+ (2t —1)d) & ...,

R(Ag +1t0) NR(Ag +t0) NR(Ag+t0) = R(A7+ (3t —2)0) & ..., (C.19)
such that L(t—1)41 = 1 for R(Ag9+0) and one expects the L-loop contribution in exceptional field
theory to give a contribution proportional to the Eisenstein series v'~FFE(2s(Ag_1 +9) — p) =
E(2sAjo-1 + (2s — L + 1)d — p) for the appropriate value of s. In other words, the correct
function at two loops should be with weight A = 2 - %Ag +(2- g —1)0 — p and for three-loops
with weight A =2 -2A7 + (22 — 2)6 — p, where the former corresponds to the V*R* threshold
arising at two loops [29, Eq. (4.47)] and the latter to the homogeneous solution for the V6R*
threshold arising at three-loops (2.19).

We can verify these expectations by applying functional relations of the type (C.6). For the
V4R?* threshold function one finds

8TE(4)E(5) E(5As + 46 — p) = 8TEQR)EB)E(2 - SA1 +5— p) = C(BWEE - 3A1—p)  (C.20)
as required for V4R* [16].
The homogeneous solution for VOR?* deduced in this paper from the three-loop calculation
is
40£(2)E(3)E(4)E(2 - 2A7 + 25 — p) = 40£(2)E(6)£(12) E(2 - 6As + 120 — p) (C.21)
which is the result found at one-loop in [29] with (C.17) at s = 6.
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