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SELECTION AND MUTATION IN A SHIFTING AND FLUCTUATING
ENVIRONMENT*

SUSELY FIGUEROA IGLESIAST AND SEPIDEH MIRRAHIMI?

Abstract. We study the evolutionary dynamics of a phenotypically structured population in a
changing environment, where the environmental conditions vary with a linear trend but in an oscillatory
manner. Such phenomena can be described by parabolic Lotka-Volterra type equations with non-local
competition and a time dependent growth rate. We first study the long time behavior of the solution
to this problem. Next, using an approach based on Hamilton-Jacobi equations we study asymptotically
such long time solutions when the effects of the mutations are small. We prove that, as the effect of
the mutations vanishes, the phenotypic density of the population concentrates on a single trait which
varies linearly with time, while the size of the population oscillates periodically. In contrast with the
case of an environment without linear shift, such dominant trait does not have the maximal growth rate
in the averaged environment and there is a cost on the growth rate due to the environmental shift. We
also provide an asymptotic expansion for the average size of the population and for the critical speed
above which the population goes extinct, which is closely related to the derivation of an asymptotic
expansion for the Floquet eigenvalue in terms of the diffusion rate. By mean of a biological example,
this expansion allows to show that the fluctuations on the environment may help the population to
follow the environmental shift in a better way.

Keywords. Parabolic integro-differential equations; Time periodic coefficients; Hamilton-Jacobi
equation; Dirac concentrations; Adaptive evolution; Changing environment.

AMS subject classifications. 35A02, 35B10, 35C20, 35D40, 35P15, 92D15.

1. Introduction

1.1. Model and motivations. The goal of this article is to study the evolu-
tionary dynamics of a phenotypically structured population in an environment which
varies with a linear trend but in an oscillatory manner. We study the following non-local
parabolic equation

On—c0zn=nlale(t),z—ct)—p(t)], (t,z)€[0,+0) xR,
ﬁ(t):/ﬁ(t,:z:)d:z:, (1.1)

At =0,2) = Tio(x).

This equation models the dynamics of a population which is structured by a phenotypic
trait © € R. Here, m corresponds to the density of individuals with trait z. We denote
by a(e(t),x —¢t) the intrinsic growth rate of an individual with trait « at time ¢. The
term —ct has been introduced to consider a shifting of the fitness landscape with a
linear trend. The function e(t): Ry — FE, represents the environmental state at time ¢
(for instance, the temperature) and is assumed to be periodic, with E corresponding to
the set of the states of the environment, for instance an interval corresponding to the
possible temperatures. The variation of the environmental state e may have an impact
on the optimal trait (the trait that maximizes a(e,z)) or other parameters of selection as
for instance the pressure of selection (corresponding to the curvature of a(e,z) around
its maximum point, see Section 6 for some examples). The term p which corresponds
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2 Adaptation in a time-varying environment

to the total size of the population represents a competition term. Here, we assume
indeed a uniform competition between all the individuals. The diffusion term models
the mutations, with o the mutation rate.

A natural motivation to study such type of problem is the fact that many natural
populations are subject both to a directional change of the phenotypic optimum and
fluctuations of the environment ( [13]). Such fluctuations may be periodic, due for in-
stance to seasonal effects, or stochastic due to the random change of the environment.
Here we consider a deterministic growth rate that varies with a linear trend but in an
oscillatory manner. Our study provides also insights for the case of random environ-
ments since it is based on some homogenization techniques that could also be used to
study the random case. However, the study of the random fluctuations would still need
considerable work and is out of the scope of this article.

Will the population be able to adapt to the environmental change? Is there a
maximal speed above which the population will get extinct? How is such maximal
speed modified due to the fluctuations?

1.2. Related works. The impact of changing environments on the evolution of
quantitative traits has been studied using closely related quantitative genetics models in
the biological literature (see for instance [11,22,23,26,27]). In these works one usually
assumes that the growth rate a has a particular form of quadratic type and that the
environmental change has only an impact on the optimal trait. However, the environ-
mental variations may also modify other parameters of selection, as for instance the
pressure of selection [17]. Finally, the works studying a periodic environment, consider
only a particular sinusoidal form of periodic variation [23,27].

Models closely related to (1.1), but with a local reaction term and no fluctuation,
have been widely studied (see for instance [6-9]). Such models are introduced to
study dynamics of populations structured by a space variable neglecting evolution.
It is shown in particular that there exists a critical speed of environment change c*,
such that the population survives if and only if the environment change occurs with a
speed less than ¢*. We also refer to [10] where an integro-difference model has been
studied for the spatial dynamics of a population in the case of a randomly changing
environment. Moreover, in [1], both spatial and evolutionary dynamics of a population
in an environment with linearly moving optimum has been studied. While in the
present work, we don’t include any spatial structure, we take into account oscillatory
change of environment in addition to a change with linear trend.

The evolutionary dynamics of structured populations under periodic fluctuations of the
environment has been recently studied by [2,16,25,29]. The works in [2,25] are focused
on the study of a particular form of growth rate a and in particular some semi-explicit
solutions to such equations are provided. In [16,29] some asymptotic analysis of such
equations for general growth rates are provided. The present article is closely related
to [16] where a periodically evolving environment was considered without the linear
trend. The presence of such linear trend of environment change leads to new difficulties
in the asymptotic analysis. Moreover, we go further than the results in [16] and provide
an asymptotic expansion for the average size of the population in terms of the mutation
rate. Such expansion is closely related to an asymptotic expansion of the Floquet
eigenvalue for the linear problem. Furthermore in a very recent work [12] the authors
study a closely related model, but without the linear change of the environment, and
study the impact of the different parameters of the model on the final population size.

In this article, we use an asymptotic approach based on Hamilton-Jacobi equations
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with constraint. This approach has been developed during the last decade to study
the asymptotic solutions of selection-mutation equations, assuming small effect of the
mutations. Such equations have the property that their solution concentrate as Dirac
masses on the fittest traits. There is a large literature on this approach. We refer to [5,
14,30] for the establishment of the basis of this approach for homogeneous environments.

1.3. Mathematical assumptions To introduce our assumptions, we first define

We then assume that e: R, — E, a periodic function, and a € L>(E,C3(R)) are such
that:

e(t)=e(t+T), VteRy, and 3do>0:[ale,)|pem <do Ve€kE, (H1)
and that the averaged function @ attains its maximum and

ax a(x) >0, H2a
max a(x) (H2a)
which means that there exist at least some traits with strictly positive average growth
rate.

Moreover, for some of our results (Theorem 1.2 and Theorem 1.3) we assume that this
maximum is attained at a single point x,,; that is

Ly - alz)=a
3! :zrm.r;lgﬂ%(a(:zr) alxm), (H2b)
and also
2
N T <y G(E)+4—=E(:cm). (H3)
o

Let us explain the role of the trait T in our results. We will show in Theorem 1.2 that,
as the mutation rate o vanishes and when the speed of the environmental change ¢ is
not too high, the phenotypic density 7 concentrates around a single trait which moves
linearly with the same speed ¢. The population density concentrates indeed around the
trait T+c¢t and follows in this way the optimum of the average environment, that is
Tm + ct, with a constant lag.

Finally, we make the following assumption on the initial data:

0<ng(z) <=kl vreR, (H4)

which indicates that the initial density of individuals with large traits is exponentially
small.

1.4. Preliminary results. To avoid the shift in the growth rate a, we transform
our problem with a change of variables. We introduce indeed n(t,x) =n(t,x +¢t) which
satisfies:

Oyn—cOyn—o0yzn=nla(e(t),z) —pt)], (t,z)€[0,400) xR,
p(t)= /Rn(t,x)dx, (1.2)
n(t=0,x)="ng(x).



4 Adaptation in a time-varying environment

Next, we introduce the linearized problem associated to (1.2). Let m(t,x)=
n(t,z)edo P()%s for n the solution of (1.2), then m satisfies

Oym —cOpym — 0 0pzm=ale(t),z)m, (t,z) €[0,+00) xR, (1.3)
m(t=0,z) =no(z), zeR. '
We also introduce the corresponding parabolic eigenvalue problem as follows
atpc _Eampc - anmpc - a(e(t)ux)pc = )\E,Upca (t,:v) S [0, +OO) xR, (1 4)
0<pe; pe(t,z) =pe(t+T,), (t,x) €[0,+00) xR. '

For better legibility, we omit the tilde in the index of p., while we still refer to the
problem with constant ¢. We also define the eigenvalue problem in the bounded domain
[-R,R], for some R >0,

atpR —Easz _UammpR _a(e(t)ux)pR = )\RpRa (f,JJ) € [07+OO) X [—R,R],
pr=0, (t,z) €[0,40) x {—R, R}, (1.5)
0 <PR; pR(t7$) :pR(t+T7x)7 (t,.’IJ) € [O7+OO) X [_RuR]

It is known that problem (1.5) has a unique eigenpair (Ag,pr) with pgr a strictly positive
eigenfunction such that [[pr(0,-)|| e (—r,r)) =1, (see [19]). Another fundamental result
(see for instance [21]), for our purpose is that the function R+ Ag is decreasing and
AR — A, as R— 4o00.

To announce our first result we introduce another assumption. We assume that a takes
small values at infinity in the following sense: there exist positive constants ¢ and Ry
such that

ale,x)+Aeo <—0, Ve€FE and |x|> Ry. (Hc)

PROPOSITION 1.1. Assume (H1), (H4) and (Hc). Then for problem (1.4) there exists a
unique generalized principal eigenfunction p. associated to \z,o, with ||pc(0,-)|| o ®) =1
Moreover, we have p. = I%im pr and

—00

pe(t,x) <||pe|| e ?UZI=R) (it 2) €[0,400) X R, (1.6)

= =\ 2
for v=—£ +/2+4(£)"
Finally, the eigenfunction p.(t,x) is exponentially stable, in the following sense; there
exists a >0 such that:

|[m(t,z)etree —ape(t,x)| @ —0 exponentially fast as t — ooc. (1.7)

The proof of this proposition is based on the results in [16].
We next define the T—periodic functions Q.(t) and P.(¢,z) as follows:

fRa(e(t),a:)pc(t,x)dx pe(t,x)

Q.u(t) = . Pu(tz)=—LB 1.8
(*) prc(t,:zr)d:r (t,7) prc(t,:zr)d:r (1.8)
and we recall a result proved in [16].
PROPOSITION 1.2. There exists a unique periodic solution p(t) to the problem

dp . e

P _510.(t) =5, te(0,T),

{gt P71, 1€ 0O.T) 1.9)
p(0)=p(T),
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T
if and only zf/ Q.(t)dt>0. Moreover this solution can be explicitly expressed as
0

1—exp [— /OT QC(S)dS]

()= . (1.10)

exp [— /0 T@;(s)ds] / e [ / chw)de} ds

1.5. The main results and the plan of the paper. We are interested in
determining conditions on the environment shift speed ¢ which leads to extinction or
survival of the population. In the case of the population survival we then try to char-
acterize asymptotically the population density considering small effect of the mutations.

follows:

To present our result on the survival criterion, we define the ”critical speed”.
DEFINITION 1.1. We define the critical speed ¢ as follows

= :{2 —0)\0,07 @f)\0,<7<07 (1.11)

7 0, otherwise,

where \o,; corresponds to the principal eigenvalue introduced by Proposition 1.1, in the
case ¢=0.

The next result shows that ¢ is indeed a critical speed of environmental change
above which the population goes extinct.

PROPOSITION 1.3. (Long time behavior)
Let n(t,z) be the solution of (1.2). Assume (H1), (H2a), (H4) and (Hc). Then the
following statements hold:
(i) if €>¢%, then the population will go extinct, i.e. p(t)—0, as t— oo,
(i) if c<ck, then |p(t)—p(t)| — 0, as t — oo, with p the unique solution of (1.9).

n(t,x)
)

—0, as t—o00. Consequently we have, as
LDO

(iii) Moreover,

t— 00!
n(t,) — Pt Pa(t, )| — 0,if < and  ||n||p= —0,ife>2.  (1.12)

REMARK 1.1. Note that if Ao, >0, then ¢; =0, which means that the population goes
extinct even without environmental linear change, that is ¢=0. Proposition 1.3 allows
to relate extinction/survival of the population to the environmental change speed and
shows that if the change goes "too fast” the population will not be able to follow the
environment change and will get extinct. However, if the change speed is "moderate”
the phenotypic density n converges to the periodic function n.(t,z) = p(t) P.(t,z), which
is in fact the unique periodic solution of (1.2).

Next, we are interested in describing this periodic solution n., asymptotically as the

effect of mutations is small. To this end, with a change of notation, we take o =g?

and ¢=ec, and we study asymptotically the solution (ne.,ps.) as € vanishes. For better
]

c ~, - ~ .
legibility, we also define ¢ := —=2 where ¢t stands for the critical speed ¢, with o= 2.
€
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Note that, in view of Proposition 1.3, to provide an asymptotic analysis considering
o =¢? small, a rescaling of the environmental shift speed as ¢=cc is necessary (see also
Theorem 1.3). The population can tolerate only an environmental shift with small speed
if the mutations have small effect.

In order to keep the notation simpler we denote (n.c,pec) = (ne,pe ), which is the unique
periodic solution of the problem:

Oine —ecOpne — %0 zne. =ncale(t),z) — p(t)], (t,x)€[0,+00) xR,
pe(t)= /Rns(t,x)dx, (1.13)
ne(0,2) =n.(T,x).

To study asymptotically this problem we perform a Hopf-Cole transformation (or WKB

ansatz), i.e we consider
1 ¥
Ne = exp| — |. 1.14
e (L) (114)

This change of variable comes from the fact that with such rescaling the solution n.
will naturally have this form. While we expect that n. tends to a Dirac mass, as ¢ =0,
1. will have a non singular limit. From this transformation (1.14) we deduce that .
solves:

C 02
Dbt 5| Falet).)~ S —pelt), ()€ [0, +o0) xR, (L15)

L o —c0atp. =
e 4

Here is our first main result:

THEOREM 1.1. (Asymptotic behavior)

Assume (H1), (H2a) and (Hc) and also that c<limi(r)1fc:. Then the following state-
E—

ments hold:
(i) Ase—0, we have ||pe(t) — 0(t)| e — 0, with o(t) a T—periodic function.
(i) Moreover, as € =0, ¥(t,x) converges locally uniformly to a function ¥(x)€
C(R), a viscosity solution to the following equation:
cl|? _ 2
—811114—5‘ = a(x)-p—%, weR,
= 1.16
max) (z) 0, (1.16)
— Az =S — Ay << e —colal,

with
T
p= | atv
0

for some positive constants Ay, Az,c1 and co=—5+1/0+ %

The above theorem is closely related to Theorem 4 in [16]. A new difficulty comes
from the drift term. To deal with the drift term we use a Liouville transformation
(see for instance [7,8]) that allows us to transform the problem to a parabolic problem
without drift.
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To present our next result, let us consider the eigenproblem (1.4) for o =¢? and ¢=cz,
that is:

{ atpca _Ecampca —525:”]%5 - G(e(t)aiﬂ)]?ca- :pca)\c,aa (t,:v) S [07+OO) xR, (1 17)

0 < Pee; Pee(t,x) =pee(t+T, ), (t,2) €[0,4+00) x R.

Here we denote A. . the eigenvalue Az, with o= e? and ¢ = ce for better legibility.
THEOREM 1.2. (Uniqueness and identification of the solution)

Let A be the principal eigenvalue of problem (1.17) and assume (H1), (H2b), (H3)
and (Hc). Assume in addition that c<lig8fcz, then the following statements hold:

. _ T _
(i) Let b, = [y pe(t)dt, then p.=—Acc.
(ii) The wiscosity solution of (1.16) is unique and it is indeed a classical solution
given by

v)= 5@+ [ Valm) ey -

| Ve ws)

where T < xy, is given in (H3). Moreover, as € =0, p, converges to p=a(T).
(111) Furthermore, let n. solve (1.13), then

ne(t,x) —o(t)o(x—T)—0, ase—0, (1.19)

point wise in time, weakly in x in the sense of measures, with ¢ the unique
periodic solution of the following equation

{ %f:@[a(e(t),f)—ma te(0,7), (1.20)

REMARK 1.2. The statement (iii) in Theorem 1.2 implies, for the solution m. to the
initial problem (1.1) with 0 =€? and ¢=cg, that

ne(t,x)—o(t)o(x —T—ct)—0, ase—0, (1.21)

point wise in time, weakly in x in the sense of measures. This implies that the phenotypic
density of the population concentrates on a dominant trait which follows the optimal trait
with the same speed but with a constant lag x,, — 7.

Note that while in [16] the uniqueness of the viscosity solution to the corresponding
Hamilton-Jacobi equation with constraint was immediate, here to prove the uniqueness
of the viscosity solution more work is required. In particular, in order to prove such
result the constraint is not enough and we use also the bounds on 7, given in (1.16).
More precisely we introduce a new function u(x) =1 (z)+ §2 which solves

2

—Josul?=a(a) -5~ %, wekR,
max,eru(r) — §x=0, (1.22)
—Aq|x]?2 — Ay <u(x) <cp—colz|+ s,
where the constants Ay, Ay, ¢1, co are the same as in (1.16).

The main idea comes from the fact that any viscosity solution to a Hamilton-Jacobi
equation of type (1.22) but in a bounded domain € can be uniquely determined by its
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values on the boundary points of €2 and by its values at the maximum points of the
RHS of the Hamilton-Jacobi equation [24].

Finally, in our last result we provide an asymptotic expansion for the Floquet eigenvalue
which leads to an asymptotic expansion for the critical speed ¢} and the average size of
the population pe.
THEOREM 1.3. (Asymptotic expansions)

Let A\ be the principal eigenvalue of problem (1.17) and assume (H1), (H2b) and
(He). Assume in addition that c<li£gi(r)1fc:, then the following asymptotic erpansions

hold

Pe=—Ace :E(.’L‘m)—z_g ~ Ty (Tm)/2+0(e), (1.23)

cE=2v/a(zrm)—¢ —%—i—o(s). (1.24)

Note that the expansion for the Floquet eigenvalue is indeed related to the harmonic
approximation of the ground state energy of the Schrodinger operator [18]. However,
here we have a parabolic, non self-adjoint operator.

In Section 6 we study an illuminating biological example and show thanks to the above
result that the fluctuations of the environment may help the population to follow the
environmental shift.

The paper is organized as follows: in Section 2 we deal with the long time study of
the problem and prove the preliminary results Proposition 1.1 and Proposition 1.3.
Next in Section 3 we provide an asymptotic analysis of the problem considering small
effect of mutations and we prove Theorem 1.1. In Section 4, we obtain the uniqueness
of the viscosity solution to (1.16) and prove Theorem 1.2. Section 5 is devoted to
the approximations of the principal eigenvalue (average size of the population) and
the critical speed, given in Theorem 1.3. In Section 6 we study a biological example
and discuss the effect of the fluctuations on the critical speed of survival and on the
phenotypic distribution of the population. Finally, in Appendix A and B, we provide
some technical results and computations.

2. The convergence in long time

In this section we provide the proofs of Proposition 1.1 and Proposition 1.3. To
this end, we make a change of variable which allows us to transform the problem into a
parabolic equation without the drift term.
Let m(t, ) satisfy the linearized problem (1.3), we denote Py and P, the linear operators
associated to problem (1.3), for ¢=0 and ¢> 0 respectively, that is:

Pow := 0w — 00ppw — ale(t),x)w, Pew 1= 0w — C0pw — 00zw —ale(t),z)w. (2.1)

In Subsection 2.1, we introduce the Liouville transformation and provide a relation
between Py and P, which allows us to obtain a relationship between ¢ and Az . Next
in Subsection (2.2) and (2.3) we provide the proofs of Proposition 1.1 and Proposition
1.3 respectively.
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2.1. Liouville transformation.  Here, we reduce the parabolic equation (1.2)
to a parabolic problem without the drift term via a Liouville transformation (see for
instance [7,8] where this transformation is used for an elliptic problem).

Let M (t,z) be given by

M(t,z):=m(t,z)e?", (2.2)

for m(t,x) the solution of the linearized problem (1.3), then M satisfies:

2

M

WM — 00, M = {a(e(t),:v) (2.3)

We denote P the linear operator associated to the above equation, i.e.
Puwi=yw — 00ppw — ac(e(t), z)w,

where a.(e(t),z) = [a(e(t),x) - f—a} .
We establish in the next lemma the relation between the principal eigenvalues associated
to the operators Py, P. and P.

LEMMA 2.1. Let A(P,D) denote the principal eigenvalue of the operator P in the domain
D, it holds

Aew = A(Pe, Ry ><IR):A(73,R+ XR) .

Moreover, let Moo = A(Po, R4 XR), then Az o =No,o + %.
Proof. The proof follows from the definition of the eigenfunction and eigenvalue
and the fact that

Puw= (’Pc (weiﬁz)) a7,

2.2. Proof of Proposition 1.1.  Proposition 1.1 can be proved following similar
arguments as in the proof of Lemma 6 in [16]. Note that the argument in [16] is based
on an exponential separation result for linear parabolic equations in [21] that holds for
general linear operators of the form

wr=L(t,x)w, in [0,+00) xR,

with L(¢,2) being any time-dependent second-order elliptic operator in non-divergence
form, i.e:

L(t,x)w=ua;j(t,x)0;0jw~+ B;(t,x) 0w+ A(t,r)w,
where the functions B;, A€ L>(R; xR) and a;; satisfies
Qg (tax)glgj 2a0|§|27 (t,$)€R+ XR7

(see Section 9 in [21] for more details).

Here, we only provide the proof of the inequality (1.6) which is also obtained by an
adaptation of the proof of Lemma 6 in [16]. Let a.(e(t),x) =ac(e(t),z) + Az, then p. is
a positive periodic solution of the following equation:

Otpe — COzpe — 00zape = Peac(e(t),z), IMRxR. (2.4)
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Note that we have defined p. in (—o00,0] by periodic prolongation. We denote
lPc| oo (rxr) =T and define:

¢(t,x) =Te0(t=t0) 4 Pe—v(lzI—Fo)
for some v to be found later and ¢, Ry given in (Hc). One can verify that
I'<((t,x) if|zx]=Roort=to.
Furthermore if |z| > Ry or t >ty evaluating in (2.4) shows:

0t¢ —€0,C — 00,.C — Cacle(t),x) = Te 0t=t0) (5 —G.(e(t),x))
4Tev(zl=Ro) (Eyi —ov? —?ic(e(t),ac)) >0,

||

since ac(e(t), )+ % =a(e(t),x)+ Az, < —0J thanks to assumption (Hc) and choosing v

conveniently such that the inequality holds. Indeed, since —1 < % <1, we have:

_x 5 - _ 9 2
cv— —ov’ —a.(e(t),x) > —cv—ov +5+4—20
o

||

for

—C— 460 +2¢2 e —Cc+V4do +2¢2
SR ) 7 S ———
20 - = 20

Thus ¢ is a supersolution of (2.4) on:
Ao ={(t,x) € (tg,00) x R;|z| > Ro},

which dominates p. on the parabolic boundary of Ag. Applying the maximum principle
to ( —p¢, we obtain

pe(t,z) <Te 20=t0) p Temv(zI=Ro) g > Ryt € (to,00).
Taking the limit t) — —oo yields
pe(t,z) <Tevzl—Fo) |2] > Ry, t < +00,

—C+ V4o +2¢2
20

2.3. Proof of Proposition 1.3.  The proof of Proposition 1.3, is closely related
to the proof of Proposition 2 in [16] but we need to verify two properties before applying
the arguments in [16]. To this end we prove the following lemmas. The rest of the proof
follows from the arguments in [16].
LEMMA 2.2. Let Az, be the principal eigenvalue of problem (1.4). Then, Az - <0 if and
only if c<c;.

Proof. Follows directly from the definition of ¢}. O

in particular, for v = . We conclude that p. satisfies (1.6). O

LEMMA 2.3. Assume (H1) and (H4) and let C5=Co(cC2+¢)+dy then the solution
n(t,x) to equation (1.2) satisfies:

n(t,x) <exp(Cy —Calx|+Cst), V(t,z)€(0,400)xR.
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Proof. We argue by a comparison principle argument. Define the function
n(t,z) =exp(Cr — Cao|z|+Cst).

We prove that n<n. One can verify that for C5 defined as in the formulation of the
Lemma, we have the following inequality a.e:

8tﬁ — Eazﬁ - Uaxxﬁ - [a(e(t)7x) B p(t)] n=
o(C1—Cala|+Cat) [03 —0C3 +Co it —ale(t),x) +p(t)| > 0.

Moreover, we have for t=0, n(0,2) <7n(0,2) thanks to assumption (H4). We can then
apply a maximum principle to d(t,z) =n(t,x) —n(t,x), in the class of L? functions, and
we conclude that:

0<d(t,x)=n(t,x) <n(t,x), V(t,z)e(0,+00)xR.

3. Regularity estimates

In this section, we prove Theorem 1.1. To this end we first provide some uniform
bounds for p.(t). Then, in Subsection 3.2, we prove that 1 is locally uniformly bounded,
Lipschitz continuous with respect to & and locally equicontinuous in time. Finally in
the last subsection we conclude the proof of Theorem 1.1 by letting € go to zero and
describing the limits of 1. and p..

3.1. Uniform bounds for p.. We have the following result on p..
PROPOSITION 3.1. Assume (H1), (He) and let ¢=ec with c<lim161fc;. Then for all
E—r

0<e<eq, there exist positive constants p.,, and pyr such that:
0<pm<p:(t)<pn, Vt>0. (3.1)

The proof of this result follows similar arguments as in [16]. For the convenience of the
reader, we provide this proof in Appendix A.

3.2. Regularity results for .. In this subsection we prove some regularity
estimates on 1. which give the basis to prove the convergence of ¥, and p. as € —0 in
Subsection 3.3. We claim the following Theorem.

THEOREM 3.1. Assume (H1), (H2a) and (Hc). Let ¢. be a T—periodic solution to
(1.15). Then the following items hold:
(i) The sequence (Vz)e is locally uniformly bounded; i.e.

— Ay |z)? - g:v—Ag <. <ecr—eolx|, V(t,x)eRL xR, (3.2)

for some positive constants Ay, Az,c1 and co=—5+1/0+ %

(i) Moreover, the sequence (¢pe =+/2¢c1 —e)e, is uniformly Lipschitz continuous
with respect to x in (0,400) x R.

(111) Also, (1) is locally equicontinuous in time in [0,T] xR and satisfies

[ (t,2) — e (s,2)] =0 ase—=0, V0<s<t<T. (3.3)

In the next subsections we provide the proof of the lower bound in (3.2) and the
uniform Lipschitz continuity of ¢.. The proof of the other properties can be obtained
by an adaptation of the arguments in [16]. For the convenience of the reader we provide
them in Appendix A.
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3.2.1. Lower bound for .. To obtain the lower bound for 1. we use the
bounds for a in (H1) and for p. in (3.1) and we obtain for Dy =dy+ pas

Oyne — ceOyne — £20ppne > —Done.
Let n? be the solution of the following Cauchy problem

onit —cedpn’ —e20,,n* + Dont =0,
* _ 0
n(0,2) =n?,

we define N analogously to (2.2) by the Liouville transformation of n} as follows
N (t,z):=nl(t,x)e3".
Then, N solves the heat equation

0N —€20,, N+ DN} =0,
N2 (0,2) =n0(z)e",

for D1 =D+ %. The solution to the latter equation is given explicitly by the Heat

Kernel K,

e*Dlt

T—y 2
NZ(ta)=e P (NZ(0,y) % K) = —— / NI (0,y)e wE dy, t>0.
9 R

4t

Note that NX(0,z) from its definition can be written as follows

* L pcs(oax) £
NI(0,x):= Wps(())e . (3.4)

We recall that p,. is uniquely determined once ||pe:(0,2)| @) =1 is fixed. Then, one
can choose z. such that p..(0,2.)=1. From an elliptic-type Harnack inequality in a
bounded domain we can obtain

Pee(to,xe) < Sl(lp )pcg(to,y)ngca(to,x), V(to,x) € [00,2T) X B(zc,€), (3.5)
yeEB(xe,e

where §g is such that 0 <dg<T and C is a positive constant depending on §y and dy
(we refer to Appendix A-Proof of upper bound, for more details on this inequality). We
then use the T'—periodicity of p.. to conclude that the last inequality is satisfied for all
te[0,77.
From (1.6), (3.4) and (3.5) we deduce that
1 _D3 | c, 30 *
e Doe” = T2 < py, <N (0,z), VzeB(ze),

for some positive constants Dy and D3 depending on ||pc|| e, pm, 0, and the constants
of hypothesis (Hc). Then, for all (¢,2) € (0,+00) xR

—€
T e2\/4mt (
s DafBlee)l f @ + (jwe| +2)* | € (E_1> _ Dyt Dute
e2\/4mt 2te2 2\ ¢ €

Dy patepye o, _le—y?
N (t,x) > : exYe” a2 dy
B(z,e)
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By the definition of n and the comparison principle we obtain that n’(¢,z) <n.(t,x)
and hence

ne(t,x)

Dy|B(zc,¢e)| 2+ (x| +2)* ¢z -2 D3+ Dte
> 221008 o nd ¢ IR LNy
e2\/4mt € €

2te? 2
This, together with the definition of ., implies that

Dy|B(z.,¢ 22+ (x| +)? ¢
510g< 2;\;4%”)—| P (el +e) +=(ze: —x—¢e)— (D3 + Dite) <t (t,z), Vt>0.

2te 2
In particular, we obtain that Vt€[1,14+¢T.

DalBleoa)l\ [ol+ (ol +)? ¢ t
: Vart ) s(@e—r—¢e)—(D3+Dit) < -
) Og< e3/2\/4mt 2 —0—2(% z—¢)—(Ds+Dit) <. o

Note that x. is uniformly bounded in e thanks to (1.6). Then we can conclude by using
the periodicity of ¥.. We obtain a quadratic lower bound for 1. for all t>0; that is,
there exist A1, A >0 and eg small enough such that for all € <gy,

—Ay|z2— g:ﬁ—Ag <to(t,z), V0. (3.6)

3.2.2. Lipschitz bounds. In this section we prove the Lipschitz bounds for ¢..
To this end we use a Bernstein type method closely related to the one used in [5,16].

Let ¢. =+/2¢1 — ., for ¢; given by (3.2), then ¢, satisfies

£ a(e(t),x)—pa(t)
¢5 _2@55 '

Define ®. =0,¢., which is also T—periodic. We differentiate the above equation with
respect to x and multiply by %, ie.,

%atqsa — Oybe — Drape — ( 2@-) 10y b =

L0y @] — 0, | @2 | — £, | D] —2 (ﬁ—Qqﬁs) D0, P.] + (%m) CXE

< lale(t),x) = pe()) | Pe| _ Dza-®e
B 2¢2 20:|Pc|

From (3.2) we deduce that

\/ES¢8§\/A1|$|2+§$+A37 VtZOaUCERa

for A3 = Ay+2c;. It follows that

()

for some positive constants A4 and As. From here, we deduce for 1) large enough

< Aylz|+ As,

1
g@t|<1>s|—08x|<1>5|—a(?m|<1)5|—(A4|$|—|—A5)‘<I>E-8x|<1>5|‘+2(|<1)5|—19)3§0. (3.7)
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Let Th > 2T and Ag to be chosen later, define now, for (¢,z) € (O, %} x [-R,R]

1 A R?
PN

We next verify that ©. is a strict supersolution of (3.7) in (O,TTM] X [-=R,R]. To this
end we compute

O (t,x)= +9.

1 2A6R2JJ 2A6R2 8A6R2|JJ|2
8952_—7 8195277 O0z2Oc = + )
' At\/te (R2—[x|?)? (R?=|z]?)?  (R?—|z]?)?

and then replace in (3.7) to obtain

10,0, — 0,0, — 0,00, — (As|z|+ A5) |0, - 0,0, +2(6. — 1)

1 2cAgR*x e 246 R? +8A6R2|z|2
detvet  (RP—[z]?)? (RZ—[z[?)? ' (R2—[z]?)®

2 246 R?|z 3
— (Aglz|+ 45) (—wl;t + +19) 2alel (zf i Réﬁﬁp)

246Rd 8AsR* 1 AgR? 244 R*
> | et + | - (AaR o+ 45) () + 7 +9)

3Ag R? AR 244 R® AZR®
+R2 [z]? (21&5 + Vet(R?— |m|2)) + (R2—|z[?)2 (R2—\m2\ )

where, for the inequality, we have used that |z| < R.

One can verify that the RHS of the above inequality is strictly positive for R>1, e <1,
and Ag >>+/Ty. Therefore, O, is a strict supersolution of (3.7) in (O, TTM} x [-R,R]
and for e <1.

We next prove that

. (t,7)| <O.(t,z) in (OTTM} % [~R,R].

To this end, we notice that O.(t,x) goes to +oo as |z|— R or as t—0. Therefore,
|D.|(t,x) — O (t,x) attains its maximum at an interior point of (O,%] x [-R,R]. We

choose tmax < TTM the smallest time such that the maximum of |®.|(¢,2) —O.(t,x) in
the set (0,tmax] X [~ R, R] is equal to 0. If such t,.x does not exist, we are done.

Let @max be such that |P.|(t,z)— O (¢,2) <|Pc|(tmax; Tmax) — Oc (Emax, Tmax) =0
for all (t,2) € (0,tmax) X [~ R, R]. At such point, we have

0< at(|q)s| - 65) (tmaXaxmax); 0< _8xx(|(1)5| - 65) (tmaxvxmax)v

|(I)a | (tmax ) xmax)am |(I)€ | (tmax ’ xmax) = 95 (trnax ) xmax)am 95 (tmax ’ xmax) .

Combining the above properties with the facts that |®.| and ©. are respectively sub-
and strict super-solution of (3.7), we obtain that

(|(I)€|(tmaxaxmax) - 19)3 - (95 (tmaxuxmax) _19)3 <0= |q)a|(tmaxuxmax) < Ga(tmaxaxmax)a
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which is in contradiction with the choice of (tmax,Zmax). We deduce, then that

A R?
2\/_ R2—[af?

We note that for € <eg small enough we have
deduce that

1@ (1,2)| < —— +9 for(ta)e (o%} < [-R,R],YR>1.

T 2T T T :
> 22> -+ T > <. Letting R— oo we

T T
D (t,2)| < S A9 —— + Ag 0 for(t,a:)e{—,——l-T}xR.
g £

1 1
2/et 2V/T
Finally we use the periodicity of ®. to extend the result for all ¢ € [0,+00) and rewriting
the result in terms of ¢. we obtain for some positive constant Az

|0z¢<| < A7, in [0,+00) xR, (3.8)

3.3. Derivation of the Hamilton-Jacobi equation with constraint. In
this section we derive the Hamilton-Jacobi equation with constraint (1.16) using the
regularity estimates in Theorem 3.1.

3.3.1. Convergence along subsequences of 1. and p.. According to sec-
tion 3.2, {1} is locally uniformly bounded and equicontinuous, so by the Arzela-Ascoli
Theorem after extraction of a subsequence, ¥, (t,x) converges locally uniformly to a
continuous function 1 (¢,z). Moreover from (3.3), we obtain that ¢ does not depend on
t,ie YP(t,x)=1(x).

Furthermore, from the uniform bounds on p. in (3.1) we obtain that || is also
bounded. Then we apply the Arzela-Ascoli Theorem to guarantee the locally uniform
convergence along subsequences of p.(t), to a function p(t) as € —0.

dpe

3.3.2. The Hamilton-Jacobi equation with constraint. Here we use a
perturbed test function argument (see for instance [15]), in order to prove that, ¥ (x) =
lim. ;0% (¢,z) is in fact a viscosity solution of the following Hamilton-Jacobi equation.

02

Dptp+ = ] - (3.9)

where p= % fo t)dt. We prove that 1) is a viscosity sub-solution and one can use the
same type of argument to prove that it is also a super-solution.

Let us define the auxiliary “cell problem”:
op=ale(t),x)—o(t)—a(z)+p, (t,z) €[0,+00) x RY,

$(0,2) =0, (3.10)
¢: T — periodic.

This equation has a unique smooth solution, that we can explicitly write:
t
olt.2) =~t(alz) ~p)+ [ (alelt)r) ~3(t))dr
0

Let ¢ € C*°(R) be a test function and assume that ¢ —¢ has a strict local maximum at
some point xg € R, with ¢(z¢) = p(x0). We must prove:

2 2
‘ —a(wo) + = +7<0. (3.11)

C
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We define the perturbed test function W, (¢,z) = p(x) +ed(t,x), such that 1. — ¥, attains
a local maximum at some point (t-,2.). We note that W, converges locally uniformly
to ¢ as € — 0 since ¢ is locally bounded by definition, and hence one can choose z. such
that z. = 29 as € =0, (see Lemma 2.2 in [3]). Then V. satisfies:

2

1 c|? c
gatllla(taaxa)_anac\lla(taaxa)_ awllla(taaxa)""i‘ —(I(e(ta)7$a)+z+P5(fa)§07

since 1), is a solution of (1.15). The above line gives:

OrP(te,ve) —0ruip(we) _Ezamc(b(tsvxs) - }81@(175) +e0:¢(te,xe) + %}2

—ae(te),ze) + & + pe(t) <0.

Using (3.10), this last equation becomes:

—0ppp(:) — 2000 P(te,xe) — }6130(:65) —l;saqu(ta,xE) + %}2 3.12)
+(pe —0)(te) —a(xe) +p+ CI <0.

Next we pass to the limit as € — 0. We know from Subsection 3.3.1 that p. — ¢ locally
uniformly as € — 0. Moreover ¢ is smooth with locally bounded derivatives with respect
to x, thanks to its definition. Using these arguments and letting e —0 in (3.12) we
obtain (3.11) which implies that v is a viscosity sub-solution of (3.9).

Furthermore, note that 1 is also bounded from above, by taking the limit as
e—0in (3.2), i.e.,

(@) <er—ealz, (3.13)
and attains its maximum. We claim that

e (@) =0
Indeed, from the upper bound for p. in (3.1), the definition of ¥, in (1.14) and
the continuity of ¢, we obtain that ¢(z)<0. Moreover, from the locally uniform
convergence of . to ¢, as e =0, and (3.2) we deduce that max,cr1(x) <0 implies
that ¢.(x)<—0, for all z€R and £<eyg and some positive constant 5. This is in
contradiction with the fact that p. is bounded by below by a positive constant p,, (we
refer to section 4.3 of [16] for more details).

4. Uniqueness of the viscosity solution to (1.16) and explicit identifica-
tion

In this section we provide the proof of Theorem 1.2. To this end, we first derive an
equivalent Hamilton-Jacobi equation to (1.16) by mean of the Liouville transformation
and prove some properties of the eigenvalue A. .. We then prove the uniqueness of the
viscosity solution to such equivalent equation. This allows us to establish the uniqueness
of the solution to (1.16) and to identify it explicitly. Finally, we provide the proof of
the convergence of n. to the Dirac mass given by (1.19).

4.1. Derivation of an equivalent Hamilton-Jacobi equation. In this sub-
section, we define a new function

u(e) = () + 5, (4.1)
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which solves the following Hamilton-Jacobi equation in the viscosity sense

[ V)

—|0pul?=a(z) —F— Cz (4.2)
Note that the transformation (4.1) is indeed analogous to the Liouville transformation
presented in Section 2.1.
We have the following boundedness result for w.
LEMMA 4.1. The function u(x), defined by (4.1), is locally bounded and satisfies

—A1|x|2—A2gu(x)§01—02|:v|+gx, VxeR, (4.3)

where the constants Ay, Aa, ¢1 and co are given in (3.2).
Proof. From Subsection 3.2 we got uniform bounds for ¢, in (3.2), which lead to
bounds on 1. That is

—Aq|z]? - gx — A <p(x) < e —colzl.
Then, the bounds (4.3) follow directly from the definition of w(z) in (4.1). O

Therefore, we conclude that the function w satisfies (1.22). In Subsection 4.3 we
will prove a uniqueness result for (1.22) which will imply the uniqueness of v, the
solution to (1.16).

4.2. Some properties of the eigenvalue \... In this subsection we prove
Theorem 1.2-(i). We also establish that A.. is uniformly bounded above and below by
negative constants and derive some properties of the limit, along subsequences, of A, ..

From the equation (1.17) we can integrate in R, divide by prca (t,z)dx and integrate
again in t € [0,7] and obtain

1 T
- /O Que(b)dt. (4.4)

where Q..(t) is defined analogously to (1.8) from the periodic eigenfunction p... We
next use the relationship between the solution n. to (1.13) and the eigenfunction p.. to
obtain the first claim of Theorem 1.2. Indeed, from equation (1.13) after an integration
in € R we obtain:

dpe(t)
dt

- / ne(t,z)ale(t),z)dx — p2(t).
R

We divide by pe(t) and use the relation between n. and p.. inside of the integral, that
is:

_ prcs (t,«f)a(e(t)7:17)daj
prca(t,y)dy ’

Note that the RHS is exactly Q... We then integrate in [0,7] and using (4.4) and the
T —periodicity of p. we deduce that

d
(1) + —1Inp.(t
p()+dtnp()

Pe=—Ace (4.5)
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We next prove that A.. is uniformly bounded above and below by negative constants.
Combining 4.4 and (H1) we obtain that

_dO S Ac,s-

Moreover, since we are in the case ¢ < hml(r)lf c., we can find a positive constant 7 such
E—r

that for every ¢ <e(, with £y small enough we have ¢ < ¢l —7. Then from the definition
of ¢} we deduce that

C<2\/_/\0€2 cs“F

which leads to

2

T T
Nee<—2 -1
SSTR T
and hence, for \,, = 5 + % we obtain
Ace <=M <0. (4.6)

Thus (Ac.e)e is uniformly bounded above and below by negative constants. This implies
that we can extract a subsequence, still called \.., which converges as ¢ =0 to some
negative value \;. Moreover passing to the limit as € — 0 in assumption (Hc) we obtain,
for all such limit values Ay,

E(x)g—é—)\l, V|$|ZRQ (47)

Note that passing to the limit of p, as ¢ =0 along the same subsequence, we obtain
that

P=—A\1. (48)

4.3. Uniqueness and explicit formula for u(z). In this subsection we prove
the uniqueness of the viscosity solution of the Hamilton-Jacobi equation (1.22). To this
end we consider the Hamilton-Jacobi equation as follows

—|opult=h(z), z€Q, (4.9)

where h € C'(R). Note that this corresponds to our problem for h(z)=h(z):=a(x)—

p— 62

We ?livide the proof of the uniqueness result into several steps. We first prove that,
in the case where () is an open bounded domain and h <0 in 2, a viscosity solution
to (4.9) can be uniquely determined by its values on the boundary of 2. We then use
this property and (4.3) to prove that in our problem it is not possible that h(x)<0
for all x€R. We prove indeed that maxh(z)=0 and this maximum is attained only
at the point z,,. Finally we use these properties to conclude that u is indeed uniquely
determined by an explicit formula.

Step 1: If h<0 and Q2 is bounded then the viscosity solution to (4.9) is

uniquely determined by its values on the boundary of 2. Suppose that h(z) <0
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for every x € 2. For this problem we obtain uniqueness of the viscosity solution thanks
to a representation formula for the function u. Indeed, for © bounded we define L(x,y)
as follows

L(z,y) = sup{ J;* —/HED)dt/(To,€) such that £(0) =z, &(Ty) =y,

4.10
<1 aein [O,To]}, (4.10)

£(t) e, vte[0,To), | 5

and in [24]-Chapter 5 the following is proved.
PROPOSITION 4.1. Assume that h(z) <0, Vz€Q, with Q a bounded domain. The
function

u= yienafﬂ[cp(y) + L(z,y)],

is the unique viscosity solution of

|Du|=+/—h(z) in Q; u=¢ on IN.

Step 2: max,crh(r)=h(z,)=0 and the maximum is only attained at this
point. We assume in the contrary that max,crh(z)<0. We consider Q= Br =
(—R',R’) for R' >0, to be chosen later. According to step 1, we can express the value
of the viscosity solution of (4.9) at the point 0, for h(x) =h(x), as follows:

w0 =y | [ Rty | [

Note that thanks to (4.7) and (4.8), we obtain that

c? _
Vot =V —h(y), V|y|>Ro.

We deduce that, for all R’ > Ry,

/_OR/\/T(y)dyZ\/(S—F%(R/—RQ), and ‘/OR/\/T@)dyZH(S"'%(R/_RO).

Next we combine the above inequalities with the third line of (1.22) to obtain

u(0) < max {cl—R’\/5+§—(R'—Ro)1/5+§;
c1+cR'—Ru/5+§—(R'—Ro),/5+§},

for ¢; given in (1.22). This implies that, taking R’ arbitrarily large, u(0) is arbitrarily
small which is a contradiction. Therefore the assumption on h(x) of being strictly
negative in € is false.

We have proved that h(z) vanishes at some point = € R. Note also from (4.2) that

su(R') —

02

and max,ep h(7) is attained at the unique maximum point of @, which is z,,.
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Step 3: Identification of u in R. We now prove that the solution u is uniquely
determined by its value at the maximum point of h(x). That is, for all x€R

—h(y)dy}—l—u(xm). (4.11)

To this end we choose 0 < R, and 0 < I}’ such that R << R’ and we consider the domain
Br =[-R/,z,,)U[z,R]. Note that h <0 in the sets (—R',z,,) and (z,,,R’). We can
thus apply Proposition 4.1 in these domains:

u(z) = max{ _R)- ‘/R/\/idy
/f\/j(y)dy su(

We next prove the following inequalities for R’ large enough,

~h y)dy‘—U(Im)S‘/ \/7dy
//de’ w(R), Vz€(zm,R).

and combine them with the above lines to obtain (4.11) for all z €[-R,R]. Since R is
arbitrary we thus obtain (4.11).

Suppose that z,, <z < R. We prove the second inequality (the first one follows from an
analogous argument). We claim that, for R’ large enough

—/j \/—h(y)dy—i—u(:vm)-i-/zR,\/ ~h(y)dy —u(R') > 0. (4.12)

Indeed, for z € [x,,, R] we have

_/: \ —h(y)dy > —/IR V —h(y)dy. (4.13)

Moreover, from the upper bound for « in (4.3) we obtain for all z € B/ (z,),

()

dy’ }, Vo€ (—R,xm),

Tn) —

u(z) —max{u(R/) -

y)dy‘.}, V€ (xm,R),

—R'), Vxe(—R,zn),

—h y)dy‘ —u(xm)

u(w) Ser—cofal+Sv, Su(R)<er+ SR (4.14)

Furthermore, following similar arguments as in the previous step we obtain that:

,/_B(y)z\/m%, Vye (Ro,R)). (4.15)

Finally, putting together (4.13), (4.14) and (4.15) we obtain:

-/ Ry ) + / " TRy ()
> —/wR \/ —h(y)dy +u(zm)+ (R — Ro)\/ 6+ % — gR'—cl
>0,
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for R’ large enough.
Step 4: Uniqueness of u. We finally determine the value of u at x,, which leads

to the uniqueness and an explicit formula for u thanks to (4.11).
Replacing the value of h in (4.11), we obtain

[ \Jp+ S -atay

This directly implies that u is in fact a classical solution for z € R which attains its
maximum at x=z,,. We also recall the second property in (1.22), that is

u(z) =u(zm)— , VzeR. (4.16)

maxu(x) — gzzr =0.
We denote the set of maximum points of u(z) — §x by X*, i.e
X" :={z" €R such that u(z")— gx* =0}.

Let * € X*, we evaluate the above formula of v at * in order to obtain an expression
for w(z,,). This implies

u(x) = ga:* +

[ VA

/m Va(zy)—a(y)dy|, VreR. (4.17)

Moreover, we have

which implies that

(" —am) <0,

N O

and hence z* <x,,. Note also that we have a(z,,)=p+ % from step 2 and a(z*)=p
thanks to (1.16). Combining these properties with assumption (H3) it follows that
x* =7, and hence u is uniquely determined. As a consequence we obtain the explicit
formula (1.18) for ¢(x). This ends the proof of Theorem 1.2-(ii).

4.4. Convergence to the Dirac mass. We deal in this subsection with the
result for the convergence of n., that is Theorem 1.2-(iii).
t
Call f.(t,z)= ns((g), then f. is uniformly bounded in L>(R,L*(R)). Next, we fix
pe
t >0, and we prove that f-(¢,-), converges, along subsequences, to a measure, as follows

fe(t,)—=o(-—x) as e—0,

weakly in the sense of measures.
Indeed, we already know that

maxy(z)=9(z)=0 and () <cr—eafal,
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for z given in Theorem 1.2. This implies that for any ¢ >0, there exists S > 0 such that
P(x) < —p for every z € R\ [z —(,Z+(].

We denote O =R\ [Z—(,Z+(] and choose x € C.(O), such that supp x C K, for some
compact set IC, then it follows that

1 c(t,a be (t, @
/fstx d:z:<—/ L2 |dx<—/ L2y ()| da.
Prm

From the locally uniform convergence of ., to 1(x), we obtain that there exists g9 >0
such that Ve <eq, ¥ (t,x) < —g, Vz € KC, and hence

/ews(;,m |X(:v)|dx§/ef2%|x(x)|dx—>0 ase —0,
K K

since  is bounded in K. Therefore, thanks to the uniform L' bound of f., we obtain
that f. converges weakly in the sense of measures and along subsequences to pd(x—Z)
as € = 0. Then to prove that in fact, u=1 we can proceed as in Section 4.3 in [16].

4.5. Identification of the limit of p.. In order to identify the limit of p. we
first write thanks to Proposition 1.3 and Proposition 1.2 the following explicit expression

for p.:
—eXP[ / Qee(s 1
eXpl / Qee(s ] / t+TeXp { /t SQCE(@d@] dS,

where Q.. is defined analogously to (1.8), using the periodic eigenfunction p.. of prob-
lem (1.17).

We then compute the limit of Q. as &—0. We know that pe(t,z)=
ne(t,x)

pe(t)

(4.18)

/ pee(t,y)dy. Replacing pe. by this quantity in the formula for Q.. we obtain
R

ne(t,x)

/Ra(e(t),x)pca(t,x)dx /Ra(e(t),x) pa(;) /Rpcs(t,y)dyd:c

Qca(t) =
/Rpcs(t,x)dx /Rpcs(t,:zr)d:r
/a(e(t),x)na(t,x)dx
_Jr
ps(t)

From the previous subsection we deduce that:

thCE —hrn/fE (t,z) ,x)dr=a(e(t),T).

e—0

Finally we can pass to the limit in the expression (4.18) for p., to obtain the following

explicit formula for o
T
1—exp —/ a(s,z)ds
0

exp [— /0 Ta(s,x)ds] /t e { /t Sa(&,x)d&} ds

o(t) =
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which is in fact the unique periodic solution of the equation (1.20) thanks to Proposition
1.2. Therefore using the convergence result for p. we deduce finally (1.19) and this ends
the proof of Theorem 1.2.

5. Approximations of the eigenvalue

In this section we prove Theorem 1.3, i.e., the asymptotic expansions (1.23) and
(1.24). Note that the first equality in (1.23) has been already obtained in Section 4.2.
To this end we develop an asymptotic approximation of order ¢ of the eigenvalue A. .
given by the eigenvalue problem (1.17). To obtain such asymptotic expansion we con-
struct an approximate eigenfunction p. corresponding to an approximate eigenvalue ZE
which solves an equation close to (1.17). We then use Proposition 1.1 to prove that A.
approximates .. with an error of order 2.
To construct an approximate eigenfunction, we first try to approximate w,, obtained
from the Hopf-Cole transformation of p.. as follows:

1 we (t,@)

Dec(t,x) = —e™ = . (5.1)
2me

One can verify that w, solves:

2

Z.
We can obtain similar bounds for w. as for ., which guarantee the convergence along

subsequences of w. to certain function w=w(x), which is in fact the limit of the whole
sequence we, and satisfies the following Hamilton-Jacobi equation in the viscosity sense

2
(%ng—i—g‘ +a(e(t),z)+Aee — (5.2)

1
— 0w, — €0y We =
&

:E(x)+)\1—z. (5.3)
REMARK 5.1. Note that in order to obtain the limit equation (5.3) we can argue exactly
as for . in Section 3.5.2, by a "perturbed test function” argument, (see also [16]).
Note that, thanks to theorems 1.1 and 1.2, A = —p and 1 (x) is a solution to (5.3). We
then, write (formally)

| .

c
Oy —
w+2

we (t,x) =(2) +ed(t,x) +*w(t,z) +o(e?) and A..=—p+eda+o(e), (5.4)

for some T'—periodic functions ¢ and w, and we construct the following approximated
eigenpair:

Ve=10+cd and A.=—p+cNa. (5.5)
We then substitute this pair ({b\;,XE) into (5.2) and obtain:
Op— Yy — €0y ) — eV — 20400 = |thy +20,0|* +a(e(t),r)—p+ela+0(g),  (5.6)

where the notations v, and ., correspond respectively to the first and second derivative

of .

Regrouping the terms with similar powers of € we obtain the following system for ¢,

2
0ud=tbat 5| +ale(t).x) = T 7.

. (5.7)
~ Yz = [21/11 +C] %/ 6m(b(t,$)dt+)\2.
0
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We remark that the previous system has a unique solution ¢ up to addition by a con-
stant. Indeed, from equation (1.16) we obtain

Ohp=ale(t),x)—a(x).

Integrating in [0,%] leads to

(b(lf,x)-gb((),ﬂ:)—!—/o a(t,x)dr —ta(x),

and the value of ¢(0,z) can be obtained from the second equation in (5.7) once we fix

¢(0,2,,). Note that here we use the fact that 21, + ¢ vanishes only at the point z,,.

We now define p.(t,x):= \/21?6%(:’1) , and use the system (5.7), to obtain the equality:

Pepe = Aepe = —€* (|0:0] +0:20) B (5.8)
for Pe the following parabolic operator
P.p=0,p—cedpp —20pep—ale(t),z)p.
We denote
At =A+e2K, and A=\ —e2K,
with
K =[|0:¢|* + 0zu | 1= (5.9)

where the well definition of K is guaranteed by the next lemma which is proved in the
next subsection.

LEMMA 5.1. The constant K given in (5.9) is well defined. Moreover the function ¢
computed above solves (5.7) with Ao =+/—0zz(2m)/2. We then deduce from (5.8) that

Pede— < O4De — c0uPe — €2 00ape — ale(t),x)pe < Pelot -
We next define the functions
7.(t,z) =pe(t,x)e P q. (t,x) =pe(t,x)e et

One can verify that g, and q_ are super- and sub-solution of the linear problem (1.3)
with o =¢? and ¢=ce, that is

dig_—cc0zq_— 528mg5 <g_ale(t),z),

0. — c£0,q,. — 5231155 >q.ale(t), ).

We then apply a Comparison Principle and obtain that the solution g.(¢,z) to the
following linear problem

615(]8 - CEaﬂcQa _52811(16 = qaa(e(t),:v),
b 5.10
{ 0.(0.2) = p.(0,2), (510
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satisfies
gs(t,:zr) <q.(t,x) <q.(t,z), V(t,z)eRLxR.

From the proof of Proposition 1 in Section 2.2 (see equation (1.7)), applied to the case
o =¢? and c= ce we know that ¢. converges exponentially fast as t — 400 to the periodic
eigenfunction in (1.17), (see also [21]); that is, we can write for some positive constants
a and S,

l|geet*= — apec || <e Pt (5.11)
We recall that g.ef*e= can indeed be written as
tAce

ge€ —as,l +?va,2,

with gz 1(¢,-) €span{pc:(t,-)}, ¢z.2 — 0 exponentially fast and

/ 5872(157‘@)17;5 (t,.%‘)d.%‘ =0,
R
where p}_ is the principal eigenfunction to the adjoint problem
— O+ ey — €2 0pupie = (ale(t), ) + A )P (5.12)

(see Theorem 2.2 in [21] and the proof of Lemma 6 in [16]). The positivity of « is then
derived from the fact that ¢-(0,2) and p¥. are positive functions.
On the one hand equation (5.11) implies that,

0 < pee et o) <ape. e
Since p.. and p. are time-periodic functions, then necessarily
Ace = Aet <0,
otherwise we get a contradiction as ¢t — +o00. Therefore
Aee —Ae <K€, (5.13)

where K is defined in (5.9).

On the other hand, from (5.11) we obtain
556(7)\57 Hhee)t Z OPee — eiﬁt-

Note that if A. . — .- <0 we obtain from the T'—periodicity of the eigenfunctions, as
t — 400, that p.. <0, which is also a contradiction. We deduce that

Ace — Ae— > 0.
Therefore we have
Aee —Ae > —Ke2. (5.14)

Combining both inequalities (5.13) and (5.14) we write

[Ace — (—P+er)| < Ke?, (5.15)
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which leads thanks to Theorem 1.2-(ii) and Lemma 5.1 to an approximation for the
eigenvalue of order €2 as follows:

2

Ace = —a(xm)+ CZ +eV/ =z (Tm)/2+ 0(e).

The approximation (1.24) for the critical speed ¢ can be derived from the above ap-
proximation and (1.11). Indeed, from (1.11) and the definition of ¢} we obtain

c;_2\/a(xm)—s —M+0(5):2 ) —e —%“:)Jro(s).

5.1. Boundedness of K. In this subsection we prove Lemma 5.1. We provide
the proof in several steps.

Proof. (Proof of Lemma 5.1)

Step 1: |0:¢| is bounded.  An integration in [0, 7] of the first equation in (5.7) gives
us the already known equation for ¢ in (3.9). This allows us to rewrite the equation as
follows:

Op=ale(t),x) —a(x) = 0,¢(t,x) = 0.0(0,x) —I—/O az(e(T),x)dr —ta,(x), (5.16)

where a, and @, denote the derivatives with respect to x of a(e(t),z) and a(z)
respectively. This implies that in order to bound 9,¢ we just need to bound the
derivative of ¢ at point ¢t =0 since a(e(t),z) € L= (R4,C3(R)).

Then from the second equation in (5.7) we obtain:

r - €T zx\Tm
= /O Dot 2)dt = W;(wjé;/;c( ), (5.17)

if the last formula is well defined, i.e., if all the derivatives exist.
Note that, an integration for ¢ € [0, 7] in the equation (5.16) leads to, (after dividing by

T)
—/ O, p(t,x)dt =9, (0,2) + / /az drdt—gax(x)

since 0,¢(0,2) does not depend on t. We then deduce from the last formula and (5.17)

2, (z)+c

020(0,2) =

+G(x), (5.18)
where

:__/ /ax drdt—i-gaz( ), (5.19)

is a regular function. We next prove that the derivatives involved in (5.17) exist. To
this end we claim the following technical result.
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LEMMA 5.2. The function (x) is twice differentiable for every x € R and

2\/@(xm) —a(z) "

1/111 (I) - —+/ —Qzg ($m)/2, T =Tm, (520)
0a(2) T> Ty
2v/a(xm) —a(z)’ "

Proof. (Proof of Lemma 5.2)
Indeed, from the explicit formula (1.18) we differentiate and obtain:

—$+vVa(zm)—a(r), T <zpm,
Ye(x) =14 — 3, T =T, (5.21)
—5—Va(rm)—a(r), r>rH.
We next compute
lim V() =Yz (Tm) — lim a(rm)—a(r) — lim — f(x)7
z~>z:§b T —Tm z~>z:§b T —Tm x%xﬁl T —Tm

where we have denoted f(z)=a(x,,)—a(x). We write a Taylor expansion of f around
T =T, i.€.:

1 1

f(x)= _§axx(xm)(x - xm)2 - gaxxx(xm)(x_xm)g +0((x—xm)3),
since f(2,,)=0 and z,, is a maximum point. It implies that:
Az ()

m—m% T —Tm m—m% 2 (L(,Tm) —a(:v)

Note that z,, being a maximum point, @(z,,) >a(z), Vo € R and Gy (2,,) <0. Following
similar arguments one can prove that
—as ()

lim —1/)x($)—1/)x(517m) = lim ——————— = —\/ Ty () /2.
T—Tom, T —Tm T—Tom, 2 C_L(Im) — C_L(I)

0
We pursue with the proof of Lemma 5.1.
By substituting the derivatives of ¢ in (5.17) we obtain for every x # x;,:

o () —/ 2 () (@) — ()

Aa@(zm) —a(x))
9,6(0,7) = G(z) + (5.22)

Ay (517) + \/_2611 (Im)(a(.fm) —E({E))
A(a(zm)—a(z))

, < Ty,

S

y T > Loy
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We can bound 0,¢(0,z) near to x=2x,,. We write the limits as = — x,, in (5.22) in
terms of f and its derivatives A =—0y.(2)/2 and B = —Gype(2,)/6, and compute:

lim J,¢(0,2)= lim G(z)+ lim (@) F2VA ()

=z} =z} =z, 4f(CL') ’

(5.23)

if both limits exist. Note that from the definition of G in (5.19) we deduce that the
first limit in (5.23) exists and is equal to G(x,,). We, then, only need to compute the
second one to guarantee the existence of 9,¢(0,x,,). We compute both lateral limits
separately:

—f'(z) —2V'A/f(2)

li -
Heoan 1f (@)
—lim —[2A(m—mm)+3B(m—wm)2+o((1—wm)2)]—2A|;E—;Em\\/1+% (x—zm)+to((z—zm))
- T T 4(A(z—xm )2 +B(x—xm)3+o(z—xm)3))
—lim —2A(z—2m)—3B(z—zm)* +o((x—2m)?)+2A(z—2m) 1+ £ (z—2m) +o((z—2m))
- T—Tm 4(A(z—zm)2+B(z—2m)3+o((z—2)3))
__B
24"

Following similar arguments one can prove that

~f'(@)-2VA/fz) _ B

lim =——

szt 4f(z) 2A°

From this last computation and formula (5.22) we deduce that d,¢(¢,z) is bounded for
every (t,z) e Ry xR and

[y (xm)

059(0,2,) = G(x4,) — 630 ()

Step 2: |0rx¢| is bounded. Again in order to bound 9,,¢(t,x) we can bound
0:2¢(0,2) according to formula (5.16). Note that far from x., this derivative exists and
it is bounded because of the regularity of a(e(t),x). To verify the boundedness near of
Zp, we follow the same arguments as above for the first derivative, that is, we denote
f(z)=a(z,,)—a(x) as before and we compute

lim 31¢(0,x):8w¢(0,wm) = lim w
m . m—fl(fc)jF?\/Z\/m_F%f(x) (5.24)
+ lim 7
Tz, A4f (x)(x —zp)

if both limits in the RHS exist and are bounded. Note that the first limit in the RHS
of (5.24) exist and is equal to G'(x,,) because of the definition of G in (5.19) and the
regularity of a(e(t),z). Moreover, using the Taylor expansion for f(z) around z=uwx,,
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the terms in the numerator of (5.24) can be developed as follows

f'(@) = 2A(x —2m) +3B(x —2m)* + O((x —2m)°),

VAV f(z) = 2A|:E—:vm|\/1+§(:¢—xm)+o(($_$m))2
= 2Alx — 2 |(1+ L (2 —2m) + O((x —21n)?)),

22 /(@) = 2B(z~n)* + O((x—2m)?).

We substitute into (5.24) and it holds that the terms remaining in the numerator are
of order (z—x,,)3. Indeed,

—f'(2) = 2VAf(2) + 2 f ()

lim

_ o | 22AE ) —3B(x— )+ 2A(x —2n) (1 + L (z—2m))
e TA(e =)+ 4B(2 = 2) + O((— )
2B —tm)’ + 2 (@ =+ O(2 — o))
4A(‘T —.I'm)3 +4B(‘T - xm)4 +O((‘T - xm)4)
32
==

and by an analogous procedure we can obtain

P @VA T+ ) B
szt Af(z)(z—xm) 2A2°

We then conclude that the second derivative of ¢ at point (0,2,,) is bounded and
azzz (.I'm)

Oz §(0,0m) =G (2m) + 155 ()

Step 3: Aa=+/—0gz(Tm)/2.  We next evaluate the second equation in (5.7) at

X =Ty, t0 obtain Ao =/ —0ps (2 )/2.

O

6. An illustrating biological example

In this section we discuss the effect of the periodic fluctuations on the critical speed
of survival and the phenotypic distribution of the population for the following particular
growth rate

a(e,x)=r—g(e)(@—0(c))*, (6.1)

where r is a positive constant corresponding to the maximal growth rate. The positive
function g represents the pressure of selection and the function 6 represents the optimal
trait, both being functions of the environmental state e. As above, we assume that
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e(t):Ry — E is a periodic function with period T'=1.

We compute the mean of a(e(t),z)

1
a(x) = / ale(t),2)dt =1 — g + 22g1 — g,
0

where

QZ/O g(e(t))dt, 912/0 g(e(t))0(e(t))dt, 92:/0 ge(£)02 (e(t))dt, (6.2)

and we observe that the maximum of @(xz) is attained at @, = £, with
2
- g
a(Tm) =T+51 —92-

In what follows, we try to characterize the phenotypic density n., the solution to (1.13).
From Theorem 1.2-(ii) we obtain that ¢ (x) the solution of the Hamilton-Jacobi
equation (1.16) attains its maximum at

Let 1 (x) be given by (1.18), then for this specific growth rate it can be written as follows

Va(y—am)?dy— /x Va(y—xm)?dy

c

W(z) = §<xm_%—x>+
:_ﬁ(ﬂi_ﬂ)

T
—_Cc_
;m V5

Moreover, the asymptotic expansions in Theorem 1.3 imply that

gt c? g1
ﬁ6:r+3—92—z—5\/§+0(5)7 ;=2 T+§_92_5

Furthermore, following the arguments in [16]-Section 5, we can also obtain an approx-
imation of order € for the phenotypic mean . and the variance o2 of the population’s
distribution, that is:

pe(t) = L /Rx ns(t,I)dI:g—}—L—FED(t)-FO(E),

pe(t) g 29
2 = L xXr — 2TL x)axr = i o
UE - pg(t) /l;( ,LLE) E(tv )d \/§+ (5)7

where D(t)=0,¢(Z,t) for ¢ the solution of the system (5.7). We refer the readers to
the Appendix B for more details on the derivation of the moments.
One can verify that for this growth rate we have

D) =-cvi(t-3) +2 1 | stetsn (e~ o(e(s)yasar -z |  g(e($)) (@ Oe(s))ds.
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Note that the phenotypic mean is 1—periodic since D(0)=D(1). Moreover
c . 1
(e(t)) = ggl 2\/5—1—0(6) since [ D(t)dt =0.

We are now interested in comparing these quantities with the case where there
is no fluctuations. To do so we first consider a case where g(e) =g >0 is constant and
then a case where 6 is constant.

Case 1. g(e) =g constant. Note that, in such a case g; = gf and go —gfo 62 (e(t))dt with
0= fo ))dt. We compute

pa,g(e):g =7r+g {é2 - fol 6‘2(6(t>)dt} - CZ _5\/§+0(5)7

<“879(e):9 (t)> =0 z\c/g +o(e),

C:’“e"g:z\/rw[ ~he dt}_E\/r+g[92_fjl92(e(t>)dt}+O(€)'

(6.3)

We compare then, the sub-cases where e is constant or periodic.
a) If e(t) is a 1—periodic function then, 2 < fol 62 (e(t))dt and we obtain

C

%""0(5)7

Pep<T— ——5\/—4—0() u&p > 60—

L <2\ — \/74—0

b) If e(t) =€ is constant, typically equal to the averaged state of the periodic
environment above, (so that §=60(€)=:6;) we obtain in particular that
f 6%(e)dt and hence

P, —r———a\/——i—o( g), (pec(t))=6z— ¢ +o(e),

ENG
Le=2r— \/74—0

Thus, by keeping the pressure of selection constant, we deduce that, for € small,

ps,p < ﬁs,c and C:,p < C:,c'
This means that having an oscillating optimal trait is not beneficial for the
population, in the sense that the mean total size of the population decreases
with respect to the case with a constant optimal trait and the critical speed
which leads the population to extinct is smaller in the periodic case. Note also
from (6.3) that in the periodic case the mean population size is reduced by the
product of the selection pressure and the variance of the optimal trait (that is

[ 62(e(t))dt —62).
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Case 2. 6(e(t)) =0 constant. Note that, in such a case g; = gf and go = g6%. We compute

Peo(e(t)=0 =" = ——€f+0() (tie.0(e(ty=0(t)) = 9—F+0()
o(e(t))=0 =2V/T—¢ \/74-0

We compare then, the sub-cases where e is constant or periodic.
a) If e(t) is a 1—periodic function then we obtain

st Tl (@) =0

=2V — \/74—0

b) If e(t) =€ is constant, typically equal to the averaged state of the periodic
environment above, (so that g=g(€) =: gg), we obtain

+o(e),

W

CQ

Pee=r— T —&\/gz+o0(e), <u57c(t)> —0—

2\/§+0( £),

ct.=2r—¢ %—l—o(s).
If we choose an oscillating selection pressure function g(e) which satisfies:

g<y(@), (6.4)
which holds for instance if g(-) is a concave function, then we obtain that

*

pa,c < pa,p and Ceyc <c

e,p*

This means that the mean total size of the population increases with respect
to the case with a constant environmental state. Moreover, the critical speed
above which the population goes extinct is larger in the periodic case. This
means that the periodic fluctuations can help the population to follow the en-
vironment change.

Note that the condition (6.4) imposed to g(e(t)) is the opposite to the one
imposed in [16] (equation 51 of Section 6.2), leading to more performant pop-
ulations. There, it was proved that in presence of the mutations and while the
fluctuations act on the pressure of the selection (that is with a similar growth
rate, however with ¢=0 and under the condition g > g(€)), a fluctuating envi-
ronment can select for a population with smaller variance and in this way lead
to more performant populations. What is beneficial in a (in average) constant
environment may indeed be disadvantageous in a changing environment.

Note also that in the present example under condition (6.4), we have

’(ua,p 9’>’uac (t)— 9‘.

This means that even if the population can follow the environmental change in
a better way by considering a fluctuating environment, this population is less
adapted.

Appendix A. The proofs of some regularity estimates.
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A.1. Uniform bounds for p.: the proof of Proposition 3.1.
Proof.
From equation (1.13) integrating in € R and using assumption (H1) we obtain:

‘Zf _ /R ne(t,2)[ale(t),x) — pe(8)]dz < pe(8)[do — pe(1))- (A1)

This implies that

pe(t) < par :=max(p?, do).

For the lower bound we use the explicit expression (4.18) for p., the solution of (1.9).
We come back to equation (4.4), which gives, thanks to (H1), (4.6) and (4.18) the
following lower bound for p.

1
0< pm = Te—doT (erT—1)<p.(t), Vt>0.

A.2. Upper bound for v.: the proof of the r.h.s of (3.2) We prove that
e is bounded from above using the equation for n.. From (1.6), we have for p..:

=545+ 7 ) (ol Y

Pee (tax) < ”pca”Lme_g < , (t,x) S [0,+OO) x R. (A2)
Define g (t,2) =pee(t,xe), which satisfies

8t¢]c5 - Ca@c‘]cs —Ozalce = a’E(e(t)VI)qCE) in [07+OO) xR, (A 3)
O<QCs(t7I>ZQC5(t+Tax) '

for ac(e(t),z)=a(e(t),ze)+A... Note that a. is uniformly bounded thanks to the
L>*—norm of a. Moreover we have the following bounds for A.. coming from (4.4),

—do < Aee < —Am. (A.4)

We recall that pe. is uniquely determined once ||pc:(0,2)| o m®) =1 is fixed. Then, one
can choose z. such that p..(0,z.)=1. Note also that ¢. is a nonnegative solution of
(A.3) in the bounded domain (0,27") x B(%,1).

Here we apply an elliptic-type Harnack inequality for positive solutions of (A.3) in a
bounded domain, (see for instance Theorem 2.5 [20]). Let dg, be such that 0<do<T,
then we have:

sup  qee(t, ) <C inf g (t,x), Vi€ [d,2T],
zEB(%2,1) zEB(%5,1)

where C' is a positive constant depending on dy and dy. Coming back to p.e this implies

pca(t07x8)§ Sl&lp )pca‘(t07y)§cpca‘(t07x)7 V(t07x)e [6072T] XB(:EEaE)' (A5)
yEB(xe,e

And we use the T'—periodicity of p.. to conclude that the last inequality is satisfied for
te[0,77].
From (3.1), (A.2) and (A.5) we obtain

Dee(0,2) Cpe=(0,2) Cpe:(0,2) , 1 ci=colel
< < = <C'e7e” = ,
=PM prcs(O,x)dx =pPuM fB(zaﬁs)pcs(O,xs)d‘r P |B(ze,e)| —

ne(0,z)
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for all e <gg, with gy small enough, where the constant ¢; depends on pyy, §, Ry and ¢,

and co=—5+/0+ % Next we proceed with a maximum principle argument to obtain
for every (t,2) €[0,400) X R and ¢3=ca(c+c2)+do,

c1—calz|
ne(t,x)<C'e = Test,

From the latter inequality and the periodicity of 1., with an abuse of notation for
constant ¢1, we deduce that:

Ye(t,x)<c1—colz|, V(t,z)€[0,400)xR. (A.6)

A.3. Equicontinuity in time for ¢).. =~ We will use the arguments in [16], which
follow a method introduced in [4], in order to deduce uniform equicontinuity in time for
the family . on compact subsets of (0,400) x R.

The goal will be to find for any >0, constants A, Az large enough such that: for any
x€B(0,R/2), s€[0,T], and for all € <ey we have

Ve (t,y) — e (s,2) <n+ A |z —y|® +eAa(t —5),V(t,y) €[s,T] x Br(0), (A7)
and
Ve (t,y) — e (s,0) > —n— Ay |z —y|* —eAa(t —5),Y(t,y) €[s,T] x Br(0). (A.8)

Because of the analogy between the both inequalities above we only prove (A.7).
We fix (s,z) in [0,T[x Bg/2(0) and define

E(t,y) =ve(s,2)+n+ M|z —y[P+eha(t—s), (t,y)€[s,T[xBr(0),

with A; and Ag positive constants to be determined. We prove that, for A; and
A5 large enough, ¢ is a super-solution of the equation (1.15) on [s,7]x Br(0) and

~

£(ty) > e (tsy) for (t,y) €{s} x Br(0)U[s,T] x OBRr(0).

According to Section 3.2.1, {t:}. is locally uniformly bounded, so we can find a
constant A such that for all € <eg,

8|%ell Lo (0,77x B (0))
= <Ay

With this choice, £(£,y) > - (t,y) on [s,T] x 9Br(0), for all n >0, Ay >0 and z € Bpr2(0).

o~

Next we prove that, for Ay large enough, £(s,y) > 1.(s,y) for all y€ Br(0). We argue
by contradiction. Assume that there exists 7> 0 such that for every constant A; there
exists ya, « € Br(0) such that

1/’5(5,191&1,5)—¢s(5,$)>77+A1|yA1,s—$|2- (AQ)
This implies

20
|yA1,a_x|§ A—M—>O, asA1 — oo,
1

where we have denoted Wjy; a uniform upper bound for [[1c ||z ([0, 7]x Br(0))- Then for
all 61 >0, there exist Ay large enough and ¢y small enough, such that Ve < g,

|yA1,€_x| <dy.
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Therefore, from the uniform continuity in space of 1. taking ¢; small enough, we obtain

|1/)5(57yA1,s)_¢5(57I)| <77/2 Ve <eo,

but this is a contradiction with (A.9). Therefore &(s,y) > ¥« (s,y) for all y € Br(0).
Finally, noting that R <400 we deduce that for As large enough, 2 is a super-solution
to (1.15) in [s,T] x Br(0).

Using a comparison principle, we have

~

Ve(t,y) <&(ty)  V(ty) €ls, T]x Br(0).

Thus (A.7) is satisfied for ¢ >s>0. To conclude we put =y and obtain that for all
1> 0 there exists £9 > 0 such that for all £ <eq

|¢a(f=$)—¢a(8,w)| §n+5A2(t_5)7

for every (t,z) €]0,T] x Bg(0). This implies that 1), is locally equicontinuous in time.
Moreover we obtain that

VR >0, sup [e(t,2) — e (s,2)| =0 ase—0. (A.10)
te(0,T], z€BRr

Appendix B. Computations of the moments of the population’s distri-
bution.

In this section we estimate the moments of the population’s distribution with a
small error, following [16,28]. To this end, we use the arguments in Section 5.
Using (1.18), one can compute a Taylor expansion of order 4 around the point of max-
imum 7.

P(z)= —g(x—£)2+B(x—f)3+C(x—£)4+0(:C—:E)4. (B.1)

Note also that using the formal expansions in (5.4) one can obtain ¢ from an equivalent
system to (5.7), that is

c 2
Oup=|vat 3| +ale(®).2)~ 5~ .

(B.2)
1 T
~ar=20a4 I [ Bublt,0)it — )
0
and write (formally)
O(t,2) = $(t,7)+ D(t)(w—7)+ E(t) (1 —7)2 +ola—2)%, w(t.z)=F(t)+o(x—3).
The above approximations of ¥, ¢ and w around the maximum point of ¥ allow us to

estimate the moments of the population’s distribution with an error of order €2 as ¢ — 0.
Indeed, we use the following approximation for the phenotypic density of the population

L 20 4g(ta)r0(e)

ne(t:) = 2me
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and replacing by the approximations of ¥, ¢ and w given above, we can obtain

=k
e?(t,2) o5 |: o —Av?

/R(x—f)kns(t,x)d:r: 7 ) y*e™2  [1+ Ve (By’+D(t)y)

+e (Cy4 +E(t)y?+F(t)+ % (By®+ D(t)y)z) +o(e)] dy] .

Note that, we performed above a change of variable x — T = /e y. Therefore each term
x—Z can be considered as of order /¢ in the integration. The above computation
leads in particular to the following approximations of the mean phenotypic trait and
the variance:

Ms(t)_P%l(t)/Rx ns(t,x)da:—a_?—i-s(i—g—i-?) +0(e?),
204 2 _° 2
J{__.(t)—pg—(t)/R(:zr—us) ns(t,x)dx—z—i-O(a ).

B.1. Application to the biological example. We now apply the previous
computations to the particular growth rate a given in (6.1). Thanks to (1.16), we obtain

2 2
—a(z)=r-_ L _ ¢ _
p=a(e)=r-2-Z g

for g, g1 and go given in (6.2). Next from the second equation of (B.2) and the fact
that ¥, (€) =Vee(Xm), V  €R, we obtain that

0= (/0181¢(t,x)dt> [-2VG(z—Z)+c], VazeR,

which implies directly, that

/1az¢(t,x)dt—0. (B.3)
0

On the other hand, by substituting ¢(z) in (B.1) we find A=,/g, B=C=0.
Moreover, we differentiate with respect to z in the first equation of (B.2) and obtain:

02010 = 0z (ale(t),x) —a(x)) =22(g—g(e(t))) +29(e(t))0(e(t)) — 201,
and an integration in [0,t] gives
0.0(0.2) =0, 0(0.2) = 2(ag —0) =2 | a(e(s)) (= 0(e(s)) s

We next integrate the last equality in [0,1] and use (B.3) to obtain

1t
0:0(0,2) =—xg+q1 + 2/ / gle(s))(z—0(e(s)))dsdt,
0 Jo
from where we deduce that

0e0(t,1) = (2 =1)(g 1) +2fy J§ 9(e(s)) (2 —0(e(s)))dsdr
=2y 9(e(s)) (@ b(e(s)))ds.
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Evaluating in z gives
D(t)=0,0(t,7) = —c /G (t— 1) +2 [ [ g(e(s)) (3 —0(e(s)))dsdr
~2 [ g(e(s)) (@~ 0(e(s)))ds.

Now we are able to give an approximation of the population mean size p., the phe-
notypical mean p. and the variance o2 of the population’s distribution, following the
previous computations, that is:
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