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We consider the helium atom exposed to laser pulses in soft-x regime at intensities of the order of 10 17 -10 20 W/cm 2 . Two cases are investigated, first a pulse with a central frequency of 20 a.u. (∼ 544.2 eV) and a pulse with a central frequeny of 50 a.u. (∼ 1.36 keV). We solve the time-dependent Schrödinger equation (TDSE), nondipole (retardation) effects are included up to O(1/c) (c being the velocity of light).

We study the single photoionization of helium with a focus on nondipole effects. We calculate the total and partial photoelectron energy spectra, and the photoelectron angular distributions. The nondipole effects associated with the A • P and A 2 coupling terms in the Hamiltonian (A denoting the vector potential of the field and P the momentum operator) are thoroughly analyzed in the region of one-photon resonance.

We show that the nondipole contribution associated with A • P varies linearly with the intensity I while a three-photon transition involving A 2 increases like I 3 , in agreement with lowest order perturbation theory (LOPT). At high intensities these contributions compete and the nondipole transition becomes nonlinear.

The physical mechanisms associated with nondipole couplings are discussed, as well as their effects on photoelectron energy and angular distributions.

Introduction

The advent of free electron lasers delivering x-rays at high intensity [1,2] opens the way to the exploration of new regimes in physics, chemistry and bio-imaging. In atomic physics multiphoton processes have been identified in neon in soft x-ray regime at intensities of the order of 10 17 -10 18 W/cm 2 [3,4] (LCLS facility, USA) and in xenon above 5 keV at SACLA facility (Japan) [5]. High intensities are also obtained in the hard x-ray regime, to cite a recent application in atomic physics multiphoton multiple ionization of a high-Z atom has been reported at ultra-intense intensity (10 19 W/cm 2 ) and photon energies from 5.5 to 8.3 keV [6]. Many FEL sources are now in operation, upgrade or in construction throughout the world, their status as well as the scientific achievements are reported in recent reviews [7][8][9], the latter focusing more on technology and physics of FELs. Concerning now the target, light atoms, like hydrogen or helium, are ideal candidates to investigate the general mechanisms governing their interaction with light since they are accessible to an accurate theoretical description. But, due to the small photoionization cross section, the x-ray photoelectrons are hardly detectable.

Nevertheless, it must be noticed that bright-enough synchrotron sources allows now to study light atoms using x-ray photoelectron spectroscopy [10], and multiphoton processes have been detected in helium at photon energies of 42.8 and 38.4 eV at the FEL facility FLASH (Germany) [11]. FELs operating at high intensities open the way to pursue these investigations in x-ray regime.

In the field of photoelectron spectroscopy of atoms at short wavelengths, observation of nondipole effects in photoelectron angular distributions (PAD) were made in the late 1920s [12] in the hard x-ray photon energy range, while the first experimental studies below 5 keV date back to the late 1960s-early 1970 [13,14]. Thanks to the unique properties of the photons generated by synchrotron facilities, it has been possible to measure nondipole parameters in x-ray regime (like for example the nondipolar asymmetry parameters of PADs in Ar [15]), a tremendous amount of work has been devoted to this field these last fifty years.

Due to the relatively low photon fluence at these facilities the theoretical work has been developed in the framework of LOPT. The nondipole corrections are associated with the coupling terms A • P and A 2 (diamagnetic term) in the Hamiltonian. In dipole approximation (DA) A 2 does not contribute to light-matter dynamics while the coupling term A • P reduces to an electric-dipole (E1) transition. Beyond the DA the correction term A 2 , associated with a two-photon transition, can be neglected in the context of the early experiments above cited, the photoionization process involves one-photon absorption and it is dominated by the coupling term A • P. Using nonrelativistic, independent-particle wavefunctions and developing A • P in first-order Cooper [16,17] (see references therein and the Errata [18]) proposed a simple parametrization of the differential cross section, in the form

dσ nl dΩ = σ nl 4π [1 + βP 2 (cos θ) + (δ + γ cos 2 θ) sin θ cos φ] (1) 
for linearly polarized light. In this expression, θ is the angle between the polarization vector and the electron mo- Experimental results obtained around FELs at high intensity stimulate the development of theoretical approaches able to describe nonlinear processes with intense and short

x-ray pulse. These studies raise the problem of the effects of the retardation terms, with in particular the role of A 2 . In this context two-photon ionization processes, like above-threshold ionization in x-ray regime, have been investigated within LOPT [19][20][21]. Non-perturbative methods have been also developed to investigate the relative contributions of A • P and A 2 in one-and two-photon ionization of hydrogen. For example in [22] photons energies ranging from 200 eV to 3 keV have been considered, at the atomic unit of intensity, i.e., I 0 = 3.51 × 10 16 W/cm 2 .

The conclusion of this study is that, if the contribution of A 2 is non-negligible, the nondipole correction mainly comes from the term A • P. Incidentally, we notice that the nondipole diamagnetic term A 2 plays a crucial role in nonlinear processes like stimulated Compton Scattering [23] and stimulated Raman Scattering [24]. Analytical approaches, theory and methodologies of the TDSE in the framework of ab initio calculations, with a particular focus on dynamical effects induced by the A 2 term, can be found in [25][26][27][28][29][30]. Here it is worth recalling that, even at intensities of the order of I 0 , LOPT applies in x-ray regime since the ponderomotive energy U p (U p = I/4ω 2 where I is the intensity and ω the photon energy) is much smaller than the photon energy. At the same time the value of the Keldysh parameter [31], given by I p /2U p (where I p is the atomic ionization potential) is much greater than 1, unfavorable for tunnel ionization. As a matter of fact, as the intensity increases beyond I 0 and/or the photon energy decreases from x-ray to xuv domain the validity of LOPT and DA must be carefully checked.

A recent theoretical study [30] 

Theory

In this section we refer to the nonperturbative (TDSE) approach. We follow the numerical method previously developed in [22]. We recall only the main steps.

We start from the well-known expression of the nonrelativistic Hamiltonian operator for a one-active electron atom in an external electromagnetic field of vector potential A (in the Coulomb gauge):

H = 1 2 [P + A(r, t)] 2 + V (r). (2) 
The atomic potential V (r) is a central one, it has the form

V (r) = - 1 r - 1 r (1 + λr)e -2λr . (3) 
This potential is widely used in atomic and molecular physics (see [START_REF] Bachau | [END_REF] and references therein). It verifies the correct asymptotic conditions for He; V (r) ∼ r→0 -2/r and V (r) ∼ r→∞ -1/r. Here λ = 1.688, this parameter is chosen such that the absolute value of the lowest eigenenergy (here associated with the 1s state of the model atom) of the field free Hamiltonian reproduces the ionization potential of helium (∼ 0.9037 a.u.). Taking the z-axis (unit vector e z ) along the polarization vector and the wavevector κ along e x (unit vector of x-axis) as shown in Fig. 1, the vector potential reads;

A(r, t) = A(t -αx) e z (4) 
with α the fine structure constant (α = 1/c). Considering that α ω ≤ 1 (or ω ≤ 3.73 keV) A(t -αx) is approximated by its truncated power series in x. Keeping only the firstorder correction in α one can show that the Hamiltonian can be written

H ≈ H a + H (1) 
DA + H

RET + H

RET .

It is expressed as a sum of the atomic Hamiltonian H a ≡ P 2 /2 + V (r), of the interaction term in DA

H

(1)

DA = A(t) P z , (6) 
and of two other terms, describing nondipole corrections;

H (1) RET = α F (t) x P z (7) 
and

H (2) RET = α F (t) A(t) x (8) 
where F (t) = -Ȧ(t). Within first-order perturbation theory, the terms A • P ≡ H

DA + H

RET and A 2 ≡ H and for nondipole coupling terms (∆l = 0, ±2; ∆m = ±1)

for H

RET and (∆l = ±1; ∆m = ±1) for H

RET .

The TDSE reads

i ∂ ∂t ψ(r, t) = Hψ(r, t). (9) 
The above equation is resolved by using four different approximations for the Hamiltonian H. First we consider the DA with H ≡ H a + H

DA (see Eq. 5). Second we consider the Hamiltonian H ≡ H a + H

DA + H

RET which (only) includes the contributions associated with the coupling term

A • P. Then we use H ≡ H a + H (1) 
DA + H

RET where the nondipole correction associated with A 2 is added to the

coupling term A • P in DA (H (1) 
DA ). Finally the full expression ( 5) is considered;

H ≡ H a + H (1) 
DA + H

RET + H

RET .

These four approaches allow to evaluate the relative contributions of DA and nondipole coupling terms. In the following they will be referred to as TDSE-DA, TDSE-AP, TDSE-DA-A 2 and TDSE-FULL, respectively.

A spectral method is used to resolve the TDSE. First, we define the amplitude A(t) of the field vector potential such that it is non-zero over the time interval (-T /2,T /2)

where T is the total pulse duration (i.e., the full extension of the pulse support), A(t) is chosen to have a cos 2 envelope. Under these conditions the laser bandwidth, defined as the FWHM of the square of the Fourier transform of the field amplitude, is given by 1.44×2π/T . As mentioned above the laser field is linearly polarized along the z-axis.

In order to calculate the time-dependent wave function ψ(r, t), solution of the TDSE, we use the expansion

ψ(r, t) = n, l, m e -iE nl t c (l,m) n (t) u nlm (r) (10) 
in a discrete basis of H a eigenfunctions

u nlm (r) = X nl (r)/r Y lm (r/r). ( 11 
)
The eigenvalues of H a , indexed as E nl , are determined together with the radial eigenfunctions X nl (r) by solving numerically the radial Schrödinger equation in a basis of B-spline functions [36]. The coupled differential equations satisfied by the coefficients c Once the wave function ψ(r, t) is known at the end of the pulse, the angle-integrated photoelectron energy spectrum (PES) and PADs can be extracted from it. Partial photoelectron energy spectrum (PPS), associated with channels of given l and m can be also extracted, in the following they will be referred to as PPS (l = l , m = m ). As we will see below, the PPSs associated with the different approximations of H allow to identify and to quantify the effects of nondipole coupling terms, as well as the contribution in DA. The procedure used to extract the angular distributions is presented in the appendix of [22], we do not repeat it here. The only difference with [22] is that the eigenfunctions of the field free Hamiltonian H a are not hydrogenic ones, since V (r) is not a pure Coulomb potential.

In the context of TDSE, this has not a major impact on calculations (for the extraction of angular distributions a phase shift must be calculated for each angular momentum l in addition to the Coulomb one). Nevertheless it is worth noticing that the presence of a screened Coulomb potential has a major impact in the context of perturbation theory (PT) since analytic approaches, valid in the case of hydrogenic systems (see [20,21] and references therein), cannot be used.

Before presenting the results we briefly discuss the limitations of the one-active electron model. It only represents singly excited (and ionized) states of He and not the doubly-excited states and ionization-excitation. The latter channels are energetically open here, through Raman-type processes or direct photon absorption. First we note that the photoionization of He is dominated by the channel leaving the He + ion in 1s state at the wavelengths considered here [32]. Given the laser bandwidths (about 0.18 a.u. for the case of frequency ω = 20 a.u. and 0.33 a.u.

for ω = 50 a.u.) the ionization-excitation channels should lead to structures in the electron spectrum well separated in energy from the main photoionization peak. Regarding now the excitation of bound states of He it relies on stimulated Raman scattering, we have demonstrated in previous work [24] that the dominant contribution is associated with the diamagnetic term H

RET in first order of PT, it populates the 1snp series with m = ±1. The other contribution is associated with the DA term H

(1) DA in second-order of PT, leading to the population of 1sns and 1snd series with m = 0 (1sns dominating over 1snd).

In this context the contribution of H

RET is negligible. We have checked that these trends hold in this work. Similar processes could populate doubly excited series as well the associated ionization-excitation channels in the low energy continuum. This is an interesting subject in itself but due to the laser bandwidths considered here, which are much smaller than the He ionization threshold, these transitions are not expected to play a significant role. A two-color scheme [23] should be more appropriate to study electronic double excitation. Incidentally we mention that the selection rules given above for DA and nondipole correction terms are strictly valid for the one-active electron model (see [START_REF] Bethe | Quantum Mechanics of One-and Two-Electron Atoms (Pluenum/Rosetta Edition[END_REF] and [START_REF] Bransden | Physics of Atom and Molecules[END_REF] for the rules in DA and retardation couplings in the general case). 3

). This broadening is due to the slow numerical convergence of the TDSE-FULL calculations with l in expansion (10). shown in the figure). Therefore, even if the channels with l = 1, 2 dominate at the end of the pulse (at t = T /2) in the region of peaks 1, the integration of the TDSE-FULL requires a much larger number of angular momenta l. As expected, higher is the intensity, larger is the value of l max required to reach the numerical convergence of the calculations [29]. Considering that -l ≤ m ≤ l this rapidly leads to an important increase of the basis set and a dramatic growth of the computational demand.

In the following we focus on the region of peak 1,

where the PPS (l = 2, m = ±1) dominates over the others nondipole channels. In Fig. 5 we present the PPS (l = 2, m = 1) for TDSE-FULL, TDSE-DA-A 2 and TDSE-AP calculations, as defined below the Eq. ( 9). First the right figure shows results for I = 10 18 W/cm 2 , we clearly see that the main contributions to the nondipole effect is related to the coupling term

A • P (included in TDSE-AP) while the contribution of A 2 (included in TDSE-DA-A 2 )
is several orders of magnitude smaller. We recall that the selection rule for the term H

RET is (∆l = 0, ±2; ∆m = 1), thus the PPS (l = 2, m = 1) is mainly due the term H W/cm 2 match. We reconsider now the angular distribution expressed in Eq. ( 1). We have noticed in the introduction that it takes into account only the A • P coupling term in first-order. For a one-electron s-p transition β = 2 and δ = 0 [17], therefore the PAD differential probability reads

dP 1s dΩ ∝ (3 cos 2 θ + γ cos 2 θ sin θ cos φ). (12) 
We recall that γ is the nondipole angular parameter. As expected the DA distribution is flat (γ 0 in DA) in Fig. 6, the TDSE-FULL PADs clearly show the influence of the nondipole effects. There is a very good fit to the analytic formula (12) at both intensities, it is obtained with γ ≈ 0.51, in agreement with the value of γ calculated by Amusia et al [37] beyond the framework of one-electron approximation (see Fig. 1 in [37]). It is worth noticing that in [37] electron correlations have been found to be unimportant in the calculation of γ in the case of He 1s shell, this explains the agreement between our one-active electron model atom and the above-cited multielectronic approach. We notice the agreement obtained for I = 10 19 W/cm 2 , although the contribution of A 2 is non-negligible at this intensity. In order to check the influence of the latter term we have calculated the PAD with TDSE-DA-A 2 (always integrating the differential distribution over W/cm 2 . The others laser parameters are the same as in Fig. 2.

For I = 10 18 W/cm 2 the angular distribution has been scaled such that the angular distributions in DA match for both intensities. The figure also shows the angular distribution calculated with the formula (12), with γ = 0.51. The PAD is shown in Fig. 8, as in the precedent case the polar angle is fixed at θ = π/4. It is obtained by integrating the triply differential distribution in the region of one-photon resonance, i.e., over the energy range 48-50 a.u. The PAD fits the analytic formula (12) with γ ≈ 0.99, a value in agreement with the above-mentioned theoretical work [37]. As in the precedent case, the diamagnetic term A 2 has a little impact on the PAD.

Conclusions

We have presented a study of nondipole effects in the ion- 
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 1 photon direction

  RETinduce one and two-photon transitions, respectively. The selection rule is (∆l = ±1; ∆m = 0) in DA (term H (1) DA )

  from t = -T /2 to t = T /2 using an explicit time-adaptive Runge-Kutta method, with initial conditions (at t = -T /2) corresponding to He in its ground state, i.e., here the 1s state. In a typical calculation we use angular momenta l = 0 -10, with |m| ≤ l, and a basis of 2500 B-spline functions of order k = 7, distributed linearly inside a box of length b = 600 a.u. for the case ω = 20 a.u. and b = 300 a.u. for ω = 50 a.u. The box radius b is chosen such that the probability to find the photoelectron outside the box at the end of the pulse is negligible. The convergence of the calculations is checked by varying the box size and/or the number of basis functions and angular momenta, we will return to this point later.

3 Results 3 . 1 Fig. 2 .

 3312 Fig. 2. PES in DA, calculated at various intensities (see the inset). The central frequency ω = 20 a.u. and the pulse duration T ≈ 50.26 a.u.

Fig. 3 . 19 W/cm 2 .

 3192 Fig. 3. PESs calculated in DA (TDSE-DA) and with full Hamiltonian (TDSE-FULL). PPS (l = 2, m = 1; m = -1) (sum of the PPS (l = 2, m = 1) and PPS = 2, m = -1)) calculated with TDSE-FULL. The central frequency ω = 20 a.u., the pulse duration T ≈ 50.26 a.u. and the intensity I = 10 19 W/cm 2 .

Fig. 4 . 3 .

 43 Fig. 4. PES calculated with various basis set expansion in l (see the inset). The laser parameters are the same as in Fig. 3.
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 1122 scheme explained above. In parallel with the resolution of the TDSE-AP we have performed time-dependent calculations where H (1) RET is treated in first-order PT, they are in good agreement with the TDSE-AP PPS (l = 2, m = 1) for both intensities, this confirms that it is a one-photon transition in the perturbative regime. If we consider now the TDSE-DA-A 2 contribution, we have identified two pathways involving one-and two-photon resonances. First a one-photon dipole coupling from 1s to the channel (l = 1, m = 0), followed by a Compton-like two-photon transition from the channel (l = 1, m = 0) to the PPS (l = 2, m = ±1) around the one-photon resonance (at energy ∼ 19.1 a.u.). The latter transition is induced by the nondipole coupling term H (2) RET (associated with A 2 ) according to the selection rule (∆l = ±1; ∆m ± 1), it is a two-photon absorption-emission process. The second process relies on a direct two-photon coupling (through H (2) RET ) from 1s to the channel (l = 1, m = ±1) at energy ∼ 39.1 a.u., followed by a dipole transition to the channel (l = 2, m = ±1) at energy ∼ 19.1 a.u. The TDSE does not allow to discriminate between these two pathways, but the second one involves a continuum-continuum dipole coupling with high energy continua (in the region of peak 1 and peak 2), this type of coupling is usually very small and we can therefore surmise that the first pathway dominates. Both
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 252 Fig. 5. PPS (l = 2, m = 1) calculated with full Hamiltonian (TDSE-FULL) and including the nondipole correction associated with A • P (TDSE-AP) and A 2 (TDSE-DA-A 2 ). The intensity I = 10 19 W/cm 2 (left figure) and I = 10 18 W/cm 2 (right figure). The others laser parameters are the same as in Fig. 2.

Fig. 6 .

 6 Fig. 6. PAD vs the azimuthal angle φ, the polar angle θ = 45 degrees. The intensities are I = 10 19 W/cm 2 and I = 10 18

  a.u. (150 opt. periods) ω=50 a.u.

Fig. 7 .Fig. 8 .

 78 Fig. 7. PES and PPS (l = 2, m = 1) calculated with the full Hamiltonian (TDSE-FULL). PPSs (l = 2, m = 1) are also calculated considering nondipole correction associated with A • P (TDSE-AP) and A 2 (TDSE-DA-A 2 ). The central frequency ω = 50 a.u., the pulse duration T ≈ 18.85 and the intensity I = 10 20 W/cm 2 .
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 11 photoionization is dominated by the dipole transition, it populates the channel (l = 1, m = 0) at energies close to 19.1 a.u. Below I = 10 19 W/cm 2 the dominant nondipole contribution is associated with A • P (H (1) RET in Eq. 5), it is about three orders of magnitude smaller than the dipole contribution and it populates the channel (l = 2, m = ±1) through one-photon absorption from 1s. At the intensity I = 10 18 W/cm 2 , both the dipole and the dominant nondipole transitions increase linearly with the intensity, in agreement with PT. At I = 10 19 W/cm 2 , the nondipole term A 2 comes into play. Combined with a dipole coupling, it populates the channel (l = 2, m = ±1) in the region of one-photon resonance (at energy ∼ 19.1 a.u.) and it is of the same order of magnitude as the nondipole contribution associated with A • P. This process is nonlinear, three photons are involved in different combinations where two photons are absorbed and one is emitted. The transition rate varies like I 3 , in agreement with LOPT. Regarding now the PAD it fits well the parametrization of Cooper [16, 17], based on a first-order treatment of the coupling term A • P in PT. The diamagnetic term A 2 does not affect the PAD associated with the energy integrated one-photon resonant peak at the intensities considered. The general trends of the distributions calculated at ω = 20 a.u. are also observed at ω = 50 a.u., but at higher intensities. At I = 10 20 W/cm 2 and T = 18.85 a.u. (150 optical cycles) the nondipole contributions from A • P and A 2 are of the same order of magnitude and they vary with the intensity like I and I 3 , respectively, in