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ABSTRACT

The vertically integrated potential energy of an incompressible stratified fluid formulated in density co-
ordinates can be simply written as a weighted vertical sum of the squares of the vertical displacements of
density surfaces, a general expression valid for arbitrary displacements. The sum of this form of potential
energy and kinetic energy is then a conserved quantity for the multilayer shallow water model. The formu-
lation in density coordinates is a natural one to find the Lorenz reference state of available potential energy
(APE). We describe the method to compute the APE of an ocean state and provide two applications. The first
is the classical double-gyre, wind-driven circulation simulated by a shallow water model at high resolution. We
show that the eddy kinetic and eddy potential energies are localized in regions of large gradients of mean
APE. These large gradients surround an APE minimum found between the two gyres. The second is the time-
mean World Ocean Circulation reconstructed from hydrography (World Ocean Atlas) and reference veloc-
ities at 1000 db from the Argo float program to obtain an absolute circulation. The total available potential
energy exceeds the total mean kinetic energy of the World Ocean by three orders of magnitude, pointing out
the very small Burger number of the circulation. The Gulf Stream, the Kuroshio, the Agulhas retroflection,
and the confluence regions are four examples that confirm the shallow water model results that large gradients
of mean available potential energy can be used as predictors for the presence of high eddy kinetic energy
(obtained here from satellite altimetry).

1. Introduction depths larger than 2000 m in the interior can outcrop near
the Antarctic continent. Strong mesoscale eddies, such as
Gulf Stream rings, are also associated with 800-m un-
dulations of isotherms (Richardson et al. 1979). The small
displacement approximation also appears invalid for
nonlinear internal waves (Scotti et al. 2006). Following the
importance given to ocean energetics, new methods to
compute more accurately available potential energy in the
ocean have emerged using pressure or height coordinates.
What is required is the potential energy available to drive
motions, the difference between the actual potential en-
ergy and a reference state chosen by Lorenz (1955), to be
a state of rest with flat-density surfaces obtained by an
adiabatic (conservative) redistribution of the actual state.
Huang (2005) adapted the sorting algorithm introduced
by Winters et al. (1995) to compute it. Saenz et al. (2015)
improved the determination of the reference state when
the nonlinear equation of state is considered. Another
concept, the dynamical potential energy, defined as the
horizontal anomaly of potential energy, was also in-
troduced by Roquet (2013) for the general circulation and
by Klymak and Moum (2003) and Moum et al. (2007) for
Corresponding author: A. Colin de Verdiére, acolindv@univ-brest.fr  internal waves.

Available potential energy (APE) has become a cen-
tral element in oceanography because the presence of
mesoscale eddies in the ocean is caused by baroclinic
instability of the large-scale flow, releasing the APE as-
sociated with the large-scale circulation (Gill et al. 1974;
Stammer 1997; Chelton et al. 2007; von Storch et al. 2012;
among many other studies). The discussion of ocean
energetics initiated by Munk and Wunsch (1998) and
Wunsch and Ferrari (2004) has emphasized the kinetic
energy budget, but Hughes et al. (2009) and Tailleux
(2010, 2013) have stressed the importance of the available
potential energy budget driven by the surface buoyancy
fluxes to quantify the conversion between kinetic and
potential energy. A quasigeostrophic formulation of po-
tential energy density quadratic in the small vertical dis-
placements was used by Oort et al. (1989) to estimate
the World Ocean’s APE. However, the quasigeostrophic
assumption of small vertical displacements is not correct
since vertical excursions of the density surfaces lying at
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At the difference of these studies, the present paper
makes use of density coordinates to calculate APE. The
use of a Lagrangian vertical coordinate is particularly
attractive because fluid parcels can be followed adia-
batically between the reference state of rest and the
observed state. The top-to-bottom integrated APE re-
duces to a weighted sum of quadratic vertical displace-
ments of density interfaces from their Lorenz reference
positions, which is valid for arbitrary vertical displace-
ments. This form of potential energy was introduced by
Ripa (1991) in the context of the derivation of stability
theorems for the multilayer shallow water model for-
mulation, but the value of this form of potential energy has
been largely overlooked. Indeed, Hughes et al. (2009), von
Storch et al. (2012), Zemskova et al. (2015), and others
discuss the oceanic energy cycle in z or pressure co-
ordinates. Isopycnal models [such as the Miami Iso-
pycnal Coordinate Ocean Model (MICOM)], introduced
in oceanography by Bleck and Boudra (1981) and much
developed since then (see Bleck 2002; Hallberg 1995),
calculate potential energy in density coordinates. Sur-
prisingly, however, the atmospheric (oceanic) energy
equations discussed by Bleck (1978, 1985) in isentropic
(isopycnic) coordinates do not show the sought-after
expression for the energy equation in density coordi-
nates given below in (18). While Lorenz’s original concept
of available potential energy is a global one, Holliday and
Mclntyre (1981) found an expression for the local density of
available potential energy for an incompressible stratified
fluid, which has become the standard basis of most of the
recent developments:

Z

APE = J o2~ p, (]2, (1)

zZ

where the reference state is a state of rest given by the
density profile p,(z), and the expression gives the local
work of the gravity and pressure forces required to
move a fluid parcel from the reference state at depth z*
to the actual state at depth z along a density preserving
path. That is, p(x, y, z, t) = p,(z*). For small vertical
displacements, a Taylor expansion to first order gives

dp
" A~ F3 + I % r
p,(2)~p,(z¥) + (z Z)g;,

so that (1) becomes approximately

dp z—z*
APE~ —g—* dn,
4 dz Jo nam
where 1 = 7/ — z*. The integration gives the well-known
expression for available potential energy correct for

small vertical displacements z — z*:
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with the Brunt—Viiséild frequency given by
2__ 8
Ny =—->dp,. 3)

Po
With the definition of the perturbation density
p = p(x,y, z, t) — p(z), the small vertical dis-

placement and perturbation densities are linked (in
the absence of mixing) by

dp
/%_ — =% r
P (z ZEE’

so that (2) can be rewritten as

18(p')
APE ~~ . 4

Relations (2) and (4) are the “textbook” expressions
that appear in the context of small-amplitude internal
waves (Turner 1973; Lighthill 1978; Gill 1982) and
quasigeostrophic theory (Pedlosky 1987). Variants of
expression (4) have been used to evaluate eddy potential
energy associated with the mesoscale motions in the
central waters of the North Atlantic by Dantzler (1977)
and the mean World Ocean potential energy by Oort
etal. (1989). In either case, the vertical displacements of
actual density surfaces may not be small, and Roullet
and Klein (2009) have pointed out the important role of
higher-order anharmonic effects for geostrophic turbu-
lence. Roullet et al. (2014) returned to the original
definition in (1) to make an improved estimation of eddy
potential energy for the World Ocean from data of the
Argo float program. Scotti et al. (2006) and Kang and
Fringer (2010) showed that approximation (2) is also a
poor one for nonlinear internal waves and that the for-
mer definition in (1) must be used.

When deriving the expression for potential energy
with a Lagrangian density coordinate, we find that the
natural quantity to consider is the top-to-bottom vertical
integral of the potential energy [i.e., the top-to-bottom
vertical integral of (1)]. The momentum equations that are
chosen to derive the corresponding energy equation are
the traditional primitive equations. The underlying hy-
drostatic pressure assumption requires a small aspect ratio
of vertical scales over horizontal scales, which is well jus-
tified in the ocean for the small slopes of density surfaces
from the mesoscale to the larger scales of the circulation. In
water mass formation regions, frontal regions, and high-
frequency internal waves, to name a few, they become
vertical, and nonhydrostatic effects come into play.
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Although likely to be known to some readers, the ex-
pression for the potential energy of an entire fluid column
is derived in section 2 in terms of the vertical displace-
ments of the density interfaces. Less well known, how-
ever, is the energy equation derived in section 3, with a
new and direct proof that shows that the potential energy
of the shallow water system coincides with that derived
from first principles. The determination of the Lorenz
reference state is covered in section 4. We apply these
results to the simulation of the double-gyre, wind-driven
circulation, as calculated with a multilayer shallow water
model in section 5, and to the energy determination of the
time-mean oceanic circulation (as reconstructed with the
help of Argo float mean displacements) in section 6. We
observe that the gradient of the time-mean available
potential energy becomes a useful predictor for the
presence of eddy energy.

2. The potential energy of a fluid column with a
density coordinate

Montgomery (1937) suggested rather early the use
of potential density as a vertical coordinate in studies
of ocean circulation, from the perception that the cir-
culation was flowing primarily along potential density
surfaces. In many theoretical or modeling works, strati-
fication is discretized as layers of constant density, sepa-
rated by interfaces assumed to be material surfaces under
conservative (adiabatic) physics. Vertical velocities need
not be explicitly considered in these multilayer shallow
water models, an advantage that has been exploited in
many studies: for example, the ventilated thermocline of
Luyten et al. (1983), MICOM (Bleck and Boudra 1981),
the Hallberg isopycnal model (HIM) and GOLD model
(Hallberg 1995; Adcroft and Hallberg 2006), and the
Hybrid Coordinate Ocean Model (HYCOM; Bleck
2002). A comparison of the modeling of ocean circu-
lation with depth and isopycnic coordinates can be
found in Chassignet et al. (1996).

Consider a layer of density p; limited above by
an interface at z = 7,(x, ¢) and below by an interface
at z = m;11(x, 1), with x being the position vector in
the horizontal plane. The free surface is at z = 7(x, 1),
the bottom is at z = np(x), and an arbitrary number of
n such layers is chosen. The topography is arbitrary.
The density of the layers is monotonically increasing
since the fluid is stably stratified: p;+1 — p; > 0, Vi (see
Fig. 1). The gravitational potential energy of a fluid
particle of mass m, density p, and volume dzdA,
with dA an infinitesimal horizontal area, is simply
pgzdzdA with the z axis directed upward. The po-
tential energy per unit area of a full water column is
then
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FIG. 1. The definition of layers, densities, and interfaces.

™
P.= J pgz dz. (5)

M

With the arrangement of layers and interfaces in Fig. 1,
this can be written successively as

m,
p,8zdz.

M

N;i

™

M,

p,gzdz + -+ +J

Mi+1
As the density is now constant in each integral,
p p;

p =580 =)+ -+ Se(nl = )
Py 2 _ 2
+o e, ).

Grouping together adjacent terms,

1 <1 1
Pp=5p,8M + 250 = p,)em —5p,8m  (6)
2 72 2

where the contribution of the free surface to potential
energy is represented by the first term, the contribu-
tion of internal baroclinic displacements by the sec-
ond, and the contribution of the bottom topography by
the last term. Note that an absolute determination of
the free surface, hence, an absolute circulation, is re-
quired to estimate the first term. The calculation for a
continuous (stably stratified) distribution of density
proceeds as follows. Equation (5) is first integrated by
parts to give

k& 1 , 1 2 "1,
pgzdz=58pM; ~58P,My ~ | 57°89.pdz, (7)

<My My
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where 7, (pp) and 7, (py) are the height (density) of the
bottom and free surface, respectively. Making a further
change of variables between z and p coordinates, the last
term now transforms to an integral with respect to p:

ns 1 2 1 1 2
j pgzdz=5gpm; + J 782 dp=58p,my-  (8)
M Ps

Equation (8) is readily seen as the continuous version of
(6). This last equation is identical with (8) of Oort et al.
(1989), apart from the absence of boundary terms. Curi-
ously, Oort et al. (1989) did not use this equation for their
estimates of the potential energy of the World Ocean, but
proceeded instead with the quasigeostrophic version in (4).
One reviewer has pointed out that (6) or very similar APE
equations have been used for decades in the diagnostics of
several ocean models [Poseidon, Parallel Oregon State
University Model (POSUM), HIM, and MOMES, at least].
We now show that (6) is the appropriate form of potential
energy for the multilayer shallow water model.

3. The energetics of the shallow water model

As far as we know, the first mention of the proper
form of potential energy of the multilayer shallow water
model is by Ripa (1991) in the context of the derivation
of hydrodynamic stability theorems. A detailed deriva-
tion of the energy equation of the two-layer version can
be found in Cushman-Roisin and Beckers (2011). The
objective of the following derivation is to provide a new
proof that avoids the Boussinesq approximation and is
more direct than Ripa’s derivation.

Inside a layer of constant density in Fig. 1, the hori-
zontal pressure gradient that drives the motion is in-
dependent of z, and so is the horizontal velocity w,. This
pressure derivative with respect to x (at constant z) can
be written in density coordinates as

pr|p = axp\z + azpaxz|p.

Using hydrostatics d,p = —gp, this expression can be
rewritten as

axpi‘z = axMi|p’

and similarly for y derivatives, where the new variable M,
the Montgomery potential, is simply the dynamic pressure:

M=p+pgz.

The inviscid and adiabatic momentum equations for a layer
i of constant density can now be written in terms of M as

pou +pu-Vu +fkxXpu=-VM,. 9)

1t
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In the absence of mixing, the continuity equation is
simply

ah,+V-(hu)=0. (10)
Note that Einstein summation convention does not
apply in (9) and (10). The thickness of layer i is k; =
i — Mi+1, and from now on, the V symbol in (9) and
(10) is the 2D horizontal gradient at constant density in
Cartesian, spherical coordinates, or locally orthogonal
coordinates as appropriate. To derive the energy
equation, the scalar product of 4u; with the momen-
tum equation [(9)] is carried out. A few identities are
useful:

|2

1 |u,
hu; - o, =50, (fw[") = =0 1. (11a)
u )
hu, - (w0 -Vu,=V- | hu, 2’ - 2‘ V- (hu). (11b)
After use of (11a) and (11b), one then obtains
Ju,’ Ju,/’
hu,-Du, =0, h, 2’ +V- | Ay 2‘ . (11c)
Similar operations allow us to write
hu -VM =V - (huM)+ M0 h.. (11d)

Using (11c) and (11d), the inviscid energy equation

becomes
u/’
hu, piz’ + M,

Ju,”
a,| ph, > +V.

The first term represents the local rate of change of
kinetic energy per unit volume; the second is the di-
vergence of the kinetic, potential energy, and pressure
flux; and the last term remains to be identified. As it
turns out, the vertical sum of this last term is precisely
the rate of change of potential energy [(6)]. To show this,
the relation between pressure and interface height must
be found from hydrostatics (see, e.g., Pedlosky 1987,
Cushman-Roisin and Beckers 2011). Leaving aside an
atmospheric pressure contribution, the dynamic pres-
sure in layer 1 is simply p; = gpi1m, the Montgomery
potential M; of layer 1. In the interior, integrating hy-
drostatics from z,_; to m; and from 7; to z; allows us to
relate the pressure at z;—; and z;:

+M,d h,=0.

(12)

p(X, L ZF]) _p(X> Z, 77,') = _gpifl(z,'71 - TI,«)’
p(x’ t’ 77,) _p(xa ta Z,‘) = _gpl(n, - Zl‘) *
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Using continuity of pressure at the interface, the sum of
these equations becomes

p,'_l(x7 L, Z,‘_l) _pi(X, L, Z,‘) = _g(pi - P,-_l)n,-

8P 1% T 8Pz, (13)

or, in terms of the Montgomery potential M = p +
P8z,

n
;Miathi =M,d,(n, —m,) + M,d,(n, —my) + -

=M dm + -+ (M, = M,_)dm, +

(the time-independent bottom topography term ), drops
out). Using (14) and M| = gp m, this finally gives

n 7]2 7 1’2
I Moh =gpidm+ Xelp—p )iy (19)

an expression that is nothing but the rate of change of
total potential energy density per unit area Pg:

U n;
PE = gp17 + ;g(pi - pi71)j- (16)

This expression is identical with (6) (apart from the
constant bottom term). Define similarly the total kinetic
energy density K (per unit area) as

ju’

i
2

K, = ; ph——. (17)

The layer-wise sum of the energy equation [(12)] gives

the full energy equation:
+ Mi)} . (18)

The area integral of (18) over a closed ocean basin with
fixed boundaries readily demonstrates energy conser-
vation in the absence of mixing and friction:

ju/’

(K, +P,)=~-V" [;hiui (pl. 5

d

7 (19)

“ (K, + P,)dA=0.

Note that the kinetic and potential energy density Kz and
P are expressed here in joules per horizontal area
(J m~?), whereas the potential energy density of Holliday
and Mclntyre (1981), used by MacCready and Giddings
(2016), Tailleux (2013), Kang and Fringer (2010), and
Lamb (2008), is local in the vertical (Jm ).
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M, =M, =g(p; = p;_);- (14)
Equation (14) is the form taken by the hydrostatic
relation in density coordinates: it relates the jump of
the Montgomery potential from one layer to the next
to the height of the interface and the density jump
across it. To get the total energy equation, we have to sum
M;d,h; over the n layers. This sum is first expanded as

A Mo (=)t M0 (m, — ),

et (Mn - Mn*l)atnn’

4. The available potential energy in the multilayer
shallow water model

Only the part of potential energy that can be con-
verted to kinetic energy over a given domain is physi-
cally significant. On a rotating Earth, the Rossby
adjustment problem shows the difficulty of converting
potential to kinetic energy: the final geostrophic state
still has much potential energy that cannot be further
converted [see the discussion in Gill (1982); Cushman-
Roisin and Beckers (2011)]. Lorenz (1955) chooses a
reference state for potential energy with two properties:
1) itis a state of rest, hence the density interfaces are flat,
and 2) the transition from the reference state to the
actual state is carried out through adiabatic (conserva-
tive) processes. Lorenz’s available potential energy is
then the difference between the total potential energy
and that of the reference state. The formulation of
potential energy in density coordinates is well adapted
to the determination of that reference state because
Lorenz’s idea leads directly to the conservation of
volume of layers of constant density between the actual
and the reference states. The constant heights Z of an
arbitrary reference state at rest are defined by a certain
function Z(p) (to be determined later). Using (16), the
potential energy associated with this reference state is
therefore

2 n 2
P§ = gp1% + ;g(pi - pi71)% > (20)
where this reference potential energy PR is simply a
constant independent of horizontal position (the Z;
and corresponding Montgomery potentials of the refer-
ence state MR are all independent of horizontal position).
Therefore, the difference Pz — PR obeys the energy
equation [(18)]. Selecting the reference state chosen by
Lorenz, only adiabatic, conservative, particle displace-
ments between the reference state and the actual state
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are allowed. The vertical displacement {; of a fluid par-
ticle in layer i at horizontal position x,, and vertical
position Z; in the reference state at t = 0, which moves
adiabatically (staying on the same side of a density in-
terface) to another horizontal position x and vertical
position 7; at time ¢, is n; = Z; + {;. Assume first a flat
bottom for simplicity, and define the spatial horizon-
tal average of any quantity s over the domain by
(s) = [[sdAl[[ dA.1f a density interface outcrops at the
surface, the interface is simply continued at the surface
to keep the same number of interfaces at each position.
Because the area occupied by any interface is the same,
the Lorenz requirement of the conservation of the vol-
ume of each layer of constant density is
(hy)y=n,—m_ )=(Z,—-2,,), for i=1,....n—1.
But since we can always choose the surface geopotential
to be such that (n;) = 0, we obtain by recurrence that

Z,=0 and Z ={(n).

The height of any reference state Z; is simply the hori-
zontal area average of the actual interface height. In-
troducing n; = Z; + {; in the actual potential energy
[(16)] and using ({;) = O gives

z 3 z I
<PE>=:gpy—l+'Eigun-pki)——-%gpliiz
2 T4 2 2

n 2
+ Yato,—p, )4 @)
2

We recognize in the first two terms the potential energy
of the reference state [(20)], while the last two define the
mean perturbation potential energy (i.e., the mean
available potential energy):

n 2
Zg(pi —pi,l) <%>
2

2

(APE) = gp, (22)

Expression (22) shows that the available potential energy
can be written entirely in terms of the variance of the
vertical component of the particle displacements from the
reference state. It represents the energy associated with
the spatially varying density stratification, the part that
may be exchanged with kinetic energy. We further define
the unaveraged available perturbation potential energy as
52 n 52

Si

X

APE:gplfl—i_ ;g(P,-_P,;l) (23)

This expression (23) is interesting since it allows us
to find out the geographic distribution of the local
available potential energy in the domain. The vertical
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displacements in (22) and (23) can be as large as desired,
provided the slopes of the isopycnal displacements re-
main small to stay in the hydrostatic regime. When to-
pography is present and density interfaces intersect the
bottom, it is possible to continue to express APE as the
variance of vertical displacements from the reference
state, provided the missing density interfaces are con-
tinued along the topography. By doing so, the reference
state can be computed as the spatial average of density
interfaces as previously, and APE follows as with (22)
and (23). The appendix details these considerations.

5. Energetics of the wind-driven shallow
water model

As afirst step in the investigation of this APE definition
and its link with the mean circulation, we have tested it in
a traditional double-gyre wind-driven experiment (Bleck
and Boudra 1986). We use HYCOM for its parallel com-
puting capabilities, modified with the help of Yves Morel,
Eric Chassignet, Alan Wallcraft, and Alexandra Bozec, for
implementing the adiabatic shallow water equations and
validate the results at low resolution against a purely iso-
pycnal version of MICOM (as modified by Herbette et al.
2003). No mixed layer or diapycnal diffusion is used, and
the wind stress is evenly distributed in the upper S0m. The
four-order momentum advection scheme is used with
a combination of deformation-dependent and speed-
dependent biharmonic viscosity (Winther et al. 2007).
The flat-bottom ocean basin is rectangular in Cartesian
coordinates, extending from 15° to 55°N (4448 km) and is
60° wide in longitude (6672 km) and 3800 m deep. A con-
stant zonal wind stress forcing is used, varying with latitude
only, driving a double gyre with reduced wind in the sub-
polar region, compared to the subtropical region:

6-6,\1°
7 |cos( X L for
< T0|%\29, 0,

-0
0)}, for 6, =6=6

q
I

0, =0=0,,

3
Il

0’

0
7, [0.1 + 0.9 cos (770
0

where 6, = 38°N, 6; = 15°N, 6, = 55°N, and the wind
stress amplitude 7o = 0.06 Nm >,

We use six isopycnal layers with density anomalies
of 25.1871, 25.9636, 26.5789, 27.0365, 27.2754, and
27.3370kgm * [based on an analytical exponential pro-
file fitted on the globally averaged World Ocean Atlas,
with initial thicknesses of 200, 250, 350, 600, 1000, and
1400 m; Locarnini et al. (2010)].

A series of experiments was performed from 1/3° to
1/96° horizontal resolution. We show here the results with the
1/48° (2.3km) resolution, requiring a baroclinic (barotropic)
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FIG. 2. The results of the HYCOM simulation at 1/48° resolution. (a) MAPE logy, (Jm?); (b) MKE logyo
(Im™?); (c) EAPE log;o (J m~?); (d) EKE log;o (J m~?); (e) gradient of MAPE log;y (Jm™>); and (f) mean sea

surface height (m).

time step of 240 (12) s. The model is integrated from the
initial rest state for 100 years, the spin up takes more than
30 years, and statistics are computed over the last 50 years.
APE is computed according to (23) and decomposed
into temporal mean APE (MAPE), computed from the
50-yr-averaged SSH and layer-thickness fields and eddy
APE (EAPE). In the same manner, the kinetic energy
K is computed from (17) and decomposed into mean
kinetic energy (MKE) and eddy kinetic energy (EKE). In

total, 94.5% of the available potential energy is in the
temporal mean part, reflecting the large-scale, large-
amplitude variations of isopycnals, whereas 90.5% of
kinetic energy is in the eddy part (90.5%), reflecting
the efficient baroclinic instability at the Rossby radius
deformation scale. The mean surface height is shown
in Fig. 2f. The western boundary current exits as a
zonal meandering jet near 32°N. The jet broadens
and moves to 35°N after 20°E. The mean APE shows a
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FIG. 3. The MKE (log,) of the World Ocean integrated from top to bottom (J m™~2).

two-lobe structure for the maxima in the subtropical
and subpolar gyres separated by a valley lying along
the meandering jet, which separates the two gyres. The
mean APE exceeds the MKE by two orders of mag-
nitude (ratio = 109). Most interestingly, the regional
distributions and intensities of EAPE and EKE match
closely. Given that the eddies are generated by baro-
clinic instability, we expect them to have a link with the
locally available mean APE. To do so, we have com-
puted the modulus of the gradient of the mean APE in
Fig. 2e. The close comparison of the spatial structure of
the two forms of eddy energy in Figs. 2c and 2d with the
structure of the gradient of mean APE in Fig. 2e shows
that the eddies maximize their energy along the strong
gradients of mean APE in the western part of the
intergyres. Note how these maxima encircle the APE
minimum seen between the two gyres on Fig. 2a. This
result in the simplest wind-driven double-gyre setup
confirms the interest of such APE calculation following
the energy conservation equations. The next step is to
find out if this result holds in the realistic global ocean.

6. Mean available potential energy, mean and eddy
kinetic energy in oceanic basins

In the following, we estimate the MKE and avail-
able potential energy of the observed time-mean
circulation using a reconstruction of the circulation
from the World Ocean Atlas (Antonov et al. 2010;
Locarnini et al. 2010) and the Andro database of
Argo floats displacements at 1000 dbar (Ollitrault and
Rannou 2013). Interesting connections of the mean

APE and surface EKE as obtained from satellite al-
timetry are found.

a. Mean kinetic energy

We first estimate mean kinetic energy using traditional
pressure coordinates. Ollitrault and Colin de Verdiere (2014)
have calculated an absolute geopotential at 1000 dbar
from the time-mean motions of Argo floats at that level.
Using in situ density calculated from the World Ocean
Atlas (Antonov et al. 2010; Locarnini et al. 2010) at the 1°
scale, we use hydrostatics to estimate an absolute geo-
potential from the top to the bottom of the ocean.
Geostrophy then provides the horizontal velocity and
horizontal kinetic energy. Integrating vertically pro-
vides the local density of mean kinetic energy (Fig. 3).
MKE is large in the western boundary currents (North
Atlantic, North Pacific, and South Indian), in the
Agulhas retroflection from the tip of South Africa to
the Kerguelen Plateau, and in the Southern Ocean.
In the Antarctic Circumpolar Current (ACC), mean
kinetic energy is organized as elongated patches ori-
ented in the northwest-southeast direction. The
unique Zapiola Gyre stands out as a solitary feature at
40°S, 40°W. The zonal tongues of high kinetic energy
in the tropical Pacific are conspicuous. Away from these
energetic regions, the mean kinetic energy drops by two
to three orders of magnitude over vast interior regions.

b. Mean available potential energy

The fundamental issue is the choice of the density
interfaces, which are assumed to be material surfaces
under conservative physics. Potential density was used
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TABLE 1. The chosen values of the neutral density interfaces and of
the densities of the layers for the World Ocean APE estimation.

24.5; 25.0; 25.5; 26.0; 26.5; 26.75; 27.0;
27.1;27.2; 27.3; 27.4; 27.5; 27.6;
27.7;27.8;27.9; 27.95

23.11; 24.77; 25.26; 25.76; 26.27; 26.63;
26.88; 27.05; 27.15; 27.25; 27.35;
27.45; 27.55; 27.65; 27.75; 27.85;
27.93;28.11

Neutral density of the
n = 17 interfaces

Neutral density of the
n + 1 = 18 layers

by Oort et al. (1989), but its nonmonotonic character in
some regions is not suitable for a vertical coordinate.
Several developments have appeared since then: the
orthobaric density of de Szoeke et al. (2000), the neutral
density introduced by Jackett and McDougall (1997), and
the generalized patched potential density and the thermo-
dynamic neutral density of Tailleux (2016). These different
quantities attempt to guarantee the adiabatic character [i.e.,
material conservation and the neutral character that is ab-
sence of buoyancy force along particle paths; see Tailleux
(2016) for an examination of these properties]. The neutral
density vy, computed by Jackett and McDougall (1997) is
chosen here because it is adapted to the present clima-
tological data and is the variable with the most neutral
property. Its nonconservative character is discussed by
McDougall and Jackett (2005), and Tailleux (2016) shows
that neutral density can be approximated very closely by
the conservative thermodynamic neutral density. The
temperature and salinity data of the World Ocean Atlas
2009 (Antonov et al. 2010; Locarnini et al. 2010) and the
Jackett and McDougall (1997) algorithm allow us to com-
pute neutral density at each location of the 1° X 1° grid.
A simple linear interpolation is then used to find the
interface depth n; of each of the above v,,; values when
they exist. When they are not defined, the density in-
terfaces are continued at the surface or at the bottom
(see appendix). We have chosen 17 neutral density values
v, as vertical coordinates from 24.5 to 27.95, whose
distribution remains monotonic at all points of the do-
main (see Table 1). We have not included any largery,
values to resolve the varieties of bottom and deep waters
present in semienclosed basins. The largest density value
vn = 27.95 lies at a mean depth close to 2000 m, with
maximal excursions reaching 5000 m. The reference state
for the available potential energy is found by assuming
global volume conservation of the layers between adja-
cent density interfaces. When density interfaces disap-
pear, they are continued along the topography or along
the surface; the depths Z; of the reference state shown in
Fig. 4 become simply the area average of the height of the
density interfaces as in the flat bottom case. To compute
the potential energy, the density jumps across the in-
terfaces that appear in the hydrostatic equation in (14)
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must also be defined. In observations or models, the
pressure is computed from the in situ density and the
thermal wind from the horizontal gradient of in situ
density. However, as the differences between the hori-
zontal gradients of neutral density and of in situ density
are small and consistent with our definition of the in-
terfaces and the reference state, we have made the choice
here to use neutral density throughout. To conserve the
overall density content between the reference state and
the actual state, the density of any layer i has been com-
puted by the volume average of all neutral density values
that happen to fall between the upper n; and lower in-
terface m,;—; of that layer. These layer densities are given
in Table 1. The absolute geopotential computed pre-
viously allows us to find the free surface height 7, (re-
ferred to Z; = 0) for the first term in (23). The
computation of available potential energy from (23) is
then immediate and shown in Fig. 5. The tropics are
regions of low APE that broaden to the east. Two major
contributions can be identified in the figure: the contri-
bution of the subtropical gyres, associated with the de-
pressions of midthermocline isopycnals (deep light
fluid), and the deep water contribution, associated with
the largest density values found near the surface along
the Antarctic continent and the Labrador Sea (shallow
heavy fluid). The latter contribution dominates the APE
density. The vertical and latitudinal structures of mean
kinetic energy and APE are shown in Figs. 6 and 7,re-
spectively. The mean kinetic energy is strongly trapped
at the surface and decreases monotonically below
1000 m. The World Ocean, eddy-resolving model of von
Storch et al. (2012) reproduces this trapping of MKE
above 1000 m but also shows a minimum near 3500 m,
which is not found in the observations. The ubiquitous
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FIG. 5. The logy of the top-to-bottom integrated APE as computed from (23) (J m™~2). Note the contribution of
the deep waters at the outcrops of the deepest isopycnals along the Antarctic continent and in the Labrador Sea.
The midthermocline contributions of the subtropical gyres are roughly equivalent.

surface trapping of mean kinetic energy can be seenasa Current near 47°S that a significant amount of kinetic
confirmation of the assumption of Wunsch (1996) to energy is observed to reach the bottom. The vertical
minimize kinetic energy at the bottom in inverse models  structure of terms of the sum [(23)] for mean APE
of the circulation. It is only in the Antarctic Circumpolar is shown in Fig. 6 (area average) and Fig. 7 (zonal
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FIG. 6. The horizontally averaged (left) MKE and (right) MAPE. The free surface term is
indicated with the square symbol. MKE is strongly trapped at the surface, while the horizontal
average of each term of APE in (23) increases with density. Note the large contribution of the
deepest isopycnal.
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FIG. 7. (top) The log; of zonally integrated APE (Jm™ ") of the
World Ocean as a function of latitude and density. (bottom) The
log;o of KE (Jm™") as a function of latitude and depth.

average). In contrast to kinetic energy, the APE in-
creases with increasing vy, values. The important con-
tribution of the bowls of the subtropical gyres is found
between v, values of 26 and 27.5 and from 20° to 40°
latitudes. Large APE values of the deep water are asso-
ciated with the deepest interfaces rising by more than
2000 m to outcrop in the vicinity of the Antarctic conti-
nent and the Labrador Sea. Note the very small APE
values for low v,,, but there is a contribution spanning the
tropics around vy,, = 24.5, which comes from the Pacific.

Using quasigeostrophic theory, Gill et al. (1974)
showed that the ratio KE/APE should scale as the
Burger number, given by the ratio Rd%/L? with Rd be-
ing the first Rossby radius of deformation and L the
scale of the circulation. However, the geographic de-
pendence of the ratio KE/APE as the square the internal
Rossby radius of deformation is just not observed, pre-
sumably because the oceanic circulation selects a dif-
ferent scale L at different latitudes. When APE and KE
are integrated over the World Ocean [from 64.5°S to
64.5°N and excluding all marginal seas, to compare with
Oort et al. (1989)], a total mean available potential en-
ergy of 2.03 X 10°°J is obtained. The deep water contri-
bution explains 46% of this total (isopycnals between 27.7
and 27.95), while 42% originates from the subtropical
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gyres (isopycnals between 26.5 and 27.6). The contribu-
tion of the free surface is only 0.2% of the total. The total
mean kinetic energy amounts to 3.41 X 10" J, nearly
three orders of magnitude smaller with a global ratio
APE/KE near 600. Gill et al. (1974) used a simple 12
model of a midlatitude thermocline forced by Ekman
pumping to find a ratio APE/KE = 10°, quite a remark-
able prediction in retrospect, given the simplicity of their
model. The comparison in Table 2 shows that the present
results are close to the quasigeostrophic estimates of Oort
et al. (1989) and Peixoto and Oort (1992). Other esti-
mates from observations using different methods (Huang
2005) or data assimilation models (Zemskova et al. 2015)
are nearly an order of magnitude larger.

c¢. The connection with eddy kinetic energy

Because results from realistic models indicate that
eddy energy originates from the APE reservoir (e.g.,
von Storch et al. 2012), we asked whether a visible,
local connection between the two could be identified.
The idealized HYCOM results of the previous section
give the clue that eddy kinetic energy develops along
the gradients of APE, and the objective is to test this
prediction in observations. The observed oceanic geo-
strophic turbulence is now known globally from surface
drifters (Lumpkin and Johnson 2013), from surface
EKE from satellite altimetry (Dibarboure et al. 2011),
from eddy kinetic energy at 1000 m obtained from Argo
float displacements (Ollitrault and Colin de Verdiere
2014), and from eddy potential energy also from Argo
float profiling 7/S capabilities (Roullet et al. 2014). As
these different products present a high degree of spatial
coherence at midlatitudes, we use the eddy kinetic
energy that has been recalculated from geostrophy
using the altimetric data from Dibarboure et al. (2011).
First of all, the spatial coherence of eddy kinetic energy
and mean kinetic energy confirm the early indications of
Stammer (1997). Because the exchange between eddy en-
ergy and APE is not expected to have a global character (an
eddy in the Gulf Stream hardly depends on APE in the
Pacific), we focus on regional basins and compute APE
with a local Lorenz state calculated for that basin. If
eddies get their energy from APE, it is not expected to
observe high EKE at locations of high APE. It is more
likely to observe high EKE near an APE minimum or

TABLE 2. Estimation of total MKE (J) and total MAPE (J) found from observations: A is this study; B is Oort et al. (1989) and Peixoto and
Oort (1992); C is Huang (2005); and D is Zemskova et al. (2015).

A B C D
APE (J) 2.03 X 10% (area = 2.87 X 10" m?) 3.16 X 10% (area = 3.52 X 10"*m?) 1.9 x 10?! 1.65 x 10!
MKE (J) 3.41 X 10'7 (area = 2.49 X 10" m?) 2.11 10" (area = 3.52 X 10" m?) — 1.16 X 108
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FIG. 8. Comparison of the EKE from (top) altimetry and the
gradient of APE as computed from (23) in the North Atlantic. The
APE sum includes the interfaces from 26.5 to 27.5.

along the flanks of the APE distribution, and we pro-
pose to compare EKE with the gradient of APE. This
gradient (more precisely, its modulus) was calculated
with centered differencing of APE summed over den-
sity intervals associated with the potential energy
stored in the bowls of the main thermocline. We com-
pare such gradient of APE with surface eddy kinetic
energy for the Gulf Stream, the Kuroshio, the Agulhas
retroflection, and the confluence region.

Starting with the Gulf Stream (Fig. 8), two areas of
maximum gradient of APE are found from 70° to 45°W
between 35° and 40°N, separated by a minimum value of
APE. This minimum is found where the reference state
intersects the strongly sloping density interface of the
Gulf Stream, a situation similar to the model result in
Fig. 2. Note simply the corresponding maxima of EKE
found somewhat downstream around 60°W. This geog-
raphy is consistent with the idea that the gradients of
APE locate the source of the eddies that grow and are
advected downstream by the Gulf Stream. This corre-
spondence of the two fields continues far in the interior
along the Azores Current and within the North Atlantic
drift. Note also how small gradients of APE also coincide
with low eddy kinetic energy in the eastern part of the
basin. A similar situation is found in the Kuroshio region
(Fig. 9). The agreement is quite good in the western
subtropical gyre, but the correspondence is less satisfying
in the northeast: there is eddy energy along a narrow band
along 50°N, but it is low otherwise. Yet, a significant
gradient of APE is found in a broader region, whose or-
igin comes from the APE stored in the outcrops of density
interfaces. In the Agulhas retroflection (Fig. 10), the eddy
kinetic energy peaks around 20°-30°E and is associated
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FIG. 9. As in Fig. 8, but in the North Pacific. The APE sum in (23)
includes the interfaces from 25 to 27.4.

with the presence of the minimum of APE surrounded by
the two maxima of the gradient of APE to the north and
south. The eddy energy that leaks into the South Indian
Basin follows nicely the contours of the gradient of APE. As
in the Pacific, there is little eddy energy linked to the
southern maximum of the gradient (caused by the outcrops).
The last example is the confluence region, one of the most
turbulent regions of the World Ocean (Fig. 11). The circu-
lation offshore is dominated by the anticyclonic Zapiola
Gyre. The contours of the maximum gradient of APE and of
maximum eddy energy are found to encircle the Zapiola
Gyre. Eddy energy is western intensified and advected by
the anticyclonic mean circulation of the Zapiola Gyre.
These four examples support the idea that the eddy
kinetic energy is found in regions of large gradient of
APE. Near the western boundaries, this region encircles a
thin region of minimum APE. Although the APE is the
energy reservoir for midlatitude eddies, the eddies are
associated with the regions of fastest growth of unstable
waves, and a necessary condition for instability is that the
potential vorticity (PV) gradient along isopycnal surfaces
changes sign (Charney and Stern 1962). One therefore
expects this necessary condition to be fulfilled in the
source region of the eddies. Figure 12 shows the po-
tential vorticity for the North Atlantic on the isopycnal
v, = 27.1, an isopycnal surface that is at 400-m depth at
the eastern boundary and reaches 750 m south of the
Gulf Stream (not shown). The relative vorticity term is
not included because it makes a small contribution at
this resolution. The potential vorticity f/h increases
from tropical latitudes, but there is a maximum in the
recirculation region, and a tongue of low-PV water is
found just north of it, along the axis of the Gulf Stream.
The meridional PV gradient vanishes there, and the
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F1G. 10. As in Fig. 8, but for the Agulhas retroflection. The APE
sum in (23) includes the interfaces from 26 to 27.7.

existence of this low-PV tongue allows the necessary
condition for instability to be satisfied. The curves of
vanishing PV gradient and areas of large APE gradient
both indicate the same high eddy energy regions. A
similar configuration is found at a somewhat shallower
level, vy, = 26.5 in the Kuroshio. The situation in the
Agulhas Basin is different. The instability there ap-
pears to be associated with an anomaly of low PV just
south of Cape of Good Hope, which is connected with
the Antarctic Circumpolar Current. In the confluence
basin, there is also a low-PV tongue in the region of the
previously mentioned high gradient of APE.

The presence of eddy kinetic energy in the ocean has
long been rationalized through large growth rates
computed from local baroclinic instability calculations.
Stammer (1997), Smith (2007), and Tulloch et al. (2011)
point out the geographic similarities of high eddy energy,
fast growth rate of baroclinic instabilities, and Eady
growth rate oo = 0.31(f/N;)|d, U|. These fast growth rates
are therefore associated with strong vertical shear of
mean currents, hence high KE. The connection of these
fast growth rates with the gradient of APE can be seen as
follows. Take the modulus of the gradient of (23):

|VPE| :gp1£]|vé’1‘ + ;g(p, _pi—1)§i|V§i|'

The above expression can now be transformed under the
quasigeostrophic approximation. Since the large-scale cur-
rents are geostrophic to a good approximation, we have
[k XU, ~—gV¢,,
fokX(p; U,y = p,U) ~ —glp; = p;_)VE;-

Substituting the velocities for the slopes of the density
surfaces gives
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FIG. 11. Asin Fig. 8, but for the confluence region. The APE sum in
(23) includes the interfaces from 26 to 27.7.

|VPE| %p0§1f|U1| +p() ;é’iflUi,l - Ui|’ (24)

an expression where the Boussinesq approximation has
been made as well (p; = pg). The vertical shear signature
of the baroclinic terms in the above sum coincides with
the dependence of the Eady growth rate.

From these energy considerations, we add the fol-
lowing energy viewpoint to the regimes identified in
the early analysis of satellite observations by Stammer
(1997):

1) The tropical regime shows low APE and small
gradients thereof, hence little potential energy avail-
able for conversion.

2) The central and eastern energy deserts of the low-latitude
subtropics with low EKE, KE, and small gradients of
APE. This is the region where linear planetary waves
have been found (Chelton and Schlax 1996).
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FIG. 12. PV (multiply PV by 1 X 10" '! to obtain unitsinm s~ ')
along the vy, = 27.1 surface. The white curves locate the points
where the meridional gradient of PV vanishes.

3) The western boundary current regimes where KE
and EKE are high. The gradient of APE diagnostic
that we propose indicates the regions of exchange
between APE and EKE in the Gulf Stream, the North
Pacific, the Agulhas retroflection, and the conflu-
ence region (and the northern flanks of the ACC;
not shown).

7. Summary

The available potential energy in density coordinates
has several useful properties, summarized here:

1) The expression for the vertically integrated APE has
the character of a quadratic form (i.e., a weighted
vertical sum of the squares of the vertical displace-
ments of density surfaces), which is valid for arbi-
trary vertical displacements (at the difference of the
quasigeostrophic expression).

2) This expression is the appropriate form for energy
conservation in the multilayer shallow water model.

3) The application of this formulation in the context of
data originating from z coordinate models or in situ
observations is straightforward, requiring simply an
interpolation procedure to determine the density in-
terfaces. The conservation of volume between any two
interfaces implies that the Lorenz reference state
reduces to the area average of the interface heights.

The local formulation of Holliday and MclIntyre
(1981) is also valid for arbitrary vertical displacements
but does not share the quadratic property. Indeed,
Roullet and Klein (2009) draw attention to anharmonic
terms (beyond quadratic) that appear for large vertical
excursions when the Holliday and McIntyre (1981) local
energy density is used. The present formulation allows,
in turn, insights into the stability properties of the mean
oceanic circulation: the high-resolution simulations
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FIG. Al. A three-layer ocean is shown with an outcrop of layer
1 at point A and an incrop of layer 3 such as at point B. The dashed
curves indicate the continuation of the interfaces either at the
surface for outcrops or at the bottom for incrops.

show that the gradient of mean APE predicts well the
gross region of large eddy kinetic energy. We have also
applied our method to find the APE of the World
Ocean, using the neutral density as an approximation to
the material conservation property, which is required to
find the Lorenz state. Further improvements in our
method are linked closely to that issue. It is planned in
the near future to carry out a comparison of our method
with Tailleux (2013) and Saenz et al. (2015) using a
common dataset. We have compared APE with the
mean kinetic energy and found that the former is nearly
three orders of magnitude larger than mean kinetic en-
ergy, quantifying the small overall Burger number of the
time-mean oceanic circulation. The encouraging com-
parisons of eddy kinetic energy obtained from satellite
altimetry with the regions of large gradient of mean APE
encircling an APE minimum in western boundary current
regions confirms the HYCOM results. The diagnosis ap-
pears also consistent with the local necessary condition of
baroclinic instability (a reversal of the sign of the potential
vorticity gradient along isopycnal surfaces) and the local
baroclinic instability calculations (Smith 2007; Tulloch
et al. 2011). Of course, each region will require a far more
careful examination than has been provided here.

The determination of the reservoirs of available po-
tential energy and kinetic energy in the real ocean is going
to improve regularly with the growing extent of the Argo
float program, but it is impossible, for the time being at
least, to obtain the fluxes between mean APE and eddy
energy since they require the knowledge of vertical ve-
locities at the eddy scale. Given this difficulty, the search
for correspondence between eddy energy and gradients
of mean APE in both eddy-resolving model simulations
and oceanic observations is worth exploring further.
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FIG. A2.In configuration A, two equal volumes of different densities (p; < p,) are arranged
side by side. Note how the interface 7, is extended along the surface and the bottom (blue
dash line). In the Lorenz reference state B, the volume of density p; lies above the volume of

density p,, and the interface lies at z = —H/2.
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APPENDIX

Calculation of APE with Arbitrary Topography and
Density Interfaces

The calculation of the depths of the Lorenz state and
APE is now described for the general case of varying
topography. We illustrate the problem with a three-
layer model described in Fig. A1l that captures all the
difficulties that have to be taken care of. The lower in-
terface 7, of layer 1 outcrops at point A. When it is not
defined, this interface is now carried on at the surface (on
the left of point A) with 0, = Z; = 0. Similarly, when the
lower interface n; of layer 2 incrops, such as at point B,
the interface is carried on at the depth of the bottom;
hence, n; = — H. This continuation allows us to compute
the volume of each layer over the same domain of in-
tegration irrespective of the existence of a given interface:

m=”@;%MA
Vo= [[ o, - noaa

vV, = ”(n3+H)dA.

Since the horizontal area A is now the same for all
layers, the thicknesses are just H; = V,/A, and starting
from Z, = 0 at the surface, the height Z; is found from
Z; = Z;—1 — H;,_,. With the continuation procedure, the

height Z; becomes, quite simply, the spatial average
(m;), exactly as for the previous expression for flat
bottom and no outcropping—incropping of density
interfaces.

The last thing is to find out how to compute available
potential energy. In formulations (22) and (23), the last
topographic term present in (6) is absent since the bot-
tom density is constant. But this is not the case anymore.
It is possible, however, to keep the previous formulation
in the general case, as the extreme frontal situation of
Fig. A2 shows. Two water masses of equal volume, equal
area X, and different density now lie side by side in
configuration A. The interface between the two layers
is continued at the bottom 7, = —H and at the surface
1, = 0. The two volumes are then readjusted to the
Lorenz reference state in B, where Z, = —H/2. With
this definition of 7,, expression (16) shows that the
potential energy for each sides of the domain can be
written as

Left Right

1
PE=Z§gApH2, 0,

1 H\’ 1 H\’
PER—zigAp(7> , zngp(7> ,

APE = ZApg §HZ,

1
g —YgAp-H*.

8
And the total APE per unit area recovers the well-
known result

APE

Lo
oy shegH”
But the APE can also be computed more symmetrically
by introducing the height anomaly ¢, = 1, — Z,, which

is —H/2 on the left and +H/2 on the right:
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Left Right

1 H\?
- gAp( =
> p(2> ,

with the same result as before for the total APE.
This last result shows that expressions (22) and (23)
can still be used in the general case, provided the
APE calculation includes also the surface and bot-
tom contributions of the stacked density interfaces.
The topographic case can be handled in the same way.
Including a step of depth H, (<H) for the box of density p;,
the answer is provided by the same APE formula with H
replaced by H,. The APE of the denser water in the
deeper box 2 vanishes since its volume remains at the
same position in the reference state.

1 H\?
APE =X - gAp( -
> p( 2) ,
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